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Abstract. In this paper, we construct explicit local examples of multidi-
mensional Riemannian metrics whose geodesic �ows have non-polynomial
�rst integrals and are completely integrable. We rely on a construction
described in a recent paper by A.V. Galajinsky which allows one to
construct such examples via the Casimir invariants of �nite-dimensional
Lie algebras.

Keywords: Riemannian metric, geodesic �ow, non-polynomial �rst integ-
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1. Ââåäåíèå

Ðàññìîòðèì ãàìèëüòîíîâó ñèñòåìó

ẋj = {xj , H}, ṗj = {pj , H}, i, j = 1, . . . , n (1.1)

ñ ãàìèëüòîíèàíîì è ñêîáêîé Ïóàññîíà ñëåäóþùåãî âèäà:

H =
1

2
gij(x)pipj , {F,H} =

n∑
i=1

(
∂F

∂xi

∂H

∂pi
− ∂F

∂pi

∂H

∂xi

)
, i, j = 1, . . . , n.

Ñèñòåìà (1.1) çàäàåò ãåîäåçè÷åñêèé ïîòîê ðèìàíîâîé ìåòðèêè dl2 = gijdx
idxj

íà n-ìåðíîì ìíîãîîáðàçèè ñ êîîðäèíàòàìè x = (x1, . . . , xn). Ïåðâûì èíòå-
ãðàëîì ãàìèëüòîíîâîé ñèñòåìû (1.1) íàçûâàåòñÿ òàêàÿ ôóíêöèÿ F (x, p), ÷òî

Ḟ = {F,H} ≡ 0. Ãåîäåçè÷åñêèé ïîòîê íàçûâàåòñÿ âïîëíå èíòåãðèðóåìûì,
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åñëè íàéäóòñÿ n ôóíêöèîíàëüíî íåçàâèñèìûõ ï.â. ïåðâûõ èíòåãðàëîâ F1 =
H,F2, . . . , Fn, íàõîäÿùèõñÿ ïîïàðíî â èíâîëþöèè: {Fi, Fj} = 0, i, j = 1, . . . , n.

Íàèáîëåå èçó÷åííûìè ÿâëÿþòñÿ äâóìåðíûå ãåîäåçè÷åñêèå ïîòîêè. Ëîêàëü-
íûé àñïåêò ýòîé çàäà÷è èññëåäîâàëñÿ åùå â ðàáîòàõ Áèðêãîôà (ñì. [1]), èì æå
áûëè êëàññèôèöèðîâàíû ìåòðèêè, äîïóñêàþùèå ëèíåéíûé èëè êâàäðàòè÷íûé
ïî èìïóëüñàì ïåðâûé èíòåãðàë. Â [2], [3] äîêàçàíî ñóùåñòâîâàíèå äâóìåðíûõ
ìåòðèê ñ äîïîëíèòåëüíûì ïîëèíîìèàëüíûì èíòåãðàëîì ñêîëü óãîäíî âûñîêîé
ñòåïåíè (ëîêàëüíî). Â [4] ïîñòðîåí ëîêàëüíûé ïðèìåð ìåòðèêè ñ èíòåãðàëîì
÷åòâåðòîé ñòåïåíè. À â [5] êëàññèôèöèðîâàíû ëèíåéíûå è êâàäðàòè÷íûå èíòå-
ãðàëû íà äâóìåðíûõ ñôåðå è òîðå.

Íåïîëèíîìèàëüíûå èíòåãðàëû ãåîäåçè÷åñêèõ ïîòîêîâ, êîòîðûå òîëüêî è
áóäóò èíòåðåñîâàòü íàñ â äàëüíåéøåì, òàêæå èññëåäîâàëèñü âî ìíîãèõ ðà-
áîòàõ (ñì., íàïðèìåð, [6] � [16]). Òàê, íàïðèìåð, â [15] ïîñòðîåíî áîëüøîå êî-
ëè÷åñòâî ÿâíûõ ïðèìåðîâ äâóìåðíûõ ðèìàíîâûõ ìåòðèê ñ äîïîëíèòåëüíûì
èíòåãðàëîì â âèäå ðàöèîíàëüíîé ôóíêöèè ïî èìïóëüñàì.

