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ÒÓÐÀÅÂÀ � ÂÈÐÎ ÏÎÐßÄÊÀ 7

Ô. Ã. ÊÎÐÀÁË�Â

Abstract. Homologically trivial part of any Turaev � Viro invariant
odd order r is a Turaev � Viro type invariant order r+1

2
. In this paper

we �nd an explicit formulas for this Turaev � Viro type invariant, corres-
ponding to the invariant order r = 7. Our formulas express 6j-symbols
and color weights in the term of γ, where γ is a root of the polynomial
T (x) = x3 − 2x2 − x+ 1.
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1. Ââåäåíèå

Èíâàðèàíòû Òóðàåâà � Âèðî äëÿ òð¼õìåðíûõ ìíîãîîáðàçèé áûëè ïðåäëîæå-
íû Â. Òóðåâàì è Î. Âèðî â 1992 ãîäó â ðàáîòå [1]. Îíè ïîñòðîèëè áåñêîíå÷íîå
ñåìåéñòâî èíâàðèàíòîâ, êàæäûé èç êîòîðûõ îïðåäåëÿåòñÿ âûáîðîì ñâîåãî ïî-
ðÿäêà � íàòóðàëüíîãî ÷èñëà r > 2. Îáîçíà÷èì ÷åðåç TVr � èíâàðèàíò Òóðàåâà
� Âèðî ïîðÿäêà r.

Äëÿ êàæäîãî r > 2 îïðåäåëèì ìíîæåñòâî Cr = {0, 1, . . . , r − 2}. Ýòî ìíîæå-
ñòâî Cr óäîáíî âîñïðèíèìàòü êàê ìíîæåñòâî öâåòîâ, êîòîðûìè ðàñêðàøèâà-
þòñÿ êëåòêè ñïåöèàëüíûõ ñïàéíîâ òð¼õìåðíûõ ìíîãîîáðàçèé ïðè âû÷èñëåíèè
çíà÷åíèé èíâàðèàíòà TVr. Âïðî÷åì, äëÿ öåëåé íàñòîÿùåé ñòàòüè, òîïîëîãè÷å-
ñêèé ñìûñë ýëåìåíòîâ ýòîãî ìíîæåñòâà íå âàæåí. Îäèí èç ñïîñîáîâ îïðåäåëèòü
èíâàðèàíò TVr ñîñòîèò â çàäàíèè çíà÷åíèé wi äëÿ âñåõ i ∈ Cr. Êàæäîå èç ÷è-
ñåë wi â îáùåì ñëó÷àå ÿâëÿåòñÿ êîìïëåêñíûì ÷èñëîì è íàçûâàåòñÿ âåñîì öâåòà
i. Ïîìèìî ýòîãî äîëæíû áûòü çàäàíû çíà÷åíèÿ òàê íàçûâàåìûõ 6j-ñèìâîëîâ,
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êîòîðûå îáîçíà÷àþòñÿ

∣∣∣∣ i j k
l m n

∣∣∣∣, äëÿ âñåõ i, j, k, l,m, n ∈ Cr. Êàæäûé 6j-

ñèìâîë â îáùåì ñëó÷àå òàêæå ÿâëÿåòñÿ êîìïëåêñíûì ÷èñëîì.
Çíà÷åíèÿ êàê âñåõ 6j-ñèìâîëîâ, òàê è âåñîâ öâåòîâ, çàäàþùèõ èíâàðèàíò

TVr, íå ïðîèçâîëüíû. Îíè îïèñûâàþòñÿ ôîðìóëàìè, êîòîðûå ïðèâåäåíû, íà-
ïðèìåð, â êíèãàõ [2, ïàðàãðàô 8.1.4] è [3, ïàðàãðàô XII.8.5], ñòàòüå [1, ïàðàãðàô
7] è íèæå âî âòîðîì ïàðàãðàôå. Öåíòðàëüíóþ ðîëü â ýòèõ ôîðìóëàõ èãðàþò
êâàíòîâûå öåëûå ÷èñëà è êâàíòîâûå ôàêòîðèàëû. Ïóñòü q � òàêîé êîðåíü èç
1-öû ñòåïåíè 2r, ÷òî q2 ÿâëÿåòñÿ ïðèìèòèâíûì êîðíåì èç 1-öû ñòåïåíè r. Îáî-
çíà÷èì

[n]r =
qn − q−n

q − q−1
.

Âåëè÷èíà [n]r íàçûâàåòñÿ êâàíòîâûì öåëûì ÷èñëîì. Ýòî ÷èñëî âñåãäà ÿâëÿåòñÿ
äåéñòâèòåëüíûì, îäíàêî åãî çíà÷åíèå çàâèñèò îò âûáîðà êîðíÿ q. Î÷åâèäíî,
[1]r = 1 è [r]r = 0. Êâàíòîâûì ôàêòîðèàëîì íàçûâàåòñÿ âåëè÷èíà

[n]r! = [n]r · [n− 1]r · . . . · [1]r.

