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Abstract. The problem of steady barotropic motion of a multicompo-
nent medium consisting of viscous compressible �uids in a bounded
domain of three-dimensional space is formulated. The solvability of the
problem is proved. Viscosity matrices are assumed to be arbitrary (non-
diagonal).

Keywords: existence theorem, steady barotropic �ow, viscous compres-
sible multi�uid, viscosity matrix.

Ðàáîòà ïîñâÿùåíà ïðîáëåìå ðàçðåøèìîñòè óðàâíåíèé, îïèñûâàþùèõ äâè-
æåíèå ìíîãîêîìïîíåíòíîé ñðåäû, ñîñòîÿùåé èç âÿçêèõ ñæèìàåìûõ æèäêîñòåé.
Ïî ïîâîäó ïðîèñõîæäåíèÿ ýòîé ìîäåëè ìîæíî îáðàòèòüñÿ ê ìîíîãðàôèÿì [11]
è [13], à òàêæå, çà óòî÷íåíèÿìè äëÿ ïîäìîäåëè, ðàññìàòðèâàåìîé â äàííîé ðà-
áîòå � ê ñòàòüå [8]. Ñìåæíûå ìîäåëè ðàññìàòðèâàëèñü â òàêèõ ðàáîòàõ êàê
[1] è [3]. Íåñìîòðÿ íà èìåþùèåñÿ ðåçóëüòàòû î ðàçðåøèìîñòè äëÿ ìîäåëåé
äèíàìèêè ìíîãîêîìïîíåíòíûõ ñðåä, òàêèå êàê [5], [6], [8], [9], îñòàåòñÿ íå èçó-
÷åííûì âàðèàíò ñòàöèîíàðíûõ òðåõìåðíûõ äâèæåíèé â ñëó÷àå, åñëè ìàòðèöû
âÿçêîñòåé ÿâëÿþòñÿ çàïîëíåííûìè (íå äèàãîíàëüíûìè è íå òðåóãîëüíûìè), à
óðàâíåíèå ñîñòîÿíèÿ (äëÿ äàâëåíèÿ) èìååò äîñòàòî÷íî îáùèé âèä. Èìåííî ýòîò
ñëó÷àé áóäåò ðàññìàòðèâàòüñÿ â ïðåäëàãàåìîé ðàáîòå. Îñíîâíûì ðåçóëüòàòîì

Mamontov, A.E., Prokudin, D.A., Stationary solutions of a boundary value

problem for equations of barotropic flow of multicomponent media.
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ñòàòüè ÿâëÿåòñÿ òåîðåìà 4 î ñóùåñòâîâàíèè ñëàáîãî ðåøåíèÿ êðàåâîé çàäà÷è,
ïîñòàâëåííîé â ðàçäåëå 1.

1. Ïîñòàíîâêà çàäà÷è è îñíîâíîé ðåçóëüòàò

Â çàìûêàíèè Ω îãðàíè÷åííîé îáëàñòè Ω ⊂ R3 (Ω � îáëàñòü òå÷åíèÿ) ñ ãðà-
íèöåé ∂Ω ∈ C2 òðåáóåòñÿ íàéòè ñêàëÿðíîå ïîëå ïëîòíîñòè ìíîãîêîìïîíåíòíîé
ñðåäû ρ > 0 è âåêòîðíûå ïîëÿ ñêîðîñòåé ui äëÿ êàæäîé êîìïîíåíòû ñ íîìå-
ðîì i = 1, . . . , N (N > 2), óäîâëåòâîðÿþùèå ñëåäóþùèì óðàâíåíèÿì è êðàåâûì
óñëîâèÿì:

(1) div (ρv) = 0,

(2) div (ρiv ⊗ ui) + αi∇p(ρ) = div Si + J i + ρif i, i = 1, . . . , N,

(3) ui|∂Ω = 0,

(4)

∫
Ω

ρ dx = m, m = const > 0.

Ïðåäïîëàãàþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ, îãðàíè÷åíèÿ è îáîçíà÷åíèÿ:

• v =

N∑
j=1

αjuj � ñðåäíåâçâåøåííàÿ ñêîðîñòü ìíîãîêîìïîíåíòíîé ñðåäû,

ãäå αj = const, 0 < αj < 1, j = 1, . . . , N ,

N∑
j=1

αj = 1;

• ρi = αiρ, i = 1, . . . , N � ïëîòíîñòè êîìïîíåíò;
• p � äàâëåíèå â ñðåäå, êîòîðîå îïðåäåëÿåòñÿ ïëîòíîñòüþ ρ, ò. å. ôóíêöèÿ
p(·) ïðåäïîëàãàåòñÿ çàäàííîé, ïðè÷åì

(5) p ∈ C1[0,+∞), p(0) = 0,

∀ s > 0
1

c1
sγ−1 − c2 6 p′(s) 6 c1s

γ−1 + c2 è p′(s) > 0

ñ íåêîòîðûìè ïîñòîÿííûìè c1 > 1, c2 > 0 è γ > 3 (ïðîñòåéøèì ïðèìå-
ðîì ñèòóàöèè, êîãäà íàëîæåííûå òðåáîâàíèÿ íà äàâëåíèå âûïîëíåíû,
ÿâëÿåòñÿ ïîëèòðîïíûé çàêîí p(ρ) = Kργ , K = const > 0);
• Si, i = 1, . . . , N � òåíçîðû âÿçêèõ íàïðÿæåíèé êîìïîíåíò, êîòîðûå
îïðåäåëÿþòñÿ ðàâåíñòâàìè

