
S e©MR ISSN 1813-3304

ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Òîì 19, �2, ñòð. 835�851 (2022) ÓÄÊ 519.86

DOI 10.33048/semi.2022.19.070 MSC 46N10

NONLINEAR INPUT-OUTPUT BALANCE AND YOUNG

DUALITY: ANALYSIS OF COVID-19 MACROECONOMIC

IMPACT ON KAZAKHSTAN

A. BORANBAYEV N. OBROSOVA A. SHANANIN

Abstract. We discuss the possibilities of the new approach to the inter-
industry linkages modeling for the analysis of regional macroeconomic
e�ects of Covid-19. Our approach is based on the mathematical framework
of nonlinear input-output balance that allows to �nd the equilibrium
point in the set of industry inputs and prices by solving the primal
nonlinear resource allocation problem and the Young dual problem of
prices formation. We identify and calibrate the model on the base of
aggregated o�cial input-output statistics of Kazakhstan. Given the sce-
nario conditions for primal factors prices and �nal consumption in the
economy the model allows to evaluate the new competitive equilibrium in
the production network. The advantage of the model is non-linearity of
balances and technologies that allows substitution of industry inputs. In
the case of technologies with constant elasticity of substitution (CES) we
apply the model to analysis of macroeconomic responses of the Kazakhs-
tan economy to the Covid-19 pandemic.

Keywords: resource allocation problem, Young duality, Covid-19 macro-
economic shocks, input-output table, supply network.

1. Introduction

The Covid-19 pandemic has been a shock to the global economy. The macroecon-
omic consequences of the pandemic for each country are determined by both internal
and external factors. Internal factors are associated with changes in labor supply
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and �nal demand of products of sectors of the economy as a result of morbidity and
internal lockdowns. External factors are related to the drop of export-import �ows
as a result of external lockdowns and violations of supply chains, as well as changes
in export goods income as a result of changes in their prices. Various mathematical
models are used to analyze the impact of the pandemic on macroeconomic indicators.
On the one hand, the well known SIR models can be used to analyze the impact of
the epidemic and policies on labor supply and labor e�ciency in the economy. The
large amount of the literature discusses economic and social e�ects of the Covid-
19 crisis in terms of the classical SIR models and modi�cations (for ex., see [1],
[2],[3]). On the other hand, models should take into account the features of external
and internal links in the production network of the region to analyze the spread
of external and internal shocks in the supply networks. The topical question is
whether external or internal factors are the drivers of the macroeconomic indicators
dynamics for speci�c country during the Covid-19 pandemic. The appropriate way
to answer to this question is the Input-Output (IO) analysis. Input-Output (IO)
models allow one to identify drivers of the economy, to analyze the interindustry
connections and to evaluate the impact of shocks in supply networks on macroecono-
mic indicators. The base linear Input-Output Leontief model [4],[5] has been success-
fully used since the 40s of the last century to analyze the inter-industry relations,
calculate economic multipliers, identify industries that are growth drivers in the
economy [6], [7]. W.Leontief was awarded the Nobel Prize in Economics (1973) for
the development of this model. Number of analysis based on the linear Leontief
input-output model and its modi�cations for the number of regional economics and
global supply networks was presented in the last two years (for ex., see [8]-[11]).
Some of them use the results of SIR model for the scenario parameters calculations
[1], [3]. The strong assumption of the linear Leontief model is the constancy of direct
input coe�cients in a supply network. Since the 1980s di�culties with Leontief
method occured because of the increasing substitution of inputs of sectors for
developed economies. So in modern conditions the main hypothesis of the Leontief
model has violated. The shock of Covid-19 pandemic and previous economic crises
of the last quarter of century has focused the world attention on the nonlinearities in
economic reactions. The actual problem is the analysis of the nonlinear response of
production networks and of the aggregate output to the supply and demand shocks
that came with the pandemic. In this paper we suggest an IO analysis approach
considering nonlinear links in complex supply networks, which helps to give answer
on above question: what consequences of the pandemic (internal or external) were
key for the considered region. We apply our approach to analyze the dominant
macroeconomic consequences of Covid-19 pandemic for the economy of Kazakhstan
on the base of the o�cial statistics of the region. It seems that analysis of pandemic
responses is particularly important for so-called catching-up economies, because of
need for stable growth for innovative development of the economy.

