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Â ÝËÅÌÅÍÒÀÐÍÎÌ ÁÀÇÈÑÅ Ñ ÌÅÄÈÀÍÎÉ

È.Ê. ØÀÐÀÍÕÀÅÂ

Abstract. Boolean functions that can be realized by read-once terms
(formulas) in elementary base extended by median are studied. An algo-
rithm for �nding read-once representations of Boolean functions in this
base is obtained.

Keywords: Boolean function, superposition, base, decomposition, read-
once term.

1. Ââåäåíèå

Áåñïîâòîðíûå áóëåâû ôóíêöèè, ò. å. ôóíêöèè, êîòîðûå ìîæíî ðåàëèçîâàòü
òåðìîì (ôîðìóëîé) â íåêîòîðîì áàçèñå, ñîäåðæàùèì êàæäóþ ïåðåìåííóþ íå
áîëåå îäíîãî ðàçà, èññëåäîâàëèñü åùå â 50-õ ãîäàõ ïðîøëîãî âåêà [1]. Îäíàêî
àëãîðèòìû íàõîæäåíèÿ áåñïîâòîðíûõ ïðåäñòàâëåíèé áóëåâûõ ôóíêöèé ðàñ-
ñìàòðèâàëèñü äî ñèõ ïîð òîëüêî â áèíàðíûõ áàçèñàõ [2]. Â ñòàòüå èññëåäóþòñÿ
áóëåâû ôóíêöèè, êîòîðûå ìîæíî ïðåäñòàâèòü áåñïîâòîðíûìè òåðìàìè â ýëå-
ìåíòàðíîì áàçèñå, ðàñøèðåííîì ôóíêöèåé ìåäèàíîé (òðåõìåñòíîé ôóíêöèåé
ãîëîñîâàíèÿ). Íà îñíîâå íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ áåñïîâòîðíîñòè
áóëåâûõ ôóíêöèé â äàííîì áàçèñå, ïîëó÷åííîãî àâòîðîì â ðàáîòå [3], ïðåäëî-
æåí àëãîðèòì íàõîæäåíèÿ áåñïîâòîðíûõ ïðåäñòàâëåíèé áóëåâûõ ôóíêöèé.

Sharankhaev, I.K., On read-once Boolean functions in elementary base extended

by median.
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2. Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Èçëîæåíèþ îñíîâíûõ ðåçóëüòàòîâ ïðåäïîøëåì íåîáõîäèìûå îáîçíà÷åíèÿ è
îïðåäåëåíèÿ. Âñå íåîïðåäåëÿåìûå ïîíÿòèÿ ìîæíî íàéòè, íàïðèìåð, â [4]. Áó-
äåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: ïåðåìåííûå îáîçíà÷àþòñÿ ñèìâî-
ëàìè x, y, z, u, v, âîçìîæíî ñ èíäåêñàìè; êîíñòàíòû îáîçíà÷àþòñÿ ñèìâîëàìè
α, σ, τ , âîçìîæíî ñ èíäåêñàìè; ñèìâîëîì x̃ îáîçíà÷àåòñÿ íàáîð (x1, . . . , xn); |x̃|�
äëèíà íàáîðà x̃; rank f � ðàíã ôóíêöèè f ; χ(f) � ìíîæåñòâî âñåõ ïåðåìåí-
íûõ ôóíêöèè f ; ρ(f) � ìíîæåñòâî âñåõ ñóùåñòâåííûõ ïåðåìåííûõ ôóíêöèè f ;
δ(f) � ìíîæåñòâî âñåõ ôèêòèâíûõ ïåðåìåííûõ ôóíêöèè f ;

xσ =

{
x, åñëè σ = 1;
x̄, åñëè σ = 0.

Ôóíêöèÿ, ïîëó÷àåìàÿ èç f(x1, . . . , xn) ïîäñòàíîâêîé âìåñòî íåêîòîðîé ïåðå-
ìåííîé xi êîíñòàíòû σ, íàçûâàåòñÿ îñòàòî÷íîé ïî ïåðåìåííîé xi è îáîçíà-
÷àåòñÿ fσxi

. Èíäóêòèâíî ýòî îïðåäåëåíèå ðàñïðîñòðàíÿåòñÿ íà ïîäìíîæåñòâî
ïåðåìåííûõ.

Ïåðåìåííàÿ xi ôóíêöèè f íàçûâàåòñÿ ôèêòèâíîé, åñëè f0
xi

= f1
xi
, è ñóùå-

ñòâåííîé â ïðîòèâíîì ñëó÷àå.
Ðàíãîì ôóíêöèè f íàçûâàåòñÿ ÷èñëî åå ñóùåñòâåííûõ ïåðåìåííûõ.
Òåðì Φ íàä áàçèñîì B íàçûâàåòñÿ áåñïîâòîðíûì, åñëè êàæäàÿ ïåðåìåííàÿ

âõîäèò â íåãî íå áîëåå îäíîãî ðàçà. Ôóíêöèÿ f íàçûâàåòñÿ áåñïîâòîðíîé â áàçè-
ñå B, åñëè ñóùåñòâóåò áåñïîâòîðíûé òåðì Φ íàä B, ïðåäñòàâëÿþùèé ôóíêöèþ
f . Â ïðîòèâíîì ñëó÷àå f íàçûâàåòñÿ ïîâòîðíîé â B.

