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EXPONENTIAL TIGHTNESS FOR INTEGRAL-TYPE
FUNCTIONALS OF CENTERED INDEPENDENT DIFFERENTLY
DISTRIBUTED RANDOM VARIABLES

A V. LOGACHOV, A.A. MOGULSKII

ABsTRACT. Exponential tightness is proved for a sequence of integral —
type random fields constructed by centered independent differently dist-
ributed random variables. This result is proven using sufficient conditions
for the exponential tightness of a sequence of continuous random fields
of arbitrary form, which are also obtained in this paper.

Keywords: random field, Cramer’s moment condition, large deviations
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1. INTRODUCTION, MAIN RESULTS

An important problem related to the proof of the large deviations principle
(LDP) for sequences of random elements is the proof of the exponential tightness of
this sequence. Moreover, if the random elements belong to some complete separable
metric space, then the exponential tightness is a necessary condition for fulfillment
of the LDP (see e.g. [1], [2, Remark(a), p. 8]). In the present paper we will be
interested in sufficient conditions for exponential tightness of sequences of continuous
random fields, in particular, for integral functionals of centered independent diffe-
rently distributed random variables.

In what follows we will assume that all random elements are defined on some
probability space (€, §,P). Let’s recall the definition of exponential tightness.
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274 A.V. LOGACHOV, A.A. MOGULSKII

Definition 1. The sequence of random elements F, € X, n € N is exponentially

tight (ET) in a metric space X with a normalizing function (NF) ¢¥(n): lim ¥(n) =
n— oo

00, if for any C > 0 there exists a compact Ko C X such that

1
limsup —— InP(F, € K¢) < —C.
msup o (Fn & Kc)

For a fixed d € N we denote by
RY = (U= (u1,...,uq) € R": ug >0,...,uq >0}, Z% :=Z'NRY
positive quadrant of the space R? and the lattice Z¢, respectively. It is convenient

for us to use the norm
|d] := max |u,]
1<i<d
in R%. We will write @ < ¥ or i < V if the corresponding inequality is satisfied for
each coordinate.
Let’s consider an array of independent random variables
(1.1) X;,, neN, i=(iy,...,iq) €22

in’

Throughout the paper we will assume that for a fixed @ € (0,1] the following
uniform Cramer moment condition is satisfied
[Co(w)]. For some A\ >0, M < oo the inequality

*_od
Eexp{A[X;, [*} <M, neN, ieZf

is true.

In this case we fix the sequence = z(n) such that

. x(n) Lt (n)

(1.2) nl;rréo PR 00, nl;rr;OT = 0.

Denote by

A(U] := (ug — Ay ug] X -+ X (ug — A, ug),
for 4 = (ug, - ,uq) € R‘i, A > 0. Let
A, (U] == A(d]
A=21

be "semi—open" cube in R¢ with an edge % and the "upper right vertex" (the
vertex farthest from the origin) at the point @ € R<.

A random field is a random process that is indexed by a d —dimensional parameter
. It is easy to see that since i belongs to the unit cube [0,1]¢ in space R?, there

is an unique i(d) € Z% such that 4 € A, (if(ﬁ)} . Let’s define a random field

(1.3) Po(d) = X

d
n -
—Xggy WED, 1)4.

Thus, the field (1.3) is defined by the array (1.1) (Cramer’s condition [Co(«)] is
satisfied for its elements) and the sequence x = x(n) (see (1.2)). As a rule, we will

assume that the means are equal to zero:

T d
(1.4) EX;, =0, neN, iezd.
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It is convenient to interpret the field P, = P, (1) as a density with respect to
the Lebesgue measure p(dii) of a random generalized measure

My, = Mo(B) = /@ Po(@)u(di), B c[0,1)*

defined on a Borel o—algebra of the subsets of the unit cube [0,1]%. Let us assign
to the field P,, the "distribution function" corresponding to it
(1.5) Gn = Gn(t) == M,(Bp), tel0,1]",
where
By:={iecR%: i<t}

We denote by C[0,1]¢ the space of continuous functions f = f(t) which mapped
the cube [0, 1]¢ to the real line R. Let us define the uniform norm

1fll == sup |f(®)]

telo,1]e

on the space C[0,1]%.
It is convenient to consider functions G,, as elements of a normalized space

Col0,1]4 == {f = f(t) €C0,1]*: f(t)=0 if tecaIRL},

equipped with the uniform metric, where BRi is the quadrant Ri boundary.