Methods that are presented in this paper are related to ideas from [12] and the
previous non-covid papers from the whole cycle of publications about production
networks which are summarized in [13]. That works discuss the spread of economic
shocks in production networks taking into account the nonlinearities in intersectoral
connections in a competitive equilibrium framework with nonlinear production
technologies.
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Our approach di�ers from previous studies since we develop a framework that
describes analytically the formation of input-output �ows and input prices dynamics
in the production network when the �nal consumption and external characteristics
of the economy are shocked. Note that in contrast to [12] we consider an open
economy and take into account the export-import �ows of the region. Besides that
we don't need to operate in terms of approximations of output of the �rst or the
second order near the equilibrium to evaluate the macroeconomic indicies with the
model as it is considered in [12]. Our approach allows to calculate from the obtained
analytical expressions the changed equilibrium (intersectoral �ows, prices, outputs
of sectors) in various scenario conditions of external and internal shocks with high
accuracy.

The mathematical foundation of our approach is presented in papers [14], [15].
The inter-industry connection analysis is based on the solution of the optimal
resource allocation problem and the Young dual problem for input prices in the
supply network. Once identi�ed and veri�ed on the base of the o�cial IO statistics
our model allows to provide the scenario calculations to evaluate the response of the
regional economy to external or internal shocks. In the case of Constant Elasticity
of Substitution (CES) production function (or Cobb-Douglas as a special case)
one of the bene�ts of this method is rather simple algorithm for calculation of the
competitive equilibrium in the production network for a speci�c scenario. Given
the shocked �nal consumption of industries and the primary factors prices we solve
the primal and the dual problem for the new initial data set and evaluate the
changed competitive equilibrium in the production network taking into account
the substitution of inputs. Some application of our methodology for the analysis
of aggregated inter-industry relations for di�erent regions are given in the papers
[16]-[19].

The paper is organized as follows: the next section summarizes the framework
description and the main results about the identi�cation of the model in the case
of CES technologies and utility. In the section 3 we compare the inter-industry
connections in the Kazakhstan economy for the pandemic year 2020 and for the
previous years and identify aggregate industry complexes that di�ers by their
responses to Covid-19 pandemic. We calibrate the model on the base of aggregated
IO statistics 2013-2019. Then we present scenario evaluations with our model and
discuss the dominant consequences of the Covid-19 pandemic for the Kazakhstan
economy.

2. Non-Linear Inter-Industry Balance

In this section we give brie�y the results that are proved in the papers [14],[15],[18]

2.1. The mathematical framework. Consider a production network with the
following structure:

• m pure industries,
• n primary production factors, which are not produced by industries of the

economy,
• one aggregate final consumer, which includes the all types of final consump-

tion (households, government, export, etc.)
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The output of any industry j is produced using intermediate outputs of industries
i = 1, ..,m. The j-th output is sold as an intermediate input to industries and as
a final good to the final consumer. Let fix the base year t. Further we use the
following notation and basic assumptions:

• Xj =
(
Xj

1 , . . . , X
j
m

)
- the vector of intermediate inputs of industry j in

current prices for the base year t, where Xj
i is the amount of good i used

for the production of good j;

• lj =
(
lj1, . . . , l

j
n

)
- primary production factors in prices for the year t, that

are consumed by the industry j;
• each factor i is totally limited by the value li ≥ 0, therefore

m∑
j=1

lji ≤ li, i = 1, .., n, l = (l1, . . . , ln) ≥ 0

• X0 =
(
X0

1 , . . . , X
0
m

)
- vector of final consumption of products in prices for

the year t;
• Φm is the class of concave, monotonically nondecreasing, continuous and

positively homogeneous of degree one functions on Rm+n
≥0 , that vanish at

the origin;
• Fj

(
Xj , lj

)
∈ Φm+n - production functions of the industry j, Fj (0, 0) = 0;

• F0

(
X0
)
∈ Φm - utility function of the final consumer, F0 (0) = 0.