Ôóíêöèÿ d3 = (00010111) íàçûâàåòñÿ ìåäèàíîé.
Áàçèñ

B0 = {∨, ·, −, 0, 1}
íàçûâàåòñÿ ýëåìåíòàðíûì. Áàçèñ B0∪{d3} îáîçíà÷èì ÷åðåç D.

Áóäåì ãîâîðèòü, ÷òî ôóíêöèè f è g ñâÿçàíû îòíîøåíèåì �, è ïèñàòü f � g,
åñëè äëÿ ëþáîãî íàáîðà σ̃ âûïîëíÿåòñÿ íåðàâåíñòâî f(σ̃) ≤ g(σ̃).

Ôóíêöèÿ f íàçûâàåòñÿ îáîáùåííî ìîíîòîííîé ïî ïåðåìåííîé x, åñëè âû-
ïîëíÿåòñÿ ëèáî f0

x � f1
x , ëèáî f

0
x � f1

x . Åñëè f ÿâëÿåòñÿ îáîáùåííî ìîíîòîííîé
ïî ïåðåìåííîé x, òî äëÿ êðàòêîñòè áóäåì ïèñàòü f ∈Mx.

Ôóíêöèè f è g íàçûâàþòñÿ îáîáùåííî îäíîòèïíûìè, åñëè

f(x1, . . . , xn) = gσ(xσ1
i1
, . . . , xσn

in
),

ãäå (i1, . . . , in) � íåêîòîðàÿ ïåðåñòàíîâêà ÷èñåë îò 1 äî n. Î÷åâèäíî, ÷òî íà ìíî-
æåñòâå âñåõ áóëåâûõ ôóíêöèé îòíîøåíèå îáîáùåííîé îäíîòèïíîñòè ÿâëÿåòñÿ
îòíîøåíèåì ýêâèâàëåíòíîñòè.

Ìíîæåñòâî âñåõ ôóíêöèé, îáîáùåííî îäíîòèïíûõ ñ ôóíêöèåé d3, îáîçíà÷èì
÷åðåç K. Íåòðóäíî ïðîâåðèòü, ÷òî ìíîæåñòâî K ñîäåðæèò âñåãî 8 ôóíêöèé:

d3(x1, x2, x3) = (0001 0111), d3(x̄1, x2, x3) = (0111 0001),

d3(x1, x̄2, x3) = (0100 1101), d3(x1, x2, x̄3) = (0010 1011),

d3(x̄1, x̄2, x3) = (1101 0100), d3(x̄1, x2, x̄3) = (1011 0010),

d3(x1, x̄2, x̄3) = (1000 1110), d3(x̄1, x̄2, x̄3) = (1110 1000).

Ïðîèçâîäíîé ôóíêöèè f(x1, . . . , xn) ïî ïåðåìåííîé xi íàçûâàåòñÿ ôóíêöèÿ

f ′xi
= f0

xi
⊕ f1

xi
.
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Ôóíêöèþ f áóäåì íàçûâàòü 2-íåæåñòêîé, åñëè ëèáî rank f < 2, ëèáî äëÿ
ëþáîãî x ∈ ρ(f) ñïðàâåäëèâî âêëþ÷åíèå f ∈ Mx è âûïîëíÿåòñÿ îäíî èç óñëî-
âèé:

(1) δ(f) = δ(f0
x) è δ(f) ( δ(f1

x);
(2) δ(f) = δ(f1

x) è δ(f) ( δ(f0
x);

(3) ñóùåñòâóþò y ∈ ρ(f ′x) òàêàÿ, ÷òî ñïðàâåäëèâî ñòðîãîå âêëþ÷åíèå

δ(f ′x) ( δ((f ′x)′y).

Ôóíêöèþ f áóäåì íàçûâàòü íàñëåäñòâåííî 2-íåæåñòêîé, åñëè ñàìà f è âñå
åå îñòàòî÷íûå ôóíêöèè ÿâëÿþòñÿ 2-íåæåñòêèìè.

3. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Â [3] ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå áåñïîâòîðíîñòè áóëåâûõ
ôóíêöèé â áàçèñå D (òåîðåìà 1), îñíîâàííîå íà àíàëèçå îñòàòî÷íûõ ôóíêöèé
è ïðîèçâîäíûõ.

Òåîðåìà 1. Ôóíêöèÿ f áåñïîâòîðíà â áàçèñå D òîãäà è òîëüêî òîãäà, êîãäà
îíà ÿâëÿåòñÿ íàñëåäñòâåííî 2-íåæåñòêîé.

Äàëåå ñ ïîìîùüþ òåîðåìû 1 ïîëó÷åí àëãîðèòì íàõîæäåíèÿ áåñïîâòîðíûõ
ïðåäñòàâëåíèé áóëåâûõ ôóíêöèé â áàçèñå D. Îòìåòèì, ÷òî àëãîðèòì íàõîæäå-
íèÿ áåñïîâòîðíûõ ïðåäñòàâëåíèé áóëåâûõ ôóíêöèé â B0 = D \ {d3} ïîñòðîåí
â [2].