(6) Si =
N∑
j=1

(λij(divuj)I + 2µijD(uj)) , i = 1, . . . , N,

ãäå I � åäèíè÷íûé òåíçîð, D(w) =
1

2

(
(∇⊗w) + (∇⊗w)T

)
� òåíçîð

ñêîðîñòåé äåôîðìàöèé âåêòîðíîãî ïîëÿ w (T îçíà÷àåò òðàíñïîíèðîâà-
íèå), à ÷èñëîâûå êîýôôèöèåíòû âÿçêîñòåé λij , µij , i, j = 1, . . . , N îá-

ðàçóþò ñîîòâåòñòâåííî ìàòðèöû Λ = {λij}Ni,j=1, M = {µij}Ni,j=1 òàêèå,
÷òî

(7) M > 0, Λ + 2M > 0,
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ïðè ýòîì îáîçíà÷èì

N = Λ + 2M, N = {ν}Ni,j=1;

• âåêòîðíûå ïîëÿ J i =

N∑
j=1

aij(uj − ui), i = 1, . . . , N îòâå÷àþò çà èí-

òåíñèâíîñòü îáìåíà èìïóëüñîì ìåæäó êîìïîíåíòàìè, ãäå ïîñòîÿííûå
aij = aji > 0, i, j = 1, . . . , N ;
• èçâåñòíûå âåêòîðíûå ïîëÿ âíåøíèõ ñèë

(8) f i ∈ C(Ω), i = 1, . . . , N.

Çàìå÷àíèå 1. Èç óñëîâèé (5), â ÷àñòíîñòè, âûòåêàåò, ÷òî ïðè âñåõ s > 0
âåðíû îöåíêè

(9)
1

c1γ
sγ − c2s 6 p(s) 6

c1
γ
sγ + c2s,

èç êîòîðûõ, â ñâîþ î÷åðåäü, ñëåäóåò

B1s
γ −B2 6 s

s∫
1

p(η)

η2
dη 6 B3s

γ +B4,

ãäå ïîëîæèòåëüíûå ïîñòîÿííûå B1, B2, B3, B4 çàâèñÿò òîëüêî îò c1, c2 è γ
(óñëîâèìñÿ ÷åðåç Bk(·), k ∈ N, îáîçíà÷àòü âåëè÷èíû, ïðèíèìàþùèå êîíå÷íûå
ïîëîæèòåëüíûå çíà÷åíèÿ è çàâèñÿùèå îò îáúåêòîâ, óêàçàííûõ â ñêîáêàõ èëè
ïåðå÷èñëåííûõ â êîììåíòàðèÿõ).
Çàìå÷àíèå 2. Ââèäó ðàâåíñòâà (ñì. (3))

N∑
i=1

∫
Ω

Si : (∇⊗ ui) dx =

=

N∑
i,j=1

∫
Ω

µij(rotui) · (rotuj) dx+

N∑
i,j=1

∫
Ω

(λij + 2µij) (divui)(divuj) dx,

óñëîâèÿ (7) îáåñïå÷èâàþò îöåíêó

(10)

N∑
i=1

∫
Ω

Si : (∇⊗ ui) dx > B5(M,Λ)

N∑
i=1

∫
Ω

|∇ ⊗ ui|2 dx.

Îïðåäåëåíèå 3. Ïóñòü â óðàâíåíèÿõ (2) (ñ óòî÷íÿþùèìè ñîîòíîøåíèÿ-
ìè (6)) äàâëåíèå óäîâëåòâîðÿåò îãðàíè÷åíèÿì (5), êîýôôèöèåíòû âÿçêîñòåé �
óñëîâèÿì (7), à âõîäíûå äàííûå çàäà÷è (1)�(4) óäîâëåòâîðÿþò óñëîâèÿì (8).
Ñëàáûì ðåøåíèåì çàäà÷è (1)�(4) íàçûâàåòñÿ íàáîð ôóíêöèé

ρ ∈ L2γ(Ω), ρ > 0, ui ∈
◦
W 1

2 (Ω), i = 1, . . . , N,

óäîâëåòâîðÿþùèõ (4) è ñëåäóþùèì óñëîâèÿì:

1) Ïëîòíîñòü ρ óäîâëåòâîðÿåò óðàâíåíèþ íåðàçðûâíîñòè (1) â òîì ñìûñëå,
÷òî ∀ψ ∈W 1

6γ
5γ−3

(
Ω
)
âûïîëíÿåòñÿ èíòåãðàëüíîå òîæäåñòâî∫

Ω

ρv · ∇ψ dx = 0;
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2) Ñêîðîñòè ui, i = 1, . . . , N óäîâëåòâîðÿþò óðàâíåíèÿì èìïóëüñîâ (2)

(ñ îïðåäåëÿþùèìè óðàâíåíèÿìè (6)) â òîì ñìûñëå, ÷òî ∀ϕi ∈
◦
W 1

2

(
Ω
)
,

i = 1, . . . , N âûïîëíåíû èíòåãðàëüíûå òîæäåñòâà (ïðè i = 1, . . . , N)∫
Ω

(
(ρiv ⊗ ui) : (∇⊗ϕi) + αip divϕi − Si : (∇⊗ϕi) + J i ·ϕi + ρif i ·ϕi

)
dx = 0

(
êðàåâûå óñëîâèÿ (3) âûïîëíåíû àâòîìàòè÷åñêè � â ñìûñëå ôóíêöèîíàëüíîãî

êëàññà
◦
W 1

2 (Ω)
)
.

Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 4. Ïóñòü Ω ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω ∈ C2.
Òîãäà äëÿ ëþáûõ âõîäíûõ äàííûõ êëàññà, îïèñàííîãî â îïðåäåëåíèè 3, è ïðè
îãîâîðåííûõ â íåì óñëîâèÿõ íà ïàðàìåòðû óðàâíåíèé, ñóùåñòâóåò ïî êðàéíåé
ìåðå îäíî ñëàáîå ðåøåíèå çàäà÷è (1)�(4).

Äîêàçàòåëüñòâó ýòîé òåîðåìû ïîñâÿùåíà îñòàâøàÿñÿ ÷àñòü ñòàòüè.

2. Ôîðìóëèðîâêà ïðèáëèæåííîé çàäà÷è è åå ðàçðåøèìîñòü

Áóäåì èñêàòü ñëàáîå ðåøåíèå çàäà÷è (1)�(4) êàê ïðåäåë ïðèáëèæåííûõ ðå-
øåíèé, à èìåííî, ðåøåíèé ñëåäóþùåé êðàåâîé çàäà÷è (èíäåêñ ε ó âåëè÷èí,
çàâèñÿùèõ îò ε, ìû ïîêà îïóñêàåì):

(11) −ε∆ρ+ div(ρv) + ερ = ε
m

|Ω|
,

(12)
ε

2
ρiui +

ε

2

m

|Ω|
αiui +

1

2
ρi(v · ∇)ui +

1

2
div(ρiv ⊗ ui) + αi∇p(ρ) =

= div Si + J i + ρif i, i = 1, . . . , N,

(13) ui|∂Ω = 0, i = 1, . . . , N, ∇ρ · n|∂Ω = 0.

Çäåñü ε ∈ (0, 1] � ïàðàìåòð, êîòîðûé âïîñëåäñòâèè áóäåò óñòðåìëåí ê íóëþ;
|Ω| = meas(Ω); n � âåêòîð åäèíè÷íîé âíåøíåé íîðìàëè ê ∂Ω.
Îïðåäåëåíèå 5. Ñèëüíûì ðåøåíèåì çàäà÷è (11)�(13) íàçûâàþòñÿ íåîò-

ðèöàòåëüíàÿ ôóíêöèÿ ρ ∈ W 2
σ1

(Ω) ñ íåêîòîðûì σ1 > 3, è âåêòîðíûå ïîëÿ

ui ∈W 2
σ1

(Ω), i = 1, . . . , N òàêèå, ÷òî óðàâíåíèÿ (11), (12) âûïîëíåíû ï. â. â Ω,
è ï. â. íà ∂Ω âåðíû êðàåâûå óñëîâèÿ (13).

Ñóùåñòâîâàíèå ñèëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è (11)�(13) äîêàçûâàåòñÿ
ñòàíäàðòíûìè ðàññóæäåíèÿìè íà îñíîâàíèè òåîðåìû î íåïîäâèæíûõ òî÷êàõ
Ëåðý�Øàóäåðà, êàê ýòî ñäåëàíî, íàïðèìåð, â àíàëîãè÷íîé ñèòóàöèè â ñòà-
òüå [10]. Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè èñõîäíîé êðàåâîé çàäà÷è (1)�(4)
(ñì. îïðåäåëåíèå 3) ñîâåðøèì ïðåäåëüíûé ïåðåõîä ïî ïàðàìåòðó ε, îòëè÷àþ-
ùåìó çàäà÷ó (11)�(13) îò èñõîäíîé çàäà÷è (1)�(4). Äëÿ ýòîãî ñíà÷àëà ïîëó÷èì
îöåíêè, ðàâíîìåðíûå ïî ïàðàìåòðó ε.
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3. Îöåíêè ðåøåíèé ïðèáëèæåííîé çàäà÷è

Óìíîæèì (12) ñêàëÿðíî íà ui, ïðîèíòåãðèðóåì ïî Ω (ïîëüçóÿñü ãðàíè÷íûìè
óñëîâèÿìè (13)) è ïðîñóììèðóåì ïî i = 1, . . . , N , âûâåäåì

(14)

N∑
i=1

∫
Ω

Si : (∇⊗ ui) dx+
ε

2

N∑
i=1

∫
Ω

ρi|ui|2 dx+
εm

2|Ω|

N∑
i=1

αi

∫
Ω

|ui|2 dx+

+
1

2

N∑
i,j=1

aij

∫
Ω

|ui − uj |2 dx =

∫
Ω

p(ρ)div v dx+

N∑
i=1

∫
Ω

ρif i · ui dx.

Ïðîèíòåãðèðóåì òåïåðü óðàâíåíèå (11) ïî îáëàñòè Ω, ïîëó÷èì ðàâåíñòâî

(15)

∫
Ω

ρ dx = m.

Óìíîæàÿ äàëåå óðàâíåíèå (11) íà ôóíêöèþ G′(ρ), ãäå G : R → R � ïðîèç-
âîëüíàÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, ïîñëå ýëåìåíòàð-
íûõ ïðåîáðàçîâàíèé ïðèõîäèì ê ðàâåíñòâó

(16) εG′′(ρ)|∇ρ|2 − εdiv(G′(ρ)∇ρ) + (ρG′(ρ)−G(ρ))div v+

+ div (G(ρ)v) + ερG′(ρ) = ε
m

|Ω|
G′(ρ).