We assume that the elements of vectors Xj , X0, lj are valued in current basic prices
for the base year t. Set a problem of optimal resources allocation: given the vector
l = (l1, . . . , ln) ≥ 0 of factors limit determine the values Xj , X0, lj as a solution of
the following problem

(1) F0

(
X0
)
→ max

(2) Fj
(
Xj , lj

)
≥

m∑
i=0

Xi
j , j = 1, . . . ,m

(3)

m∑
j=1

lj ≤ l

(4) X0 ≥ 0, X1 ≥ 0, . . . , Xm ≥ 0, l1 ≥ 0, . . . , lm ≥ 0.

Assumption 1. Productivity condition. The supply chain is productive, i.e., there

exists X̂1 ≥ 0, . . . , X̂m ≥ 0, l̂1 ≥ 0, . . . , l̂m ≥ 0 such that

Fj

(
X̂j , l̂j

)
>

m∑
i=1

X̂i
j , j = 1, ...,m.

Corollary 1. If the set of sectors is productive and l = (l1, . . . , ln) > 0, then the
optimization problem (1)-(4) satisfies to the Slater condition.
Assumption 2. Denote

A (l) =
{
X0 =

(
X0

1 , . . . , X
0
m

)
≥ 0

∣∣X0
j ≤ Fj

(
Xj , lj

)
−
∑m
i=1X

i
j , j = 1...m;∑m

j=1 lj ≤ l, X1 ≥ 0, . . . , Xm ≥ 0, l1 ≥ 0, . . . , lm ≥ 0
}
.
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There exists l̂ ∈ Rn
>0 such that the set A

(
l̂
)

is bounded.

Corollary 2. The set A (l) is bounded, convex and closed for any l ∈ Rn
≥0.

Theorem 1. ([15]). The set of vectors
{
X̂0, X̂1, ..., X̂m, l̂1, ..., l̂m

}
, which satisfy

to the constraints (2)–(4) is the solution of the optimization problem (1)–(4) if
and only if there exist Lagrange multipliers p0 > 0, p = (p1, ..., pm) ≥ 0 and
s = (s1, ..., sn) ≥ 0 such that

(5)
(
X̂j , l̂j

)
∈ Argmax{pjFj

(
Xj , lj

)
− pXj − slj |Xj ≥ 0, lj ≥ 0}, j = 1, . . . ,m

(6) pj

(
Fj

(
X̂j , l̂j

)
− X̂0

j −
m∑
i=1

X̂i
j

)
= 0, j = 1, . . . ,m

(7) sk

lk − m∑
j=1

l̂jk

 = 0, k = 1, ..., n

(8) X̂0 ∈ Argmax{p0F0(X0)− pX0 |X0 ≥ 0}.

The Theorem 1 provides that the optimal resources allocation corresponds to a
market equilibrium mechanisms (supply and demand are equal) and the Lagrange
multipliers to constraints (2) and (3) can be interpreted as follows

• p = (p1, . . . , pm) - prices of goods;
• s = (s1, . . . , sn) - prices of factors.

To construct the dual problem we introduce the cost function qj (p, s) of the industry
j and the consumer price index q0 (q) that can be find as the Young transform of
the corresponding production and utility functions (for details see [20])

qj (p, s) = inf

{
pXj + slj

Fj (Xj , lj)

∣∣Xj ≥ 0, lj ≥ 0, Fj
(
Xj , lj

)
> 0

}
,

q0 (q) = inf

{
qX0

F0 (X0)

∣∣X0 ≥ 0, F0

(
X0
)
> 0

}
Note that qj (p, s) ∈ Φm+n, q0 (q) ∈ Φm and the Young transform is an involution,
i.e.

F0

(
X0
)

= inf

{
qX0

q0 (q)

∣∣ q ≥ 0, q0 (q) > 0

}
,

Fj
(
Xj , lj

)
= inf

{
pXj + slj

qj (p, s)

∣∣ p ≥ 0, s ≥ 0, qj (p, s) > 0.

}
.

