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Abstract. A problem is formulated and solved on the motion of a visco-
us liquid in a gravity �eld. The liquid is in contact with solid walls. The
boundary of one of the walls is permeable for the liquid. The liquid is
exposed by oscillatory in�uences which have no predominant direction in
space. The problem formulation includes the equation of Navier�Stokes,
the equation of continuity, and the conditions at the solid boundaries of
the liquid (at the boundaries of the walls). In particular, the new hydro-
mechanical e�ect is revealed which consists in that the liquid behaves
paradoxically, that is (at a background of oscillations) the liquid performs
a steady motion in the direction which is opposite the direction of the
acceleration of free falling.

Keywords: viscous liquid, gravity �eld, periodical in time in�uences
having no predominant direction in space.

1. Ââåäåíèå

Íà ïðîòÿæåíèè ðÿäà ëåò óñïåøíî âåäóòñÿ èññëåäîâàíèÿ äèíàìèêè ãèäðîìå-
õàíè÷åñêèõ ñèñòåì ïðè ïåðèîäè÷åñêèõ ïî âðåìåíè (êîëåáàòåëüíûõ, âèáðàöèîí-
íûõ) âîçäåéñòâèÿõ (ñì., íàïðèìåð, [1]�[4] è ïðåäñòàâëåííóþ òàì ëèòåðàòóðó). Â
÷àñòíîñòè, òåîðåòè÷åñêè è ýêñïåðèìåíòàëüíî îáíàðóæåíî ÿâëåíèå ïðåèìóùå-
ñòâåííî îäíîíàïðàâëåííîãî äâèæåíèÿ ñæèìàåìûõ âêëþ÷åíèé â êîëåáëþùåéñÿ
æèäêîñòè [1], [5]�[7]; íàéäåíî, ÷òî âèáðàöèîííûå âîçäåéñòâèÿ ìîãóò ïðèâîäèòü
ê ãèäðîìåõàíè÷åñêîìó ýôôåêòó � àíàëîãó ¾ìàÿòíèêà Êàïèöû¿ [8], ñîñòîÿ-
ùåìó â òîì, ÷òî â ïðèñóòñòâèè ïîëÿ ñèëû òÿæåñòè íàõîäÿùååñÿ â æèäêîñòè
òâåðäîå òåëî ñîâåðøàåò ¾ïåðåâåðíóòûå¿ êîëåáàíèÿ [9]. Â íàñòîÿùåé ðàáîòå ðàñ-
ñìàòðèâàåòñÿ íîâàÿ çàäà÷à î òå÷åíèè â ïîëå ñèëû òÿæåñòè âÿçêîé íåñæèìàåìîé
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æèäêîñòè, ïîäâåðãàþùåéñÿ ïåðèîäè÷åñêèì ïî âðåìåíè âîçäåéñòâèÿì, õàðàêòå-
ðèçóþùèìñÿ îòñóòñòâèåì âûäåëåííîãî íàïðàâëåíèÿ â ïðîñòðàíñòâå. Óñòàíîâ-
ëåíî, â ÷àñòíîñòè, ÷òî æèäêîñòü (íà ôîíå êîëåáàíèé) ìîæåò ñîâåðøàòü ñòàöè-
îíàðíîå äâèæåíèå â íàïðàâëåíèè, ïðîòèâîïîëîæíîì íàïðàâëåíèþ óñêîðåíèÿ
ñâîáîäíîãî ïàäåíèÿ, òî åñòü ¾ñíèçó ââåðõ¿.

2. Ïîñòàíîâêà çàäà÷è

Èìåþòñÿ âÿçêàÿ íåñæèìàåìàÿ æèäêîñòü è âåðòèêàëüíûå òâåðäûå ñòåíêè
ΞA, ΞS (ðèñ. 1). Ãðàíèöà ñòåíêè ΞS ïðîíèöàåìà äëÿ æèäêîñòè. Ñòåíêà ΞA
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Ðèñ. 1. Ãèäðîìåõàíè÷åñêàÿ ñèñòåìà

ñîâåðøàåò çàäàííûå ïåðèîäè÷åñêèå ïîñòóïàòåëüíûå êîëåáàíèÿ âäîëü îñåéX,Y ,
ñòåíêà ΞS � âäîëü îñè Y èíåðöèàëüíîé ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò
X,Y, Z. Ñòåíêà ΞA îãðàíè÷åíà ïëîñêîñòüþ X = A , ñòåíêà ΞS � ïëîñêîñòüþ
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X = S (S > A � ïîñòîÿííàÿ). Æèäêîñòü çàïîëíÿåò ïðîìåæóòîê ìåæäó ñòåí-
êàìè � îáëàñòü Ω: A < X < S (−∞ < Y < ∞,−∞ < Z < ∞). Òðåáóåòñÿ
îïðåäåëèòü ïëîñêîå ïåðèîäè÷åñêîå ïî âðåìåíè t äâèæåíèå æèäêîñòè.