We note that in the case d = 1 the sequence G, is a continuous polygon
constructed by inhomogeneous random walk; in the case d = 2 the sequence G,, can
be interpreted as an integral functional of the graphon. Graphon is an important
characteristic of a random graph (there is a connection between the limit properties
of the graphon and the limit properties of the structure of the graph by which the
graphon is constructed, see [3], [4]).

Let us now formulate the main result of the paper.

Theorem 1.1. Let the conditions [Co(v)], (1.2), (1.4) are met, then the sequence
of random fields G, is exponentially tight in the metric space C[0,1]? with the
normalizing function ¥(n) = 2—3

Theorem 1.1 will be proved in section 3. It follows from theorem 1.1

Corollary 1.1. Let the conditions of theorem 1.1 are met except condition (1.4)
(the terms have zero mean), which will be replaced by the condition: &, := EG,, is
relatively compact in C[0,1]%. Then the statement of theorem 1.1 holds.

Proof of corollary 1.1. It follows from the condition [Cp(«)] that
BIX;, | = BIX; [1(X;,| < 20, \) + [ X, [T0X | > 2(a, )

< z(a, A) + Bl < z(a,\) + M,
where z(a, A) := min{z > 0: " > 2}. ) )
Therefore, the condition [Cy(«)] (with a suitable choice of A > 0, M < oo) will
be satisfied also for
X;, =X;, —BX;  neN, i=(i1,... i) € 29.

in’
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Let us consider a sequence of integral functionals G, constructed by the family )~(i~n.
Since the family )Z'fn satisfies the condition [Cy(«)], it follows from theorem 1.2

that the sequence én is ET, i.e. for any C' > 0 there exists a compact K¢ such that

(1.6) lim sup ﬁ mP(G, ¢ K¢) < —C.

We denote by K the closure of the set {&,, n € N}. Let’s consider a compact
Ko ={H=H1+Hy: H1 €K, Hyc K¢}
By virtue of the fact that G,, = §n + &, we have
P(G, € Ko) <1—P(G, € Ko, &n € K)

=1-P(G, € Kc) = P(G, ¢ Ko).
Therefore, it follows from (1.6)
1 ~ 1 ~
limsup ——InP(G,, € K¢) <limsup ——InP(G,, € Ko) < —C.
TP iy (PO # Fe) S B gy P G 7 )
(I

The rest of the paper consists of three sections 2—4. Section 2 contains the
conditions under which a sequence of arbitrary random fields F,, € Co[0,1]¢ has
the ET property (see theorem 2.1, corollary 2.1). Theorem 1.1 is proved in section
3. Section 4 (appendix) contains the lemma 4.1, which plays an important role in
the proof of theorem 1.1.

2. SUFFICIENT CONDITIONS FOR EXPONENTIAL TIGHTNESS OF A SEQUENCE OF
CONTINUOUS RANDOM FIELDS

The following result contains sufficient conditions for the sequence of random
fields to be ET in the space C[0, 1]¢.

Theorem 2.1. Let for any n € N a random field F,, = fn(g) belongs to the space
Co[0, 1]* with probability 1, ILm Y(n) = oo and for any € > 0 the equality

(2.1)

1
%ifg liglsolip ¥(n) " §,Ee[o,1]d:sgfa |§—E|=5P (gilgt“l}—n(i) B E) -
is satisfied. Then the sequence F,, is ET in the space C[0,1]¢ with NF (n).
P r o of. Let’s denote
gn(d,€) = LlnP < sup ( sup |Fn(F) —fn(§)|> > E) .
¥(n) g,tc[0,1)4: 5<i, |5-t|<s \&<F<t
The following lemma plays an important role in the proof of theorem 2.1.