Â [16] ïðåäëîæåíà êîíñòðóêöèÿ, ïîçâîëÿþùàÿ ïî êàæäîé êîíå÷íîìåðíîé âå-
ùåñòâåííîé àëãåáðå Ëè ïîñòðîèòü íåêîòîðóþ ðèìàíîâó ìåòðèêó, ãåîäåçè÷åñêèé
ïîòîê êîòîðîé îáëàäàåò äîïîëíèòåëüíûìè ïåðâûìè èíòåãðàëàìè, ñîîòâåòñòâó-
þùèìè èíâàðèàíòàì Êàçèìèðà èñõîäíîé àëãåáðû Ëè. Îïèøåì âêðàòöå ýòó
êîíñòðóêöèþ.

Ðàññìîòðèì ïðîèçâîëüíóþ àëãåáðó Ëè ðàçìåðíîñòè n ñ ïîðîæäàþùèìè ek
è ñòðóêòóðíûìè ñîîòíîøåíèÿìè:

[ei, ej ] = ckijek, ckij = −ckji.

Ïóñòü x = (x1, . . . , xn) è p = (p1, . . . , pn) � êàíîíè÷åñêèå êîîðäèíàòû è èìïóëü-
ñû. Ïîëîæèì ei = ckijx

jpk è ïîñòðîèì ãàìèëüòîíèàí H = 1
2

(
α2
1e

2
1 + . . . α2

ne
2
n

)
,

ãäå αj � ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå. Ïîñòðîåííûé òàêèì îáðàçîì
ãàìèëüòîíèàí áóäåò îòâå÷àòü ãåîäåçè÷åñêîìó ïîòîêó íåêîòîðîé íåâûðîæäåí-
íîé ðèìàíîâîé ìåòðèêè (âîçìîæíî, ïîñëå ñîîòâåòñòâóþùåé ðåäóêöèè ïî öèê-
ëè÷åñêèì ïåðåìåííûì, åñëè òàêèå âîçíèêíóò). Ïðåäïîëîæèì òåïåðü, ÷òî L(e)
� èíâàðèàíò Êàçèìèðà èñõîäíîé àëãåáðû Ëè: [L(e), ek] = 0, k = 1, . . . , n. Ïå-
ðåïèñàâ åãî â òåðìèíàõ x, p, ïîëó÷èì ïåðâûé èíòåãðàë ãåîäåçè÷åñêîãî ïîòîêà,
êîììóòèðóþùèé ñ ãàìèëüòîíèàíîì îòíîñèòåëüíî ñòàíäàðòíîé ñêîáêè Ïóàññî-
íà.

Ïðè ïîìîùè âûøåîïèñàííîé êîíñòðóêöèè â [16] ïîñòðîåíî íåñêîëüêî ïðèìå-
ðîâ ðèìàíîâûõ ìåòðèê è íåïîëèíîìèàëüíûõ èíòåãðàëîâ. Â äàííîé ðàáîòå ìû,
ïîëüçóÿñü òîé æå ñàìîé êîíñòðóêöèåé, äîïîëíÿåì ýòîò ñïèñîê ïðèìåðîâ. Ñïè-
ñîê ñîîòâåòñòâóþùèõ àëãåáð Ëè âìåñòå ñ êîììóòàöèîííûìè ñîîòíîøåíèÿìè è
èíâàðèàíòàìè Êàçèìèðà ìîæíî íàéòè â [17].

Ëþáîïûòíî, ÷òî âî âñåõ ïîñòðîåííûõ ïðèìåðàõ äîïîëíèòåëüíûå èíòåãðàëû
âîîáùå íå çàâèñÿò îò êîîðäèíàò.