Íèæå íàì ïîíàäîáèòñÿ ìåòîä ðàçäåëèòåëüíîé äåêîìïîçèöèè.
Ôóíêöèÿ f ïðè ðàçáèåíèè ìíîæåñòâà ïåðåìåííûõ íà ũ è ṽ äîïóñêàåò ðàçäå-

ëèòåëüíóþ äåêîìïîçèöèþ, åñëè ñóùåñòâóþò ôóíêöèè h è g òàêèå, ÷òî âûïîë-
íÿåòñÿ

f(ũ, ṽ) = h(ṽ, g(ũ)).

Òåîðåìà 2. Äëÿ ëþáîé ôóíêöèè f ðàâíîñèëüíû ñëåäóþùèå óñëîâèÿ:
1) f äîïóñêàåò ðàçäåëèòåëüíóþ äåêîìïîçèöèþ ïðè ðàçáèåíèè ìíîæåñòâà

ïåðåìåííûõ íà ũ è ṽ;
2) ñðåäè âñåõ îñòàòî÷íûõ ôóíêöèé îò f ïî ïåðåìåííûì ṽ íå áîëåå äâóõ

ðàçëè÷íûõ;
3) ñóùåñòâóåò ôóíêöèÿ t òàêàÿ, ÷òî ëþáàÿ îñòàòî÷íàÿ ôóíêöèÿ îò f ïî

ïåðåìåííûì ũ ÿâëÿåòñÿ ëèáî êîíñòàíòíîé, ëèáî ôóíêöèåé t, ëèáî ôóíêöèåé
t̄.

Äîêàçàòåëüñòâî òåîðåìû 2 ñìîòðèòå â [2].

4. Àëãîðèòì íàõîæäåíèÿ áåñïîâòîðíûõ ïðåäñòàâëåíèé

áóëåâûõ ôóíêöèé â áàçèñå D

Àëãîðèòì ÿâëÿåòñÿ ðåêóðñèâíûì, íà âõîä ïîäàåòñÿ ñóùåñòâåííàÿ áóëåâà
ôóíêöèÿ f(x̃) ðàçìåðíîñòè íå ìåíåå, ÷åì 1, çàäàííàÿ â âåêòîðíîì âèäå. Íà
âûõîäå àëãîðèòì íàõîäèò áåñïîâòîðíûé òåðì Φ(x̃), ïðåäñòàâëÿþùèé f(x̃), èëè
ñîîáùàåò, ÷òî f(x̃) íå ÿâëÿåòñÿ áåñïîâòîðíîé â áàçèñå D.

A. Ïðîâåðÿåì, ÿâëÿåòñÿ ëè ôóíêöèÿ f(x̃) íàñëåäñòâåííî 2-íåæåñòêîé. Åñëè
f(x̃) íå ÿâëÿåòñÿ 2-íåæåñòêîé, òî ïî òåîðåìå 1 îíà ÿâëÿåòñÿ ïîâòîðíîé â D è
àëãîðèòì çàâåðøàåò ðàáîòó, èíà÷å ïåðåõîäèì ê øàãó B.
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B. Åñëè ôóíêöèÿ f(x̃) ÿâëÿåòñÿ îäíîìåñòíîé, ò. å. x̃ = x1, òî

Φ(x1) = x1 èëè Φ(x1) = x̄1.

C. Ê ýòîìó øàãó ïåðåõîäèì, åñëè ôóíêöèÿ f(x̃) íå ÿâëÿåòñÿ îäíîìåñòíîé.
Ñ.0. Ïðîèçâîëüíûì îáðàçîì âûáèðàåì îäíó ïåðåìåííóþ y è íàõîäèì ìíî-

æåñòâà x̃0 = δ(f0
y ), x̃1 = δ(f1

y ). Åñëè ðîâíî îäíî èç ýòèõ ìíîæåñòâ ïóñòîå, òî
ïåðåõîäèì ê Ñ.1. Åñëè äëÿ ëþáîé ïåðåìåííîé ìíîæåñòâà x̃0 è x̃1 ÿâëÿþòñÿ
ïóñòûìè, òî ïåðåõîäèì ê Ñ.2.

Ñ.1. Ê ýòîìó øàãó ïåðåõîäèì, åñëè íàøëàñü ïåðåìåííàÿ y òàêàÿ, ÷òî òîëüêî
îäíà èç îñòàòî÷íûõ ôóíêöèé îò ôóíêöèè f(x̃) ïî y íåñóùåñòâåííà.

C.1.à. Ê ýòîìó øàãó ïåðåõîäèì, åñëè x̃0∪{y} = x̃, ò. å. f0
y � êîíñòàíòíàÿ. Ïðè-

ìåíèâ àëãîðèòì ê f1
y (x̃0), íàéäåì áåñïîâòîðíûé òåðì Ψ(x̃0), ïðåäñòàâëÿþùèé

ôóíêöèþ f1
y (x̃0). Òîãäà èñêîìûé òåðì Φ(x̃) áóäåò îïðåäåëÿòüñÿ ñëåäóþùèì

îáðàçîì:

Φ(x̃) = (y · (Ψ(x̃0))σ̄)σ̄,

ãäå σ = f0
y .