The optimal value of (1) depending on l = (l1, .., ln) (right part of (3)) in the
problem (1)-(4) is called the aggregate production function FA (l) ∈ Φn. The
Young transform of FA (l) is the aggregate cost function and

qA (s) = inf

{
sl

FA (l)

∣∣∣ l ≥ 0, FA (l) > 0.

}
∈ Φn,

FA (l) = inf

{
sl

qA (s)

∣∣∣s ≥ 0, qA (s) > 0

}
.
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Theorem 2. ([14],[15]) If Lagrange multipliers p̂ = (p̂1, . . . , p̂m) ≥ 0,
ŝ = (ŝ1, . . . , ŝn) ≥ 0 to the problem (1)-(4) satisfy to (5)-(8) then
p̂ = (p̂1, . . . , p̂m) ≥ 0 is the solution of the following problem

(9) q0 (p)→ max
p

(10) qj (ŝ, p) ≥ pj , j = 1, . . . ,m

(11) p = (p1, . . . , pm) ≥ 0.

Moreover, the aggregate cost function qA (ŝ) = q0 (p̂ (ŝ)).

The convex programming problem (9)-(11) is called the Young dual problem to
the problem (1)-(4). The solution of the primal problem of resource allocation (1)-
(4) and the corresponding solution of the dual problem of price formation (9)-(11)

give us the equilibrium point
{
X̂0, X̂1, ..., X̂m, l̂1, ..., l̂m, p̂1, . . . , p̂m, ŝ1, . . . , ŝn

}
in

the production network. The shock of final consumption X̂0 or of prices of resources
ŝ results in shifting the equilibrium point. Thus, if the model is identified and
calibrated on the base of the official input-output statistics we can evaluate the
response of the production network to the various shocks.

2.2. Identification of the model. The case of CES technologies and utility.
. The initial data for identification and calibration of the model is the set of
symmetric Input-Output (IO) tables Z(t) of the state over the period of years.
Note that the symmetric IO table is yearly published as a part of national accounts
system of Kazakhstan.

A symmetric IO table Z(t) - the data on financial flows in terms of pure indus-
tries (products) that reflects the generation of products and their allocation among
the various components of intermediate and final demand for the year t. The table
Z(t) consists of three quadrants (I,II,III):( m k

m I II
n III

)
Quadrant I: the element Zji , i, j = 1..m is the amount of money that industry i
received from industry j for the intermediate inputs produced by i and consumed
by j.
Quadrant II includes the column vectors of final consumption (households, govern-

ment,export etc.), i.e., Zji is the payment of final consumer (j −m) for a good i,
i = 1..m, j = m+ 1..m+ k
Quadrant III: the element Zji i = m+ 1..m+ n, j = 1..m denotes the payment of
industry j for the intermediate consumption of primary factor (i − m) that are
not produced by industries. In this paper we consider two types of factors: labor
(roughly we associate it with the Gross Value Added of industries) and Import
(n = 2).

Denote

Z0 =
(
Z0
1 , . . . , Z

0
m

)T
, Z0

i =

m+k∑
j=m+1

Zji , i = 1...m,

Aj =

m+n∑
i=1

Zji , j = 1..m.
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Values Aj correspond to the total inputs (intermediate and primary), consumed by
the pure industry j = 1, . . . ,m. Due to the symmetry of the IO table the value Aj
equals to the total consumption of product j = 1, . . . ,m, i.e. we have the following
balance qualities

Aj =

m+k∑
i=1

Zij , j = 1, . . . ,m,

m∑
j=1

m+n∑
i=m+1

Zji =

m∑
j=1

m+k∑
i=m+1

Zij .

The inverse problem of identification of the model for a base year t is as follows: to
construct the problem of allocation of resources (1)-(4), which solution reproduces
the inter-industry financial flows in the economy for the base year. We solve the
problem in the class of Constant Elasticity of Substitution (CES) production and
utility functions

(12) Fj
(
Xj , lj

)
=

 m∑
i=1

(
Xj
i

wji

)−ρj

+

n∑
k=1

(
ljk

wjm+k

)−ρj
− 1

ρj

j = 1, . . . , n

(13) F0

(
X0
)

=

(
m∑
i=1

(
X0
i

w0
i

)−ρ0
)− 1

ρ0

where ρj , ρ0 ∈ (−1, 0) ∪ (0,+∞), wj1 > 0, . . . , wjm+n > 0, j = 0, . . . ,m. Constant

elasticity of substitution of the industry j equals to σj = 1
1+ρj

, j = 0, 1, . . . ,m. The

Young transform of the CES production function is the CES cost function, i.e.