2. Ïðèìåðû äâóìåðíûõ ìåòðèê

Ïåðâûå äâà èíòåãðèðóåìûõ ïðèìåðà îòíîñÿòñÿ ê äâóìåðíûì ìåòðèêàì.
Òðåõìåðíàÿ àëãåáðà Ëè A3,3 (ìû ñëåäóåì îáîçíà÷åíèÿì, ïðèíÿòûì â [17])

èìååò ñëåäóþùèå íåíóëåâûå êîììóòàöèîííûå ñîîòíîøåíèÿ:

[e1, e3] = e1, [e2, e3] = e2,
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òî åñòü c113 = c223 = 1. Èíâàðèàíò Êàçèìèðà èìååò âèä L = e2/e1. Ñëåäóÿ
âûøåîïèñàííîé êîíñòðóêöèè, ïîëîæèì

e1 = c113x
3p1 = x3p1, e2 = c223x

3p2 = x3p2,

e3 = c131x
1p1 + c232x

3p2 = −(x1p1 + x2p2).

Ïîñòðîèì ãàìèëüòîíèàí H = 1
2

(
α2
1e

2
1 + α2

2e
2
2 + α2

3e
2
3

)
. Ïîñêîëüêó èìïóëüñ p3 íå

âõîäèò â H, òî ïîëîæèì p3 = 0, x3 = s, ãäå s � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Èíâàðèàíò Êàçèìèðà L â ïåðåìåííûõ x, p ïðèíèìàåò âèä L = p2/p1. Â èòîãå
ïîëó÷àåì

Ïðèìåð 1. (Àëãåáðà A3,3 â [17]).
Ïóñòü s, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, 2, 3. Òîãäà

H =
1

2
gij(x)pipj =

1

2

(
s2

(
p21α

2
1 + p22α

2
2

)
+ (x1p1 + x2p2)

2α2
3

)
, F =

p2
p1

, {F,H} = 0.

Ðèìàíîâà ìåòðèêà èìååò âèä dl2 = gij(x)dx
idxj , ãäå

g11 =
α2
3(x

2)2 + α2
2s

2

α2
3s

2(α2
2(x

1)2 + α2
1(x

2)2) + s4α2
1α

2
2

,

g12 = − α2
3x

1x2

α2
3s

2(α2
2(x

1)2 + α2
1(x

2)2) + s4α2
1α

2
2

,

g22 =
α2
3(x

1)2 + α2
1s

2

α2
3s

2(α2
2(x

1)2 + α2
1(x

2)2) + s4α2
1α

2
2

.

Ãàóññîâà êðèâèçíà K ïîñòðîåííîé ìåòðèêè ïîñòîÿííà è ðàâíà K ≡ −α2
3.

Ïðèìåð 1 äîïóñêàåò ñëåäóþùåå îáîáùåíèå.

Ïðèìåð 2. (Àëãåáðà Aa
3,5 â [17]).

Ïóñòü s, a, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, 2, 3. Òîãäà

H =
1

2

(
s2

(
p21α

2
1 + a2p22α

2
2

)
+ (x1p1 + ax2p2)

2α2
3

)
, F =

p2
pa1

, {F,H} = 0.

Ðèìàíîâà ìåòðèêà èìååò âèä dl2 = gij(x)dx
idxj , ãäå

g11 =
α2
3(x

2)2 + α2
2s

2

α2
3s

2(α2
2(x

1)2 + α2
1(x

2)2) + s4α2
1α

2
2

,

g12 = − α2
3x

1x2

aα2
3s

2(α2
2(x

1)2 + α2
1(x

2)2) + as4α2
1α

2
2

,

g22 =
α2
3(x

1)2 + α2
1s

2

a2α2
3s

2(α2
2(x

1)2 + α2
1(x

2)2) + a2s4α2
1α

2
2

.

Ãàóññîâà êðèâèçíà ïîñòðîåííîé ìåòðèêè, âîîáùå ãîâîðÿ, íåïîñòîÿííàÿ. Ïðè
a = 1 ïîëó÷èì K ≡ −α2

3.
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3. Ïðèìåðû òðåõìåðíûõ ìåòðèê

Àíàëîãè÷íûì îáðàçîì ñòðîÿòñÿ ïðèìåðû òðåõìåðíûõ ìåòðèê. Ïîñêîëüêó
âûðàæåíèÿ äëÿ êîìïîíåíò gij ïîëó÷àþòñÿ âåñüìà ãðîìîçäêèìè, ìû íå áóäåì
èõ âûïèñûâàòü â ÿâíîì âèäå. Îòìåòèì ëèøü, ÷òî âñå êîìïîíåíòû èìåþò "ðà-
öèîíàëüíûé" âèä, êàê â Ïðèìåðàõ 1, 2.