C.1.b. Ê ýòîìó øàãó ïåðåõîäèì, åñëè x̃1 ∪ {y} = x̃, ò. å. ôóíêöèÿ f1
y � êîí-

ñòàíòíàÿ. Ïðèìåíèâ àëãîðèòì ê f0
y (x̃1), íàéäåì áåñïîâòîðíûé òåðì Ψ(x̃1), ïðåä-

ñòàâëÿþùèé ôóíêöèþ f0
y (x̃1). Òîãäà èñêîìûé òåðì Φ(x̃), áóäåò îïðåäåëÿòüñÿ

ñëåäóþùèì îáðàçîì :

Φ(x̃) = (y ∨ (Ψ(x̃1))σ)σ,

ãäå σ = f1
y .

C.1.ñ. Îáîçíà÷èì ũ = {y} ∪ x̃0 ∪ x̃1 è ṽ = x̃ \ ũ. Ýòîò øàã âûïîëíÿåòñÿ,
åñëè ũ è ṽ îáà íåïóñòû. Ñðåäè îñòàòî÷íûõ ôóíêöèé f τ̃ũ íàéäåì äâå ðàçëè÷íûõ.
Îáîçíà÷èì èõ ÷åðåç f1(ṽ) è f2(ṽ).

Îïðåäåëèì ôóíêöèè h(ṽ, z) è g(ũ) ñëåäóþùèì îáðàçîì:

h(ṽ, z) = z̄f1(ṽ) ∨ zf2(ṽ),

g(τ̃) =

{
0, åñëè f τ̃ũ = f1;
1, åñëè f τ̃ũ = f2.

Äâàæäû ïðèìåíÿåì àëãîðèòì äëÿ íàõîæäåíèÿ áåñïîâòîðíûõ òåðìîâ Ψh(ṽ, z)
è Ψg(ũ), ïðåäñòàâëÿþùèõ h(ṽ, z) è g(ũ). Òîãäà èñêîìûé òåðì Φ(x̃) áóäåò îïðå-
äåëÿòüñÿ ñëåäóþùèì îáðàçîì:

Φ(ũ, ṽ) = Ψh(ṽ,Ψg(ũ)).

C.2. Ê ýòîìó øàãó ïåðåõîäèì, åñëè îáå îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f ïî
êàæäîé ïåðåìåííîé ñóùåñòâåííû. Åñëè ôóíêöèÿ f ÿâëÿåòñÿ òðåõìåñòíîé, òî
îíà ïðèíàäëåæèò K, ò. å. ïðåäñòàâëÿþùèé åå òåðì èçâåñòåí. Èíà÷å âûáåðåì
ïðîèçâîëüíûì îáðàçîì íàáîð èç òðåõ ïåðåìåííûõ ũ = (xi1 , xi2 , xi3). Ñðåäè
îñòàòî÷íûõ ôóíêöèé f τ̃ũ íàéäåì äâå ðàçëè÷íûõ. Îáîçíà÷èì èõ ÷åðåç f1(ṽ) è
f2(ṽ).

Îïðåäåëèì ôóíêöèè h(ṽ, z) è g(ũ), ãäå ṽ = x̃ \ ũ, ñëåäóþùèì îáðàçîì:

h(ṽ, z) = z̄f1(ṽ) ∨ zf2(ṽ),

g(τ̃) =

{
0, åñëè f τ̃ũ = f1;
1, åñëè f τ̃ũ = f2.
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Åñëè ôóíêöèÿ g(ũ) 6∈ K, òî âûáåðåì äðóãîé íàáîð ũ è ïîâòîðèì ïðîöåäóðó
ïîñòðîåíèÿ h(ṽ, z) è g(ũ).

Åñëè âûïîëíÿåòñÿ g(ũ) ∈ K, äâàæäû ïðèìåíÿåì àëãîðèòì äëÿ íàõîæäåíèÿ
áåñïîâòîðíûõ òåðìîâ Ψh(ṽ, z) è Ψg(ũ), ïðåäñòàâëÿþùèõ h(ṽ, z) è g(ũ). Òîãäà
èñêîìûé òåðì Φ(x̃) áóäåò îïðåäåëÿòüñÿ ñëåäóþùèì îáðàçîì:

Φ(ũ, ṽ) = Ψh(ṽ,Ψg(ũ)).

Òåîðåìà 3. Àëãîðèòì íàõîæäåíèÿ áåñïîâòîðíûõ ïðåäñòàâëåíèé áóëåâûõ
ôóíêöèé â áàçèñå D ÿâëÿåòñÿ êîððåêòíûì.

Äîêàçàòåëüñòâî. Êîððåêòíîñòü øàãà À äîñòèãàåòñÿ â ñèëó òåîðåìû 1. Äàëåå
äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì èíäóêöèåé ïî ÷èñëó n ïåðåìåííûõ ôóíêöèè
f .