Ïóñòü x = X/S; y = Y/S; z = Z/S;T � ïåðèîä êîëåáàíèé ñòåíîê ΞA ,

ΞS ; τ = t/T ; A = Ã sin 2πτ (Ã > 0 � ïîñòîÿííàÿ); a = A/S; ε = Ã/S;
ex = {1, 0, 0} ; ey = {0, 1, 0}; (dA/dt)ex + UAey � ñêîðîñòü ñòåíêè ΞA ; uA =
TUA/S = ũA sin(2πτ + ϕ) (ũA ≥ 0, ϕ � ïàðàìåòðû); USey � ñêîðîñòü ñòåíêè
ΞS ; uS = TUS/S = ũS sin(2πτ + ψ) (ũS ≥ 0, ψ � ïàðàìåòðû); g = −gey �

óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ (g > 0 � ïîñòîÿííàÿ); κ = gT 2/Ã; ρ, ν,V � ñî-
îòâåòñòâåííî ïëîòíîñòü , êèíåìàòè÷åñêèé êîýôôèöèåíò âÿçêîñòè è ñêîðîñòü
æèäêîñòè; v = TV/S = vx(x, τ)ex + vy(x, τ)ey; P � äàâëåíèå â æèäêîñòè;
p = T 2P/(ρS2) = p(x, τ); Re = S2/(νT ) � ÷èñëî Ðåéíîëüäñà.

Ïîñòàíîâêà çàäà÷è âêëþ÷àåò â ñåáÿ óðàâíåíèå Íàâüå�Ñòîêñà, óðàâíåíèå
íåðàçðûâíîñòè è óñëîâèÿ, êîòîðûå äîëæíû âûïîëíÿòüñÿ íà ãðàíèöàõ ñòåíîê
ΞA , ΞS :

∂v

∂τ
+ (v · ∇)v = −∇p+

1

Re
∆v − εκey â Ω; (1)

∇ · v = 0 â Ω; (2)

v =
da

dτ
ex + uAey ïðè x = a; (3)

v =
da

dτ
ex + uSey ïðè x = 1. (4)

3. Ðåøåíèå çàäà÷è

Èç (2)�(4) ñëåäóåò

vx = 2πε cos 2πτ â Ω. (5)

Ñîãëàñíî (1), (3)�(5) èìååì

p = 4π2ε(sin 2πτ)x+ p′ â Ω (6)

(p′ � ôóíêöèÿ τ);

∂vy
∂τ

+ 2πε(cos 2πτ)
∂vy
∂x

=
1

Re

∂2vy
∂x2

− εκ â Ω; (7)

vy = uA ïðè x = a; (8)

vy = uS ïðè x = 1. (9)

Áóäåì ðàññìàòðèâàòü çàäà÷ó (7)�(9) ïðè ìàëûõ ïî ñðàâíåíèþ ñ åäèíèöåé
çíà÷åíèÿõ ε. Ïðèìåíèì ìåòîä ðàçëîæåíèÿ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà [10].
Ïðåäïîëîæèì, ÷òî

vy ∼ v0 + εv1 ïðè ε→ 0. (10)
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Èñïîëüçóÿ (7)�(10), â εN � ïðèáëèæåíèè (N = 0, 1) ïîëó÷èì

∂vN
∂τ

+ 2Nπ(cos 2πτ)
∂v0
∂x

=
1

Re

∂2vN
∂x2

−Nκ â Ω̄; (11)

vN = (1−N)uA −N(sin 2πτ)
∂v0
∂x

ïðè x = 0; (12)

vN = (1−N)uS ïðè x = 1, (13)

ãäå Ω̄ � îáëàñòü 0 < x < 1.
Ïóñòü N = 0. Çàäà÷à (11)�(13) èìååò ðåøåíèå

v0 = Imag

[
ũAe

iϕ sh q(1− x) + ũSe
iψ sh qx

sh q
e2πiτ

]
äëÿ 0 6 x 6 1. (14)

Çäåñü q = (1 + i)
√
πRe.