Lemma 2.1. It follows from the condition (2.1) that

2.2 lim li = —o0.
(2.2) 61%1 imsup g, (9, €) 00

n—oo
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Proof of lemma 2.1. For simplicity, we prove that (2.1) implies (2.2) for the
case d = 2.
We denote by {(6) := [3]. Consider the vectors

R (L N R it
Ry sy ) T i) i) )

)
It is easy to see that if §,t € [0,1)% § < t and |§ —
that

DO

< k,j <I(9).

| < ¢ then there are k,j such

and hence

sup |fn(F) _Fn(§)| <

S S
s<F<t Vi, <F<dg,

(2.3) +|Fn(8) — Fn (Vi )] <2 sup | Fn(F) — Fn (Vi ;)| a.s.

Let’s consider the events

Using the inequality (2.3), we obtain

P sup sup |Fn(¥) — Fn(8)| | > ¢
§,t€f0,1]9: §<t, |§—t|<s \8<F<E

<P Apj ) < P(Ak;) < (U(8) = 1)*  sup P(Ay)
(%)

2<k,j<I 2<k,j<I(9) 2<k,j<1(9)
(2.4) < (1(6) = 1)? sup P | sup |F.(¥) — Fa(8)| > °.
§,teo,1]4: 5<¢t, \§—€|=é S<F<t 2
Applying (2.1), (2.4), we get
lim li
lim lim sup gn(6,¢)
. . 1 2 ﬁ, — g
<limlimsup ——1In | (I —-1) sup P | sup |Fo(F) — Fn(S)| > =
010 n—oo P(n) sEel01]4: 5<t, [5-f=F  \s<r<t 2
E)
lim Ii LI P | Fu(®) — Fn(8)] > =
= limlimsup —— In sup sup |Fn(¥) — Fn — | = —,
010 oo (1) gEeon)n s<, |5-f=2  \s<i<t 2

where the last equality follows from (2.1). Thus, lemma 2.1 is proved for the case
d = 2. Obviously, the proof in the general case d > 1 is similar.

O

Let us prove one more auxiliary lemma.
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Lemma 2.2. Let the sequence of functions f,(d,e), n € N satisfies the conditions:
1) for any e >0

lim li n(0,€) = —o0;
P Jn(0,€) = —o0

2) foranyn e N, e>0,0 € (0,1), h € (0,9)
fn(8,€) = falhe).
Then for any C > 0, € > 0 there exist N(C,e) € N and §(e,C) € (0,1) such that
for alln > N(C,¢e), h € (0,6(¢,C)) the inequality
fa(hye) < =C
holds.

The sense of lemma 2.2 is as follows: by condition 2) at every point € > 0 the

repeated limit lim lim sup f,,(,€) coincides with the double limit.
310 p—oco

Proof of lemma 2.2. Let us fix ¢ > 0. It follows from the condition 1) that
for any C > 0 there exists d(e,C) € (0,1) such that

limsup f,,(6(¢,C),e) < —2C.

n— oo

Therefore, there is N(e,C) such that the inequality
(2.5) Fa(3(=.C),2) < —C
is met for all n > N (e, C). It follows from the inequality (2.5) and condition 2) that
for all h € (0,6(e, C)) the inequality
fn(ha 5) S fn(5(57 C)’ 5) S -C
is true.
O

Let us continue the proof of theorem 2.1. Now we show that for any C' > 0,¢ > 0

the inequality

2.6 li n(d,e) < =C

(2.6) l.sup gn (9, €) <

is true. Indeed, it follows from (2.2) and lemma 2.2 (for f,,(d,e) = gn(6,¢)) that for
any C > 0, € > 0 there exist N(C,e) < oo and d(e,C) € (0,1) such that for all
n> N(C,e), h € (0,0(e,C)) we have

(2.7) gn(h,€) < =C;

it follows from the continuity of the field F,, that it is uniformly continuous on
compact space [0,1]%, so for any n € N

2. lim g, (h, &) = —oo0.
(2.8) }%9( €) o0

It follows from (2.7), (2.8) that one can choose such 5(,0) € (0,1) that the
inequality (2.7) holds for all h € (0,6(¢,C)) and n € N, i.e. for all h € (0,6(g,C))
the inequality
(2.9) sup gn(h,e) < —C.
neN

is true. Inequality (2.9) is equivalent to inequality (2.6).

