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ÊÎÌÌÓÒÀÍÒÎÂ ÊÎÍÅ×ÍÛÕ p-ÃÐÓÏÏ

Á.Ì. ÂÅÐÅÒÅÍÍÈÊÎÂ

Abstract. All groups in the abstract are �nite. We de�ne rank d(G)
of a p-group G as the minimal number of generators of G. In this paper,
we obtain a compact formula for the strict upper bound of the ranks of
commutator subgroups of �nite p-groups generated by elements of given
orders. This bound was described in a recent article of the author. But the
corresponding formula was very complicated although containing some
useful information. The new formula is much more simple and clear.

Keywords: �nite p-group generated by elements of orders pk1 , . . . , pkn ,
number of generators of commutator subgroup of a �nite p-group.

1. Ââåäåíèå

Â äàííîé ñòàòüå ìû ðàññìàòðèâàåì âîïðîñ î ìàêñèìàëüíî âîçìîæíîì ðàí-
ãå êîììóòàíòîâ êîíå÷íûõ p-ãðóïï â çàâèñèìîñòè îò ïîðÿäêîâ ïîðîæäàþùèõ
ýëåìåíòîâ ýòèõ ãðóïï.

Â òåîðåìàõ 3 è 5 ñòàòüè [1] ýòîò âîïðîñ áûë ðåøåí, îäíàêî ñîîòâåòñòâóþùàÿ
ôîðìóëà ìàêñèìàëüíî âîçìîæíîãî ðàíãà ïîëó÷èëàñü î÷åíü ñëîæíîé è ìàëî-
äîñòóïíîé äëÿ èñïîëüçîâàíèÿ. Â ïðåäëàãàåìîé ñòàòüå ïîëó÷åíà êîìïàêòíàÿ è
äîâîëüíî ïðîñòàÿ ôîðìóëà, ðåøàþùàÿ îêîí÷àòåëüíî ïîñòàâëåííûé âîïðîñ.

Çàìåòèì îäíàêî, ÷òî ðåçóëüòàòû [1] èìåþò ñàìîñòîÿòåëüíûé èíòåðåñ è íîâàÿ
ôîðìóëà íå îòìåíÿåò ýòè ðåçóëüòàòû.

Âî âòîðîì ðàçäåëå ñòàòüè ïðèâîäÿòñÿ íåêîòîðûå îáîçíà÷åíèÿ è ðåçóëüòàòû
èç [1].

Â òðåòüåì ðàçäåëå äîêàçûâàåòñÿ îñíîâíîé ðåçóëüòàò ñòàòüè.
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Òåîðåìà 1. Ïóñòü êîíå÷íàÿ p-ãðóïïà G ïîðîæäàåòñÿ ýëåìåíòàìè a1, . . . , an,
ãäå n ≥ 2, ïîðÿäêîâ pk1 , . . . , pkn , ñîîòâåòñòâåííî, ki � ïîëîæèòåëüíûå ÷èñëà.
Òîãäà

d(G′) ≤ (n− 1)pk1+···+kn −
n∑

i=1

pk1+···+k̂i+···+kn + 1,

ïðè÷åì äëÿ íåêîòîðîé êîíå÷íîé p-ãðóïïû G äàííîå íåðàâåíñòâî ÿâëÿåòñÿ ðà-
âåíñòâîì.

Çäåñü �ñèìâîë̂ � íàä ki â ñóììå k1 + · · · + k̂i + · · · + kn îçíà÷àåò, ÷òî ki

èñêëþ÷àåòñÿ èç ñóììû
n∑

j=1

kj.

Ñëåäñòâèå 1. Åñëè êîíå÷íàÿ p-ãðóïïà G ïîðîæäàåòñÿ n ýëåìåíòàìè ïîðÿäêà
p, òî

d(G′) ≤ (n− 1)pn − npn−1 + 1,

ïðè÷åì ýòî íåðàâåíñòâî íå óëó÷øàåìî.

Ïðè p = 2 ïîëó÷àåòñÿ íåðàâåíñòâî d(G′) ≤ (n− 1)2n − n2n−1 + 1.
Ýòîò ðåçóëüòàò áûë ïîëó÷åí â [2] â âèäå:

d(G′) ≤ (n2) + 2 (n3) + · · ·+ (n− 1) (nn) .

Òî, ÷òî ïðàâûå ÷àñòè â ïîñëåäíèõ äâóõ íåðàâåíñòâàõ ðàâíû, äîêàçûâàåòñÿ
âî âòîðîì ðàçäåëå ñòàòüè.