Ïóñòü N = 1. Èç (11)�(13) ñëåäóåò

2π

〈
(cos 2πτ)

∂v0
∂x

〉
=

1

Re

d2v̄

dx2
− κ â Ω̄; (15)

v̄ = −
〈

(sin 2πτ)
∂v0
∂x

〉
ïðè x = 0; (16)

v̄ = 0 ïðè x = 1, (17)

ãäå 〈...〉 =
∫ τ+1

τ
... dτ ′; v̄ = 〈v1〉. Çàäà÷à (11)�(13) èìååò ðåøåíèå

v1 = v̄ + Real
(
ṽe4πiτ

)
äëÿ 0 6 x 6 1 (18)

(ṽ � ôóíêöèÿ x).

Èñïîëüçóÿ (14)�(17), íàéäåì

v̄ = − 1

2
κ Re x(1− x)

+
1

2
Real

{
q

sh q
[ũAe

iϕ(ch q(1− x)− x) + ũSe
iψ((ch q)x− ch qx)]

}
(19)

äëÿ 0 6 x 6 1.

Ôîðìóëàìè

vy = v0 + εv1 (20)

è (5), (6), (14), (18), (19) îïðåäåëÿåòñÿ ïðèáëèæåííîå ðåøåíèå çàäà÷è (1)�(4).
Ýòî ðåøåíèå ñâèäåòåëüñòâóåò î íàëè÷èè ðÿäà íåîáû÷íûõ, êà÷åñòâåííî ðàçëè÷-
íûõ (ïðîèñõîäÿùèõ íà ôîíå êîëåáàíèé) ñòàöèîíàðíûõ òå÷åíèé æèäêîñòè. Â
÷àñòíîñòè, äëÿ ìàëûõ ïî ñðàâíåíèþ ñ åäèíèöåé çíà÷åíèé η = 1−x : 0 < η 6 η∗

(η∗ � 1 � ïîñòîÿííàÿ), ïðè

ũS = 0;
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Real
(
χeiϕ

)
> 0; (21)

ũA >
κRe

Real (χeiϕ)

(χ = q / sh q) âûïîëíÿåòñÿ ñîîòíîøåíèå

v̄ > 0.

Äàííîå ñîîòíîøåíèå îçíà÷àåò, ÷òî æèäêîñòü çàíèìàþùàÿ ñëîé

1− η∗ 6 x < 1

âåäåò ñåáÿ ïàðàäîêñàëüíî � íà ôîíå êîëåáàíèé ñîâåðøàåò ñòàöèîíàðíîå äâè-
æåíèå â íàïðàâëåíèè, ïðîòèâîïîëîæíîì íàïðàâëåíèþ óñêîðåíèÿ ñâîáîäíîãî
ïàäåíèÿ (òî åñòü ¾ñíèçó ââåðõ¿). Îòìåòèì, ÷òî óñëîâèå (21) äëÿ ëþáîãî çíà÷å-
íèÿ Re > 0 âûïîëíÿåòñÿ, íàïðèìåð, ïðè ϕ = π/4− argχ.

Îñòàíîâèìñÿ íà âîïðîñå î ñðåäíåì ïî âðåìåíè òå÷åíèè æèäêîñòè ïðè ìàëûõ
ïî ñðàâíåíèþ ñ åäèíèöåé çíà÷åíèÿõ Re.

Ïóñòü

ũA cosϕ− ũS cosψ 6= 0.

Èñïîëüçóÿ (5), (14), (18)-�(20), ïîëó÷èì

〈v〉 ∼ 1

2
ε (ũA cosϕ− ũS cosψ) (1− x) ey ïðè Re→ 0. (22)

Ñîãëàñíî (22) (íà ôîíå êîëåáàíèé) èìååò ìåñòî ñëåäóþùåå. Ïðè ũA cosϕ −
ũS cosψ < 0 æèäêîñòü â îáëàñòè Ω̄ äâèæåòñÿ ¾ñâåðõó âíèç¿ (îäíàêî, äàííîå
äâèæåíèå ñóùåñòâåííûì îáðàçîì îòëè÷àåòñÿ îò äâèæåíèÿ, ïðîèñõîäÿùåãî â
îòñóòñòâèå êîëåáàíèé ñòåíîê); ïðè ũA cosϕ− ũS cosψ > 0 æèäêîñòü â îáëàñòè
Ω̄ äâèæåòñÿ ¾ñíèçó ââåðõ¿.

