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EMBEDDING ARBITRARY GRAPHS INTO STRONGLY
REGULAR AND DISTANCE REGULAR GRAPHS
D.G. FON-DER-FLAASS

Abstract. We show that every simple graph on x vertices is an induced subgraph of some strongly regular graph on fewer than 4x2 vertices; which, up to a constant factor, coincides with the existing lower
bound. We also show that every simple graph on x vertices is an induced subgraph of some distance regular graph of diameter 3 on fewer
than 8x3 vertices, and every simple bipartite graph on x vertices is an
induced subgraph of some distance regular bipartite graph of diameter 3
on fewer than 8x2 vertices.

Let s(x) be the smallest positive integer such that each simple graph on x vertices
is an induced subgraph of some strongly regular graph on at most s(x) vertices.
The function s(x) was studied recently in [5] and [6]. It was proved in [6] that
s(x) ≥ c · x2 for some constant c > 0. More precisely, it was proved there that
the graph Kn+1 ∪ Kn,n , the disjoint union of a complete graph and a complete
bipartite graph, cannot be embedded into a strongly regular graph with fewer than
n2 vertices. On the other hand, a construction from [5] proves that s(x) = O(x4 ).
In this note we close this gap by showing that s(x) = O(x2 ).
In [6], an open problem is posed: is it true that every graph can be embedded
into a distance regular graph of diameter d ≥ 3? We give here an affirmative answer
to this question.
It is also mentioned there that every bipartite graph is an induced subgraph of
a bipartite distance regular graph, but no bound for the size is given. We construct
such embeddings with a quadratic upper bound.
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We shall use Constructions 1 and 4 of [3], and a new construction of bipartite
distance regular graphs found by G. Exoo [2] (the graphs of [3, Construction 1]
were previously found by Wallis [7]). To make the note self-contained, we describe
here, without proofs, all three constructions.
All necessary definitions and facts about strongly regular graphs can be found in
[1]. By the order of a graph we mean the number of its vertices; by the order of an
affine plane, the number of points on a line (in particular, an affine plane of order
n has n2 points).
Definition 1. An affine design is a 2-design with the following two properties:
(i) every two blocks are either disjoint or intersect in a constant number r of
points;
(ii) each block together with all blocks disjoint from it form a parallel class: a set
of n mutually disjoint blocks partitioning all points of the design.
Only three classes of affine designs are known:
(1) all lines of an affine plane of order n (r = 1);
(2) all affine hyperplanes of a d-dimensional vector space over the field GF (n)
(r = nd−2 );
(3) Hadamard 3-designs (n = 2). A Hadamard 3-design can be defined via a
Hadamard matrix of size 4r with the constant first row. Each of the remaining
rows defines a partition of the set of columns into two 2r-sets corresponding to
entries 1 and −1; the design being the collection of all these 2r-sets.
Affine planes of order n are known to exist when n is a power of a prime. One
example of a Hadamard 3-design of size 2d is the collection of all affine hyperplanes of the d-dimensional vector space over the field GF (2). It is conjectured that
Hadamard 3-designs of size 4r exist for every r ≥ 1 (for more details, see [4]).
Affine designs are used as building blocks in the following three constructions.
Construction 1. [3, Construction 1], [7] Let S1 , . . . , Sp+1 be arbitrary aﬃne designs having the same parameters; here p is the number of parallel classes in each
Si . Let Si = (Vi , Li ). Let I = {1, . . . , p + 1}.
For every i, denote arbitrarily the parallel classes of Si by symbols Lij , j ∈ I \{i}.
For v ∈ Vi , let lij (v) denote the line in the parallel class Lij which contains v.
For every pair i, j, i 6= j, choose an arbitrary bijection σij : Lij → Lji ; we only
−1
require that σji = σij
.
Construct a graph Γ1 = Γ1 ((Si ), (σij )) on the vertex set X = ∪i∈I Vi . The sets
Vi will be independent sets. Two vertices v ∈ Vi and w ∈ Vj , i 6= j, are adjacent in
Γ1 if and only if w ∈ σij (lij (v)) (or, equivalently, σij (lij (v)) = lji (w)).
Construction 2. [3, Construction 4] Let Γ1 = Γ1 ((Si ), (σij )) be a graph of Construction 1 where S1 , . . . , Sn+2 are aﬃne planes of order n. Remove all vertices of
Vn+1 ∪ Vn+2 ; for all i ≤ n, add n-cliques on every line of the parallel classes Li,n+1 .
The description of this construction here is a streamlined version of that given
in [3]; it is not difficult to see that both descriptions produce the same graphs.
Construction 3. [2] Let A1 , . . . , Ap+1 , B1 , . . . , Bp+1 be arbitrary aﬃne designs
having the same parameters; here p is the number of parallel classes in each Ai , Bi .
Let Ai = (Vi , Li ), Bi = (Wi , Mi ). Let I = {1, . . . , p + 1}.
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For every i, denote arbitrarily the parallel classes of Ai , Bi correspondingly by
symbols Lij , Mij , j ∈ I \ {i}. For v ∈ Vi , let lij (v) denote the line in the parallel
class Lij which contains v.
For every pair i, j, i 6= j, choose an arbitrary bijection σij : Lij → Mji .
Construct a graph Γ3 = Γ3 ((Ai , Bi ), (σij )) on the vertex set X = ∪i∈I (Vi ∪ Wi ).
The sets Vi , Wi will be independent sets. Two vertices v ∈ Vi and w ∈ Wj , i 6= j,
are adjacent in Γ3 if and only if w ∈ σij (lij (v)).
Construction 1 produces strongly regular graphs; Construction 2 produces distance regular graphs of diameter 3; Construction 3 produces bipartite distance
regular graphs of diameter 3 which are incidence graphs of certain symmetric 2designs.
Theorem 1. a) If there exists a Hadamard design on x points, then every simple
graph of order ≤ x is an induced subgraph of a strongly regular graph of order x2 .
b) If there exists an aﬃne plane of order x, then every simple graph of order ≤ x
is an induced subgraph of a distance regular graph of diameter 3 and order x3 .
c) If there exists a Hadamard design on x points, then every simple bipartite
graph of order ≤ x is an induced subgraph of a distance regular bipartite graph of
diameter 3 and order 2x2 .
In particular, every simple graph of order x is an induced subgraph of a strongly
regular graph of order < 4x2 , and of a distance regular graph of diameter 3 and
order < 8x3 ; and every simple graph of order x is an induced subgraph of a bipartite
distance regular graph of diameter 3 and order < 8x2 .
Proof. Let G be an arbitrary simple graph with vertices V (G) = {g1 , . . . , gm },
m ≤ x. Following Construction 1, and using the notations therein, take p + 1 ≥ x
affine designs S1 , . . . , Sp+1 having the same parameters; p is the number of parallel
classes in each Si . The names Lij of parallel classes can be assigned arbitrarily.
For i = 1, . . . , m, take an arbitrary point vi ∈ Vi . Now it is easy to choose
the bijections σij in such a way that the graph induced on {v1 , . . . , vm } will be
isomorphic to G. Namely, for 1 ≤ i < j ≤ m, let σij (lij (vi )) = lji (vj ) if and only if
the vertices gi , gj are adjacent in G.
A Hadamard design on x points has x − 1 parallel classes. Thus, if we use in the
above construction Hadamard designs, we obtain a strongly regular graph with x2
vertices having an induced subgraph isomorphic to G.
If we use x + 2 affine planes of order x, we get a strongly regular graph with
x2 (x + 2) vertices having an induced subgraph isomorphic to G. When we apply
Construction 2 to it (removing Vx+1 and Vx+2 which do not contain vertices vi
of the induced copy of G), we get a distance regular graph of diameter 3 with x3
vertices. An induced copy of G remains there, because new edges within the sets
Vi do not affect edges between vertices vi .
If G is bipartite with parts {g1 , . . . , gl }, {hl+1 , . . . , hm }, we similarly use Construction 3 from Hadamard designs; choosing in Vi vertices corresponding to gi ,
and in Wi vertices corresponding to hi . Thus we obtain a distance regular bipartite
graph with 2x2 vertices having an induced subgraph isomorphic to G.
The last assertion of the theorem follows from the fact that for every x there is
a power of 2 in the interval {x, . . . , 2x − 1}. 