Â çàêëþ÷åíèå ñòàòüè èñïðàâëÿåòñÿ îøèáêà â ïðèìåðå 1 ñòàòüè [1].

2. Îáîçíà÷åíèÿ è ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ìû èñïîëüçóåì ñòàíäàðòíûå ïîíÿòèÿ è îáîçíà÷åíèÿ òåîðèè ãðóïï. Îòìåòèì
ëèøü, ÷òî m-é ÷ëåí íèæíåãî öåíòðàëüíîãî ðÿäà ãðóïïû G îáîçíà÷àåòñÿ Gm.
Òàêèì îáðàçîì,

Gm = 〈[g1, . . . , gm]|gi ∈ G, i = 1,m〉 = [Gm−1, G],

äëÿ ëþáîãî m ≥ 2 è G1 = G.

Ëåììà 1. Äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 2 ñïðàâåäëèâî ðàâåíñòâî

(n2) + 2 (n3) + · · ·+ (n− 1) (nn) = (n− 1)2n − n2n−1 + 1.

Äîêàçàòåëüñòâî. Ñíà÷àëà èìååì äëÿ ëþáîãî k ≥ 1:

(n− 1) (nk)− n
(
n−1
k

)
=

(n− 1)
n(n− 1) . . . (n− k + 1)

k!
− n

(n− 1) . . . (n− k)

k!
=

(n− 1) . . . (n− k + 1)

k!
(n(n− 1)− n(n− k)) = (k − 1) (nk) .

Ñëåäîâàòåëüíî,
(n− 1)2n − n2n−1 + 1 =

(n− 1)((n0) + (n1) + · · ·+ (nn))− n
(
(n−10 ) + (n−11 ) + · · ·+

(
n−1
n−1
))

+ 1 =
n−1∑
k=0

(
(n− 1) (nk)− n

(
n−1
k

))
+ (n− 1) (nn) + 1 =

n−1∑
k=0

(k − 1) (nk) + (n− 1) (nn) + 1 =
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−1 + (n2) + 2 (n3) + · · ·+ (n− 2) ( n
n−1) + (n− 1) (nn) + 1 =

(n2) + 2 (n3) + · · ·+ (n− 1) (nn) .

�

Ëåììà 2. Ïóñòü G = 〈a1, . . . , an〉, ãäå âñå ýëåìåíòû ai èìåþò êîíå÷íûå ïî-
ðÿäêè. Òîãäà äëÿ ëþáîãî m ≥ 2

Gm = 〈[ai1 , . . . , ais ]|s ≥ m〉.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ïðàâóþ ÷àñòü äîêàçûâàåìîãî ðàâåíñòâà áóêâîé
K. ßñíî, ÷òî K ≤ Gm.

Ñ äðóãîé ñòîðîíû, ëþáîé ýëåìåíò x èç G â ñèëó êîíå÷íîñòè ïîðÿäêîâ ýëå-
ìåíòîâ ai èìååò âèä:

x = aj1 . . . ajt .

Òîãäà â ñèëó îñíîâíûõ êîììóòàòîðíûõ ñîîòíîøåíèé

[ab, c] = [a, c]b[b, c],

[a, bc] = [a, c][a, b]c,

ëþáîé êîììóòàòîð

[x1, . . . , xm],

ãäå âñå xi ∈ G, ìîæåò áûòü çàïèñàí â âèäå ïðîèçâåäåíèÿ êîììóòàòîðîâ âèäà
[ai1 , . . . , ais ], ãäå s ≥ m. Òàêèì îáðàçîì, Gm ≤ K. �

Ëåììà 3 ([1], ëåììà 1). Åñëè G � ìåòàáåëåâà ãðóïïà, òî äëÿ ëþáîãî x ∈ G′ è
ëþáûõ y1, . . . , ym èç G çíà÷åíèå êîììóòàòîðà [x, y1, . . . , ym] íå ìåíÿåòñÿ ïðè
ëþáîé ïåðåñòàíîâêå ìåñòàìè ýëåìåíòîâ y1, . . . , ym â ýòîì êîììóòàòîðå.