Ïóñòü

ũA cosϕ− ũS cosψ = 0. (23)

Èñïîëüçóÿ (5), (14), (18)�(20), ïîëó÷èì

〈v〉 ∼ π

6
ε (F +Gx) (1− x)Re ey ïðè Re→ 0. (24)

Çäåñü

F = −2ũA sinϕ− ũS sinψ; G = 3
(
ũA sinϕ− ũS sinψ − κ

π

)
.

Ñîãëàñíî (24) (íà ôîíå êîëåáàíèé) èìååò ìåñòî ñëåäóþùåå. Ïðè F 6 0, G < 0 è
F < 0, G 6 0 æèäêîñòü â îáëàñòè Ω̄ äâèæåòñÿ ¾ñâåðõó âíèç¿; ïðè F > 0, G > 0
è F > 0, G > 0 æèäêîñòü â îáëàñòè Ω̄ äâèæåòñÿ ¾ñíèçó ââåðõ¿; ïðè F > 0, G <
0, −F/G < 1 æèäêîñòü, çàíèìàþùàÿ ñëîé 0 < x < −F/G, äâèæåòñÿ ¾ñíèçó
ââåðõ¿, à æèäêîñòü, çàíèìàþùàÿ ñëîé −F/G < x < 1, � ¾ñâåðõó âíèç¿; ïðè
F > 0, G < 0, −F/G > 1 æèäêîñòü â îáëàñòè Ω̄ äâèæåòñÿ ¾ñíèçó ââåðõ¿;
ïðè F < 0, G > 0, −F/G < 1 æèäêîñòü, çàíèìàþùàÿ ñëîé 0 < x < −F/G,
äâèæåòñÿ ¾ñâåðõó âíèç¿, à æèäêîñòü, çàíèìàþùàÿ ñëîé −F/G < x < 1, �
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¾ñíèçó ââåðõ¿; ïðè F < 0, G > 0, −F/G > 1 æèäêîñòü â îáëàñòè Ω̄ äâèæåñòñÿ
¾ñâåðõó âíèç¿; ïðè

F = 0, G = 0 (25)

æèäêîñòü â îáëàñòè Ω̄ ïðåáûâàåò â ñîñòîÿíèè ¾ëåâèòàöèè¿ � íàõîäÿñü â ïîëå
ñèëû òÿæåñòè, (íà ôîíå êîëåáàíèé) ïîêîèòñÿ. Îòìåòèì, ÷òî óñëîâèÿ (23), (25)
äëÿ ëþáîãî çíà÷åíèÿ κ > 0 âûïîëíÿþòñÿ, íàïðèìåð, ïðè ũA = κ / (3π) , ũS =
2κ / (3π) , ϕ = π/2, ψ = 3π/2.

4. Çàêëþ÷åíèå

Ðåçóëüòàòû íàñòîÿùåé ðàáîòû ñâèäåòåëüñòâóþò î òîì, ÷òî â ïðèñóòñòâèè ïî-
ëÿ ñèëû òÿæåñòè îêàçûâàåìûå íà æèäêîñòü ïåðèîäè÷åñêèå ïî âðåìåíè âîçäåé-
ñòâèÿ, íå èìåþùèå âûäåëåííîãî íàïðàâëåíèÿ â ïðîñòðàíñòâå, ñïîñîáíû ïðèâî-
äèòü ê ýôôåêòàì ìíîãîîáðàçíî ïðîÿâëÿþùåãîñÿ íåîáû÷íîãî, ïàðàäîêñàëüíîãî
ïîâåäåíèÿ æèäêîñòè. Ïðè÷èíîé îáíàðóæåííûõ ýôôåêòîâ ÿâëÿåòñÿ ñîãëàñîâàí-
íîñòü (äðóã ñ äðóãîì) îêàçûâàåìûõ íà æèäêîñòü âîçäåéñòâèé, ÷òî íàõîäèòñÿ
â íåïîñðåäñòâåííîé ñâÿçè ñ ïðèíöèïîì ñðåäíåãî äâèæåíèÿ (ñì. [4], [11], [12]).

Ïðåäñòàâëåííîå â íàñòîÿùåé ðàáîòå, â ÷àñòíîñòè, ìîæåò ñëóæèòü òåîðåòè÷å-
ñêîé îñíîâîé äëÿ ïðîâåäåíèÿ íàïðàâëåííûõ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé
äâèæåíèÿ æèäêîñòè ïðè ïåðèîäè÷åñêèõ ïî âðåìåíè âîçäåéñòâèÿõ.
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