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ABsTRACT. In this paper, we construct a Grobner—Shirshov basis for
the group I'# with respect to the tower order on the words. By using this
result, we apply the discrete algebraic Morse theory to find explicitly the
first two differentials of the Anick resolution for I's, and calculate the
first and second Hochschild cohomology groups of the group algebra of
I'? with coefficients in the trivial 1-dimensional bimodule over a field k
of characteristic zero.
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1. INTRODUCTION

V. O. Manturov et al. in [7]-[12] introduced a family of groups G¥ depending on
two positive integers n > k, and formulated the following principle: If a dynamical
system describing a motion of n particles possesses a nice codimension one property
governed by k particles, then it has topological invariants valued in the group
Gk. Another series of groups I'4 corresponding to the motion of points in R® was
proposed [7, 13] from the point of view of Delaunay triangulations.

In terms of generators and defining relations the group I'# is defined as follows.
It is generated by the set

{d(i,j,k,l) | {i>j7 kJ} - {172’ s 7n}a |{Zvjvk7l}| = 4}
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subject to the following relations:

d2
(i,4,k,0) =
d(i,j,k,l)d(s tau,v) — d(s tau ’L))d(’L J,k,0)» |{17]7 k, l} N {Sv t,u, U}‘ <3,
dij k0D km) A g1 m) Akl m) DGk m) = 1
)

d(l]kl _d(lljk) _d(kl2]) _d(]klz) =
d(i,l,k,j) = d(j,i,l,k) = d( k,j,i,0) — d(l,k,j,i) for distinct i,j, k’, l.

for distinct 4, j, k, 1. In the papers [7, 13], the authors studied homomorphisms from
the group of pure braids on n strands to the product of copies of I'? | and also studied
the group of pure braids in R?3, which is described by a fundamental group of the
restricted configuration space of R3. They defined a group homomorphism from the
group of pure braids in R3 to I'* | and gave some comments about relations between
the restricted configuration space of R? and triangulations of the 3-dimensional ball
and Pachner moves. Therefore, it is useful to study these groups from combinatorial
point if view.

This paper is devoted to finding Grobner—Shirshov basis and cohomology of '}
for n = 5 (the first infinite example in the series). In [22], it was done for the first
infinite example of the series G .

Grobner basis and Grobner—Shirshov basis were invented independently by A.I
Shirshov [19] for ideals of Lie algebras and, implicitly, associative algebras, by
H. Hironaka [20] for ideals of the power series algebras (both formal and convergent),
and by B. Buchberger [21] for ideals of the polynomial algebras. Grébner basis and
Grobner—Shirshov basis theories have been proved to be very useful in different
branches of mathematics, including commutative algebra and combinatorial algebra.
It is a powerful tool to solve the following classical problems: normal form, word
problem, conjugacy problem, rewriting system, embedding theorem, PBW theorem,
growth function, (co)homology, etc., (see, e.g., [16] and references therein). It is well
known that the first cohomology group of an associative algebra is related to its
derivations, and the elements of the second one are interpreted as its null extensions.
Homological algebra also introduces important numerical invariants in the group
theory, e.g., (co)homological dimension and Euler characteristic. In some way, the
(co)homology groups carry in-depth information about the properties of a group or
an algebra, e.g., the property of a finite group to be nilpotent or solvable can be
characterized in homological terms. So we can say that homological methods allow
us to get important information about the structure of an algebra.

The most important cohomology theory for associative algebras is the Hochschild
cohomology. Given an associative algebra A over a field k and an A-bimodule W,
the set of Hochschild cochains C™ (A, W) consists of all linear maps A®™ — W,
m > 0, and the mth Hochschild cohomology group is defined as H™(A, W) =
Ker A, /Im A, 1, where A, : C™(A, W) — C™F1(A, W) is the Hochschild diffe-
rential

(1) Apf(ri, .o stmy1) =r1f(re, ..o Pims1)

m

HY (D i Tn) (D™ ) P
=1

One of the most important features of the Hochschild cohomology groups is that
the first one, H'(A, W), describes outer derivations from A to W and the second
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one, H%(A, W), is in one-to-one correspondence with the equivalence classes of null
extensions [15]
0-W—>E—-A—0, W?=0.

It is often a difficult problem to find the groups H™(A, W) for a given algebra A
and A-bimodule W. The first important step of solution is to find a long exact
sequence of A-bimodules starting from A, a resolution of A. Next, one needs to
calculate the derived functor to Hom(-, W) to find the cohomology groups. The
most natural resolution known as the bar-resolution is easy to define but it is not
convenient for the calculation of cohomologies. A smaller resolution was proposed
by D.J. Anick [1]: he found a way to construct a free resolution for an associative
algebra which is homotopy equivalent to the bar-resolution. The Anick resolution
found numerous applications in combinatorial algebra, see [2]. This resolution is
more convenient for the calculation of cohomology groups, but the computation of
differentials according to the original Anick algorithm described in [1] is extremely
hard. In order to visualize the computation of differentials it is possible to use the
discrete algebraic Morse theory [3, 4, 5, 6, 22] based on the concept of a Morse
matching. In this paper, we choose a tower order on the free monoid generated by
a well-ordered set X. By using this order, we find a Grobner—Shirshov basis for
the group I't. Then we apply the discrete algebraic Morse theory to find explicitly
the differentials §; and d of the Anick resolution for I't. As an application, we
calculate the second Hochschild cohomology group of the group algebra of I't with
coefficients in the trivial 1-dmensional kI's-bimodule M for char k = 0. It turns out
that there exist five inequivalent 1-dimensional null extensions of kI's by means of
the trivial module.

2. CoMPOSITION-DIAMOND LEMMA FOR ASSOCIATIVE ALGEBRAS

Let k be a field, X be a nonempty set, k(X) be the free associative algebra
generated by X. Denote by X* the free monoid generated by X, where the empty
word is denoted by 1. Let deg(u) stand for the length (number of letters) of a word
uU=x129...2, € X*, 2; € X. In particular, deg(u) = 0 means u = 1.

A well order < on X* is said to be monomial if v > v implies wu > wv and
uw > vw for all u,v,w € X*. Let us fix a monomial order < on X*. An arbitrary

f € k(X) may be written as
f=> aiu,
i=1

where o; € k\ {0}, u; € X*, n € N, and u; > ug > -+ > u,. Define the leading
monomial of f, denoted by f, to be u;. If a; = 1, then we say f is a monic
polynomial.

Let us recall the main statements of the Grébner—Shirshov basis theory for
associative algebras according to [16, 18, 19].

Definition 1. Let f,g € k(X) be monic polynomials. Define the following two
kinds of compositions:

o If w= fb=ag € X*, where a,b € X*, deg(f) + deg(g) > deg(w), then
(f,9)w = fb — ag is called an intersection composition of f and g with
respect to w;

o Ifw=f=uaghec X*, a,b € X*, then (f,9)w = f—agbis called an inclusion
composition of f and g with respect to w.
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Let S C k(X) be a nonempty set of polynomials. Given f € k(X), w € X* if
f =3 aja;s;b;, where o; € k, a;,b; € X*, s; € S, and a;5;b; < w with respect to
the fixed monomial order, then f is said to be trivial modulo (S, w), it is denoted
by

f=0 (mod (S,w)).

Definition 2. A nonempty set S C k(X) of monic polynomials is called a Grébner—
Shirshov basis in k(X)) if for every f, g € S having a composition we have (f, g), =0
modulo (S, w).

Theorem 1 (Composition—Diamond Lemma). Let < be a monomial order on X*,
S C k(X) be a nonempty set of monic polynomials, and let 1d (S) be the ideal of
k(X) generated by S. Then the following statements are equivalent.

(i) S is a Grébner—Shirshov basis in k(X).

(i) If 0 # f € 1d(S) then f = asb for some s € S, a,b € X*.

(iii) The set Irr (S) = {z € X* | 2 # asb, a,b € X*, s € S} is a linear basis of
the algebra k(X | S) :=k(X)/Id (5).

If a subset S of k(X) is not a Grobner—Shirshov basis then we can add to S all
nontrivial compositions of polynomials of S, and by continuing this process (maybe
infinitely) many times, we eventually obtain a Grobner—Shirshov basis S°°™P. Such
a process is known as the Shirshov algorithm since [19]. If S is a set of semigroup
(or binomial) relations (that is, polynomails of the form u — v, where u,v € X*),
then every their composition has the same form. As a result, the set S°™P also
consists of semigroup relations.

Let M = sgp(X | S) := X*/p(S) be a semigroup presentation, where S C
X* x X* and p(S) is the congruence on X* generated by S. Then S may be
considered is a set of semigroup relations in k(X), and hence one can find the
corresponding Grobner—Shirshov basis S°°™P. The latter does not depend on k
and, as mentioned above, it consists of semigroup relations. We will call S°°™P a
Grobner—Shirshov basis for M. This is the same as a Grébner—Shirshov basis for
the semigroup algebra kM = k(X | S).