Ëåììà 4 ([1], òåîðåìà 1). Ïóñòü p � ïðîñòîå ÷èñëî, n ≥ 2, G�êîíå÷íàÿ p-
ãðóïïà, ïîðîæäåííàÿ ýëåìåíòàìè a1, . . . , an ïîðÿäêîâ pk1 , . . . , pkn , ñîîòâåò-
ñòâåííî, ãäå âñå ki � ïîëîæèòåëüíûå ÷èñëà. Òîãäà åñëè G′ � ýëåìåíòàðíàÿ
àáåëåâà ãðóïïà, òî

a) ëþáîé êîììóòàòîð [ai1 , ai2 , . . . , aik ], â ïîñëåäîâàòåëüíîñòè èíäåêñîâ
êîòîðîãî (i1, i2, . . . , ik) êàêîå-ëèáî ÷èñëî j èç [1, n] âñòðå÷àåòñÿ áîëüøå
pkj − 1 ðàç, ðàâåí 1;

b) G′ ïîðîæäàåòñÿ êîììóòàòîðàìè âèäà [ai1 , ai2 , . . . , aik ], ãäå k ≥ 2, i1 >
i2, i2 ≤ i3 ≤ · · · ≤ ik, ïðè÷åì äëÿ ëþáîãî j èç [1, n] ÷èñëî j ìîæåò
âñòðå÷àòüñÿ â ïîñëåäîâàòåëüíîñòè (i1, i2, . . . , ik) íå áîëåå pkj − 1 ðàç.

3. Äîêàçàòåëüñòâî òåîðåìû 1

Â âèäó òîãî, ÷òî â ëþáîé êîíå÷íîé p-ãðóïïå G ñïðàâåäëèâî òî, ÷òî G′/Φ(G′)
� ýëåìåíòàðíàÿ àáåëåâà ãðóïïà è d(G′/Φ(G′)) = d(G′), ìîæíî ñ÷èòàòü G′ ýëå-
ìåíòàðíîé àáåëåâîé ãðóïïîé.

Êðîìå òîãî, â âèäó óñëîâèÿ a) â ëåììå 4 ìû ìîæåì ñ÷èòàòü, ÷òî â ëþáîì
ðàññìàòðèâàåìîì êîììóòàòîðå, ñîñòàâëåííîì èç ïîðîæäàþùèõ ãðóïïó G′ ýëå-
ìåíòîâ ai, äëÿ ëþáîãî i ýëåìåíò ai âñòðå÷àåòñÿ íå áîëåå pki − 1 ðàç.

Ïîñ÷èòàåì êîëè÷åñòâî òàêèõ êîììóòàòîðîâ âèäà [an, an−1, ai3 , . . . ]. Ïîñêîëü-
êó n− 1 ≤ i3 ≤ . . . , òî ÷èñëî òàêèõ êîììóòàòîðîâ ðàâíî

(pkn−1 − 1)(pkn − 1).
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Ýòî ñëåäóåò èç òîãî, ÷òî â ïîñëåäîâàòåëüíîñòè ai3 , ai4 , . . . ñíà÷àëà èäóò ýëå-
ìåíòû an−1 â êîëè÷åñòâå îò 0 äî pkn−1 − 2, à ïîòîì ýëåìåíòû an â êîëè÷åñòâå
îò 0 äî pkn − 2.

Ïðè ïîäñ÷åòå êîëè÷åñòâà êîììóòàòîðîâ âèäà

[an, an−2, ai3 , . . . ],

ãäå n− 2 ≤ i3 ≤ . . . ìû ó÷èòûâàåì, ÷òî â ïîñëåäîâàòåëüíîñòè an−2, ai3 , . . . ñíà-
÷àëà èäóò ýëåìåíòû an−2 â êîëè÷åñòâå îò 0 äî pkn−2−2, çàòåì ýëåìåíòû an−1 â
êîëè÷åñòâå îò 0 äî pkn−1 − 1, è çàòåì ýëåìåíòû an â êîëè÷åñòâå îò 0 äî pkn − 2.

Òàêèì îáðàçîì, ÷èñëî êîììóòàòîðîâ âèäà

[an, an−2, ai3 , . . . ],

ãäå n− 2 ≤ i3 ≤ . . . , ðàâíî

(pkn − 1)pkn−1(pkn−2 − 1).

Ïðîäîëæàÿ òàêèì îáðàçîì, íàéäåì, ÷òî êîëè÷åñòâî êîììóòàòîðîâ âèäà

[an, a1, ai3 , . . . ],

ãäå 1 ≤ i3 ≤ . . . , ðàâíî

(pkn − 1)pkn−1pkn−2 . . . pk2(pk1 − 1).