Ïîëàãàÿ â (16) G(ρ) = (ρ + l)

ρ+l∫
1

p(η)

η2
dη ñ ïðîèçâîëüíûì l ∈ (0, 1], âûâåäåì

ðàâåíñòâî

∫
Ω

p(ρ+ l) divv dx = l

∫
Ω

p(ρ+ l)

ρ+ l
div v dx+ l

∫
Ω

 ρ+l∫
1

p(η)

η2
dη

 div v dx−

−ε
∫
Ω

ρ

 ρ+l∫
1

p(η)

η2
dη

 dx− ε
∫
Ω

ρp(ρ+ l)

ρ+ l
dx− ε

∫
Ω

p′(ρ+ l)

ρ+ l
|∇ρ|2 dx+

+ε
m

|Ω|

∫
Ω

 ρ+l∫
1

p(η)

η2
dη

 dx+ ε
m

|Ω|

∫
Ω

p(ρ+ l)

ρ+ l
dx,

èç êîòîðîãî ïîñëå ýëåìåíòàðíûõ îöåíîê (ñ ó÷åòîì (5) è çàìå÷àíèÿ 1) è ïîñëå-
äóþùåãî ïðåäåëüíîãî ïåðåõîäà ïî l→ +0 ñëåäóåò íåðàâåíñòâî

(17)

∫
Ω

p(ρ) div v dx 6

6 −ε
2

(
B1 +

1

c1γ

)∫
Ω

ργ dx+B6(B1, B2, B3, B4, c1, c2,m, γ,Ω).
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Èç ñîîòíîøåíèÿ (14), â ñèëó (10) è (17), ñëåäóåò ñîîòíîøåíèå

B5

N∑
i=1

∫
Ω

|∇ ⊗ ui|2 dx+
ε

2

N∑
i=1

∫
Ω

ρi|ui|2 dx+
εm

2|Ω|

N∑
i=1

αi

∫
Ω

|ui|2 dx+

+
ε

2

(
B1 +

1

c1γ

)∫
Ω

ργ dx+
1

2

N∑
i,j=1

aij

∫
Ω

|ui − uj |2 dx 6
N∑
i=1

∫
Ω

ρif i · ui dx+B6,

èç êîòîðîãî ââèäó íåðàâåíñòâ

B5

N∑
i=1

∫
Ω

|∇ ⊗ ui|2 dx > B7(B5,Ω)

N∑
i=1

‖ui‖2W 1
2 (Ω),

N∑
i=1

∫
Ω

ρif i · ui dx 6
B7

2

N∑
i=1

‖ui‖2W 1
2 (Ω) +B8

(
B7, {‖f i‖C(Ω)},Ω

)
‖ρ‖2L 6

5
(Ω)

ïîëó÷àåì îöåíêó

(18)

N∑
i=1

‖ui‖2W 1
2 (Ω) 6 B9 (B6, B7, B8)

(
‖ρ‖2L 6

5
(Ω) + 1

)
.

Äàëåå óìíîæèì óðàâíåíèÿ (12) ñêàëÿðíî íà ϕ, ãäå ϕ � ðåøåíèå çàäà÷è

divϕ = ργ − 1

|Ω|

∫
Ω

ργ dx, ϕ|∂Ω = 0,

è ïðîèíòåãðèðóåì ïî Ω, ýòî äàñò òîæäåñòâà

(19)

αi

∫
Ω

p(ρ)ργ dx =

=
αi
|Ω|

∫
Ω

p(ρ) dx

∫
Ω

ργ dx

+

∫
Ω

(
Si −

1

2
ρiv ⊗ ui

)
: (∇⊗ϕ) dx+

+
1

2

∫
Ω

[ρi(v · ∇)ui] ·ϕ dx−
∫
Ω

(Ji + ρif i) ·ϕ dx+
ε

2

∫
Ω

ρiui ·ϕ dx+

+
ε

2

mαi
|Ω|

∫
Ω

ui ·ϕ dx, i = 1, . . . , N.

Áëàãîäàðÿ ðàâíîìåðíûì ïî ε îöåíêàì (âåðíûì äëÿ âñåõ i = 1, . . . , N)

‖ϕ‖L6(Ω) + ‖∇ ⊗ϕ‖L2(Ω) 6 B10(Ω)‖ρ‖γL2γ(Ω),

‖Si‖L2(Ω) 6 B11(B9,Λ,M, N, γ,Ω)
(
1 + ‖ρ‖L2γ(Ω)

)
,

‖ρiv⊗ui‖L2(Ω) +‖ρi(v ·∇)ui‖L 6
5

(Ω) 6 B12(B9, N, γ,Ω)‖ρ‖L2γ(Ω)

(
1 + ‖ρ‖2L2γ(Ω)

)
,

‖J i + ρif i‖L2(Ω) 6 B13

(
B9, {‖f i‖C(Ω)}, {aij}, N, γ,Ω

) (
1 + ‖ρ‖L2γ(Ω)

)
,
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èç (19) ñëåäóåò, ÷òî (ñì. (9), (15))

‖ρ‖2γL2γ(Ω) 6 B14

(
‖ρ‖γ+3

L2γ(Ω) + ‖ρ‖
4γ(γ−1)
2γ−1

L2γ(Ω) + 1

)
,

ãäåB14 çàâèñèò îòB9,B10,B11,B12,B13, {αi},m, c1, c2, γ è Ω. Îòñþäà ïîëó÷àåì
îöåíêó

(20) ‖ρ‖L2γ(Ω) 6 B15(B14, γ),

è ââèäó (18), òàêæå è îöåíêè

(21) ‖ui‖W 1
2 (Ω) 6 B16(B9, B15, γ,Ω), i = 1, . . . , N.