The Grobner—Shirshov basis of a given algebra highly depends on the set X of
generators and on the chosen monomial order on X*. In what follows, we will use
the following one known as the tower order. Let X be a well-ordered set. Given a
word u € X*, u # 1, denote by max(u) the largest letter occurring in u, and let
n, be the number of occurrences of ¢ = max(u) in w. Then v may be uniquely
presented as

U= UGAULAUS « . . Uy, —10Uy,, U; € X", 0 <7 < ny,.

Here max(u;) < max(u) for every nonempty u;.
For uw € X*, u # 1, define the sequence

wt (u) = (max(w), Ny, Ug, - - -, Un, )-
If u,v € X* are two nonempty words then set u > v if only and only if wt (u) >

wt (v) lexicographically, where ug, u1, ..., u,, are compared by induction. Such an
order is called a tower order on X* which is a monomial order.
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3. GROBNER-SHIRSHOV BASIS FOR '}
Definition 3 ([13]). The group I'? is generated (as a semigroup) by the set of
elements
A= {a = d(1,2,3,4), b= d(1,2,4,3), c= d(1,3,2,4), d= d(1,2,3,5)7 €= d(1,2,5,3)>
[ =duszs),h=du2a5),9=da254),k=d1425),l =du3zas),
m = d(1,3,5,4),n = d(1,4,3,5)7 q= d(2,3,4,5),7’ = d(2,3,5,4), s = d(2,4,3,5)}~
subject to the following relations:
Sy ={x*=1, z € A,
adhlq = qadhl = lqgadh = hlgad = dhlqa = 1,
bhdns = sbhdn = nsbhd = dnsbh = hdnsb =1,
cflhr = rcflh = hrefl = lhref = flhre =1,
dagmr = rdagm = mrdag = gmrda = agmrd = 1,
egans = segan = nsega = anseg = ganse = 1,
femgq = qfemg = gqfem = mgqfe = cmgqf =1,
hbemr = rhbem = mrhbe = emrhb = bemrh =1,
geblg = qgebl = lqgeb = blgge = eblqg = 1,

kemes = skeme = eskem = meske = emesk = 1}.

Lemma 1. Let
Ay ={e,g,k,l,m,n,q,r, s},
and
Sy ={2? =1, x € Ay, ge = nsegns,
gnse = esng, le = rnsemrnkmgqksrmgqlrm,lrnse = egqlskqgmknrm,
kse = rnsemrnkm, krnse = semknrm, me = rnsemrns, mrnse = esnrm,
grnse = nsegnkqgmknrm, gnse = rnsemrnkmgqkng, lqg = rmgqlrm,

Irmg = qgmrlq, gglnse = mregqlsnrm, gmre = glnsemrnsrmgqlrm}.
Then T3 = sgp (Az | Sa).
Proof. The group T'# is indeed generated by A since a, b, ¢, d, f, h may be expressed
via Aj:
a =nseg, b=-emrh, ¢ =mesk, d=nsemr, f = cmgq, h =rmgql.

It remains to show that S hold in I'# and, conversely, that S; hold in sgp (A3 | Sa).
For example,

1 = adhlq = anseg = agmrd.
Since a? = d?> = h? = 1, then
a = dhlqg = nseg = gmrd, nseg = gesn, d=nsemr, nsemr =rmesn,
h =rmgql, rmgql = Ilqgmr.
So ge = nsegns, gnse = esng, me = rnsemrns, lqg = rmgqlrm, lrmg = gmrl.
Conversely, let
a = nseg, d =nsemr, h = rmgql.
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Then a? = d? = h? =1 and

drm =nse, hlg=rmg, drmg=nseg, dhlq= drmg,

a = dhlq = nseg = drmg, 1= adhlq = anseg = agmrd.
Similarly, we can get the rest of the relations. O
Theorem 2. Let < be the tower order on A; based one>g >k >1>m>n>
q>1r>s. Then
S = Sy U {g(qlrm)’qlnse — (mrlq)! mregqlsnrm, g(glrm)’nse — (mrlq) esng,

g(mrlgymre — (qglrm)? glnsemrnsrmgqlrm, g(mrlg)?e — (glrm) nsegns; j > 1}

is a Grébner—Shirshov basis for T's.

Proof. Let us show that the last four series of relations in S hold in T'2. For example,
lrmg = qgmrlg = gmrlqg = qlrmg = gmrigmre = glrm(gmre)
= gmrlgmre = qlrmglnsemrnsrmgqlrm.
By induction, assume that
g(mrlg)? tmre = (qlrm)’~qlnsemrnsrmgqlrm,

then

g(mrlgymre = g(mrlq)?~ mrigmre

(
g(mrlg)! " 'mreelgmre
qlrm)?~glnsemrnsrmgqlr(me)lgmre
qlrm)? ~qlnsemrnsrmgqlr (rnsemrns)lgmre

qlrm)’ 1qlnsemrnsrm(gqlnse)mrnslqmre

7= 1qlnsemrnsrm(mregqlsnrm)mrnslqmre
qlrm)?~qlnse(mrnse)gmre
qlrm)?~qlnse(esnrm)gmre

qlrm)? ~qlrm(gmre)

= (qlrm)
= (qlrm)
= (qlrm)
= (qlrm)
= (glrm)
= (glrm)
= (glrm)
= (glrm)

qlrm)? (gmre)
= (qlrm)? glnsemrnsrmgqlrm.
Similarly, we can get other relations. Let us check some compositions:
(Irmg)mre — lrm(gmre) = q(gmrlgmre) — lrmglnsemrnsrmgqlrm
= (qq)lrmglnsemrnsrmgqlrm — lrmglnsemrnsrmgqlrm
= 0;
(99)mrigmre — g(gmrigmre) = mrigmre — (gqlrmglnse)mrnsrmgglrm
= mrigmre — mrigmregqlsnrmmrnsrmgqlrm
= mrlgmre — mrlgmregq(lrmg)glrm
= mrlgmre — mrlgmregqqggmriqqlrm

= mrigmre — mrigmre = 0;
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(lgg)glnse — lq(gglnse) = rm(gqlrmglnse) — lgmregglsnrm
= rmmrlgmregqlsnrm — lgmregqlsnrm = 0;
(99)qlrmglnse — g(gglrmglnse)qlrmglnse — (gmrigmre)gglsnrm
= glrmqlnse — glrmglnsemrnsrmgq(lrmg)qlsnrm
= glrmglnse — qlrmglnsemrnsrmgqggmriqglsnrm
= glrmgqglnse — glrmqglnse = 0.

This proves triviality of compositions for j = 1. Proceed by induction for j > 1.
For example, we have

lrm(g(mrlg)?mre) — (Irmg)(mrlg)mre =

= lrm(gqlrm)’ qlnsemrnsrmgqlrm — qgmrlq(mrlq)jmre

= lrm(qlrm)? qlnsemrnsrmgqlrm — q(g(mrlq)’ T mre)

= lrm(qlrm)? qlnsemrnsrmgqlrm — q((glrm)  glnsemrnsrmgqlrm)

)j
)j
)j
= lrm(qlrm)qunsemrnsrmgqlrm — lrm(qlrm)jqlnsemrnsrmgqlrm = 0;
g(g(mrlg)Y mre)—(gg)(mrliq) mre=(g(qlrm)’ glnse)mrnsrmgqlrm—(mriq)’ mre
= (mrlq)?mregq(lrmg)qlrm — (mrlg)'mre
= (mrlq)?mregqgqgmrlqglrm — (mrlq)’mre
= (mrlq)?mre — (mrlq)’mre = 0;
lq(g(mrlg)e) — (Iqg)(mrlq)! e = lq(qlrm)insegns — rmgqlrm(mrig)ie
= lgglrm(qlrm)’~nsegns — rm(g(mrlg)’~te)
= rm(glrm)? " *nsegns — rm(qlrm)’'nsegns = 0.
glg(mrlg)’e) — (g9)(mrlg)’e = (g(glrm) nse)gns — (mrlg)’e
= (mrlq)?esnggns — (mrig)e
= (mrlg)ie — (mrlg)e = 0.

Similarly, we can check that any compostion in S is trivial. (]

4. MORSE MATCHING

In this section, we state main definitions and known results related to the
construction of the Anick chain complex via algebraic Morse theory following [14,
17, 4]. The approach is based on the following idea. Suppose k is a field and A is
a unital associative k-algebra. Let B = (B, d,)n>0 be a chain complex of free left
A-modules, and let X,, be a basis of B,, over A. One may represent the complex
with a weighted oriented graph I'(B) whose vertices are | J X, and there is an edge

from x € X,, to y € X, if the distribution of d,,(z) € B,_1 contains \y for
0 # A € A (the weight of the edge is set to be this A).

Assume M is a particular matching in the graph I'( B), i.e., a subset of edges such
that neither of vertices belongs to more than one edge from M. In addition, assume
the weights of edges from M are invertible central elements of A Then transform
the graph I'(B) in the following way: invert the direction of all edges from M and
replace their weights A with —A~!. If the resulting graph I'y;(B) has no directed
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cycles then M is called a Morse matching. The vertices that do not belong to an
edge from M are said to be critical cells.