Áàçèñ èíäóêöèè. Åñëè n = 1, òî ôóíêöèÿ f ÿâëÿåòñÿ îäíîìåñòíîé è âûïîë-
íÿåòñÿ øàã Â, êîòîðûé, î÷åâèäíî, ÿâëÿåòñÿ êîððåêòíûì.

Øàã èíäóêöèè. Ïóñòü äëÿ âñåõ ôóíêöèé ðàçìåðíîñòè ìåíüøå, ÷åì n àëãî-
ðèòì ÿâëÿåòñÿ êîððåêòíûì. Ðàññìîòðèì âûïîëíåíèå øàãà Ñ. Îöåíèâ ôóíêöèè
èç áàçèñà D, íåòðóäíî çàìåòèòü, ÷òî åñëè ôóíêöèÿ f ÿâëÿåòñÿ ñóùåñòâåííîé
áåñïîâòîðíîé â áàçèñå D, à îíà ÿâëÿåòñÿ òàêîâîé â ñèëó âûïîëíåíèÿ øàãà À, òî
äëÿ ëþáîé ïåðåìåííîé y ëèáî ðîâíî îäíà èç îñòàòî÷íûõ ôóíêöèé f0

y , f
1
y ñóùå-

ñòâåííà, ëèáî îáå îíè ñóùåñòâåííû. Òàêèì îáðàçîì, âûïîëíÿåòñÿ ëèáî óñëîâèå
ïóíêòà Ñ.1, ëèáî óñëîâèå ïóíêòà Ñ.2, ò. å. ïóíêò Ñ.0 ÿâëÿåòñÿ êîððåêòíûì.

Ïóñòü âûïîëíÿåòñÿ ïóíêò Ñ.1.a. Îñòàòî÷íàÿ ôóíêöèÿ f1
y ñóùåñòâåííà, ïî-

ýòîìó ðåêóðñèâíûé âûçîâ àëãîðèòìà ÿâëÿåòñÿ êîððåêòíûì. Â ñèëó èíäóêòèâ-
íîãî ïðåäïîëîæåíèÿ áåñïîâòîðíûé òåðì Ψ(x̃0) ïðåäñòàâëÿåò ôóíêöèþ f1

y (x̃0).

Òåïåðü òîò ôàêò, ÷òî Φ(x̃) = (y · (Ψ(x̃0))σ̄)σ̄, ãäå σ = f0
y , ïðåäñòàâëÿåò ôóíêöèþ

f , ëåãêî ïðîâåðÿåòñÿ ðàçáîðîì ñëó÷àåâ y = 0 è y = 1. Ïî ïîñòðîåíèþ òåðì Φ(x̃)
ÿâëÿåòñÿ áåñïîâòîðíûì íàä D, ò. å. àëãîðèòì äëÿ f ÿâëÿåòñÿ êîððåêòíûì.

Êîððåêòíîñòü ïóíêòà Ñ.1.b äîêàçûâàåòñÿ àíàëîãè÷íî ïóíêòó Ñ.1.a.
Ïóñòü âûïîëíÿåòñÿ ïóíêò Ñ.1.c. Ðîâíî îäíî èç ìíîæåñòâ x̃0, x̃1 íåïóñòî, áó-

äåì äëÿ îïðåäåëåííîñòè ñ÷èòàòü, ÷òî x̃0, òîãäà èìååì ũ = {y}∪ x̃0 è ṽ = x̃\ ũ. Â
ñèëó øàãà À ôóíêöèÿ f ÿâëÿåòñÿ áåñïîâòîðíîé â D, òîãäà ïðåäñòàâëÿþùèé åå
áåñïîâòîðíûé òåðì Φ(x̃) áóäåò èìåòü ïîäòåðì Ψ(ũ) âèäà y ·Γ(x̃0) èëè ȳ∨Γ(x̃0).
Òàêèì îáðàçîì, âûïîëíÿþòñÿ óñëîâèÿ ðàçäåëèòåëüíîé äåêîìïîçèöèè òåîðåìû
2, ñëåäîâàòåëüíî, f(ũ, ṽ) = h(ṽ, g(ũ)). Îñòàåòñÿ ïðèìåíèòü ïðåäïîëîæåíèå èí-
äóêöèè ê h(ṽ, z) è g(ũ)).

Ïóñòü âûïîëíÿåòñÿ ïóíêò Ñ.2. Ôóíêöèÿ f ÿâëÿåòñÿ áåñïîâòîðíîé â D è îáå
îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f ïî êàæäîé ïåðåìåííîé ñóùåñòâåííû. Ýòî
âîçìîæíî òîëüêî â ñëó÷àå, åñëè ëèáî f ∈ K, ÷òî ñðàçó âëå÷åò êîððåêòíîñòü
àëãîðèòìà, ëèáî f äîïóñêàåò ðàçäåëèòåëüíóþ äåêîìïîçèöèþ ïðè ðàçáèåíèè
ìíîæåñòâà ïåðåìåííûõ íà ũ è ṽ, ò. å. f(ũ, ṽ) = h(ṽ, g(ũ)), ãäå g(ũ) îáîáùåííî
îäíîòèïíà ôóíêöèè d3. Î÷åâèäíî, ÷òî g(ũ) ïðåäñòàâèìà òåðìîì, áåñïîâòîðíûì
íàä D. Ïî ïðåäïîëîæåíèþ èíäóêöèè äëÿ h(ṽ, z) àëãîðèòì ÿâëÿåòñÿ êîððåêò-
íûì. Ñëåäîâàòåëüíî, äëÿ f àëãîðèòì òàêæå ÿâëÿåòñÿ êîððåêòíûì. �

Ïðîâåðèì ðàáîòó àëãîðèòìà íà ïðèìåðå ôóíêöèè

f(x1, x2, x3, x4, x5) = (1111 1111 1111 1111 0100 0100 0100 1101).