Let us show that it follows from the inequality (2.6) (i.e. from (2.9)) that the
sequence of the fields F,, is ET. We consider the sequence ¢, | 0 as r — oo. It
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follows from (2.9) that for any @ > 0 and ¢, € (0,1) there is h, € (0,h,._1) such
that

(2.10) sup gn (hr,e,) < —rQ.
neN
It follows from (2.10) that for any n € N, r € N we have

P sup sup |Fn(Y) — Fn(8)] | > e,
§,t€[0,1]4: §<t, |§—t|<h, \SF<E

(2.11) = ¥(Wgn(hrer) < o=Qri(n),

For the sequence (e, h,) defined above we denote by K(Q) the set of functions
H(:) € Co0,1)¢ such that for any r € N and any t,8 € [0,1]*: § < t, [t —§] < h,
the inequality

sup |H(r) —H(S)| < er.
§<¥<t
holds. By the Arzela— Ascoli theorem (for functions of several variables see, e.g. [5,
p. 236, theorem 21]) it follows that K (Q) is a compact subset of Cq|0, 1]¢.
Using the inequality (2.11), we obtain

ligsogp ﬁ InP (fn & K(Q)) < liTrLILSOLip ﬁ In <; eQN/)(n)>

) 1 e~ Q¥(n)
= 1lfl—>solip o) In (1 — e—wm) S
The ET of the sequence F,, is proved.
O
It is easy to see that the following result follows from theorem 2.1, and it is

a convenient tool to prove the ET for integral —type functionals of independent
random variables.

Corollary 2.1. Let for any n € N a random field F,, = ]-'n(f) belongs to the space
Co[0,1]¢ with probability 1. Let for any § € (0,1), € € (0,1) there exist an integer
N(6,¢), positives C; = C1(6,¢) and Cy = Cs(e) such that for all n > N(0,¢) the
inequality

(2.12)

sup P ( sup |Fn(r) — Fn(S)| > €> < Cyexp {¢(n)@}

sEe[0,1)%: 5<t, [s—E]=5 \s<r<i 0
holds, where lim 1)(n) = co. Then the sequence F, is ET in the space C[0,1]? with
n—oo
NF (n).

Remark 1. In section 3 we will use the condition (2.12) where the constant C
does not depend on the parameters § and €; Ca(e) = é—i for some C5 > 0.

Remark 2. The sufficient conditions for the ET of the sequence F, in the case
d =1 (in a form close to the one considered in theorem 2.1) were obtained earlier
in [6], see also [7, theorem 4.1]. Let’s note also the paper [8] (see bibliography
therein), where another metric is considered and the sufficient conditions for ET

n
are obtained in the case when the sequence F,,(t) = L 3 &(t) is a normalized sum
i=1

T n
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of an independent equally distributed continuous random fields, and the NF has the
form ¥(n) = n. Since different problems are solved in present paper and [8], the
results of these papers are difficult to compare.

3. THE PROOF OF THEOREM 1.1

Proof of theorem 1.1. For simplicity, we prove this theorem for the case d = 2.
For any 0 < § < ¥ < 1 the inequality

|Qn(f") — gn(§)| = ‘/ / Pn(ul,UQ)duld’uQ 7/ / Pn(ul,UQ)duldUQ
0 0 0 0

T1 T2 S1 2
/ / Pn(ul,UQ)duldUQ + ‘ / / Pn(ul,UQ)duldUQ
s1 0 0 S2

is true. Thus, for arbitrary 0 < § < ¥ < t < 1 we have

< a.s.