For a Morse matching graph I'y/(B), one may construct another chain complex
of free A-modules (B, 0m)m>0, Where B(,,) is spanned over A by the set X,,) of
all critical cells from X,,, and the calculation of §,, is based on the consideration of
all paths in I'p/(B) (see, e.g., [14]). Namely,

6m<x) = Z F(.’L‘, y)y7 Yy e X(m)a
YEX (m—1)

where I'(w,w’) is the sum of path weights in the Morse matching graph T'j;(B).
The new complex (B(p), dm)m>0 is homotopy equivalent to the initial one, but it
is smaller since we choose only critical cells as generators of the modules By,,).

For the bar-resolution B, there is a natural way to choose a Morse matching M
in I'(B) in such a way that the resulting complex constructed from I'y;(B) coincides
with the Anick resolution. We will describe the construction in bimodule setting
which is easy to get by replacing A with A ® A°P.

Suppose A has an augmentation ¢ : A — k, A is a set of generators for A. Then
A is a homomorphic image of the free associative algebra k(A) generated by A.
Assume < is a monomial order on the free monoid A*, and GSB, is a Grobner—
Shirshov basis of A. The latter may be considered as a confluent set of defining
relations for the algebra A, each of relations is of the form u — f, where u € A*,
f €k(A), u > f, fis the leading monomial of f relative to <. Denote by V the set
of all leading terms u of relations from GSB,. Following Anick [1], V' is called the
set of obstructions.

The cokernel of € : k — A is denoted by A/k. The set of all non-trivial words
in A* that do not contain a word from V as a subword (i.e., the set of V-reduced
words [18]) forms a linear basis of A/k. This is one of the equivalent conditions in
the Composition-Diamond Lemma about Grébner—Shirshov bases for associative
algebras (see Theorem (1)).

The two-sided bar resolution (B, (A,A),dn)m>0 is an exact sequence of A-
bimodules

0k A<+ By(A,A) « Bi(AA) ...,
where
Bm(AA) := A® (A/K)®mFD @ AL
We will use the standard convention denoting 1@ A\; @ --- @ Appy1 ® 1 € B (A, A)
by [A1]...[Am+1] for A; € A/k. The differential d,,, : By, — B,—1 is defined as
follows:

Ao (] Amr1]) = M2 Amga] + D™ A A+
) Dl gl Al
i=1
The role of critical cells X(,,) is played by so called m-chains. By definition,
0-chains are the elements of A, 1-chains are the words from V. For m > 1, a word
v =2 ...z, € A* is said to be an m-prechain if and only if there exist indices
aj,bj € Z, 1 < j < m, satisfying the following conditions:
(1) 1:a1<a2§b1<...<am§bm_1<bm:t;
(2) =z, ey, € Vifor 1< j<m.
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That is, v is obtained by m obstructions consecutively intersecting with each other.
An m-prechain z;, ...z;, is an m-chain if the integers a;,b; can be chosen in such
a way that for every 1 <[ < m and for every s < b; the prefix z;, ...x;, is not an
I-prechain. Denote the set of all m-chains by V(™).

According to [14, 4, 17], there is a way to choose a Morse matching in the graph
I'(B) corresponding to the bar-resolution in such a way that X(,,) = V(™) and the
new complex is exactly the Anick resolution

O(—kéA(é—oB(o)?—lB(l)(é—zB(g)%,

where
By =A@kV™ @A, m>0.

We suppress the construction of graphs in the algorithm sketched above in
order to replace graphical manipulations with algebraic expressions. Our aim is to
evaluate 6, (w) € A@kV =D @A for a given w € V. For w = wywy . .. wywy 11 €
V(™ where all w; are V-reduced words, denote [w] = [wi|wa]...|w,|w,i1] €
(A/k)®( D) In the sequel we will often omit symbols | in the elements of the
Anick resolution.

We replace the computation of path weights in the Morse matching graph for
the bar-resolution with an algebraic procedure based on the consecutive application
of A-bimodule homomorphisms. Define two A-bilinear operators ¢/, and 4/ whose
recurrent application leads us to the desired §,,. This is just a computational method
to get the same relations as in the “graphical way” applied in [22].

(1) Given [w] € V(™) calculate the ordinary differential

dpfw] = wi[wa]. .. Jwn|wpi1] + (=1)"[wi|we] ... [wp]wnia

+ Z(_l)j[w1|UJ2| ce |S]| - |wn+1] ceEA® (A/k)®n ® A,
j=1

where s; are the V-reduced forms of the products wjw;41, j =1,...,n;
(2) If [v] € (A/k)®" belongs to V("= then
O [v] = [v]
and the computation is finished. Otherwise, suppose [v] = [v1]...|v,] does

not belong to V(=1 (here all vs are V-reduced) then there exists the
largest integer ¢« > 0 such that vy ...v; € V(i’l), v;4+1 may be presented as

Vip1 = v 07,1, and [vq]. .. |v[ ] belongs to V() [4]. Then set
dnlv] = (=10, ([va] - [ia vl [on]) + [v]-

If such an index ¢ > 0 does not exist then set 6, ([v]) = 0.

After finitely many steps, the computation of 4/ finishes. Therefore,
Gn(w) = (&7)" 87, [w],

where k = k(w) > 1 is a sufficiently large integer.
For example let us to calculate §; ([w]) for [w] = [I|rmg]. First, compute

31 ([llrmg]) = l[rmg] — [qgmrlq] + [lJrmg.
Next, apply d7 to each summand:

67 ([rmg]) = &1 ([rlmg]) + [rmg] = r[mg] + [rjmg, i =0,
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o7 ([mg]) = 01([mlg]) + [mg] = mg] + [m]g.
Therefore, (§7)%[rmg] = rm[g] + r[m]g + [r]mg. Similarly,
(67)°(lagmrlq)) = agmri[q] + agmr{llq +qgm[r]lg +qg[m]rig +qlglmriq + [algmrig.

Hence,

61([lrmg]) = l(rm[g] + r[m]g + [r}mg) — (qgmrl[q] + qgmr[llq + qgm]r]iq
+ qg[mrlq + qlglmriq + [qlgmriq) + [l]rmg.

Let us also consider an example of the calculation of J. In the following we will
often omit the bars in the expressions for [w] if w € V®" in order to make the
formulas shorter.

Suppose [w] = [g|g|e] which can be written as [w] = [g%¢]. Then calculate

55([g%€]) = glge] — 0+ [gnsegns] — [g%]e.

Since [ge], [¢%] € V), it is enough to calculate (64)*([g|nsegns]) for k = 1,2,...
Here
05 ([glnsegns]) = —05([glnse|gns]) + [glnsegns]
= —g[nse|gns] + [esng|gns] + [g|nse]gns, = 1.

Note that [g|nse] € V1) and calculate
33 (lesnglgns]) = 05([e|snglgns]) + [esnglgns] = e[sng|gns] + 0 — [e[sng]gns,

3y ([snglgns]) = 05 ([sInglgns]) + [snglgns] = slnglgns] + [s|s] — [sInglgns

(here i = 0 in both cases). For the words ensg and sng there are no 7 > 0 satisfying
the condition of Step (2) of the algorithm, so

0 ([elsng]) = 05 ([sIng]) = 0.

It remains to calculate

83 ([nglgns]) = d5([nlglgns]) + [nglgns] = nlglgns] + [n|ns] — [n|glgns,
where 85 ([n]g]) = 0 and

05 ([glgns]) = —d2([glglns]) + [glgns] = —glglns] + 0+ [glglns, i =1,

9 ([nlns]) = —=05([ninls]) + [n|ns] = —n[n|s] + 0+ [n|n]s.

Here [g]g], [n|n] € V) and 65 ([g|ns]) = 64([n|s]) = 0. Collecting similar terms
leads us to the desired expression for d3[g%e] (see the next section).

Let A be a k-algebra as above, and let W be a unital A-bimodule. Consider the
Hochschild cochain complex (C™ (A, W), Ay,)m>0 where A,, is given by (1). We
may use the Anick resolution to calculate H™ (A, W) = Ker A,,,/Im A,,_; via

An(f) = fom, f:Bmm-1) = W.
Indeed, H™(A, W) = Z™ /3™, where
Bm =ImA, | = {f : B(m—l) - W | f = gémflu g: B(m—2) — W}7
Z™ :=Ker Ay, = {f : Bm—1) = W fom = 0}.
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5. THE ANICK COMPLEX FOR I'#

To find the Anick complex, we need two steps. First, we have to find the set
of obstructions for I'f relative to the given Grobner—Shirshov basis (the set of
leading terms in S = GSBré) and the set of 2-chains. Next, build a Morse graph
and calculate the path weights I'(w,w’) for every m-chain w and (m — 1)-chain w’
for m = 1,2. Alternatively, we may apply the algorithm described in the previous
section to find the Anick differentials §,,, m =1, 2.