Âûçîâ àëãîðèòìà 1.
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A. Ïðîâåðèì ÿâëÿåòñÿ ëè ôóíêöèÿ f íàñëåäñòâåííî 2-íåæåñòêîé. Äëÿ ýòîãî
íóæíî ïðîâåðèòü ñâîéñòâî 2-íåæåñòêîñòè äëÿ f è âñåõ åå îñòàòî÷íûõ ôóíê-
öèé ïî ëþáîìó ìíîæåñòâó ïåðåìåííûõ. Ïðèâåäåì ñïèñîê ôóíêöèé, êîòîðûé
äîñòàòî÷íî áóäåò ïðîâåðèòü ñ ó÷åòîì òîãî ôàêòà, ÷òî åñëè ôóíêöèÿ ÿâëÿåòñÿ
2-íåæåñòêîé, òî ýòî ñâîéñòâî âûïîëíÿåòñÿ è äëÿ ëþáîé îáîáùåííî îäíîòèïíîé
ñ íåé ôóíêöèè.

1) f = (1111 1111 1111 1111 0100 0100 0100 1101),
2) f1 = (1111 1111 0100 1101),
3) f2 = (1111 1111 0101 0111),
4) f3 = (1111 1111 0000 0001),
5) f4 = (1111 0100),
6) f5 = (0100 1101),
7) f6 = (0000 0001),
8) f7 = (0100).
1) Íàéäåì îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f ïî êàæäîé ïåðåìåííîé:
f0
x1

= (1111 1111 1111 1111), δ(f0
x1

) = {x2, x3, x4, x5};
f1
x1

= (0100 0100 0100 1101), δ(f1
x1

) = ∅;
f0
x2

= (1111 1111 0100 0100), δ(f0
x2

) = {x3};
f1
x2

= (1111 1111 0100 1101), δ(f1
x2

) = ∅;
f0
x3

= (1111 1111 0100 0100), δ(f0
x3

) = {x2};
f1
x3

= (1111 1111 0100 1101), δ(f1
x3

) = ∅;
f0
x4

= (1111 1111 0101 0111), δ(f0
x4

) = ∅;
f1
x4

= (1111 1111 0000 0001), δ(f1
x4

) = ∅;
f0
x5

= (1111 1111 0000 0010), δ(f0
x5

) = ∅;
f1
x5

= (1111 1111 1010 1011), δ(f1
x5

) = ∅.
Êàê âèäíî, f ÿâëÿåòñÿ îáîáùåííî ìîíîòîííîé ïî êàæäîé ïåðåìåííîé. Î÷å-

âèäíî, ÷òî ëþáàÿ îñòàòî÷íàÿ ôóíêöèÿ îò ôóíêöèè f ïî ëþáîìó ìíîæåñòâó
ïåðåìåííûõ òàêæå ÿâëÿåòñÿ îáîáùåííî ìîíîòîííîé ïî êàæäîé ïåðåìåííîé, ïî-
ýòîìó ïðîâåðêó íà ýòî ñâîéñòâî â äàëüíåéøåì áóäåì ïðîïóñêàòü. Äëÿ ïåðåìåí-
íûõ x1, x2, x3 âûïîëíÿåòñÿ âòîðîå óñëîâèå îïðåäåëåíèÿ 2-íåæåñòêîé ôóíêöèè,
óáåäèìñÿ, ÷òî äëÿ x4 è x5 âûïîëíÿåòñÿ òðåòüå óñëîâèå. Äåéñòâèòåëüíî, ýòî âåð-
íî â ñèëó òîãî, ÷òî δ(f ′x4

) = ∅, δ(f ′x5
) = ∅, δ((f ′x4

)′x2
) = {x5}, δ((f ′x5

)′x2
) = {x4}.

Èòàê, ôóíêöèÿ f ÿâëÿåòñÿ 2-íåæåñòêîé.
2) Íàéäåì îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f1 ïî êàæäîé ïåðåìåííîé:
(f1)0

x1
= (1111 1111), δ((f1)0

x1
) = {x2, x3, x4};

(f1)1
x1

= (0100 1101), δ((f1)1
x1

) = ∅;
(f1)0

x2
= (1111 0100), δ((f1)0

x2
) = ∅;

(f1)1
x2

= (1111 1101), δ((f1)1
x2

) = ∅;
(f1)0

x3
= (1111 0111), δ((f1)0

x3
) = ∅;

(f1)1
x3

= (1111 0001), δ((f1)1
x3

) = ∅;
(f1)0

x4
= (1111 0010), δ((f1)0

x4
) = ∅;