Ñóùåñòâóþò èíâàðèàíòû òð¼õìåðíûõ ìíîãîîáðàçèé, êîòîðûå çàäàþòñÿ äðó-
ãèìè çíà÷åíèÿìè 6j-ñèìâîëîâ è âåñîâ öâåòîâ. Â ñîîòâåòñòâèè ñ òåðìèíîëîãèåé,
ïðåäëîæåííîé â êíèãå [2, çàìå÷àíèå 8.1.20], òàêèå èíâàðèàíòû íàçûâàþòñÿ èí-
âàðèàíòàìè òèïà Òóðàåâà � Âèðî. ×òîáû ïîñòðîèòü èíâàðèàíò òèïà Òóðàåâà
� Âèðî ïîðÿäêà r, äîñòàòî÷íî ïîäîáðàòü òàêèå çíà÷åíèÿ âåñîâ öâåòîâ wi è 6j-
ñèìâîëîâ, ÷òîáû îíè óäîâëåòâîðÿëè óðàâíåíèÿì∣∣∣∣ i j k
l m n

∣∣∣∣·∣∣∣∣ i j k
l′ m′ n′

∣∣∣∣ =
∑
z∈Cr

wz·
∣∣∣∣ i m n
z n′ m′

∣∣∣∣·∣∣∣∣ j l n
z n′ m′

∣∣∣∣·∣∣∣∣ k l m
z m′ l′

∣∣∣∣
äëÿ âñåõ i, j, k, l,m, n, l′,m′, n′ ∈ Cr.

Ïðèìåðîì íåòðèâèàëüíîãî èíâàðèàíòà òèïà Òóðàåâà � Âèðî ïîðÿäêà 3 ÿâ-
ëÿåòñÿ ε-èíâàðèàíò (ñì. [4]). Îí çàäà¼òñÿ ñëåäóþùèì íàáîðîì çíà÷åíèé âåñîâ
öâåòîâ è 6j-ñèìâîëîâ (ñì. [2, ïàðàãðàô 8.1.2]): w0 = 1, w1 = ε è∣∣∣∣ 0 0 0

0 0 0

∣∣∣∣ = 1,

∣∣∣∣ 0 0 0
1 1 1

∣∣∣∣ =
1√
ε
,

∣∣∣∣ 0 1 1
0 1 1

∣∣∣∣ =
1

ε
,∣∣∣∣ 0 1 1

1 1 1

∣∣∣∣ =
1

ε
,

∣∣∣∣ 1 1 1
1 1 1

∣∣∣∣ = − 1

ε2
,

ãäå ε � êîðåíü óðàâíåíèÿ x2 − x− 1 = 0. Âñå îñòàëüíûå çíà÷åíèÿ 6j-ñèìâîëîâ
ðàâíû íóëþ.

Õîðîøî èçâåñòíî, ÷òî êàæäûé èíâàðèàíò Òóðàåâà � Âèðî TVr ïîðÿäêà r
ÿâëÿåòñÿ ñóììîé òð¼õ èíâàðèàíòîâ TVr,0, TVr,1 è TVr,2 (ñì. [5]). Èíâàðèàíò
TVr,0 íàçûâàåòñÿ ãîìîëîãè÷åñêè òðèâèàëüíîé ÷àñòüþ èíâàðèàíòà Òóðàåâà �
Âèðî. Ïðè íå÷¼òíûõ r îí ÿâëÿåòñÿ èíâàðèàíòîì òèïà Òóðàåâà � Âèðî ïîðÿäêà
r+1
2 . Îáîçíà÷èì åãî TH r+1

2
.

Îáîçíà÷èì âåñà öâåòîâ, çàäàþùèõ èíâàðèàíò TH r+1
2
, ÷åðåç w′i, i ∈ C r+1

2
=

{0, 1, . . . , r−32 }, à 6j-ñèìâîëû ÷åðåç

∣∣∣∣ i j k
l m n

∣∣∣∣′, i, j, k, l,m, n ∈ C r+1
2
. Ñóùå-

ñòâóåò ïðîñòîé ñïîñîá, ïîçâîëÿþùèé íàéòè çíà÷åíèÿ âåñîâ öâåòîâ è 6j-ñèìâîëîâ,
çàäàþùèõ èíâàðèàíò TH r+1

2
, çíàÿ âåñà öâåòîâ è 6j-ñèìâîëîâ, çàäàþùèõ èíâà-

ðèàíò TVr:
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w′i = w2i äëÿ âñåõ i ∈ C r+1
2
,∣∣∣∣ i j k

l m n

∣∣∣∣′ =

∣∣∣∣ 2i 2j 2k
2l 2m 2n

∣∣∣∣ äëÿ âñåõ i, j, k, l,m, n ∈ C r+1
2
.

Ìîæíî äîêàçàòü, ÷òî ε-èíâàðèàíò ñîâïàäàåò ñ èíâàðèàíòîì TH3, òî åñòü îí
ÿâëÿåòñÿ ãîìîëîãè÷åñêè òðèâèàëüíîé ÷àñòü èíâàðèàíòà Òóðàåâà � Âèðî ïîðÿä-
êà 5 (ñì. [2, òåîðåìà 8.1.26] è [4]).

Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ îòûñêàíèå ôîðìóë, çàäàþùèõ èíâàðèàíò
TH4, òî åñòü ãîìîëîãè÷åñêè òðèâèàëüíóþ ÷àñòü èíâàðèàíòà TV7, ïîäîáíûõ
ôîðìóëàì, çàäàþùèõ ε-èíâàðèàíò. Îñíîâíîé ðåçóëüòàò ñòàòüè ñôîðìóëèðîâàí
â òåîðåìå 5. Â íåé çíà÷åíèÿ âåñîâ öâåòîâ è 6j-ñèìâîëîâ, çàäàþùèõ èíâàðèàíò
TH4, âûðàæåíû ÷åðåç êîðåíü γ óðàâíåíèÿ x3 − 2x2 − x+ 1 = 0. Ýòî îïèñàíèå
ïîëíîñòüþ àíàëîãè÷íî îïèñàíèþ ε-èíâàðèàíòà ÷åðåç êîðåíü ε óðàâíåíèÿ x2 −
x− 1 = 0. Ïîýòîìó èíâàðèàíò TH4 íàçûâàåòñÿ γ-èíâàðèàíòîì.

Ñòðóêòóðà ñòàòüè òàêîâà. Âî âòîðîì ïàðàãðàôå âûïèñûâàþòñÿ ÿâíûå ôîð-
ìóëû äëÿ âû÷èñëåíèÿ âåñîâ öâåòîâ è 6j-ñèìâîëîâ, çàäàþùèõ èíâàðèàíò TV7,0.
Ýòè ôîðìóëû âûïèñàíû â òåðìèíàõ êâàíòîâûõ öåëûõ ÷èñåë [n]7. Òðåòèé ïàðà-
ãðàô ïîñâÿù¼í ïðîñòåéøèì ñâîéñòâàì ìíîãî÷ëåíà T (x) = x3−2x2−x+1, èãðà-
þùåãî öåíòðàëüíóþ ðîëü â ïîñòðîåíèè γ-èíâàðèàíòà. Â ÷åòâ¼ðòîì ïàðàãðàôå
äîêàçûâàåòñÿ îñíîâíàÿ òåîðåìà 5. Â ïÿòîì ïàðàãðàôå âû÷èñëÿþòñÿ ìíîãî÷ëå-
íû, ÷åðåç êîðíè êîòîðûõ, âîçìîæíî, âûðàæàþòñÿ ãîìîëîãè÷åñêè òðèâèàëüíûå
÷àñòè èíâàðèàíòîâ Òóðàåâà � Âèðî íå÷¼òíûõ ïîðÿäêîâ 5 6 r 6 21.

2. Èíâàðèàíò Òóðàåâà � Âèðî ïîðÿäêà 7

Êàê è ðàíüøå, îáîçíà÷èì Cr = {0, . . . , r−2}. Â êíèãàõ [2, ïàðàãðàô 8.1.4], [3,
ïàðàãðàô XII.8.5] è ñòàòüå [1, ïàðàãðàô 7] äàíû ÿâíûå ôîðìóëû äëÿ âû÷èñëå-

íèÿ çíà÷åíèé âåñîâ wi è 6j-ñèìâîëîâ

∣∣∣∣ i j k
l m n

∣∣∣∣, i, j, k, l,m, n ∈ Cr, çàäàþùèõ
èíâàðèàíò Òóðàåâà � Âèðî ïîðÿäêà r > 2. Ïðèâåä¼ì ýòè ôîðìóëû.

wi = (−1)i[i+ 1]r äëÿ âñåõ i ∈ Cr.
Áóäåì ãîâîðèòü, ÷òî òðîéêà (x, y, z) ∈ C3

r äîïóñòèìà, åñëè

(1) x+ y > z, y + z > x è z + x > y;
(2) x+ y + z ÷¼òíî;
(3) x+ y + z 6 2 · r − 4.

Çíà÷åíèå 6j-ñèìâîëà

∣∣∣∣ i j k
l m n

∣∣∣∣ ðàâíî 0, åñëè õîòÿ áû îäíà èç òðîåê (i, j, k),

(k, l,m), (m,n, i), (j, l, n) íå ÿâëÿåòñÿ äîïóñòèìîé. Çíà÷åíèÿ îñòàëüíûõ 6j-ñèìâîëîâ
âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:∣∣∣∣ i j k

l m n

∣∣∣∣ =

β∑
z=α

(−1)z · [z + 1]r! ·A(i, j, k, l,m, n)

B

(
z,

(
i j k
l m n

))
· C
(
z,

(
i j k
l m n

)) ,
ãäå

A(i, j, k, l,m, n) = i
i+j+k+l+m+n ·∆(i, j, k) ·∆(i,m, n) ·∆(j, l, n) ·∆(k, l,m),

i ∈ C � ìíèìàÿ åäèíèöà,

B

(
z,

(
i j k
l m n

))
= [z−î−ĵ−k̂]r!·[z−î−m̂−n̂]r!·[z−ĵ−l̂−n̂]r!·[z−k̂−l̂−m̂]r!,
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C

(
z,

(
i j k
l m n

))
= [̂i+ ĵ+ l̂+m̂−z]r! · [̂i+ k̂+ l̂+ n̂−z]r! · [̂j+ k̂+m̂+ n̂]−z]r!,

∆(i, j, k) =

√
[̂i+ ĵ − k̂]r! · [̂j + k̂ − î]r! · [k̂ + ĵ − î]r!

[̂i+ ĵ + k̂ + 1]r!
,

x̂ = x
2 äëÿ âñåõ x ∈ Cr,

α = max(̂i+ ĵ + k̂, î+ m̂+ n̂, ĵ + l̂ + n̂, k̂ + l̂ + m̂),

β = min(̂i+ ĵ + l̂ + m̂, î+ k̂ + l̂ + n̂, ĵ + k̂ + m̂+ n̂).