(14) qj (p, s) =

(
m∑
i=1

(
wji pi

) ρj
1+ρj

+

n∑
k=1

(
wjm+ksk

) ρj
1+ρj

) 1+ρj
ρj

, j = 1, . . . ,m.

The Young transform of the CES utility function is CES consumer price index

(15) q0 (p) =

(
m∑
i=1

(
w0
i pi
) ρ0

1+ρ0

) 1+ρ0
ρ0

.

Theorem 3. Given the IO table Z(t) for the base year t we define the parameters
of CES functions Fj

(
Xj , lj

)
(12) and F0

(
X0
)

(13) as follows

wji =
(
Zji

) 1+ρj
ρj

(
m+n∑
k=1

Zjk

)−
1+ρj
ρj

, i = 1, . . . ,m+ n; j = 1, . . . ,m,

w0
i =

(
Z0
i

) 1+ρ0
ρ0

(
m∑
k=1

Z0
k

)− 1+ρ0
ρ0

, i = 1, . . . ,m

and the vector of factors constraint

l = (l1, . . . , ln) , li =

m∑
j=1

Zjm+i, i = 1, . . . , n.
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Then the set of values{
X̂0
i = Z0

i , X̂
j
i = Zji , l̂

j
t = Zjm+t, i = 1, . . . ,m; j = 1, . . . ,m, t = 1, . . . , n

}
,

is the solution of the convex programming problem (1)-(4).

The Theorem 3 obviously follows from the Theorem 1 with p = (1, . . . , 1), s =
(1, . . . , 1) .

Thus, the problem (1) - (4) explains the first (I) quadrant and the third quadrant
(III) of the symmetric IO table Z(t) in the base year t for any values ρj , j = 1, ..,m.

Denote

aij =
(
wji

) ρj
1+ρj

=
Zji∑m+n
k=1 Zjk

, i = 1, . . . ,m, j = 1, . . . ,m,

bkj =
(
wjm+k

) ρj
1+ρj

=
Zjm+k∑m+n
k=1 Zjk

, i = 1, . . . ,m, j = 1, . . . ,m, k = 1, . . . , n,

Note that the (m×m)-matrix A = ‖aij‖ is a Leontief matrix of technology coeffi-
cients. Denote B = ‖bkj‖ -(n×m)- matrix. Note that the coefficients of matrices
A,B don’t depend on ρj , j = 1, ..,m. Solving the Young dual problem (9)-(11) in
the case of CES cost functions (14), (15) we obtain the following theorem.

Theorem 4. In the case of CES cost functions (14) and consumer price index (15)
the vector of price indexes p = (p1, . . . , pm) ≥ 0 is the solution of the Young dual
problem (9)-(11) for the given vector of price indexes of resources s = (s1, . . . , sn)
if and only if p = (p1, . . . , pm) is the solution of the following nonlinear system of
equations

(16)

(
m∑
i=1

aij (pi)
ρj

1+ρj +

n∑
k=1

bkj (sk)
ρj

1+ρj

) 1+ρj
ρj

= pj , j = 1, . . . ,m.

Thus, pj (s), j = 1, . . . ,m we can find for any given values of s = (s1, . . . , sn)
and for any fixed value of ρj , j = 1, . . . ,m.

2.3. Comparative statics analysis. Now we can provide comparative statics
analysis with the help of the developed framework. We assume that the CES
technologies are stable over several years with the fixed elasticities of substitution
of inputs ρj . The method of verification of ρj depends on the completeness of the
statistics of IO data for the region and can be varied due to the purposes of the
comparative statics analysis. Recall that the purpose of this paper is to analyze
and range the macroeconomic responses of the Kazakhstan economy to the Covid-
19 pandemic. In the next section we discuss the method of the calibration of the
model with the initial data set of IO tables of Kazakhstan, that allows to evaluate
ρj for the aggregate industrial complexes of the region. In this section we assume
that the values of ρj are fixed.