(f1)1
x4

= (1111 1011), δ((f1)1
x4

) = ∅.
Î÷åâèäíî, ÷òî äëÿ x1 âûïîëíÿåòñÿ âòîðîå óñëîâèå îïðåäåëåíèÿ 2-íåæåñò-

êîé ôóíêöèè. Äëÿ îñòàëüíûõ ïåðåìåííûõ âûïîëíÿåòñÿ òðåòüå óñëîâèå 2-íåæå-
ñòêîé ôóíêöèè, òàê êàê δ((f1)′x2

) = ∅, δ(((f1)′x2
)′x4

) = {x3}, δ((f1)′x3
) = ∅,

δ(((f1)′x3
)′x4

) = {x2}, δ((f1)′x4
) = ∅, δ(((f1)′x4

)′x3
) = {x2}. Èòàê, ôóíêöèÿ f1

ÿâëÿåòñÿ 2-íåæåñòêîé.
3) Íàéäåì îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f2 ïî êàæäîé ïåðåìåííîé:
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(f2)0
x1

= (1111 1111), δ((f2)0
x1

) = {x2, x3, x4};
(f2)1

x1
= (0101 0111), δ((f2)1

x1
) = ∅;

(f2)0
x2

= (1111 0101), δ((f2)0
x2

) = {x3};
(f2)1

x2
= (1111 0111), δ((f2)1

x2
) = ∅;

(f2)0
x3

= (1111 0101), δ((f2)0
x3

) = {x2};
(f2)1

x3
= (1111 0111), δ((f2)1

x3
) = ∅;

(f2)0
x4

= (1111 0001), δ((f2)0
x4

) = ∅;
(f2)1

x4
= (1111 1111), δ((f2)1

x4
) = {x1, x2, x3}.

Î÷åâèäíî, ÷òî äëÿ x1, x2, x3 âûïîëíÿåòñÿ âòîðîå óñëîâèå îïðåäåëåíèÿ 2-
íåæåñòêîé ôóíêöèè, à äëÿ x4 âûïîëíÿåòñÿ ïåðâîå óñëîâèå. Èòàê, ôóíêöèÿ f2

ÿâëÿåòñÿ 2-íåæåñòêîé.
4) Íàéäåì îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f3 ïî êàæäîé ïåðåìåííîé:
(f3)0

x1
= (1111 1111), δ((f3)0

x1
) = {x2, x3, x4};

(f3)1
x1

= (0000 0001), δ((f3)1
x1

) = ∅;
(f3)0

x2
= (1111 0000), δ((f3)0

x2
) = {x3, x4};

(f3)1
x2

= (1111 0001), δ((f3)1
x2

) = ∅;
(f3)0

x3
= (1111 0000), δ((f3)0

x3
) = {x2, x4};

(f3)1
x3

= (1111 0001), δ((f3)1
x3

) = ∅;
(f3)0

x4
= (1111 0000), δ((f3)0

x4
) = {x2, x3};

(f3)1
x4

= (1111 0001), δ((f3)1
x4

) = ∅.
Î÷åâèäíî, ÷òî äëÿ x1, x2, x3, x4 âûïîëíÿåòñÿ âòîðîå óñëîâèå îïðåäåëåíèÿ

2-íåæåñòêîé ôóíêöèè. Èòàê, ôóíêöèÿ f3 ÿâëÿåòñÿ 2-íåæåñòêîé.
5) Íàéäåì îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f4 ïî êàæäîé ïåðåìåííîé:
(f4)0

x1
= (1111), δ((f4)0

x1
) = {x2, x3};

(f4)1
x1

= (0100), δ((f4)1
x1

) = ∅;
(f4)0

x2
= (1101), δ((f4)0

x2
) = ∅;

(f4)1
x2

= (1100), δ((f4)1
x2

) = {x3};
(f4)0

x3
= (1100), δ((f4)0

x3
) = {x2};

(f4)1
x3

= (1110), δ((f4)1
x3

) = ∅.
Î÷åâèäíî, ÷òî äëÿ x1, x3 âûïîëíÿåòñÿ âòîðîå óñëîâèå îïðåäåëåíèÿ 2-íåæåñò-

êîé ôóíêöèè, à äëÿ x2 âûïîëíÿåòñÿ ïåðâîå óñëîâèå. Èòàê, ôóíêöèÿ f4 ÿâëÿåòñÿ
2-íåæåñòêîé.