Òàê êàê â íàñòîÿùåé ñòàòüå ðå÷ü èä¼ò â îñíîâíîì îá èíâàðèàíòå Òóðàåâà �
Âèðî ïîðÿäêà 7, òî äàëåå äëÿ ïðîñòîòû îáîçíà÷åíèé âñþäó âìåñòî [n]7 ïèøåòñÿ
[n].

Òåîðåìà 1. Ãîìîëîãè÷åñêè òðèâèàëüíàÿ ÷àñòü TV7,0 èíâàðèàíòà Òóðàåâà �
Âèðî ïîðÿäêà 7 çàäà¼òñÿ ñëåäóþùèìè çíà÷åíèÿìè âåñîâ wi, i ∈ {0, 2, 4} è 6j-

ñèìâîëîâ

∣∣∣∣ i j k
l m n

∣∣∣∣, i, j, k, l,m, n ∈ {0, 2, 4}: w0 = 1, w2 = [3], w4 = [5] è∣∣∣∣ 0 0 0
0 0 0

∣∣∣∣ = 1

∣∣∣∣ 0 0 0
2 2 2

∣∣∣∣ = − 1√
[3]∣∣∣∣ 0 0 0

4 4 4

∣∣∣∣ =
1√
[5]

∣∣∣∣ 0 2 2
0 2 2

∣∣∣∣ =
1

[3]∣∣∣∣ 0 2 2
2 2 2

∣∣∣∣ =
1

[3]

∣∣∣∣ 0 2 2
2 4 4

∣∣∣∣ = − 1√
[3] · [5]∣∣∣∣ 0 2 2

4 2 2

∣∣∣∣ =
1

[3]

∣∣∣∣ 0 2 2
4 4 4

∣∣∣∣ = − 1√
[3] · [5]∣∣∣∣ 0 4 4

0 4 4

∣∣∣∣ =
1

[5]

∣∣∣∣ 0 4 4
2 4 4

∣∣∣∣ =
1

[5]∣∣∣∣ 2 2 2
2 2 2

∣∣∣∣ =
[5]− 1

[2] · [3] · [4]

∣∣∣∣ 2 2 2
2 2 4

∣∣∣∣ = − [2]

[3] · [4]∣∣∣∣ 2 2 2
2 4 4

∣∣∣∣ = − 1

[4]
·

√
[2] · [6]

[3] · [5]

∣∣∣∣ 2 2 2
4 4 4

∣∣∣∣ =
[3]

[4] ·
√

[2] · [3] · [5] · [6]∣∣∣∣ 2 2 4
2 2 4

∣∣∣∣ =
[2]

[3] · [4] · [5]

∣∣∣∣ 2 2 4
2 4 4

∣∣∣∣ =
[2]

[4] · [5]∣∣∣∣ 2 4 4
2 4 4

∣∣∣∣ = − 1

[4] · [5] · [6]

Çíà÷åíèÿ âñåõ îñòàëüíûõ 6j-ñèìâîëîâ è âåñîâ wi, i ∈ {1, 3, 5} ðàâíû íóëþ.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ïîëó÷àåòñÿ â ðåçóëüòàòå àêêóðàòíûõ
âû÷èñëåíèé ïî óêàçàííûì âûøå ôîðìóëàì. Òàê êàê íàñ èíòåðåñóåò òîëüêî
ãîìîëîãè÷åñêè òðèâèàëüíàÿ ÷àñòü èíâàðèàíòà, òî âñå âåñà wi äëÿ íå÷¼òíûõ
i ∈ Cr ðàâíû 0. Òî÷íî òàæå ðàâíûìè íóëþ ÿâëÿþòñÿ çíà÷åíèÿ âñåõ 6j-ñèìâîëîâ∣∣∣∣ i j k
l m n

∣∣∣∣, ãäå õîòÿ áû îäíî èç ÷èñåë i, j, k, l,m, n ∈ C7 íå÷¼òíî. �
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3. Ìíîãî÷ëåí T (x) = x3 − 2x2 − x+ 1

Ïðîñòîé àíàëèç ïîêàçûâàåò, ÷òî ìíîãî÷ëåí T (x) èìååò òðè äåéñòâèòåëüíûõ
êîðíÿ: îäèí èç íèõ áîëüøå 2, îáîçíà÷èì åãî γ1, âòîðîé ïðèíàäëåæèò èíòåðâàëó
(0, 1), îáîçíà÷èì åãî γ2, à òðåòèé êîðåíü îòðèöàòåëüíûé, îáîçíà÷èì åãî γ3 (ñì.
ðèñ. 1).

−1 0 1 2 3

γ3 γ2 γ1

Ðèñ. 1. Êîðíè ìíîãî÷ëåíà T (x) = x3 − 2x2 − x+ 1.

Òåîðåìà 2. Ïóñòü γ � êîðåíü ìíîãî÷ëåíà T (x). Òîãäà 1− 1
γ òàêæå ÿâëÿåòñÿ

êîðíåì ìíîãî÷ëåíà T (x).

Äîêàçàòåëüñòâî. Çàìåòèì ñíà÷àëà, ÷òî γ 6= 0. Äàëåå, òàê êàê

γ3 − 2γ2 − γ + 1 = 0,

òî, ðàçäåëèâ îáå ÷àñòè ýòîãî ðàâåíñòâà íà γ3, ïîëó÷èì

1− 2

γ
− 1

γ2
+

1

γ3
= 0.