Ïðèìåð 3. (Àëãåáðà Aa
4,2 â [17]).

Ïóñòü s, a, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 4. Ïîëîæèì

g11 = a2(α2
4(x

1)2 + α2
1s

2)), g12 = aα2
4x

1(x2 + x3), g13 = aα2
4x

1x3,

g22 = α2
4(x

2+x3)2+(α2
2+α2

3)s
2, g23 = α2

4x
3(x2+x3)+s2α2

3, g
33 = α2

4(x
3)2x4+s2α2

3.

Òîãäà

H =
1

2
gijpipj , F2 =

pa2
p1

, F3 = p2e
−p3/p2 ,

{F2, H} = {F3, H} = {F2, F3} = 0.

Ïðèìåð 4. (Àëãåáðà A4,4 â [17]).
Ïóñòü s, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 4. Ïîëîæèì

g11 = α2
4(x

1+x2)2+(α2
1+α2

2)s
2, g12 = α2

4(x
1+x2)(x2+x3)+s2α2

2, g
13 = α2

4x
3(x1+x2),

g22 = α2
4(x

2+x3)2+(α2
2+α2

3)s
2, g23 = α2

4x
3(x2+x3)+s2α2

3, g
33 = α2

4(x
3)2+s2α2

3.

Òîãäà

H =
1

2
gijpipj , F2 = p1e

−p2/p1 , F3 =
p22 − 2p1p3

p21
,

{F2, H} = {F3, H} = {F2, F3} = 0.

Ïðèìåð 5. (Àëãåáðà Aab
4,5 â [17]).

Ïóñòü s, a, b, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 4. Ïîëîæèì

g11 = α2
4(x

1)2 + α2
1s

2, g12 = aα2
4x

1x2, g13 = bα2
4x

1x3,

g22 = a2(α2
4(x

2)2 + α2
2s

2), g23 = abα2
4x

2x3, g33 = b2(α2
4(x

3)2 + α2
3s

2).

Òîãäà

H =
1

2
gijpipj , F2 =

pa1
p2

, F3 =
pb1
p3

,

{F2, H} = {F3, H} = {F2, F3} = 0.

4. Ïðèìåðû ÷åòûðåõìåðíûõ ìåòðèê

Íàêîíåö, ïðèâåäåì íåñêîëüêî èíòåãðèðóåìûõ ïðèìåðîâ ÷åòûðåõìåðíûõ ìå-
òðèê.

Ïðèìåð 6. (Àëãåáðà Aabc
5,7 â [17]).

Ïóñòü s, a, b, c, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 5. Ïîëîæèì

g11 = α2
5(x

1)2 + α2
1s

2, g12 = aα2
5x

1x2, g13 = bα2
5x

1x3, g14 = cα2
5x

1x4,

g22 = a2(α2
5(x

2)2 + α2
2s

2), g23 = abα2
5x

2x3, g24 = acα2
5x

2x4,

g33 = b2(α2
5(x

3)2 + α2
3s

2), g34 = bcα2
5x

3x4, g44 = c2(α2
5(x

4)2 + α2
4s

2).

Òîãäà

H =
1

2
gijpipj , F2 =

pa1
p2

, F3 =
pb1
p3

, F4 =
pc1
p4

,

{F2, H} = {F3, H} = {F4, H} = {F2, F3} = {F2, F4} = {F3, F4} = 0.
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Ïðèìåð 7. (Àëãåáðà Abc
5,9 â [17]).

Ïóñòü s, b, c, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 5. Ïîëîæèì

g11 = α2
5(x

1+x2)2+(α2
1+α2

2)s
2, g12 = s2α2

2+α2
5x

2(x1+x2), g13 = bα2
5(x

1+x2)x3,

g14 = cα2
5(x

1+x2)x4, g22 = α2
5(x

2)2+α2
2s

2, g23 = bα2
5x

2x3, g24 = cα2
5x

2x4,

g33 = b2(α2
5(x

3)2 + α2
3s

2), g34 = bcα2
5x

3x4, g44 = c2(α2
5(x

4)2 + α2
4s

2).