For m = 1 we have the following set of obstructions

v = {62, g3 k212, m?%,n?, ¢% r%, $2, ge, gnse, le, lrnse, kse, krnse, me, mrnse,

qrnse, qnse, lqg, lrmg, gqlnse, gmre, g(qlrm)? ginse, g(qlrm)’nse,
gmrlgyimre, g(mrlge | j > 1}.
Let us calculate §; using theorem 2 as stated in the previous section:
61[2°%] = z[z] + [z]z, = € {e,g,k,I,m,n,q,r, 5}
01[ge] = gle]+[gle — [n]segns —n[slegns — ns[e]gns — nse[g|ns — nseg[n]s — nsegn[sl;
d1[gnse] = [g]nse + g[n]se 4+ gn[s]e + gns[e] — [e]sng — e[s|ng — es[n]g — esn[g];
d1[mrnse] = [m]rnse + mlr|nse + mrn|se + mrn[sle + mrnsle] — [e]snrm
— e[slnrm — es[n]rm — esn[r]m — esnr|m];
d1[me] = [m]e + mle] — [r]lnsemrns — r[n|semrns — rn[slemrns — rnslelmrns
— rnse[m]rns — rnsem[r|ns — rnsemr[n|s — rnsemrnls];
o[le] = [lle + l[e] — [r]nsemrnkmgqksrmgqlrm — r[n]semrnkmgqksrmgqlrm
— rn[slemrnkmgqksrmgqlrm — rnslelmrnkmggksrmgglrm
— rnse[m]rnkmggksrmgqlrm — rnsem[rinkmggksrmgglrm
— rnsemr([n]kmggksrmgqlrm — rnsemrn[klmgqksrmgglrm
— rnsemrnk[m|ggksrmgqlrm — rnsemrnkm|g|gksrmgglrm
— rnsemrnkmg|qlksrmgqlrm — rnsemrnkmgq[k]srmgglrm
— rnsemrnkmgqgk[sjrmgqlrm — rnsemrnkmgqgks[rimgqglrm
— rnsemrnkmgqgksr[m]gqlrm — rnsemrnkmggksrm[glglrm
— rnsemrnkmgqgksrmg|q)lrm — rnsemrnkmgqgksrmgqlllrm

— rnsemrnkmgqgksrmgql|rlm — rnsemrnkmgqgksrmgqlrim];

d1[lrnse] = [l]rnse + l[rinse + lrin]se + lrn[s|e + lrns[e] — [e]gqlskqgmknrm
— e[glqlskqgmknrm — eg|q)lskggmknrm — egq(l]skqgmknrm
— egql[slkggmknrm — egqls[k]lggmknrm — egqlsk[qlgmknrm
— egqlskq[glmknrm — egqlskqg[m|knrm — egqlskqgm[k]nrm
— egqlskqgmk[n]rm — egqlskqgmkn|[rim — egqlskqgmknr|m)];
01[kse] = [k]se + k[s]e + ks[e] — [r|nsemrnkm — r[n]semrnkm — rn[slemrnkm
— rnslelmrnkm — rnse[m]rnkm — rnsem[rinkm — rnsemr[n]lkm

— rnsemrn[klm — rnsemrnk[m];
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01[krnse] = [k]rnse + k[r|nse + kr[n]se + krn[sle + krns[e] — [slemknrm
— sle]mknrm — se[m]knrm — sem[k]lnrm — semk[n|rm — semkn[r]m

— semknr[m];

d1[grnse] = [g|rnse + q[rlnse + qr[n]se 4+ grn[s]e + qrns[e] — [n]segnkqggmknrm
— n[slegnkqgmknrm — nslelgnkqgmknrm — nse[glnkqgmknrm
— nseg[nlkggmknrm — nsegn|k|lggmknrm — nsegnk[q|gmknrm
— nsegnkq[glmknrm — nsegnkqg[m]knrm — nsegnkqgm[k]nrm

— nsegnkqgmk[n]rm — nsegnkqgmkn|r)m — nsegnkqggmknr[m];

01[gnse] = [qlnse + g[n]se + qn[s]e + gnsle] — [r]nsemrnkmggkng
— r[n]semrnkmgqkng — rn[s|lemrnkmggkng — rns[elmrnkmgqkng
— rnse[m|rnkmggkng — rnsem|[rlnkmggkng — rnsemr[n]kmggkng
— rnsemrn[klmggkng — rnsemrnk[m|ggkng — rnsemrnkmlg|gkng
— rnsemrnkmg[qlkng — rnsemrnkmgqlklng — rnsemrnkmgqkinlg

— rnsemrnkmgqkn[gl;

01[gqlnse] = [glqlnse + g[q]inse + gq[llnse + gql[n]se + gqln[s|e + gqlns|e]
— [m]regglsnrm — m(rlegqlsnrm — mrlelgqlsnrm — mre[glqlsnrm
— mreg|g|lsnrm — mregq[l]snrm — mregql[s|nrm — mreggls[n]rm

— mregqlsn|rjm — mregglsnr[m];

d1[gmre] = [g]mre + g[m|re + gm]r]e + gmr[e] — [¢]llnsemrnsrmgglrm
— g[llnsemrnsrmgqlrm — glin]semrnsrmgglrm — qln[slemrnsrmgqlrm
— qlnsle]mrnsrmgqlrm — glnse[m]rnsrmgqglrm — glnsem|[r|nsrmgqlrm
— glnsemr[n|srmgqlrm — glnsemrn[s|rmgglrm — glnsemrns[rimgglrm
— glnsemrnsr[m|gqlrm — glnsemrnsrm|glqglrm — glnsemrnsrmg|q|lrm

— glnsemrnsrmgq[llrm — qlnsemrnsrmgql[rlm — glnsemrnsrmgqlr[m];

d1llqg] = [lag + lalg + lalg] — [rlmgqlrm — rlm]gqlrm — rm[g]qlrm — rmg|q]lrm

— rmgq[l]Jrm — rmgql[rjm — rmgqlr[m];
d1[lrmg] = [lJrmg + l[rmg + Ir[m]g + Irm[g] — [glgmriq — qlg]mriq — qg[m]riq
— qgm|rllqg — qgmr[llqg — ggmri[q];
j—1

51[g(qlrm)? ginse] = [g](glrm)? glnse + Z g(qlrm)t[q)lrm(qglrm)?~*tqlnse
=0

7j—1
+ Z g(qlrm)iq[llrm(qlrm)? =" tqinse + g(qlrm)?[q]inse
i=0

j—1

+ Z g(qlrm)iql[rim(qlrm)?~"tqinse + g(qlrm)? q[l]nse
i=0
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j—1
+ Z g(glrm)iqlr[m)(qlrm)?~* " tqlnse + g(qlrm)? ql[n]se
=0
j—1
- Z(mrlq)i[m]rlq(mrlq)j*iflmregqlsnrm + g(qlrm)? gln|s]e
=0
j—1

- Z(mrlq)im[r]lq(mrlq)j_i_lmregqlsnrm + g(qlrm)? glnsle]
j—1
- Z(mrlq)imr[l]q(mrlq)j_i_lmregqlsnrm

= (mrlg)'mri(q)(mrlg)’ ~" tmregqlsnrm

mrlq) mregql]snrm — (mrlq)? mreg[q]lsnrm

S

rlg)? [m)regqlsnrm — (mrlq)?mlr]egqlsnrm

rlg)mregqlsn[rim — (mrlq)? mregqlsnr[m)

S

— (mrlq) (mrlq)
— (mrlg) (mrlq)
— (mrlg)!mre[glglsnrm — (mrlq)? mregql[s|nrm
— (mrlq) (mrlq)
— (mrlg) (mrlg)’m

mrlq) mregqls[n)rm — (mrlq)? mr(e]gqlsnrm;
i1

81[g(mrlgymre] = [g)(mrlg)'mre + Y _ g(mrlg)'[mlrlg(mrlg)’ "~ 'mre
i=0

+ Z g(mrlq)'m[r)lg(mrig)’ ~*tmre

j71

+ Z g(mrlq)'mr[l)g(mrig)’ ~*tmre
i=0
j—1

+ Z g(mrlq)'mrllq)(mrig)’ ~*tmre
i=0

+ g(mrlq)j[m]re + g(mrlg)mlrle + g(mrlq)?mr[e]