Âû÷èñëèì T (1− 1
γ ).

T
(

1− 1

γ

)
=

(
1− 1

γ

)3

− 2

(
1− 1

γ

)2

−
(

1− 1

γ

)
+ 1 =

= −1 +
2

γ
+

1

γ2
− 1

γ3
= −

(
1− 2

γ
− 1

γ2
+

1

γ3

)
= 0.

�

Ðàññìîòðèì ôóíêöèþ τ(x) : R→ R, äåéñòâóþùóþ ñëåäóþùèì îáðàçîì:

τ(x) = 1− 1

x
.

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî òîãäà γ2 = τ(γ1), γ3 = τ(γ2) è γ1 = τ(γ3).
Ïîñëåäíåå ñîîòíîøåíèå, â ÷àñòíîñòè, ñëåäóåò è èç òîãî, ÷òî ôóíêöèÿ τ èìååò
ïîðÿäîê 3, òî åñòü τ ◦ τ ◦ τ = id.

4. Èíâàðèàíò òèïà Òóðàåâà � Âèðî TH4

Òåîðåìà 3. T ([3]) = 0.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ [3] = q2 + 1 + q−2, ãäå q 6= ±1 ÿâëÿåòñÿ
êîðíåì 14-îé ñòåïåíè èç 1-öû. ßâíî âû÷èñëèì T (q2 + 1 + q−2):

T (q2 + 1 + q−2) = (q2 + 1 + q−2)3 − 2(q2 + 1 + q−2)2 − (q2 + 1 + q−2) + 1 =

= q6 + q4 + q2 + 1 + q−2 + q−4 + q−6.
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Îñòàëîñü çàìåòèòü, ÷òî åñëè ω = q2, òî ω � ïåðâîîáðàçíûé êîðåíü ñòåïåíè
7 èç 1-öû. Òîãäà

T ([3]) = ω6 + ω5 + ω4 + ω3 + ω2 + ω + 1 = 0.

�

Ïðè âû÷èñëåíèè âåëè÷èíû [3] â êà÷åñòâå q ìîæíî áðàòü ëþáîé êîðåíü 14-
îé ñòåïåíè èç 1, îòëè÷íûé îò ±1. Íà ðèñóíêå 2 èçîáðàæåíû ðàçëè÷íûå êîðíè
ìíîãî÷ëåíà T (x), ñîîòâåòñòâóþùèå ðàçëè÷íûì âûáîðàì âåëè÷èíû q. Êàê è
ðàíüøå, γ1 � ýòî íàèáîëüøèé êîðåíü ìíîãî÷ëåíà, γ2 � ñðåäíèé, à γ3 � íàè-
ìåíüøèé.

γ1

γ2

γ3γ3
γ2

γ1

γ1
γ2

γ3 γ3

γ2

γ1

Ðèñ. 2. Ðàçëè÷íûå çíà÷åíèÿ êîðíÿ 14-îé ñòåïåíè èç 1-öû è
ñîîòâåòñòâóþùèé êîðåíü ìíîãî÷ëåíà T (x), êîòîðîìó ðàâíà âå-
ëè÷èíà [3].

Òåîðåìà 4. Èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

(1) [5] · [3] = [3] + [5];
(2) [2] · [4] = [3] · [5];
(3) [2] · [3] = [4] · [5];
(4) [2] · [6] = [5];
(5) [4] · [6] = [3];
(6) [3]2 = [4]2.

Äîêàçàòåëüñòâî. Êàæäîå ñîîòíîøåíèå äîêàçûâàåòñÿ ïîäñòàíîâêîé

[2] = q + q−1,
[3] = q2 + 1 + q−2,

[4] = q3 + q + q−1 + q−3,
[5] = q4 + q2 + 1 + q−2 + q−4,

[6] = q5 + q3 + q + q−1 + q−3 + q−5

â òðåáóåìûå ðàâåíñòâà, ðàñêðûòèåì ñêîáîê è ïðèâåäåíèåì ïîäîáíûõ. Åäèí-
ñòâåííîå äîïîëíèòåëüíîå ñîîòíîøåíèå, êîòîðîå ïðè ýòîì èñïîëüçóåòñÿ, ñîñòîèò
â òîì, ÷òî åñëè ω = q2, òî

1 + ω + ω2 + ω3 + ω4 + ω5 + ω6 = 0.

�
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Èç ïåðâîãî óòâåðæäåíèÿ òåîðåìû 4 â ÷àñòíîñòè ñëåäóåò, ÷òî åñëè [3] = γ �
ïðîèçâîëüíûé êîðåíü ìíîãî÷ëåíà T (x), òî

[5] =
γ

γ − 1
.