Let fix the base year t with the IO statistics Z(t) and identify the coefficients of
CES functions (12), (13), (14), (15) according to the Theorem 3. The initial data
(statistics or scenario) for comparative statics analysis with the model is

• price indexes on factors (in relation to the base year t) s = (s1, . . . , sn)
• aggregate spending of final consumers (in current prices of the considered

year) Ẑ0 =
(
Ẑ0
1 , . . . , Ẑ

0
m

)
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Given the initial data set that differs from the data of the base year t we can
resolve the resource allocation problem (1)-(4) and the Young dual problem (9)-
(11). As a result we obtain the new values of interindustry flows and price indices of
intermediate inputs that correspond to the shifting equilibrium state in the model.

Note that in terms of the model the output of the j-th industry has the form

Ŷj = pjFj

(
Xj

1 , . . . , X
j
m, l

j
1, . . . , l

j
n

)
, j = 1, . . . ,m

and the new values of intermediate inputs are equal to

Ẑji = pjX
j
i

. Denote Λ = ‖λij‖ is (m×m)-matrix, where

λij = aij

(
pi (s)

pj (s)

) ρj
1+ρj

, i = 1, . . . ,m, j = 1, . . . ,m.

Assume that the matrix Λ is productive. Then (E − Λ)
−1 ≥ 0 exists, where E is

the identity (m×m)-matrix.

Then the evaluated vector of total output Ŷ =
(
Ŷ1, .., Ŷm

)
equals to

Ŷ = (E − Λ)
−1
Ẑ0

and the evaluated new coefficients of the I-st and the III-d IO table quadrant equal
to

Ẑji = Ŷj

(
wji

pi (s)

pj (s)

) ρj
1+ρj

= aijŶj

(
pi (s)

pj (s)

) ρj
1+ρj

, i = 1, . . . ,m, j = 1, . . . ,m.

Ẑjm+k = Ŷj

(
wjm+k

sk
pj (s)

) ρj
1+ρj

= bk,j Ŷj

(
sk

pj (s)

) ρj
1+ρj

k = 1, . . . , n, j = 1, . . . ,m.

Here pi is the solution of the dual problem (9)-(11) for the new value of s. As a

result we evaluate the I-st
∥∥∥Ẑji ∥∥∥ , i = 1, . . . ,m, j = 1, . . . ,m and the III-d

∥∥∥Ẑji ∥∥∥ , i =

m + 1, . . . ,m + n, j = 1, . . . ,m quadrant of the IO table for the new scenario
conditions s and Ẑ0.

3. Comparative statics analysis of the macroeconomic consequences
of Covid-19 pandemic for the Kazakhstan economy.

For the purpose of the macroeconomic effects analysis of Covid-19 pandemic for
Kazakhstan with the help of developed model we should reveal the sectors that
had a different values of responses to the pandemic. We discuss the aggregation
principles for the initial 68 branches of the official IO statistics of Kazakhstan
that we use for model evaluations. This aggregation allows us to estimate with
the model the importance of internal and external pandemic shocks for the main
macroeconomic characteristics of the Kazakhstan economy.
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Figure 1. Export and GVA share of Kazakhstan aggregated in-
dustrial complexes, 2019

3.1. The main features of the Kazakhstan industrial complexes. Aggre-
gation of the initial IO tables. The data base for the analysis includes IO
tables for 68 pure industries of the economy of Kazakhstan 2013-2020 published as
the part of National Accounts by the Agency for Strategic planning and reforms
(https://stat.gov.kz). The main feature is that the Kazakhstan economy depends
sufficiently on raw material exports. The export of raw material generates eco-
nomic rent that is the main source of the government expenses. The export volume
is about 36% of GDP according to 2019 but the share of processed product is 29% of
the total exports. According to that features we suggest the following aggregation
principles for 68 branches of the Kazakhstan economy:

(1) Exporting complex collects the most export oriented branches in exporting
complex;

(2) Manufacturing complex collects the inertial manufacturing branches ori-
ented on domestic market with limited capacity;

(3) Service complex aggregates the group of services that can growth or fall
dramatically depending on consumption;

(4) Infrastructure complex aggregates the group of natural monopolies and
infrastructure branches that produce intermediate goods and services with
low share of final consumption in the total output.