— Z (qlrm)*[qlrm(qlrm)?~* "' glnsemrnsrmgqlrm
j—1

- Z(qlrm)iq[l]rm(qlrm)j_i_1qlnsemrnsrmgqlrm

- Z(qlrm)iql [r]m(qlrm)? = Lqlnsemrnsrmgqlrm

j—1
—Z (glrm) qlr (qlrm)J =Lylnsemrnsrmgglrm

- (qlrm) (qlinsemrnsrmgqlrm — (qlrm)? q[l)nsemrnsrmgqlrm

— (qlrm)? ql[n)semrnsrmgqlrm — (glrm)? gln[s|emrnsrmgglrm
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qlrm)? glnslelmrnsrmgqlrm — (qlrm)? glnse[m|rnsrmgqlrm

qlrm)? glnsem[rinsrmgqlrm — (qlrm)? glnsemr[n)srmgqlrm

qlrm)? glnsemrn[slrmgqlrm — (qlrm)? glnsemrns[rimgqlrm

qlrm)? glnsemrnsr[m]gqlrm — (qlrm)? glnsemrnsrm|g)qlrm

qlrm)? glnsemrnsrmg|qllrm — (qlrm)? glnsemrnsrmgq(l)rm

(
(
(
(
(
—(

— — — — ~— ~—

- (glrm)’
- (glrm)’
- (glrm)’
- (glrm)’
- (glrm)’
- (qlrm)’

qlrm)? glnsemrnsrmgql[rlm — (qlrm)? glnsemrnsrmgqlr(m;

j—1
511g(qlrm)nse] = [g)(glrm)nse + 3 g(glrm)[qllrm(qlrm)’ =" "nse
=0

+ Zg(qlrm)iq[l]rm(qlrm)j—i—lnge — (mrlg)lesn[g]

j—1
+ Z g(qlrm)iql[rim(qlrm)?~""'nse — (mriqg)es[nlg
i=0

j—1
+ Z g(qlrm)tqlr[m](qglrm)’~"'nse + g(qlrm)?[n]se

— Z mrlq)‘[m]rig(mrig) =" tesng + g(qlrm)insle]

— Z mrlq)'mrllg(mriq)’ " tesng + g(qlrm)n[sle

k)
H

— Z(mrlq)imr[l]q(mrlq)j%*1esng — (mrlg)e[s|ng
i=0

RS
[

— Z(mrlq)imrl[q](mrlq)jiiflesng — (mrlq)’[e]sng;
i=0

j—1
81lg(mrig)e] = [g)(mrig) e + g(mrlg)[e] + > g(mrlg)' [m]rig(mrig)~'e
i=0
7j—1
+ Zg mrlg)'m[r]lg(mrig)’ " 'e + Zg mrlq)'mr{l]g(mrig)’~"te
=0
7j—1
+ Z g(mrlq)'mrilq)(mrlg)?~"te — (qglrm)? [n]segns
=0

- Z qlrm)*[qllrm(qlrm) =" "'nsegns — (qglrm)ins[e]gns

- Z qlrm)‘q[llrm(qlrm)? =" "*nsegns — (qglrm)in[s|egns
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<.
|
—

j—i—1

— (qlrm)ql[r)m(qlrm) nsegns — (qlrm)inselgns

= O

- Z(qlrm)iqlr[m](qlrm)j*iflnsegns — (glrm)nseg[n]s
i=0

oL e

— (glrm) nsegnls].
For m = 2 we have
Ve = {63, g3 k3,13, m3 03, 43,13, 83, g%e, ge?, g*nse, gnse?, m*rnse, mrnse?,
m2e, me?, k?se, kse?, k*rnse, krnse?, ¢*rnse, grnse?, ¢*nse, qnse?, %e, le?,
Prase,lrnse?, 1%qq, lgg?, *rmg, lrmg?, g*qlnse, gqlnse?, g*mre, gmre?,
g*(qglrm)iginse, g*(mrlq)?mre, g*(qglrm)inse, g*(mriqg)e, g(mrlq)’e?,
g(glrm)inse?, g(qglrm)iqinse?, g(mrlq)?mre?, lqg(mrig)’e, lrmg(mrig)e,
lqg(qlrm)inse, lrmg(qlrm)inse, lrmg(mrig) mre, lgg(mrig) mre,
lqg(qlrm)qunse, lrmg(qlrm)qunse7 lqge, lggnse, lqgqlnse, lggmre,
Irmge, lrmgnse, lrmgmre, lrmgqlnse | j > 1}.
Let us construct a Morse matching and evaluate the differential d : B(3) — B(2). In
the simplest case w = 22, x € {e, g, k,l,m,n,q,,s}, we have 6[z3] = z[2?] — [2°]x
for z € {e, g, k,l,m,n,q,r,s}. In a similar way, one may calculate
52[g%e] = glge] — [g%]e + [gnselgns + esnlg*Ins + es[n?]s + e[s?];
’] = gle?] - [gele — nse[gnse] — ns[e’]sng — n[s*ng — [n*]g;
]

da|ge
S2[g°nse] = glgnse] — [g

Sa[gnse?] = gnsle?] — [gnse]e — esn[ge] — es[n?]segns — e[s*]egns — [e*]gns;

nse + [ge]sng + nsegn[s®|ng + nseg[n?lg + nselg?];
So[m?rnse] = m[mrnse] — [m%]rnse + [me]snrm + rnsemrn[s*nrm
+ rnsemr[n?]rm + rnsem[r?Jm + rnse[m?];
So[mrnse?] = mrns[e?] — [mrnsele — esnrme] — esn[r?Jnsemrns — es[n?|semrns
— e[s*lemrns — [e*|mrns;
Sa[m?e] = mme] — [m?]e + [mrnselmrns + esnr[m?|rns + esn[r®Ins + es[n?]s
+els];

= mle?] — [mele — rnse[mrnse] — rnsle?|snrm — rofs*Inrm — r[n?lrm

’]
Sa[k?se] = k[kse] — [k?]se 4 [krnselmrnkm 4+ semknr[m?|rnkm + semkn[r?|nkm
+ semk[n?]km + sem[k*]m + se[m?];
8o[kse?] = ks[e?] — [kse]e — rnsemrnk[me] — rnsemrn[krnse]lmrns
— rnsle?|snrks — rn[s*Inrks — rin®rks — [r*]ks — knr[m?Jrns — kn[r*ns
— k[n?]s — [m*]ks — rnse[mrnselmks;
Sa[k*rnse] = k[krnse] — [k?|rnse + [kselmknrm + rnsemrnk[m?]knrm

+ ronsemrn[k?|nrm + rnsemr[n®)rm + rnsem[r?]m + rnse[m?];
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So[krnse?] = krnsle?] — [krnsele — semknr[me] — sem[kselmrns — k[m?|rns
— se[mrnselmrnkrns — nrim?|rnkrns — n[r¥nkrns — [n%)krns

— [s*]krns — semkn[r?Insemrns — semk[n?]semrns — s[e*]skrns;

Sa[q*rnse] = q[grnse] — [¢*]rnse + [qnse]gnkqgmknrm

+ rnsemrnkmgqk[n®lkqgmknrm + rnsemrn®lrm + rnsem[r*Jm

+ rnsemrnkmgq[k?|qgmknrm + rnsemrnkmg(q®]gmknrm + rnse[m?]
+ rnsemrnkm[g*]mknrm + rnsemrnk[m?*Jknrm + rnsemrn[k*Jnrm

+ rnsemrnkmgqkn[g?|nkqgmknrm;

Sa[qrnse?] = qrns[e?] — [qgrnsele — nsegnkqgmknr[me] — gmk[n®|kmgqrns
— nsegnkqgmk[n?]semrns — nsegnkqgm|kselmrns — qgkn[g*|nkrns
— nsegnkq[ge]skrns — nsegnk[qnse]gnkrns — g[m?|rns
— nse[gnselgqrns — [g?]qrns — ns[e*]sngrns — n[s*Ingrns — [n*]qrns
— knr[m*rnkrns — kn[r?lnkrns — k[n®|krns — qk[s®|krns
— gk[n*krns—q[k?)rns—gmknr[m?|rnkmgqrns—gmkn[r?|nkmgqrns
— nsegnkqg[mrnselmrnkrns — gm[k*mgqrns — g[m?]gqrns

— nsegnkqgmkn[rInsemrns — nsegn[krnselmrnkmgqrns;

82[q*nse] = qlqnse] — [¢*|nse + [grnselmrnkmgqkng
+ nsegnkqgmkn[r?lnkmgqkng + nsegnkqgmk[n®|kmgqkng
+ nsegnkqgm[k?)mgqkng + nsegnkqg[m?|gqkng + nsegnkqlg®|gkng
+ nsegnk(q*|kng + nsegn[k*|ng + nseg[n®lg + nselg?]
+ nsegnkqgmknr[m?|rnkmgqkng;
Sa[qnse®] = qns[e?] — [qnsele — rnsemrnkmgqkn|ge] — rnsemrnkmgqk[n®]segns
— rnsemrnkmgqlkse]gns — rnsemrnkmggrnselmrnkmgns — [r*]qns
— rnsemrnkm|gnselgnkqns — rnsemrnk[me]skqns — knr[m?|rnkqns
— rnse[mrnselmgns — rns[e?]snrqns — rn[s?lnrqns — r[n*jrqns
— [m?|qns — [k?|qns — k[n?|kqns — kn[r?|nkqns — ggm[k*|mgns
— k[s*|kqns — k[n?|kqns — kn[g?|nkqns — q[g*]ns — qg[m?]gns
— qgmk[n®lkmgns — qgmkn[r*Inkmgns — ggmknr[m?|rnkmgns

— rnsemrn[krnselmrnkqgns;