™1 T2
sup ‘gn(f:) - gn(g)‘ S sup / / Pn(ul,uz)duldu2
S<F<t 51<r1<t1,0<r2<t2 | Js; JO
S1 T2
+ sup / / Pn(u]7u2)dU1dU2 a.s.
s2<ra2<tz | JO 52

Therefore, for any € > 0 we obtain

P( s 16,0~ 6.9 > <)
S<E<t
T1 T2
SP( sup / / Pr(u1, uz)dus dusg
s51<r1<t1,0<r2<t2 [ Js; JO

/ / Pn(ul, UQ)duldUQ
0 So

Let us estimate P; from above. We denote

Aslﬂ’lﬂ“z = {11312 : An (17 ;:| g [81,7"1] X [O,TQ]}a

n

s £
2

> ;) = P1—|—P2.

(3.1) +P< sup

82<ra<t2

le,rl,rg = {il,ig : An <Zl, Z;:| g [Sl,Tl}X[O,’I‘Q] and An (Z’;, 7;72‘:|m[81,7‘1}><[0,7"2] 7é @}

n
It is easy to see that

T1 T2
/ / Pn (’LLl, ’Lbz)duld’LLQ
S1 0
1 n? .
(3.2) = Z Xiyigm + T Z Xiy iz (i1, 2),
(i1,d2) €EAsy 1y ,ry (i1,i2) €EBsy,ry,ry

where p(i1,72) is Lebesgue measure of the set

A, (“ ’2} A [s1,71] % [0,72)].
n n

Using equality (3.2), we obtain

s &
4

1 Z Xi i

xz ,
(i1,i2) €A vy ro

P, SP( sup

51<r1<t1,0<ra<t2
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1 .
- Z Xil,imanILl‘(lleQ)

xz .o
(i1,i2)€EBsy ry,ry

+P < sup

51<r1<t1,0<r2<ts

> Z) — Py + Py

Let’s estimate P17 from above. It is easy to see that the sum > Xiiiam

(i1,i2) €A vy ro
contains no more then [n?(t; — s1)t2] independent terms, all of which satisfies the
condition [Cy(c)]. Therefore, it follows from lemma 4.1 (see section 4) that for
sufficiently large n we have

T ) 2,2 ; e22?
. < - = - ’
(8:3) Pu<3exp { 64032 ,xn?(t1 — s1)t2 } B exp{ 640 50xn” (11 — s1) }

max max

Let’s estimate P15 from above. The sum > X, i mn?u(iy,i2) contains
(i1,i2)EBsq ,rq.ro

no more then O(n) independent terms. It follows from the inequality
0 < n’uliy,iz) <1

that all these terms satisfy the condition [Cy(«)]. Therefore, it follows from lemma
4.1 (see section 4) that the estimate (3.3) is also true for Pys.
Thus, we have

3.4 P, <6 e’a?
. < _ .
34 L= De { 6402,,,n?(t1 — s1) }

The following inequality

p e2x?
. <6 —
(3:5) 2= 00 { 6402 ,.n%(t2 — $2) }

max

can be obtained by completely similar arguments. It follows from the inequalities
(3.1), (3.4) and (3.5) that for sufficiently large n we have

22
P( sup |G,(¥) —G,(S >€>§12€X {—_,}.
<§<ng (F) - 6u() o] s

Therefore, the sequence of the fields G,, satisfies the conditions of corollary 2.1 with
2
NF ¢(n) = %z, and hence it is ET.

O
4. AUXILIARY RESULTS
Let’s formulate and prove the auxiliary lemma.
Lemma 4.1. Let the random variables Y1,...,Yy, ... are independent, have zero
mean and satisfy the uniform condition [Cq(a)]. Then
o2 . =supEY? < oo,
keN

and for anyr >0, € € (0,1) there exists N(r,e) < oo such that for all n > N(r,¢)
the inequality

d

1) e2z?
41 P | S w|>e) <sem{-— )
(41) (2, 3 Ei]><) ssew{-

holds.
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P r o o f. Let’s estimate from above the left —hand side of the inequality (4.1)

[ndu] [ndu]
1 1
P( sup — ZYk >5>=P( sup — ZYk >e, sup |Yk|§x)
1<u<r & =1 1<u<r & b1 1<k<[ndr]
1 [nu]
+P( sup — ZYk >e, sup |V >x>
1<u<r L =1 1<k<[ndr]
1 [ndu] [n r]
<P| sup — YViI(|Ye| <2)| > ¢ P Y >x
(2, 3| Z vt <] =) + 3 P