Additionally, in purpose of pandemic impact studying we divide Exporting (1) and
Service (3) sectors in two parts with symbol - and + each while these sectors contain
branches that suffered in pandemic (for ex., gas and oil production) and thriving
ones (for ex., medicine and education services). We implement the aggregation
based on the statistics of non-pandemic 2019 IO table and pandemic 2020 IO ta-
ble. So for the evaluations with the model we consider the following six aggregate
complexes of the Kazakhstan economy: Exporting+, Exporting-, Manufacturing,
Service+, Service-, Infrastructure. The adequacy of the suggested aggregation prin-
ciples is supported by the structure of the Kazakhstan economy that is showed in
Fig.3.1.

3.2. Model calibration. Evaluation of the elasticities of inputs. We cali-
brate the model on the base of IO statistics 2013-2019, having 2013 as the base
year. Elasticities of substitution of inputs for each of six industrial complexes are
the calibration parameters. We find the parameters of elasticities ρ = (ρ1, .., ρ6)



NONLINEAR INPUT-OUTPUT MODEL 845

minimizing the residual sum of squares of Total output, Gross Value Added (GVA)
and Intermediate Import consumption (Import used) values of the whole Kaza-
khstan economy, i.e.,
(17)

2019∑
t=2013

[(
Ŷ (t) (ρ)− Y (t)

)2
+
(
V̂ (t) (ρ)− V (t)

)2
+
(
Î(t) (ρ)− I(t)

)2]
→ min

ρ
,

where Y (t), I(t), V (t) are the statistics of Total output, GVA and Import used val-

ues, and Ŷ (t) (ρ) , V̂ (t) (ρ) , Î(t) (ρ) are the corresponding values which we evaluate
with the model.

We solve the 6-dimensional optimizing problem (17) by the alternating-variable
descent method implementation. The solution ρ = (ρ1, .., ρ6) of the optimizing
problem and corresponding elasticities of substitution of inputs are presented in
the Fig. 2

Figure 2. Evaluated elasticities

Evaluation that corresponds to the optimum value of ρ for 2013 - 2019 years we
present in the Fig. 3

Figure 3. Statistic and evaluation parameters in 2013-2019 years

3.3. Comparative static analysis. Macroeconomic responses of Kaza-
khstan to Covid-19 pandemic. We consider the two sides of Covid-19 pandemic
shock: external shock that is connected to the violation of export supplies and the
fall in world energy prices and internal shock caused by the shift of domestic final
consumption .

We take 2019 as a non-pandemic year for shock evaluation of export and final con-
sumption values 2020. We consider two scenarios for 2020 year, so called ”External
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shock” and ”Internal shock”. Both shock impact values we take from 2020 pandemic
year statistics as the vector of price indexes of factors s = (s1, s2) = (1.07, 1.08)
(s1 - consumer price index, s2 - currency exchange rate index). The external shock
corresponds to export changes due to reduction of the world business activity and
changing in export structure. Note that export of oil and gas decreased in contrast
to medical and education services export that increased. Export in 2020 (in prices
of 2019) compare to 2019 has changed significantly different in various sectors. The
values of discrepancy we show in the Table 1. Thus for the external shock sce-

Table 1. Export change 2020vs2019

Sector Export change 2020 vs 2019 Coefficient of shock compensation
Manufacturing +11% 0.89
Exporting+ +6% 0.94
Exporting- -30% 1.30
Infrastructure -18% 1.18
Service+ +27% 0.73
Service- +7% 0.93

nario we multiply the export part of final demand 2020 for every sector on the
corresponding coefficient to compensate the external shock (the last column of the
Tab.1). Note that we remain the part of final domestic consumption at the level of
2020 in this scenario.