82[%e] = I[le] — [1%]e + [lrnse]lmrnkmgqgksrmgqlrm + emrl[g®]lrm
+ egqlskqgmkn[r?\nkmgqksrmgqlrm + egqlskqgmk[n?|kmgqksrmgqlrm
+ egqlskqgm[k*mgqksrmgqlrm + egqlskqg[m?® ggksrmgqlrm
+ egqlskqlg®]qgksrmgqlrm + egqlsk[q®|ksrmgqlrm
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+ egqls[k?|srmgqlrm + egql[s*Jrmgqlrm + egq[lrmglqlrm
+ e[g?] + eglq®]g + e[m?] + em[r?|m + emr[I*]rm
+ egqlskqgmknr[m?|rnkmgqgksrmgqlrm;
5o[le?] = 1[e?] — [le]e — rnsemrnkmgqksrmgqlr[me] — k[s*]kl — lsnr[m?|rns
— rnsemrnkmgqgksrm[gqglnselmrns — rnsemrnkmgqlkselgql — k[n?]kl
— rnsemrnkmg[grnselmrnkmgql — rnsemrnkm[gnse]gnkl — [m?]l
— rnsemrn|krnselmrnkl — rnselmrnselml — rns[e®]snrl — rn[s®|nrl
— [P?)l = [K*]l — k[n?kl — kn[r?nkl — knrm?)rnkl — [¢*)l — q[g*]ql
— qgm[k*mgql — qgmk[n®|kmgql — qgmkn[r?|nkmgql — r[n?)rl
— rnsemrnkmgqksr[m?|regql — rnsemrnkmgqks[r®legql — kn[g*|nkl
— rnsemrnkmgqgksrmgql[r®insemrns — lsn[r?ns — ls[n?]s — I[s*]
— rnsemrnk[me]skl — qgmknr[m?)rnkmgql — qglm?]gql;
So[l?rnse] = l[lrnse] — [I*]rnse + [le]gqlskqgmknrm
+ rnsemrnkmggksrmgq(lrmglqlskqgmknrm

+ rnsemrnkmgqksrmg(q®]

’]

gmrskqgmknrm
+ rnsemrnkmggksrm|[glmrskggmknrm
+ rnsemrnkmgqgksr[m?|rskqgmknrm
+ rnsemrnkmgqk[s®|kqgmknrm + rnsemrnkmgq[k?*|qgmknrm
+ rnsemrnkmg|q?|gmknrm + rnsemrnkm[g?)mknrm
+ rnsemrn[k?nrm + rnsemr[n®)rm + rnsem[r?]m + rnse[m?]
+ rnsemrnkmgqksl[q®]lskqgmknrm + rnsemrnkmgqks(l®]|skqgmknrm
+ rnsemrnkmgqks[r?]skqgmknrm + rnsemrnk[m?]knrm;
So[lrnse?] = lrns[e?] — [lrnse]e — egqlskqgmknr[me] — egqlskqgmkn[r?Insemrns
— egqlskqgmk[n®|semrns — egqlskqgm|kselmrns — lknr[m?|rnkrns
— I[m?rns — egqlskq[ge]skrns — lk[n?|krns — lkn[r?|nkrns — [[k*]rns
— egqlsk[qnse]lgnkrns — lk[s?|krns — egqls[krnse]mrnkmgqrns
— lk[n®]krns — lkn[g®Inkrns — egql[s®Jegqrns — rmgqlrm[m?]gqrns
— rmgqlr[k*Imgqrns — rmgqlrk[n®|kmgqrns — rmgqlrkn[r?|nkmgqrns
— rmgqlrknr[m?rnkmgqgrns—egq[lelggrns—egqlskqgmrnselmrnkrns
— skqgmkn[r?|nkmgqkslrns — skqgmk[n®|kmgqkslrns
— skqg[m?|gqkslrns — skqlg*|qkslrns — sk[q*|kslrns — s[k*]slrns
— eglgrnselmrnkmgqgkslrns — e[gnselgnslrns — rmgq[lrmglqrns
— [€2)lrns — [s*]lrns — s[n?|slrns — sn[g*|nslrns — [r?])lrns
2 Hgmrirns — 1[¢*|rns — r[m?|rirns

— rmlg°)mrirns — rmglq

— skqgm[k*)mgqkslrns — skqgmknr[m?Jrnkmgqkslrns;
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852[%qg] = lllqg] — [1*lqg + [lrmglqlrm + qgmri[q*)lrm + qgmr[I*Jrm
+ qgm[r?Jm + qg[m?;
82[lqg®] = lqlg”] — [laglg — rmgqllrmg] — rmglg®lgmriq
— rmg?Jmrlg — r[m®Irlq — [r?lg;
So[l?rmg] = l[lrmg] — [I*Jrmg + [lgg)mrlq + rmgqlrm?|riq
+ rmgql[r®]lq + rmgq(i®]q + rmglq’];
82llrmg?) = lrm[g®] — [lrmglg — qgmrlqg] — qgm[r*Jmgqlrm
— qg[m®|gglrm — qlg®|qlrm — [¢°]lrm;

S2[g2qinse] = glgqinse] — [¢%]qinse + [gmre]gglsnrm + glnsemrns[r?]snrm
+ glnsemrns|q®]lsnrm + glnsemrns[l?]snrm + glnse[m?)
+ glnsemrnsrm[g?)mrsnrm + glnsemrnsr[m?|rsnrm

rm + qlnsem[r?]

+ glnsemrn[s®|nrm + glnsemr[n m

+ glnsemrnsrmgq(lrmglglsnrm + glnsemrnsrmglq®]gmrsnrm;

82[gqinse?] = gqlns|e?] — [gqlnsele — mregqlsnrme] — mregqlsn|r?lnsemrns
— mregqls[n®|semrns — mregql[s®Jemrns — mregq[lelmrns
— mreglgrnselmrnkmgqgksrmgqlns — mre[gnse|gnsrmgglns
— m[r?Jmgqins — [m?|gqins — mrsn[g®|nsrmgqlns
— mr[s®Jrmgqins — gql[r*Jns — mrskqgmknr[m?|rnkmgqksrmgqins
— mrskqgmkn[r?|nkmgqksrmgqglns — mrskqgmk[n®)kmgqgksrmgqlns
— mrskqgm[k?|mgqksrmgqins — mrskqg[m?|ggksrmgqins
— mrskq|g®]qgksrmgqlns — mrsk[q?|ksrmgqlns — mrs[k*]srmggins

— gqlr[m®)rns — mr[e®]rmgqlns — mrs[n®)srmgqlns;

Sa[g*mre] = glgmre] — [g?|mre + [gglnselmrnsrmgqlrm + mregq[lrmglglrm
+ mrelg?] + mremrl[g®]lrm 4+ mremr[I2]rm 4+ mrem[r?lm 4+ mre[m?]
+ mregqlsnr[m?Jrnsmgqlrm + mregqlsn[r?Jnsmgqlrm

+ mregql[s*lmgqlrm + mreg[q®]g + mregqls[n®|smgqlrm;

So[gmre?] = gmr(e?] — [gmrele — qlnsemrnsrmgqlrime] — qlnse[mrnselgql

— glnsemrnsrm[gqlnselmrns — gmrsnr[m?|rns — gmrsn[r?|ns
— gmr([s?] — glnsemrnsr[m?]regql — qlnsemrns[r?legql — [¢*]gmr
— glns|e?]snrmgql — qln[s?|nrmgql — ql[n*Jrmgql — q[lrmg)ql

— gmrl[g®)l — gmr[l?] — glnsemrnsrmgql[r®Insemrns — gmrs[n?]s;
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82[9% (qlrm)’ qlnse] = glg(qlrm)’ qlnse] — [¢°)(qlrm) glnse
+ (glrm)? glnsemrnsrmgqllrmgqlsnrm

qlrm)? glnsemrns[l?|snrm + (glrm)’ glnse[m?)

Hsnrm + (qlrm)? glnsemrn[s?]

?]

qlrm)? glnsemrns|r nrm

qlrm)? glnsemr[n?)rm + (qlrm)? glnsem[r*Im

(
(
(qlrm)? glnsemarnsrm[g?|mrsnrm
(
(
[g(mrlq)? mrelgglsnrm + (qglrm)? glnsemrns|q?|lsnrm

qlrm)? glnsemrnsrmg|q®]gmrsnrm
’]

+ o+ o+ o+ o+ o+ o+

(
(qlrm)? glnsemrnsr[m?|rsnrm;

82[g? (mrlq)?mre] = glg(mrig) mre] — [g?](mrig) mre
+ (mrlgY mregq[lrmglqlrm + (mrlq)? mreg[q®]g

mrlq)? mremrlq®]lrm + (mrlq)? mremr[*]rm

3

(
(mrlg)’
(mrlg)? mre[m?] + (mrlq)? mregqlsnr[m?*Jrnsrmgqlrm
(mrlq)? mregqlsn[r?Insrmgqlrm + (mrig)! mrem|[r?Jm
(mrlg)? mregql[s*]rmgqlrm

[9(qlrm)? glnse]mrnsrmgqlrm

(mrlq)? mregqls[n®|srmgqlrm;