Ãîìîëîãè÷åñêè òðèâèàëüíàÿ ÷àñòü ëþáîãî èíâàðèàíòà Òóðàåâà � Âèðî ïî-
ðÿäêà r ïðè íå÷¼òíîì r ÿâëÿåòñÿ èíâàðèàíòîì òèïà Òóðàåâà � Âèðî ïîðÿäêà
r+1
2 . ×òîáû íå ïóòàòü çàäàþùèå åãî 6j-ñèìâîëû ñ 6j-ñèìâîëàìè èñõîäíîãî èí-

âàðèàíòà ïîðÿäêà r, áóäåì îáîçíà÷àòü èõ

∣∣∣∣ i j k
l m n

∣∣∣∣′, à âåñà w′i.
Òåîðåìà 5. Ïóñòü γ � ïðîèçâîëüíûé êîðåíü ìíîãî÷ëåíà T (x). Òîãäà èíâà-
ðèàíò TH4 òèïà Òóðàåâà � Âèðî ïîðÿäêà 4, ñîâïàäàþùèé ñ ãîìîëîãè÷åñêè
òðèâèàëüíîé ÷àñòüþ TV7,0 èíâàðèàíòà Òóðàåâà � Âèðî ïîðÿäêà 7, çàäà¼ò-

ñÿ ñëåäóþùèìè çíà÷åíèÿìè âåñîâ w′i ∈ {0, 1, 2} è 6j-ñèìâîëîâ

∣∣∣∣ i j k
l m n

∣∣∣∣′,
i, j, k, l,m, n ∈ {0, 1, 2}: w′0 = 1, w′1 = γ, w′2 = γ

γ−1 è∣∣∣∣ 0 0 0
0 0 0

∣∣∣∣′ = 1

∣∣∣∣ 0 0 0
1 1 1

∣∣∣∣′ = − 1
√
γ∣∣∣∣ 0 0 0

2 2 2

∣∣∣∣′ =

√
γ − 1
√
γ

∣∣∣∣ 0 1 1
0 1 1

∣∣∣∣′ =
1

γ∣∣∣∣ 0 1 1
1 1 1

∣∣∣∣′ =
1

γ

∣∣∣∣ 0 1 1
1 2 2

∣∣∣∣′ = −
√
γ − 1

γ∣∣∣∣ 0 1 1
2 1 1

∣∣∣∣′ =
1

γ

∣∣∣∣ 0 1 1
2 2 2

∣∣∣∣′ = −
√
γ − 1

γ∣∣∣∣ 0 2 2
0 2 2

∣∣∣∣′ =
γ − 1

γ

∣∣∣∣ 0 2 2
1 2 2

∣∣∣∣′ =
γ − 1

γ∣∣∣∣ 1 1 1
1 1 1

∣∣∣∣′ =
1

γ3

∣∣∣∣ 1 1 1
1 1 2

∣∣∣∣′ = − 1

γ · (γ − 1)∣∣∣∣ 1 1 1
1 2 2

∣∣∣∣′ = − 1

γ · √γ

∣∣∣∣ 1 1 1
2 2 2

∣∣∣∣′ =
γ − 1

γ · √γ∣∣∣∣ 1 1 2
1 1 2

∣∣∣∣′ =
1

γ2

∣∣∣∣ 1 1 2
1 2 2

∣∣∣∣′ =
1

γ∣∣∣∣ 1 2 2
1 2 2

∣∣∣∣′ = −γ − 1

γ2

Çíà÷åíèÿ âñåõ îñòàëüíûõ 6j-ñèìâîëîâ ðàâíî 0.

Äîêàçàòåëüñòâî. Ïóñòü çíà÷åíèå êîðíÿ q âûáðàíî òàê, ÷òî [3] = γ. Âû÷èñëèì
çíà÷åíèÿ òðåáóåìûõ âåñîâ öâåòîâ è 6j-ñèìâîëîâ, èñïîëüçóÿ òåîðåìû 1 è 4, à
òàê æå òîò ôàêò, ÷òî

[3] = γ è [5] =
γ

γ − 1
.

Ñíà÷àëà âû÷èñëèì âåñà öâåòîâ w′i, i ∈ {0, 1, 2}.
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w′0 = w0 = 1, w′1 = w2 = [3] = γ è w′2 = w4 = [5] =
γ

γ − 1
.

Äàëåå çíà÷åíèÿ 6j-ñèìâîëîâ.∣∣∣∣ 0 0 0
0 0 0

∣∣∣∣′ =

∣∣∣∣ 0 0 0
0 0 0

∣∣∣∣ = 1.∣∣∣∣ 0 0 0
1 1 1

∣∣∣∣′ =

∣∣∣∣ 0 0 0
2 2 2

∣∣∣∣ = − 1√
[3]

= − 1
√
γ
.∣∣∣∣ 0 0 0

2 2 2

∣∣∣∣′ =

∣∣∣∣ 0 0 0
4 4 4

∣∣∣∣ =
1√
[5]

=

√
γ − 1
√
γ

.∣∣∣∣ 0 1 1
0 1 1

∣∣∣∣′ =

∣∣∣∣ 0 2 2
0 2 2

∣∣∣∣ =
1

[3]
=

1
√
γ
.∣∣∣∣ 0 1 1

1 1 1

∣∣∣∣′ =

∣∣∣∣ 0 2 2
2 2 2

∣∣∣∣ =
1

[3]
=

1
√
γ
.∣∣∣∣ 0 1 1

1 2 2

∣∣∣∣′ =

∣∣∣∣ 0 2 2
2 4 4

∣∣∣∣ = − 1√
[3] · [5]

= −
√
γ − 1

γ
.∣∣∣∣ 0 1 1

2 1 1

∣∣∣∣′ =

∣∣∣∣ 0 2 2
4 2 2

∣∣∣∣ =
1

[3]
=

1
√
γ
.∣∣∣∣ 0 1 1

2 2 2

∣∣∣∣′ =

∣∣∣∣ 0 2 2
4 4 4

∣∣∣∣ = − 1√
[3] · [5]