Íàêîíåö, èç (11), (13), (20) è (21) ñëåäóåò, ÷òî

(22)
√
ε ‖∇ρ‖L2(Ω) 6 B17 (B15, B16, N,m, γ,Ω) .

4. Ïðåäåëüíûé ïåðåõîä âñþäó êðîìå äàâëåíèÿ

Äàëåå ðåøåíèÿ çàäà÷ (11)�(13) áóäåì îáîçíà÷àòü ñ óïîòðåáëåíèåì èíäåêñà ε.
Â ñèëó îöåíîê (20)�(22), èç ñåìåéñòâà ρε, uεi , i = 1, . . . , N , ε ∈ (0, 1], ðåøåíèé

êðàåâûõ çàäà÷ (11)�(13) ìîæåò áûòü âûäåëåíà ïîñëåäîâàòåëüíîñòü (êîòîðóþ
ìû îáîçíà÷èì òàê æå), äëÿ êîòîðîé ïðè ε→ +0 èìåþò ìåñòî ñõîäèìîñòè

(23) uεi → ui ñëàáî â
◦
W 1

2 (Ω), i = 1, . . . , N,

(24) ρε → ρ ñëàáî â L2γ(Ω), ρ > 0 ï. â. â Ω,

(25) ε∇ρε → 0 ñèëüíî â L2(Ω),

(26) p(ρε)→ p(ρ) ñëàáî â L2(Ω), p(ρ) > 0 ï. â. â Ω,

ãäå p(ρ) îáîçíà÷àåò ñëàáûé ïðåäåë ïîñëåäîâàòåëüíîñòè p(ρε) â L2(Ω). Çàìåòèì,
÷òî èç (23) ñðàçó ñëåäóþò ñèëüíûå ñõîäèìîñòè uεi → ui, i = 1, . . . , N â Lσ2

(Ω)
ïðè âñåõ σ2 ∈ [1, 6).

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî ïðåäåëüíûå ôóíêöèè ρ, ui, i = 1, . . . , N , óäî-
âëåòâîðÿþò óðàâíåíèþ

(27)

∫
Ω

ρv · ∇ψ dx = 0 ∀ψ ∈W 1
6γ

5γ−3

(
Ω
)

� ýòî ñëàáàÿ ôîðìà óðàâíåíèÿ (1), â êîòîðîì v =

N∑
j=1

αjuj ; óðàâíåíèÿì

(28)

∫
Ω

(
(ρiv ⊗ ui) : (∇⊗ϕi) + αip(ρ)divϕi + J i ·ϕi + ρif i ·ϕi

)
dx =

=

∫
Ω

Si : (∇⊗ϕi) dx ∀ϕi ∈
◦
W 1

2 (Ω), i = 1, . . . , N
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� ýòî ñëàáàÿ ôîðìà óðàâíåíèé (3), â êîòîðûõ ρi = αiρ, J i =

N∑
j=1

aij(uj − ui),

Si =

N∑
j=1

(λij(divuj)I + 2µijD(uj)), i = 1, . . . , N , à âìåñòî p(ρ) ïîêà ñòîèò p(ρ);

à òàêæå èíòåãðàëüíîìó óñëîâèþ (4) äëÿ ïëîòíîñòè.
Ïðè ïåðåõîäå ê ïðåäåëó ïî ε → +0 â óðàâíåíèÿõ (12) èñïîëüçîâàëèñü ñëå-

äóþùèå òîæäåñòâà (ïåðâîå èç êîòîðûõ îïèðàåòñÿ íà (11)):

(29)

ε

2
ρεiu

ε
i +

ε

2

m

|Ω|
αiu

ε
i +

1

2
ρεi (v

ε · ∇)uεi +
1

2
div(ρεiv

ε ⊗ uεi ) =

= ερεiu
ε
i + div(ρεiv

ε ⊗ uεi )−
ε

2
(∆ρεi )u

ε
i , i = 1, . . . , N,

(30) (∆ρεi )u
ε
i = div ((∇ρεi )⊗ uεi )− (∇ρεi · ∇)uεi , i = 1, . . . , N.

Çàìå÷àíèå 6. Ïðè âûâîäå ôîðìóë (27) è (28) ñíà÷àëà áåðóòñÿ áåñêîíå÷íî
ãëàäêèå ïðîáíûå ôóíêöèè, à çàòåì (ïîñëå ïðåäåëüíîãî ïåðåõîäà ïî ε) ñòàí-
äàðòíûì îáðàçîì äîêàçûâàåòñÿ ñïðàâåäëèâîñòü ýòèõ ôîðìóë äëÿ âñåõ ïðîáíûõ
ôóíêöèé óêàçàííîãî êëàññà.
Çàìå÷àíèå 7. Êàê èçâåñòíî èç òåîðèè óðàâíåíèé ïåðåíîñà è Íàâüå�Ñòîêñà