[nu] [rLu]

1 1
<P( sup — YiI([Ye| <z)>e ) +P| sup — Y OI(|Yi| <2z) >¢
< <1<ulf<>r > YiI(|Yi| < ) > ( p = > (~Y)I(|Yi| <) )

x
k=1 Isusr & 7

[n

(4.2) + ) P(Vi| > z) =Py + Py + Py,
k=1

]

where I(-) is an indicator of an event {-}.
Let us estimate P35 from above. Using the Chebyshev inequality and the condition
[Co(a)], we obtain

EerMYel” s
< Me ™",

)\z‘)‘ —

(4.3) P(|V;| > ) <

It follows from the inequality (4.3) and condition (1.2) that there exists N(r) € N
such that for all n > N(r)

(4.4) P3 < M[n%rle " < e 27,
Let us estimate P from above. It follows from the condition [Cy(«a)] that for all
keN
or = EY? = EY2I(|Yi] < z(a, \) + EYZI(|Yi| > 2(a, )
< 22, \) + EeMVHT < 22, \) + M,
where z(a, ) := min{z > 0 : for all u > z the inequality e**” > u? holds}.
Hence, we have

2
Omax

:=sup EY? < 0.
keN

Applying the Cauchy — Bunyakovsky —Schwarz inequality and (4.3), we obtain
(45)  BYI(Yi| > 2) < (BY2)3 (P(Yel > 2))* < VMomaxe 3"

Using the inequality (4.5) and the fact that EY, = 0, for any &k € N, ¢ > 0 we
get

. Y|
Eez YrI(Ye|<z) < E<1 4 EYk + Z 20 )I(|Yk| <)
T = V!

C C2 C
<1+ EE|Y1§|I(|Y1«| > )+ E272Yk2 exp {x|Yk|}I(|Yk| <)

<1+ -— v O max€ —za” +E Yk exp{;|Yk|a|Yk|1O‘}I(|Yk|§x)
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2
<1+ SVMopage 3™ + ELYkQ exp {CYkaxl_a}'
x 22 x
Let ¢ = o(z®) as n — oo, then it follows from the condition [Cp(a)] and

Lebesgue’s dominated convergence theorem that
: 2 ¢ 2
nh~>nclo EYk €xXp {W|Yk|a} < O max>s

and the convergence is uniform over all £ € N.
Therefore, for sufficiently large n we get
2
<Y, I(|Ye |< (& _A o 36
Eez k (l k‘fz) S 1 + ;\/Mo-maxe 2T —+ @gfnax

2

c
(46) S 1 + ﬁUrQnax'
It follows from inequality (4.6) that for sufficiently large n we have
[l c c? [l o2 [ndr]
(4.7) sup H Ees VWMelss) < (1 4 — o2 <expy —HEL_- 4.
1<u<r 5 x? x?

It is easy to see that for any ¢ > 0

> VieI([Yk[<z)
k=1

V(v) = veN

c
x
e
v )
[] EesYxl(Ykl<z)
k=1

is martingale and EV (v) = 1. Therefore, using Doob’s martingale inequality, we
obtain

(4.8)
P P( [§]Y >g><P( V(nt]) > —— )<H(T’w)
= sup — su nu ,
IR e &) =R, S T(na)) S e
where
]

H(Tvx) = 8Sup H Ee%Ykl(‘YIJSI).

1<u<r he1

Let’s choose
ex?

ci=
202, nir’
it follows from the condition (1.2) that ¢ = o(z®) as n — oo. Thus, using the

inequalities (4.7) and (4.8), for sufficiently large n we have

e2x?

Completely similarly, we can obtain the same estimate from above for Ps.
Therefore, it follows from the inequalities (4.2), (4.4), (4.9) and condition (1.2)

that for sufficiently large n we obtain

1 [ndu] €2I2 R €2I2
P sup — Yy, >s> §2exp{—}+e2z°‘ S3exp{—}.
< 1<u<r z ; 4012r1axndr 40'r2naxnd7‘

O
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