Òîãäà

H =
1

2
gijpipj , F2 =

pb1
p3

, F3 =
pc1
p4

, F4 = p1e
− p2

p1 ,

{F2, H} = {F3, H} = {F4, H} = {F2, F3} = {F2, F4} = {F3, F4} = 0.

Ïðèìåð 8. (Àëãåáðà Ac
5,11 â [17]).

Ïóñòü s, c, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 5. Ïîëîæèì

g11 = α2
5(x

1+x2)2+(α2
1+α2

2)s
2, g12 = s2α2

2+α2
5(x

1+x2)(x2+x3), g13 = α2
5(x

1+x2)x3,

g14 = cα2
5(x

1+x2)x4, g22 = α2
5(x

2+x3)2+(α2
2+α2

3)s
2, g23 = α2

3s
2+α2

5(x
2+x3)x3,

g24 = cα2
5(x

2+x3)x4, g33 = α2
5(x

3)2+α2
3s

2, g34 = cα2
5x

3x4, g44 = c2(α2
5(x

4)2+α2
4s

2).

Òîãäà

H =
1

2
gijpipj , F2 =

pc1
p4

, F3 = p1e
− p2

p1 , F4 =
2p1p3 − p22

p21
,

{F2, H} = {F3, H} = {F4, H} = {F2, F3} = {F2, F4} = {F3, F4} = 0.

Ïðèìåð 9. (Àëãåáðà Aa,r,s
5,13 â [17]).

Ïóñòü w, a, r, s, αk � ïðîèçâîëüíûå ïîñòîÿííûå, k = 1, . . . , 5. Ïîëîæèì

g11 = α2
5(x

1)2+α2
1w

2, g12 = aα2
5x

1x2, g13 = α2
5x

1(rx3+sx4), g14 = α2
5x

1(rx4−sx3),

g22 = a2(α2
5(x

2)2+α2
2w

2), g23 = aα2
5x

2(rx3+sx4), g24 = aα2
5x

2(rx4−sx3),

g33 = w2(α2
3r

2+α2
4s

2)+α2
5(rx

3+sx4)2, g34 = w2rs(α2
4−α2

3)+α2
5(rx

3+sx4)(rx4−sx3),

g44 = w2(α2
3s

2 + α2
4r

2) + α2
5(rx

4 − sx3)2.

Òîãäà

H =
1

2
gijpipj , F2 =

pa1
p2

, F3 =
p2r1

p23 + p24
, F4 = p2s1 e− arctan z,

ãäå z = 2(sp3+rp4)(rp3−sp4)
(rp3−sp4)2−(sp3+rp4)2

, è

{F2, H} = {F3, H} = {F4, H} = {F2, F3} = {F2, F4} = {F3, F4} = 0.

5. Çàêëþ÷åíèå

Âî âñåõ ïîñòðîåííûõ ïðèìåðàõ ãåîäåçè÷åñêèé ïîòîê îáëàäàåò ïîëíûì íàáî-
ðîì ïåðâûõ èíòåãðàëîâ, íàõîäÿùèõñÿ ïîïàðíî â èíâîëþöèè, òî åñòü ÿâëÿåò-
ñÿ âïîëíå èíòåãðèðóåìûì. Áîëüøîå êîëè÷åñòâî äðóãèõ èíòåãðèðóåìûõ ïðèìå-
ðîâ ìíîãîìåðíûõ ìåòðèê ñ íåïîëèíîìèàëüíûìè èíòåãðàëàìè ìîæíî ïîñòðîèòü
àíàëîãè÷íûì îáðàçîì äëÿ ðàçëè÷íûõ àëãåáð Ëè.

Áûëî áû èíòåðåñíî ìîäèôèöèðîâàòü ýòó êîíñòðóêöèþ äëÿ òîãî, ÷òîáû ñòðî-
èòü, ñêàæåì, íîâûå èíòåãðèðóåìûå ïðèìåðû ìàãíèòíûõ ãåîäåçè÷åñêèõ ïîòî-
êîâ.
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