(ñì., íàïðèìåð, [12], Ðàçäåë 3.1.3, ñòð. 159�163), âñå ðåøåíèÿ óðàâíåíèÿ (27)
(ò. å. (1)) ðàññìàòðèâàåìîãî êëàññà àâòîìàòè÷åñêè ÿâëÿþòñÿ òàê íàçûâàåìû-
ìè ðåíîðìàëèçîâàííûìè ðåøåíèÿìè, ò. å. óäîâëåòâîðÿþò ðåíîðìàëèçîâàííîìó
óðàâíåíèþ (1), ôîðìàëüíî ïîëó÷àþùåìñÿ èç (1) óìíîæåíèåì íà b′(ρ) äëÿ âñåõ
ôóíêöèé b îïðåäåëåííîãî êëàññà (à èìåííî, îáëàäàþùèìè äîñòàòî÷íîé ãëàäêî-
ñòüþ è ñâîéñòâàìè ðîñòà â íóëå è íà áåñêîíå÷íîñòè � áîëåå òî÷íî ýòè ñâîéñòâà
áóäóò ñôîðìóëèðîâàíû â ðàçäåëå 5.4).

5. Ïðåäåëüíûé ïåðåõîä â äàâëåíèè

Äëÿ çàâåðøåíèÿ ïðåäåëüíîãî ïåðåõîäà ïî ε→ +0 îñòàëîñü äîêàçàòü, ÷òî

(31) p(ρ) = p(ρ) ï. â. â Ω.

5.1. Ïðåäâàðèòåëüíûå ïîñòðîåíèÿ. Ðàññìîòðèì òàê íàçûâàåìûå ýôôåê-
òèâíûå âÿçêèå ïîòîêè êîìïîíåíò ñìåñè

αip(ρ)−
N∑
j=1

νijdivuj , i = 1, . . . , N,

ñîîòâåòñòâóþùèå âåëè÷èíû äëÿ ðåãóëÿðèçîâàííîé çàäà÷è

αip(ρ
ε)−

N∑
j=1

νijdivuεj , i = 1, . . . , N,

è èõ ñëàáûå ïðåäåëû â L2(Ω):

αip(ρ)−
N∑
j=1

νijdivuj , i = 1, . . . , N.
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Áóäåì èñïîëüçîâàòü îïåðàòîð ∆−1, äåéñòâóþùèé ïî ôîðìóëå

(∆−1v)(x) = − 1

4π

∫
R3

v(y) dy

|x− y|
, ïðèìåíÿÿ åãî ê ôóíêöèÿì v ∈ Lσ3

(Ω), σ3 >
3

2
,

ïðîäîëæåííûì íóëåì çà ïðåäåëû Ω. Ïðè ýòîì ∆−1 : Lσ3(Ω) → W 2
σ3

(Ω), è

∆ ◦∆−1 = I.
Óìíîæèì óðàâíåíèÿ (12) (äëÿ ôóíêöèé uεi , ρ

ε
i , i = 1, . . . , N) ñêàëÿðíî íà

ôóíêöèþ τrε, ãäå rε = ∇∆−1ρε, è

(32) τ ∈ C∞0 (Ω),

è ïðîèíòåãðèðóåì ïî Ω. Òîãäà, ó÷èòûâàÿ (29) è (30), ïðèäåì ê ðàâåíñòâàì

(33)

∫
Ω

(
ταip(ρ

ε)ρε − Sεi : [∇⊗ (τrε)]
)
dx =

= −αi
∫
Ω

p(ρε)∇τ · rε dx−
∫
Ω

τ(ρεiv
ε ⊗ uεi ) : (∇⊗ rε) dx−

−
∫
Ω

(ρεiv
ε ⊗ uεi ) : ((∇τ)⊗ rε) dx−

∫
Ω

τ(Jεi + ρεif i) · rε dx+

+ε

∫
Ω

τρεiu
ε
i · rε dx+

ε

2

∫
Ω

((∇ρεi )⊗ uεi ) : (∇⊗ (τrε)) dx+

+
ε

2

∫
Ω

τ [(∇ρεi · ∇)uεi ] · rε dx, i = 1, . . . , N.

C äðóãîé ñòîðîíû, ïðèíÿâ â (28) â êà÷åñòâå òåñòîâûõ ôóíêöèé âåêòîðíûå
ïîëÿ ϕi = τr (ñì. (32)), ãäå r = ∇∆−1ρ, âûâîäèì òîæäåñòâà

(34)

∫
Ω

(
ταip(ρ)ρ− Si : [∇⊗ (τr)]

)
dx =

= −αi
∫
Ω

p(ρ)∇τ · r dx−
∫
Ω

τ(ρiv ⊗ ui) : (∇⊗ r) dx−

−
∫
Ω

(ρiv ⊗ ui) : ((∇τ)⊗ r) dx−
∫
Ω

τ(J i + ρif i) · r dx, i = 1, . . . , N.

Èç (24) è êîìïàêòíîñòè âëîæåíèÿ W 1
2γ(Ω) â C(Ω) ñëåäóåò, ÷òî rε → r ïðè

ε→ +0 â C(Ω).
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Âû÷èòàÿ èç (33) ðàâåíñòâà (34) è ïåðåõîäÿ ê ïðåäåëó ïðè ε→ +0, ïîëó÷èì
ñîîòíîøåíèÿ

(35) lim
ε→+0

∫
Ω

(
ταip(ρ

ε)ρε − Sεi : [∇⊗ (τrε)]
)
dx−

−
∫
Ω

(
ταip(ρ)ρ− Si : [∇⊗ (τr)]

)
dx =

= lim
ε→+0

∫
Ω

τ
(

(ρiv ⊗ ui) : (∇⊗ r)− (ρεiv
ε ⊗ uεi ) : (∇⊗ rε)

)
dx, i = 1, . . . , N.