The internal shock reflects the domestic final consumption changing in the pan-
demic 2020 year. Households and government consumption of drugs, education
services increased and demand for travelling, food services and some other services
and goods fell. Domestic final consumption in 2020 (in prices of 2019) compare
to 2019 changed on the following values that are presented in the Table 2. Thus

Table 2. Domestic consumption change

Sector Consumption change 2020 vs 2019 Coefficient of shock compensation
Manufacturing +11% 0.89
Exporting+ +13% 0.87
Exporting- -1% 1.01
Infrastructure -26% 1.26
Service+ +21% 0.79
Service- -9% 1.09

for the internal shock scenario we multiply the internal part of final demand 2020
(government and household consumption) in every sector on the corresponding co-
efficient to compensate the external shock (the last column of the Tab. 2). Note
that we remain the export part of the final consumption at the level of 2020 in this
scenario.

In Fig.4 we present the results of Export shock scenario model evaluation and
the actual 2020 data for the aggregated characteristics of Kazakhstan. Note that
”Statistics, 2020” column in Fig.4 expose to the both types of shocks while the
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Figure 4. Export shock impact on Kazakhstan economy
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Figure 5. Export shock impact on sectors

scenario evaluation has the pandemic shock without external part of it. Corre-
spondingly the percentage on the top of columns “Statistics, 2020” in the Fig.5
shows the value of external shock impact on the macroeconomic characteristics of
each industrial complex.
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As we can see, the pandemic export shock leads to the recession of the Kaza-
khstan economy. The significant fall in Total outputs of Exporting- and Infras-
tructure complexes implies decline in the Total Output of the whole Kazakhstan
economy. Note that the Total Outputs in Manufacturing, Service+, Service-, Ex-
porting+ demonstrate almost no changes. This result shows that the Kazakhstan
economy has a significant dependency of export, and has sectors that don’t depend
on export but their influence to the macroeconomic parameters of the region is
not determinant. Recall that we divide the economy of Kazakhstan on industrial
complexes depending on their foreign trade intensity and pandemic impact. Ex-
port shock scenario calculation shows that the pandemic export shock results in
disproportional decrease in complexes depending on their linkages with Exporting-
complex.
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Figure 6. Consumption shock impact on Kazakhstan economy

Internal shock scenario. In Fig.6 we present the results of Internal shock sce-
nario model evaluation and the actual 2020 data for the aggregated characteristics
of Kazakhstan. Note that ”Statistics, 2020” column in Fig.6 expose to the both
types of shocks while the scenario evaluation has the pandemic shock without in-
ternal part of it. Correspondingly the percentage on the top of columns “Statistics,
2020” in the Fig.7 shows the value of internal shock impact on the macroeconomic
characteristics of each industrial complex.

The internal consumption pandemic shock doesn’t affect Total output of the
whole Kazakhstan economy, but leads to multidirectional changes in Total output in
industrial complexes: significant fall in Total outputs of Export- and Infrastructure
complexes in contrast to increase in Manufacturing sector and the spike in Service+
complex that includes medical and education services which was worthy financed
by the Kazakhstan government. This result shows that the Kazakhstan economy
policy almost compensated pandemic impact on internal consumption in terms of
total economy output.

4. Conclusion

On the base of scenario evaluations with the model we can conclude that the
external shock of Covid-19 pandemic was more significant for the economy of Kaza-
khstan than the internal shock. On the one hand, this indicates the competent
economic and social policy of the state during the pandemic. On the other hand
the recession of the economy as a result of the export shock indicates economic risks
and the need to reduce the dependence of the economy on exports of raw materials.
Another result of the analysis is that the effects of the Covid-19 pandemic for the
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Figure 7. Consumption shock impact on sectors

Kazakhstan economy should be analyzed not only using models of the spread of
epidemics (SIR model and its modifications) but also using macroeconomic models
such as Computable General Equilibrium (CGE) models [21] that allow analyzing
indirect responses of the economy to external and internal shocks. As a result of the
paper investigation we can say that the developed model of nonlinear inter-industry
linkages is a useful tool for the comparative statics analysis of internal and external
shocks impact on the economy taking into account the substitution of inputs in the
production network.
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