= −
√
γ − 1

γ
.∣∣∣∣ 0 2 2

0 2 2

∣∣∣∣′ =

∣∣∣∣ 0 4 4
0 4 4

∣∣∣∣ =
1

[5]
=
γ − 1

γ
.∣∣∣∣ 0 2 2

1 2 2

∣∣∣∣′ =

∣∣∣∣ 0 4 4
2 4 4

∣∣∣∣ =
1

[5]
=
γ − 1

γ
.∣∣∣∣ 1 1 1

1 1 1

∣∣∣∣′ =

∣∣∣∣ 2 2 2
2 2 2

∣∣∣∣ =
[5]− 1

[2] · [3] · [4]
. Âîñïîëüçóåìñÿ âòîðûì ñîîòíîøå-

íèåì òåîðåìû 4 è çàìåíèì â ýòîì âûðàæåíèè [2] · [4] íà [3] · [5]. Â ðåçóëüòàòå

ïîëó÷èì çíà÷åíèå
[5]− 1

[3]2 · [5]
=

1

γ3
.∣∣∣∣ 1 1 1

1 1 2

∣∣∣∣′ =

∣∣∣∣ 2 2 2
2 2 4

∣∣∣∣ = − [2]

[3] · [4]
. Âîñïîëüçóåìñÿ òðåòüèì ñîîòíîøåíè-

åì èç òåîðåìû 4 è çàìåíèì
[2]

[4]
íà

[5]

[3]
. Ïîëó÷èì çíà÷åíèå − [5]

[3]2
= − 1

γ · (γ − 1)
.∣∣∣∣ 1 1 1

1 2 2

∣∣∣∣′ =

∣∣∣∣ 2 2 2
2 4 4

∣∣∣∣ = − 1

[4]
·

√
[2] · [6]

[3] · [5]
. Âîñïîëüçóåìñÿ ÷åòâ¼ðòûì ñîîò-

íîøåíèåì èç òåîðåìû 4 è çàìåíèì [2]·[6] íà [5]. Ïîëó÷èì âûðàæåíèå − 1

[4] ·
√

[3]
.

Èç øåñòîãî ñîîòíîøåíèÿ òåîðåìû 4 ñëåäóåò, ÷òî [4] = ±γ, îäíàêî ïðè ðàçíûõ
âûáîðàõ q çíà÷åíèå [4] ìîæåò ñîâïàäàòü êàê ñ γ, òàê è ñ −γ. Êàê îòìå÷åíî â [2,
çàìå÷àíèÿ 8.1.17 è 8.1.18], êîððåêòíîñòü è çíà÷åíèå èíâàðèàíòà íå çàâèñèò îò
âûáîðà çíàêà ïðè èçâëå÷åíèè êâàäðàòíîãî êîðíÿ. Ïîýòîìó äëÿ îïðåäåë¼ííîñòè

ìîæíî âûáðàòü [4] = γ, è òîãäà çíà÷åíèå 6j-ñèìâîëà ðàâíî − 1

γ · √γ
.
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2 2 2

∣∣∣∣′ =

∣∣∣∣ 2 2 2
4 4 4

∣∣∣∣ =
[3]

[4] ·
√

[2] · [3] · [5] · [6]
. Âîñïîëüçóåìñÿ ÷åòâ¼ð-

òûì ñîîòíîøåíèåì èç òåîðåìû 4 è çàìåíèì [2]·[6] íà [5] è, àíàëîãè÷íî ïðåäûäó-

ùåìó ñëó÷àþ, âûáåðåì äëÿ îïðåäåë¼ííîñòè [4] = γ. Ïîëó÷èì çíà÷åíèå
γ − 1

γ · √γ
.∣∣∣∣ 1 1 2

1 1 2

∣∣∣∣′ =

∣∣∣∣ 2 2 4
2 2 4

∣∣∣∣ =
[2]

[3] · [4] · [5]
. Âîñïîëüçóåìñÿ òðåòüèì ñîîòíîøå-

íèåì èç òåîðåìû 4 è çàìåíèì
[2]

[4]
íà

[5]

[3]
. Ïîëó÷èì çíà÷åíèå

1

[3]2
=

1

γ2
.∣∣∣∣ 1 1 2

1 2 2

∣∣∣∣′ =

∣∣∣∣ 2 2 4
2 4 4

∣∣∣∣ =
[2]

[4] · [5]
. Âîñïîëüçóåìñÿ òðåòüèì ñîîòíîøåíèåì

èç òåîðåìû 4 è çàìåíèì
[2]

[4]
íà

[5]

[3]
. Ïîëó÷èì çíà÷åíèå

1

[3]
=

1

γ
.∣∣∣∣ 1 2 2

1 2 2

∣∣∣∣′ =

∣∣∣∣ 2 4 4
2 4 4

∣∣∣∣ = − 1

[4] · [5] · [6]
. Âîñïîëüçóåìñÿ ïÿòûì ñîîòíîøå-

íèåì èç òåîðåìû 4 è çàìåíèì [4] · [6] íà [3]. Ïîëó÷èì çíà÷åíèå − 1

[3] · [5]
=

−γ − 1

γ
. �

5. Ìíîãî÷ëåíû äëÿ ãîìîëîãè÷åñêè òðèâèàëüíûõ ÷àñòåé

èíâàðèàíòîâ Òóðàåâà � Âèðî

Êàê óæå îòìå÷àëîñü, ãîìîëîãè÷åñêè òðèâèàëüíàÿ ÷àñòü èíâàðèàíòà Òóðà-
åâà � Âèðî íå÷¼òíîãî ïîðÿäêà r ÿâëÿåòñÿ èíâàðèàíòîì òèïà Òóðàåâà � Âè-
ðî ïîðÿäêà r+1