5.2. Àíàëèç (35). Äîêàæåì, ÷òî ïðàâàÿ ÷àñòü (35) ðàâíà íóëþ. Äëÿ ýòîãî
ââåäåì â ðàññìîòðåíèå îïåðàòîð Comm, äåéñòâóþùèé ïî ôîðìóëå

Comm(β, ζ) = ζ(∇div∆−1β)− (∇⊗∇∆−1ζ)β,

î êîòîðîì èçâåñòíî (ñì. [2], [7], [12], [14]) ñëåäóþùåå: åñëè βk → β ñëàáî â

Lσ4
(Ω), ζk → ζ ñëàáî â Lσ5

(Ω), ãäå
1

σ4
+

1

σ5
< 1, òî Comm(βk, ζk)→ Comm(β, ζ)

ñëàáî â Lσ6(Ω), ãäå
1

σ6
=

1

σ4
+

1

σ5
.

Ïðåîáðàçóåì ïðàâóþ ÷àñòü (35) (ó÷èòûâàÿ ðàâåíñòâî (27)):

(36)

lim
ε→+0

∫
Ω

τ
(

(ρiv ⊗ ui) : (∇⊗ r)− (ρεiv
ε ⊗ uεi ) : (∇⊗ rε)

)
dx =

= lim
ε→+0

∫
Ω

vε · Comm(τρεiu
ε
i , ρ

ε) dx−
∫
Ω

v · Comm(τρiui, ρ) dx−

− lim
ε→+0

∫
Ω

τρεiu
ε
i · ∇∆−1div(ρεvε) dx, i = 1, . . . , N.

Èç (23) è (24) ñëåäóåò, ÷òî ρεiu
ε
i → ρiui, i = 1, . . . , N ñëàáî â Lσ7(Ω) ïðè âñåõ

σ7 <
6γ

γ + 3
, à ñëåäîâàòåëüíî ïðè âñåõ σ7 ∈

(
2γ

2γ − 1
,

6γ

γ + 3

)
èìååì

Comm(τρεiu
ε
i , ρ

ε)→ Comm(τρiui, ρ), i = 1, . . . , N, ñëàáî â Lσ8
(Ω),

ãäå σ8 =
2σ7γ

2γ + σ7
. Ïîñêîëüêó âëîæåíèå Lσ8

(Ω) â W−1
2 (Ω) êîìïàêòíî (ïðè äî-

ïîëíèòåëüíîì óñëîâèè σ7 >
6γ

5γ − 3
, çàâåäîìî ñîâìåñòíîì ñ íàëîæåííûìè âû-

øå), òî Comm(τρεiu
ε
i , ρ

ε) → Comm(τρiui, ρ), i = 1, . . . , N ñèëüíî â W−1
2 (Ω).

Ïîëó÷åííûå ñîîòíîøåíèÿ âìåñòå ñ (23) âëåêóò ðàâåíñòâà

lim
ε→+0

∫
Ω

vε · Comm(τρεiu
ε
i , ρ

ε) dx =

∫
Ω

v · Comm(τρiui, ρ) dx, i = 1, . . . , N.

Èç óðàâíåíèÿ (11) ïîëó÷èì òîæäåñòâî

∇∆−1div(ρεvε) = ε∇∆−1∆ρε + ε∇∆−1

(
m

|Ω|
− ρε

)
,

èç êîòîðîãî ÿñíî, ÷òî ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè (36) îáðàùàåòñÿ
â íóëü. Ïðè ýòîì èñïîëüçîâàíî ïðåäñòàâëåíèå ε∇∆−1∆ρε = ∇⊗∇∆−1(ε∇ρε),
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ñîîòíîøåíèå (25) è îãðàíè÷åííîñòü îïåðàòîðà Ðèññà ∇ ⊗ ∇∆−1 â L2(Ω) (ñì.,
íàïðèìåð, [4], ñòð. 348).

Òàêèì îáðàçîì, èç (35) è (36) ñëåäóåò, ÷òî

(37) lim
ε→+0

∫
Ω

(
ταip(ρ

ε)ρε − Sεi : [∇⊗ (τrε)]
)
dx =

=

∫
Ω

(
ταip(ρ)ρ− Si : [∇⊗ (τr)]

)
dx, i = 1, . . . , N.

5.3. Ñîîòíîøåíèÿ äëÿ ýôôåêòèâíûõ âÿçêèõ ïîòîêîâ. Ââèäó òîãî, ÷òî
ïðè i = 1, . . . , N èìååì (ñì. (7))

(38)

lim
ε→+0

∫
Ω

Sεi : [∇⊗ (τrε)] dx−
∫
Ω

Si : [∇⊗ (τr)] dx =

= lim
ε→+0

N∑
j=1

νij

∫
Ω

τρεdivuεj dx−
N∑
j=1

νij

∫
Ω

τρdivuj dx+

+ lim
ε→+0

N∑
j=1

νij

∫
Ω

(divuεj)
(

2rε · ∇τ + (∆τ)∆−1ρε
)
dx−

−
N∑
j=1

νij

∫
Ω

(divuj)
(

2r · ∇τ + (∆τ)∆−1ρ
)
dx−

− lim
ε→+0

∫
Ω

Sεi :
(
∇⊗ [(∇τ)∆−1ρε]

)
dx+

∫
Ω

Si :
(
∇⊗ [(∇τ)∆−1ρ]