6) Íàéäåì îñòàòî÷íûå ôóíêöèè îò ôóíêöèè f5 ïî êàæäîé ïåðåìåííîé:
(f5)0

x1
= (0100), δ((f5)0

x1
) = ∅;

(f5)1
x1

= (1101), δ((f5)1
x1

) = ∅;
(f5)0

x2
= (0111), δ((f5)0

x2
) = ∅;

(f5)1
x2

= (0001), δ((f5)1
x2

) = ∅;
(f5)0

x3
= (0010), δ((f5)0

x3
) = ∅;

(f5)1
x3

= (1011), δ((f5)1
x3

) = ∅.
Äëÿ x1, x2, x3 âûïîëíÿåòñÿ òðåòüå óñëîâèå 2-íåæåñòêîé ôóíêöèè, òàê êàê

δ((f5)′x1
) = ∅, δ(((f5)′x1

)′x2
) = {x3}, δ((f5)′x2

) = ∅, δ(((f5)′x2
)′x1

) = {x3}, δ((f5)′x3
) =

∅, δ(((f5)′x3
)′x1

) = {x2}. Èòàê, ôóíêöèÿ f5 ÿâëÿåòñÿ 2-íåæåñòêîé.
Ñëó÷àè 7) è 8) àíàëîãè÷íû ñëó÷àþ 5).
Òàêèì îáðàçîì, ôóíêöèÿ f ÿâëÿåòñÿ íàñëåäñòâåííî 2-íåæåñòêîé, ïîýòîìó

ïî òåîðåìå 1 áåñïîâòîðíà â D.
Âûçîâ àëãîðèòìà 2.
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Ñ.0. Íàõîäèì x̃0 = δ(f0
x1

), x̃1 = δ(f1
x1

):

f0
x1

= (1111 1111 1111 1111), f1
x1

= (0100 0100 0100 1101),

ò. å. x̃0 = δ(f0
x1

) = {x2, x3, x4, x5}, x̃1 = δ(f1
x1

) = ∅. Î÷åâèäíî, âûïîëíÿåòñÿ
óñëîâèå ïóíêòà C.1.a, ïîýòîìó ïåðåõîäèì ê íåìó.

C.1.a. Ïðèìåíèâ àëãîðèòì ê f1
x1

(x̃0) (âûçîâ 3), íàéäåì áåñïîâòîðíûé òåðì

Ψ(x̃0) = d3(x2 · x3, x̄4, x5), ïðåäñòàâëÿþùèé ôóíêöèþ f1
x1

(x̃0). Òîãäà èñêîìûé

òåðì Φ(x̃) = x1 · d̄3(x2 · x3, x̄4, x5).
Âûçîâ àëãîðèòìà 3.
Ñ.0. f(x2, x3, x4, x5) = (0100 0100 0100 1101). Íàõîäèì x̃0 = δ(f0

x2
), x̃1 =

δ(f1
x2

):

f0
x2

= (0100 0100), f1
x2

= (0100 1101),

ò. å. x̃0 = δ(f0
x2

) = {x3}, x̃1 = δ(f1
x2

) = ∅. Âûïîëíÿåòñÿ óñëîâèå ïóíêòà C.1.c,
ïîýòîìó ïåðåõîäèì ê íåìó.

C.1.c. Íàõîäèì ũ = {x2, x3}, ṽ = {x4, x5}. Âû÷èñëÿåì îñòàòî÷íûå ôóíêöèè
îò f ïî x1, x2:

f1(x4, x5) = (0100), f2(x4, x5) = (1101).

Íàõîäèì ôóíêöèè h(z, x4, x5) = (0100 1101) è g(x2, x3) = (0001).
Ïðèìåíèâ àëãîðèòì ê h(z, x4, x5) = (0100 1101) (âûçîâ 4), íàéäåì áåñïîâòîð-

íûé òåðì Ψh(z, x4, x5) = d3(z, x̄4, x5). Ïðèìåíèâ àëãîðèòì ê g(x2, x3) = (0001)
(âûçîâ 5), íàéäåì áåñïîâòîðíûé òåðì Ψg(x2, x3) = x2 · x3.Òîãäà èñêîìûé òåðì
Φ(x2, x3, x4, x5) = d3(x2 · x3, x̄4, x5).

Âûçîâ àëãîðèòìà 4.
C.0. f(z, x4, x5) = (0100 1101). Äëÿ ëþáîé ïåðåìåííîé ìíîæåñòâà x̃0 è x̃1

ÿâëÿþòñÿ ïóñòûìè, ïåðåõîäèì ê Ñ.2.
C.2. Ïîñêîëüêó f ∈ K, èìååì èñêîìûé òåðì Φ(z, x4, x5) = d3(z, x̄4, x5).
Âûçîâ àëãîðèòìà 5.
Ñ.0. f(x2, x3) = (0001). Íàõîäèì x̃0 = δ(f0

x2
), x̃2 = δ(f1

x1
):

f0
x2

= (00), f1
x2

= (01),

ò. å. x̃0 = δ(f0
x2

) = {x3}, x̃1 = δ(f1
x2

) = ∅. Î÷åâèäíî, âûïîëíÿåòñÿ óñëîâèå
ïóíêòà C.1.a, ïîýòîìó ïåðåõîäèì ê íåìó.

C.1.a. Ïðèìåíèâ àëãîðèòì ê f1
x2

(x3) (âûçîâ 6), íàéäåì áåñïîâòîðíûé òåðì

Ψ(x3) = x3, ïðåäñòàâëÿþùèé ôóíêöèþ f1
x2

(x3). Òîãäà èñêîìûé òåðì

Φ(x2, x3) = x2 · x3.

Âûçîâ àëãîðèòìà 6.
B. f(x3) = (01). Ôóíêöèÿ f îäíîìåñòíàÿ, ïîýòîìó èñêîìûé òåðì Φ(x3) = x3.
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