2 . Ïðè r = 5 ñîîòâåòñòâóþùèé èíâàðèàíò ïîðÿäêà 3 ÿâëÿåò-
ñÿ ε-èíâàðèàíòîì, à ïðè r = 7 � îïèñàííûì â ïðåäûäóùåì ïàðàãðàôå γ-
èíâàðèàíòîì. Îáà ýòèõ èíâàðèàíòà âûðàæàþòñÿ â òåðìèíàõ êîðíåé äâóõ ñïå-
öèàëüíûõ ìíîãî÷ëåíîâ. Äëÿ ε-èíâàðèàíòà ýòîò ìíîãî÷ëåí ðàâåí x2 − x − 1, à
äëÿ γ-èíâàðèàíòà îí ðàâåí x3 − 2x2 − x+ 1.

Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ëþáîé èíâàðèàíò òèïà Òóðàåâà � Âèðî TH r+1
2

ìîæåò áûòü âûðàæåí â òåðìèíàõ êîðíåé ïîäõîäÿùåãî ìíîãî÷ëåíà. Ýòî ñîãëà-
ñóåòñÿ ñ òåì, ÷òî çíà÷åíèÿ èíâàðèàíòîâ Òóðàåâà � Âèðî ÿâëÿþòñÿ öåëûìè àë-
ãåáðàè÷åñêèìè ([6]). Ãëÿäÿ íà ôîðìóëû, çàäàþùèå èíâàðèàíòû Òóðàåâà � Âèðî
ïîðÿäêà r, òðóäíî äîãàäàòüñÿ, êàêèå ýòî äîæíû áûòü ìíîãî÷ëåíû. Ïðîöåäóðà,
ïîçâîëÿþùàÿ èõ ïîäîáðàòü, îïèðàåòñÿ íà íàáëþäåíèå, äîêàçàííîå â òåîðåìå 3.
Äëÿ ýòîãî íàäî âû÷èñëèòü çíà÷åíèÿ âåëè÷èíû [3]r äëÿ âñåõ âîçìîæíûõ q 6= ±1,
ÿâëÿþùèõñÿ êîðíåì ñòåïåíè 2r èç 1-öû. Ïîñëå ýòîãî íàäî ñîñòàâèòü ìíîãî÷ëåí,
ó êîòîðîãî êîðíÿìè ÿâëÿþòñÿ âñå ðàçëè÷íûå èç âû÷èñëåííûõ çíà÷åíèé. Â òàá-
ëèöå 1 ïåðå÷èñëåíû íåñêîëüêî ïåðâûõ ìíîãî÷ëåíîâ, ïîñòðîåííûõ ñ ïîìîùüþ
òàêîãî ïðàâèëà. Â ïåðâîì ñòîëáöå òàáëèöû ñîäåðæèòñÿ ïîðÿäîê èíâàðèàíòà
òèïà Òóðàåâà � Âèðî, ñîâïàäàþùåãî ñ ãîìîëîãè÷åñêè òðèâèàëüíîé ÷àñòüþ èí-
âàðèàíòà Òóðàåâà � Âèðî TVr,0 íå÷¼òíîãî ïîðÿäêà 5 6 r 6 21. Âî âòîðîì
ñòîëáöå � ñîîòâåòñòâóþùèé ìíîãî÷ëåí.

Ìû íå ôîðìóëèðóåì è íå äîêàçûâàåì íèêàêèõ òî÷íûõ óòâåðæäåíèé, ñâÿ-
çàííûõ ñ ìíîãî÷ëåíàìè èç òàáëèöû 1. Îïèñàííóþ âûøå ïðîöåäóðó ñòîèò ðàñ-
öåíèâàòü êàê ýìïèðè÷åñêîå ïðàâèëî, îò êîòîðîãî ìîæíî îòòàëêèâàòüñÿ ïðè
ïîñòðîåíèè òðåáóåìûõ ìíîãî÷ëåíîâ.
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Ïîðÿäîê Ìíîãî÷ëåí
3 x2 − x− 1
4 x3 − 2x2 − x+ 1
5 x4 − 3x3 + 3x
6 x5 − 4x4 + 2x3 + 5x2 − 2x− 1
7 x6 − 5x5 + 5x4 + 6x3 − 7x2 − 2x+ 1
8 x7 − 6x6 + 9x5 + 5x4 − 15x3 + 5x
9 x8 − 7x7 + 14x6 + x5 − 25x4 + 9x3 + 12x2 − 3x− 1
10 x9 − 8x8 + 20x7 − 7x6 − 35x5 + 29x4 + 18x3 − 15x2 − 3x+ 1
11 x10 − 9x9 + 27x8 − 20x7 − 42x6 + 63x5 + 14x4 − 42x3 + 7x
Òàáëèöà 1. Ìíîãî÷ëåíû, ÷åðåç êîðíè êîòîðûõ âûðàæàþòñÿ
èíâàðèàíòû THr.
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