EMBEDDING GRAPHS

221

Acknowledgements. I am grateful to Van Ha Vu for attracting my attention to
this problem; to Robert Jajcay for inviting me to visit Indiana State University and
fruitful discussions; and to Geoffrey Exoo, for his construction of bipartite distance
regular graphs.
References
[1] A.E. Brouwer, J.H. van Lint. Strongly regular graphs and partial geometries. In: Enumerating
and Design, eds. D.M.Jackson, S.A.Vanstone. Academic Press, 1984. 85–122.
[2] G. Exoo, private communication.
[3] D. Fon-Der-Flaass. New prolific constructions of strongly regular graphs. Adv. Geom. 2, 2002,
301–306.
[4] J. Seberry, M. Yamada. Hadamard matrices, sequences, and block designs. In: J. H. Dinitz,
D. R. Stinson (eds.) Contemporary Design Theory. Wiley, 1992. 431–560.
[5] R. Jajcay, D. Mesner. Embedding arbitrary finite simple graphs into small strongly regular
graphs. J. Graph Theory 34, 2000. 1–8.
[6] V. H. Vu. On the embedding of graphs into graphs with few eigenvalues. J. Graph Theory 22,
1996. 137–149.
[7] W.D.Wallis. Construction of strongly regular graphs using affine designs. Bull. Austr. Math.
Soc. 4, 1971. 41–49.
Dmitry G. Fon-Der-Flaass
Sobolev Institute of Mathematics,
prospekt ac. Koptyuga 4,
630090, Novosibirsk, Russia
E-mail address: flaass@math.nsc.ru