)
dx,

è ïîñêîëüêó ïîñëåäíèå ÷åòûðå èíòåãðàëà â (38) âçàèìíî óíè÷òîæàþòñÿ, ðàâåí-
ñòâà (37) ïðåâðàùàþòñÿ â ñëåäóþùèå ñîîòíîøåíèÿ äëÿ ýôôåêòèâíûõ âÿçêèõ
ïîòîêîâ êîìïîíåíò ñìåñè:

(39) lim
ε→+0

∫
Ω

τρε

αip(ρε)− N∑
j=1

νijdivuεj

 dx =

=

∫
Ω

τρ

αip(ρ)−
N∑
j=1

νijdivuj

 dx,

i = 1, . . . , N . Òåì ñàìûì, ìû ìîæåì âûâåñòè èç (39) òàêîå ñëåäñòâèå:

(40) lim
ε→+0

∫
Ω

τρε
(
ν0p(ρ

ε)− divvε
)
dx =

∫
Ω

τρ
(
ν0p(ρ)− divv

)
dx,

ãäå ν0 = (N−1α,α) > 0 (ñì. (7)), à α = (α1, . . . , αN )T .
Ââèäó ïðîèçâîëüíîñòè τ (ñì. (32)), ðàâåíñòâî (40) âûðàæàåò ñîîòíîøåíèå

ν0ρp(ρ)− ρdivv = ν0ρp(ρ)− ρdivv ï. â. â Ω.(41)
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5.4. Çàâåðøàþùèé àíàëèç. Ñîãëàñíî çàìå÷àíèþ 7, âûïîëíåíû ðåíîðìàëè-
çîâàííûå óðàâíåíèÿ (1). Â ÷àñòíîñòè, äëÿ ôóíêöèé b ∈ C[0,∞)

⋂
C1(0,∞)

òàêèõ, ÷òî ∣∣∣b′(s)∣∣∣ 6 B18s
−σ9 ∀ s ∈ (0, 1], σ9 < 1,∣∣∣b′(s)∣∣∣ 6 B19s

σ10 ∀ s > 1, −1 < σ10 6 γ − 1,

âûïîëíåíû â D′(R3) óðàâíåíèÿ div(b(ρ)v) + (ρb′(ρ)− b(ρ))divv = 0, îòêóäà ïðè
b(s) = s ln s ñëåäóåò ðàâåíñòâî ∫

Ω

ρdivv dx = 0.(42)

C äðóãîé ñòîðîíû, óìíîæàÿ (11) íà ln(ρε + l) +
ρε

ρε + l
, l ∈ (0, 1], èíòåãðè-

ðóÿ ðåçóëüòàò ïî Ω, çàòåì ïðîâîäÿ ýëåìåíòàðíûå îöåíêè, è íàêîíåö ïåðåõîäÿ
ê ïðåäåëó (ñíà÷àëà ïî l→ +0, à çàòåì ïî ε→ +0), ïîëó÷àåì íåðàâåíñòâî∫

Ω

ρdivv dx 6 0.(43)

Êîìáèíèðóÿ (42) è (43), ïðèõîäèì ê íåðàâåíñòâó∫
Ω

(
ρdivv − ρdivv

)
dx 6 0.(44)

Ââèäó ìîíîòîííîñòè ôóíêöèè p(·) âåðíî ïîòî÷å÷íîå íåðàâåíñòâî

(ρε − ρ)(p(ρε)− p(ρ)) > 0,

áëàãîäàðÿ êîòîðîìó è ôîðìóëàì (24), (26) âûâîäèì

(45) lim inf
ε→+0

∫
B

(p(ρε)ρε − p(ρε)ρ) dx =

= lim inf
ε→0

∫
B

(p(ρε)− p(ρ))(ρε − ρ) dx+ lim
ε→0

∫
B

p(ρ)(ρε − ρ) dx > 0,

ãäå B � ïðîèçâîëüíûé øàð â Ω, ïîýòîìó p(ρ)ρ > p(ρ)ρ ï. â. â Ω.
Äàëüíåéøèå ðàññóæäåíèÿ ñëåäóþò òàêîé öåïî÷êå:

• èç (41), (45) âûòåêàåò, ÷òî ρdivv − ρdivv > 0 ï. â. â Ω;
• ïðèâëåêàÿ (44), ïîëó÷àåì ρdivv − ρdivv = 0 ï. â. â Ω;

• òåïåðü èç (41) âûâîäèì p(ρ)ρ = p(ρ)ρ ï. â. â Ω;
• íàêîíåö, âðåìåííî ïðîäîëæàÿ íå÷åòíûì îáðàçîì ôóíêöèþ p íà ïðî-
ìåæóòîê (−∞, 0] (ñîõðàíÿÿ çà íåé ïðåæíåå îáîçíà÷åíèå), ò. å. ïðèíè-
ìàÿ, ÷òî p(s) := p(|s|)sign(s), ñ öåëüþ ïðèìåíåíèÿ ëåììû 3.39, ñòð. 188
èç [12], ïðèõîäèì ê òðåáóåìîìó ñîîòíîøåíèþ (31).

Èòàê, ïîêàçàíî, ÷òî ôóíêöèè ρ, ui, i = 1, . . . , N ÿâëÿþòñÿ ñëàáûì ðåøåíèåì
çàäà÷è (1)�(4) (ñì. îïðåäåëåíèå 3). Òåîðåìà 4 äîêàçàíà.
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