829 (alrm)nse] = glg(glrm) nse] — [g°](alrm) nse + [g(mrlg)’e]sng
+ (glrm)insegn[s®Ing + (glrm) nseg[n®]g + (qglrm)inse[g?];
83[g%(mrlg)’e] = glg(mrig)’e] — [g°)(mrlg)’e + [g(glrm)’nse]gns
+ (mrlg)esn[g?|ns + (mrlg) es[n?)s + (mrlq)’e[s?];

S2[g(mrlq)’ €*] = g(mrlq)’[€*] — [g(mrlg)’ ele — (qlrm)’nse[gnse]
— (glrm)’n[s*Ing — (qlrm)’ [n]g

- Z(qlv“m)j “la’lg(mrlq)’ — (glrm) ns[e*]sng

J
Z (qlrm)? = q[lrmg] (mrlq)1;

82[g(qlrm)inse?] = g(qlrm)insle?] — [g(qlrm)insele — (mrlq) esn[ge]
— (mrlg)ie[s?|egns — (mrlq)’ [e*]gns
- Z(mrlq) ‘mr(lqg](glrm)™tns — (mrlq)! es[n?]segns

i=1
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(mrlq)?~ m[r*]mg(glrm)ins

(mrlq)? = [m?|g(qlrm)ins;

-5
-2
’]

52[g(qlrm)qunsez] = g(qlrm)’ qlns[e - [g(qlrm)qunse]e

mrlq) mregqlsnrime] — (mrlq)  mregqlsn[r®|nsemrns

—~

— (mrlg)?mregqls[n®|semrns — (mrlq)  mregql[s®|emrns

—~

— (mrlg)?mregq(lelmrns — (mrlq)? gqlr[m?*rns

—~

rlg)mre[gnse]gnsrmgqins — (mrlq)? mr[e*lrmgqins

§

rlg) m[r*Imgqlns — (mrlq)? mrsn[g®|nsrmgqlns
’]

§

rlg)Imrs[n?|srmgqlns — (mrlq)?mr[s®|rmgqlns

§

§

rlq) mrskqgmkn[r?|nkmgqksrmgqlns

§

rlq) mrskqgmk[n?|kmgqksrmgqlns — (mrlq)’ gql[r?|ns

§

— (mrlq erskqgm[k Jmgqksrmgqlns — (mrlq)j [m2]gqlns

—~

— (mrlg)?mrskqgm? gqgksrmgqlns — (mrlq) mrs[k?|srmgqlns

—~

)
)
)
)
)
rlq) mrskqgmknr[m?)rnkmgqksrmgqlns
)
)
)
)
)

mrlq Imrskqlg®|qksrmgqins — (mrlq)? mrsk[q?|ksrmgqlns

—~

(mrlq)]*im[TQ]mg(qlrm)iqlns

'M“

s
Il
—

(mrlq)j_i [m2]g(qlrm)iqlns

e

s
Il
=

(mrlq)j_imr[lqg] (qlrm)i_ Lylns

o

I
-

i
— (mrlg)!mreg[grnselmrnkmggksrmgqlns;

Sa[g(mrlq)?mre?] = g(mrlg)?mr[e?] — [g(mrig) mrele
— (glrm) qinsemrnsrmgql[r?|nsemrns — g(mrlg)? mrsn[r®ns
— (glrm)? qlnsemrnsrm|gginselmrns — g(mriq) mrsnr[m?)rns
— g(mrlg)?mrs[n®)s — g(mrig)mr[s?]
— (qlrm)? qlnsemrns[r?legql — (qlrm)! glnse[mrnse]gql

qlrm)? gins[e?]snrmgql — (qlrm)? gln[s*Inrmgql

|
—

glrm)? qllrmglql — (qlrm)? [¢*]gmr — g(mrlq) mriq®]l

—

(qlrm)?~*[q°)g(mrlq)'mr

.

1

K3
— (glrm) qlnsemrnsrmgqlrime] — (glrm)? ql[n*Jrmgql
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— g(mrlg)?mr[?] — (qlrm)’ qlnsemrnsrim?|regql
J
=) (glrm)’*q[lrmg)(mrlq)" 'mr;

=1

Sa[lgg(mrlq)’e] [g(mrlq)e] — [lqg](mrlg) e + U[¢*]lrm(qlrm) ~*nsegns

+ [I2Jrm(qlrm)?~tnsegns — rmgqlrm?|rig(mrig)’ ‘e

— rmgql [T2]lq(m7‘lq)j_1e — rmgq[lQ]q(mrlq)j_le

— rmlg(mrlq)’™"e] — rmglg*)(mrlq)’~e;

Sa[lrmg(mrlq)e] = lrmlg(mrig)e] — [lrmg](mrig) e — [¢*]lrm(qlrm)insegns
— qlg(mrlg)’*el;

82(lqg(glrm) nse] = lq[g(qlrm)inse] — [lag](glrm)’nse — r[m?|rig(mriq)’ esng
— rm[g(glrm)? T nse] — [r?]lqg(mriq) esng;

So[lrmg(qlrm)inse] = lrm[g(qlrm)nse] — [lrmg](qlrm)inse

1

I=Inse — ggm[r*lm(qlrm)tnse

— qgmr[l*lrm(qlrm)
— qglm?)(glrm)i~'nse — qlg(qlrm)i~"nse]
+ 1[r?)lg(mrlq)?tesng + [1%]q(mrig)’ tesng

— qgmrl[g*llrm(qlrm)?~*nse + lr[m?*]rig(mriq)’ tesng;

So[lrmg(mrlq)?mre] = lrm[g(mrlq)?mre] — [lrmg](mrlq)?mre

— q[g(mrlq)? Timre] — [¢*lrm(qlrm)? glnsemrnsrmgglrm

Sa[lag(mrlq)?mre] = lq[g(mrlq)?mre] — [lqg)(mrlg)mre — rm[g(mrlq)’~ mre]
+ U[g*)lrm(qlrm)?~ qlnsemrnsrmgqlrm
+ [12)rm(glrm)’~glnsemrnsrmgqlrm
— rmgql[r®]lg(mrlg) " mre — rmgq[i®)q(mrlq)’ mre
— rmgqlr[m?)rig(mriq)’ "‘mre — rmg[¢®] (mrlg)? " mre;

S2[lqg(qlrm)? ginse] = lqlg(qlrm)’ qinse] — [lqg](qglrm)’ qinse

—rm[g(glrm)? Tt ginse] — [r?)lq(mriq)? mregqlsnrm

— r[m?Jrig(mriq)! mregqlsnrm;

So[lrmg(qlrm)? ginse] = lrm[g(qlrm)! ginse] — [lrmg](qlrm)! qinse
— qgmerlg*]lrm(qlrm)?~qinse
— qgmr[l*Jrm(qlrm)?~qlnse — gqgm[r*]m(qlrm)?~ qinse
— qg[m?](qlrm) " qinse + lr[m?|riqg(mrlq)?~ mregqlsnrm
+ [12)q(mrlq)?~tmregqlsnrm — qlg(qlrm)? " qlnse]

+ 1[r?)lg(mrlq)?~ *mregqlsnrm;
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da2[lgge] = lqlge] — [lagle + l[gnse]gns — rmgqlr[me] + [lrnselmrnkmgqgks
— rmgql[r*lnsemrns — rm[gginselmrns — rim?|regql — [r*]egql
— egqlsn[r?|ns — egqls[n®]s — egql[s®] + egqlskqgmknr[m?*|rnkmgqks
+ egqlskqgmkn[r?lnkmgqks + egqlskqgmk[n®|kmgqks
+ egqlskqg[m?]gqks+egqlskq[g?|qks+egqlsk[q®|ks+egqls[k?]s+egql[s?]
+ egqls[n®]s + egqlsn[g®|ns — egqlsnr[m?|rns + egqlskqgm[k?|mgqks;

S2[lggnse] = lg[gnse] — [lqg]nse — rm[gqlrmnse] — r[m?*|rigesng — [r?]lgesng;

82[lagqinse] = lq[gqinse] — [lqglginse — rm[gqlrmglnse] — r[m?|rigmregqlsnrm

— [r?)lgmregqlsnrm;

Sa[lggmre] = lg[gmre] — [lgg)mre + l[¢?]Insemrnsrmgglrm
— rmgqlr[m?)re — rmgql[r®le — rmgq[le] + [I*Insemrnsrmgqlrm
— rm[gnse]lgnsrmgqlrm — rimelrmgglrm — [r*Insemrnsrmgglrm
— nsemrnkqgmkn[r?Inkmgqgksrmgqlrm
— nsemrnkqgm|[k*|mgqksrmgqlrm — nsemrnkqg[m?|ggksrmgqlrm
— nsemrnkqlg®]gksrmgqlrm — nsemrnk[q*|ksrmgqlrm
— nsemrnkqgmknr[m?rnkmgqksrmgqlrm
— nsemrn[n?]srmgqlrm — nsemrns[s?Jrmgqlrm
— rmglgrnselmrnkmgqksrmgqlrm — nsemrn[k*|srmgqlrm