Ñêëàäûâàÿ ïîëó÷åííûå êîëè÷åñòâà êîììóòàòîðîâ âèäà

[an, ai2 , ai3 , . . . ],

ãäå n > i2, i2 ≤ i3 ≤ . . . ïðè ôèêñèðîâàííûõ i2 îò n − 1 äî 1, ïîëó÷èì îáùåå
êîëè÷åñòâî êîììóòàòîðîâ óêàçàííîãî âèäà

(pkn − 1)(pkn−1 − 1) + (pkn − 1)pkn−1(pkn−2 − 1)+

(pkn − 1)pkn−1pkn−2(pkn−3 − 1) + · · ·+ (pkn − 1)pkn−1pkn−2 . . . pk2(pk1 − 1) =

(pkn − 1)((pkn−1 − 1) + pkn−1(pkn−2 − 1) + pkn−1pkn−2(pkn−3 − 1) + · · ·+
pkn−1pkn−2 . . . pk2(pk1 − 1)) =

(pkn − 1)(pk1+k2+···+kn−1 − 1)

Ðàññóæäàÿ àíàëîãè÷íûì îáðàçîì, ïîëó÷èì, ÷òî ÷èñëî êîììóòàòîðîâ âèäà

[an−1, ai2 , ai3 , . . . ],

ãäå n− 1 > i2, i2 ≤ i3 ≤ . . . , ðàâíî

(pkn−1 − 1)(pk1+k2+···+kn−2 − 1)pkn ,

÷èñëî êîììóòàòîðîâ âèäà
[an−2, ai2 , ai3 , . . . ],

ãäå n− 2 > i2, i2 ≤ i3 ≤ . . . , ðàâíî

(pkn−2 − 1)(pk1+k2+···+kn−3 − 1)pknpkn−1 ,

è òàê äàëåå.
Òîãäà îáùåå ÷èñëî S êîììóòàòîðîâ âèäà

[aj , ai, ai3 , . . . ],

ãäå j > i, i ≤ i3 ≤ . . . è êàæäûé ýëåìåíò am ïðè 1 ≤ m ≤ n âñòðå÷àåòñÿ íå
áîëåå pkm − 1 ðàç, ðàâíî

(pkn − 1)(pk1+k2+···+kn−1 − 1)+
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(pkn−1 − 1)(pk1+k2+···+kn−2 − 1)pkn+

(pkn−2 − 1)(pk1+k2+···+kn−3 − 1)pknpkn−1 + · · ·+
(pk2 − 1)(pk1 − 1)pknpkn−1 . . . pk3 .

Ïðåîáðàçóÿ ïîëó÷åííîå âûðàæåíèå S, ïîëó÷èì òðåáóåìûé ðåçóëüòàò:

S = (n− 1)pk1+···+kn−
pk1+···+kn−1 − pk1+···+kn−2+kn − pk1+···+kn−3+kn−1+kn − · · ·−

pk1+k3+···+kn − pkn − pkn−1pkn − pkn−2pkn−1pkn − · · ·−
pk2pk3 . . . pkn + 1+

pkn + pknpkn−1 + · · ·+ pknpkn−1 . . . pk3 =

(n− 1)pk1+···+kn −
n∑

i=1

pk1+···+k̂i+···+kn + 1,

ãäå �ñèìâîë̂ � íàä ki â ñóììå k1+ · · ·+ k̂i+ · · ·+kn îçíà÷àåò, ÷òî ki èñêëþ÷àåòñÿ
èç ýòîé ñóììû.

Òåïåðü ñïðàâåäëèâîñòü íàøåé òåîðåìû ñëåäóåò èç ëåììû 4, à òàêæå òåîðåìû
2 èç [1].

Â ïðèìåðå 1 â [1] ïîñ÷èòàíî, ÷òî ìàêñèìàëüíî âîçìîæíûé ðàíã êîììóòàíòà
êîíå÷íîé 2-ãðóïïû, ïîðîæäåííîé ýëåìåíòàìè 8, 4 è 2, ðàâåí 69.

Îäíàêî, ðàâåíñòâî Mk(7, 3, 2) = 5 â ýòîì ïðèìåðå âåðíî òîëüêî ïðè k = 2,
à ïðè 3 ≤ k ≤ 6 èìååì Mk(7, 3, 2) = 6. Ïîýòîìó M(7, 3, 2) = 41, à íå 37, è
D(3, 2, 1, 2) = 73. Ñëåäîâàòåëüíî, ìàêñèìàëüíî âîçìîæíûé ðàíã êîììóòàíòîâ
2-ãðóïï èç ýòîãî êëàññà ðàâåí íå 69, à 73. Ýòî ñîîòâåòñòâóåò ôîðìóëå èç òåî-
ðåìû 1, äîêàçàííîé âûøå:

2 · 23+2+1 − 23+1 − 23+2 − 22+1 + 1 = 73.
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