— nsemrnkqgmk[n®|kmgqgksrmgqlrm — nsemr[g*Insrmgqlrm;
Sa[lrmge] = lrm[ge] — [lrmgle — qlgmriqe] — [¢*]lrmnsegns;

da[lrmgnse] = lrm[gnse] — [lrmg]|nse + lr[me]lsng — ggmri[gnse]
— ggmr[lrnselmrnkmggkng — g[gmre]gqlsng
— Insemrnsrmgqllrmglqlsng — Insemrnsl[q*]lsng
— Insemrn[s®|ng — Insemr[n®]g — Insemrns|r®]sng
— Insemrnsrm[g®]mrsng — Insemrnsrmglq®]gmrsng
— Insemrkqgmknr[m?®|rnkmgqkng
— Insemrkqgmk[n®lkmgqkng — Insemrkqgm|[k*|mgqkng
— Insemrkqg[m?|ggkng — Insemrk[q*|kng — Insemr[k?|ng
+ Insemrn[s®|ng + Insemr[n?]g + l[r*|nsemrg
— Insemrnsr[m?|rsng — Insemrns(l*]sng — [¢°]Insemrg
— Insemrkqgmkn[r*lnkmgqkng — Insemrkq|g®]qgkng;
do[lrmgmre] = lrm[gmre] — [lrmg|mre — g[gmrigmre]

— [¢*)lrmglnsemrnsrmgqlrm;
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So[lrmgqinse] = lrm[gqinse] — [lrmglqinse + lr[m?*regqlsnrm

+ [le]gglsnrm + rnsemrnkmggksrmgq[lrmglglsnrm

+ rnsemrnkmgqgksrmglq®]gmrsnrm + [[r?|egqlsnrm

+ rnsemrnkmgqgksr[m?®|rsnrm + rnsemrnkmgqks[r?]snrm
+ rnsemrnkmgqgk[s®Jnrm + rnsemrnkmgqksl[q®]lsnrm

+ rnsemrnkmgqks[l*]snrm — ggmri[g®)inse — qgmr[l*]nse
— qlge]snrm — [gnse]lgrm — rnsemrnkmgqkn|g®]rm

— rnsemrnkmgqk[s?lnrm — rnsemrnkmggkn[n®)rm

+ rnsemrnkmgqgksrm[g?)mrsnrm — qg[mrnse).

6. APPLICATION OF ANICK RESOLUTION ON I'i

Let M = k be a one-dimensional bimodule over A = kI's where char k = 0. Let us
assume the bimodule is symmetric: 1 = la = €(z), where x € A, are the generators
of T3, 1 € k is the generator of M, and € : {e,g,k,l,m,n,q,7,s} — {1,—1} is
an arbitrary function. By Lemma 1 an arbitrary function e like that completely
determines a 1-dimensional bimodule over kI's denoted by M.

Let us fix a function € and denote the bimodule M obtained as above by M..
For i > 0, consider the A-bilinear map 7; : B(;) — kV® defined by

Tt M @v@ A = eA)e(N)u, ve VO X A€ A
Then the map 6,, induces a linear map bm from kV (™ to kV(m=1 such that
Tone10m = O Tm.

The corresponding conjugate map 67 acts from the space (kV(™=1)* to (kV(™)*,
Since
Homa_ (B, M) ~ Hom(kV "™ M) ~ (kV ™))",

we have

Z™(A, M) ~Keréd:, (A, M)~TImé, .
This is straightforward to check that rankd; = 9 = [V(©|. It remains to find
dim Ker 63. According to the Fredholm principle, dimKerd; = dim(Imdy)t =
codimy, 1y Im 32. By definition,

H™ := H™(kT', M) ~ Ker 6, /Tm 6%, ;.
Hence we obtain
(2) dim H? = codimyy-)Imdy — 9.
The similar formula for dim H' implies the following (quite expectable)

Corollary 1. The first Hochschild cohomology group H' (kD' M,) is trivial for
every e.

In order to find the dimension of the second Hochschild cohomology group
H?(kI'3, M) for M = M, one needs to calculate codimyy )Im dy by means of the
formulae from Section 5.

Corollary 2. The second Hochschild cohomology group of kU's with trivial coeffi-
cients is 5-dimensional in case €(x) =1 for every x € As.



234 HASSAN ALHUSSEIN

Proof. Suppose 21 = 1z = e(z) = 1 for all z € A,. Let us calculate d,. For example,
55 (¢*nse) = 55 (®rnse) = 2[g%] + 2[k?] + 2[m?] + 2[n?] + [r?] + [grnse] + [gnse],

Proceed in the same way with all formulas for ds to get a matrix of the map b5 and
use elementary transformations to reduce it (partially) to the row echelon form.

As a result, we obtain the following vectors from kV () (corresponding to the
rows of the echelon form) to span Im ds:

e1 = 2[g%] + 2[k?] + 2[m?] + 2[n?] + [r?] + [grnse] + [gnse],
e = [I?] + 2[m?) + [n?] + 2[¢%] + 2[r?] + [s?] + [lrmg] + [gqlnse] + [gmre]
ez = 2[m?] + [n?] + [r?] + [kse] + [krnse],

es = —[n?] — [r?] — [s%] — [me] — [mrnse],

es = 3[¢%] + 2[r*] + g[sz] + [le] + [lrnse] — %[k:se] - %[k’rnse] + g[me]
+ g[mrnse] — [grnse] — [gnse] + [lrmg],

e = [r?] — [ge] — [gnse] + [me] + [mrnse],

er = —%[52] - %[ge] - g[gnse] - %[le] + %[lrnse] + %[kse] + %[krsne] + %[me]
+ %[mrnse] — %[qrnse] + %[qnse] + %[Zrmg] — [gqlnse],

eg = g[ge] + [gnse] — ?[le] — %[lrnse] — %[kse] — %[krsne] — é[me] — g[mrnse]

3 1 4 2

+ ?[qrnse] + ?[qnse] + [lgg] + ?[lrmg] + ?[gqlnse],

eg = g[gnse] + %[le] - %[lrnse] - é[k}se] - %[krnse] - %[me] - g[mrnse]

2 1 3
lag) + £ [irmg] + lgatnse] — gatrmnse],

+ Zlornse] — glanse] — 3
5qrnse 5qnse 5 5

€10 = 1[le] — 1[lrnse] - 1[kse] - 1[lm"nse] - 1[me] - 1[mrnse] + %[qrnse]

8 4 8 8 8 2
1 1 1 11 3
- g[qnse] - Z[lqg] + g[lrmg] + g[gqlnse] + g[gqlrmnse] — [gdlrmglnse],
e11 = [lrnse] + [kse] + [krnse] + [me] + 2[mrnse] — [grnse] — [lqg] — [lrmg]

— 3[gqlnse] — 2[gglrmnse] + 2[gqlrmqglnse] — [gmrige],
e12 = [gglnse] + [gmre] + [gglrmqglnse] + [gmrlgmre],

efl) = [gmre] — [gmrigmre] — [g(mrlgy ~te] + [g(mrlg)e],

eﬁ) = —[gqlrmnse] — [gmrige] + [g(mrig) e] + [g(qlrm)nse],

e%) = —[gqlrmglnse] — [gmrigmre] + [g(mrlq)jmre] + [g(qlrm)qunse],

el?) = [gmrige] — 2[g(mrlg)’~'e] + [g(mrlg)e],

el = lgmriqmre] — 2lg(mriq) '] +2[g(mriq)’e] = [g(mriq) mre],
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) _

e = [g(mrlq)’~'e] — [g(mrlg)’ "
-

mre] — [g(mrlg)’e] + [g(mrlg)’mre],
g(mrlg)’~'mre] — [g(glrm)’ = qlnse] + [g(mrig)’mre] + [g(glrm)’ glnse],
esy = [g(glrm)’ " qlnse] — [g(mrlq) "' nse] — [g(qlrm)’ ginse] + [g(mrig)inse],
621 = [g(mrlq)’nse] + [g(mrlg)’e] — [g(glrm)nse] — [g(mrlg)’e],
—lg(mrlg)e] + [g(mrlg)? mre] + [g(mrlg)’*'e] — [g(mrlg)’ mre],

ey = [g(mrlgYmre] + [g(glrm)! glnse] — [g(mriq)’  mre] — [g(qlrm)’ ginse],

6(2]4) = —[g(glrm)’ qlnse] + [g(qlrm)jnse] + [g(ql7'm)j+1qlnse] - [g(qlrm)j“nse}.

Here j > 2. Now we may choose a linear basis of ]kV(l)/Im 5. Note that the classes
of €2,k?, kse, krnse, me, mrnse, grnse, gnse, lqg, lrmg must belong to the desired
basis. Moreover, if we compare ej3 and ejg for j and j 4+ 1 then we conclude that

g(mrig)’e = g(mrlg)’ e (mod Imds).
Then proceed in the same way with e;4 to get
g(glrm) nse = g(qlrm)’ *nse (mod Imdy).

Similarly, e;s and epq provide us with the same relations for g(mriq)?mre and
g(qlrm)? glnse. One may easily see that there are no more relations for the elements
of V(1 s0 the codimension of Tm oy is 14. Tt follows from (2) that dim H?> = 5. O
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