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ABSTRACT. The work is devoted to the study of the solvability of boun-
dary value problems for quasi-parabolic equations

D (aeue) + efa, tyu = f(a,1)

(~1y Dt~ 2

k
((x,t) € (0,1) x (0,T), a(z)>0, DF= %, p > 0— integer)

with boundary conditions of one of the types
u(O,t)—Bu(l,t) :05 uz(lvt) :07 te (OvT)v
or
Uw(o7t)_ﬂu:t(17t) =0, U(Lt) =0, te (OvT)

The problems under study can be treated as nonlocal problems with the
generalized Samarskii—Ionkin condition in terms of spatial variable, for
them we prove existence and uniqueness theorems for regular solutions

—namely, solutions that have all generalized in the sense of S.L. Sobolev
derivatives included in the corresponding equation.
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1. BBE/IEHUE

B pabore m3y4aercs paspemmMOCTh HENOKAJBHBIX M0 TPOCTPAHCTBEHHON Hepe-
MEHHOW KPAaeBbIX 33/1a4 /Il KBA3UIapaboIMIecKuxX ypaBHEeHU HEYEeTHOrO 1O Bpe-
MEHHO#1 (BBIIEIEHHO) TIePEeMEHHO IO IKa.

HenokanbHbIME KpaeBbIMU 3amadaMu s qudhepeHnnaabHbIX yPABHEHAH Ha-
3BIBAIOT TAKME 33/1a9M, B KOTOPHIX BMECTO OOBIYHBIX TOYEYHBIX (T.€. JIOKAJIHHBIX)
YCJIOBHI 33/JAI0TCS yCJIOBHs, CBA3BIBAIOIINE PAHUYHBIE 3HAYEHUsI PelieHus uiu (1)
€ro IPOU3BOJHBIX CO 3HAYEHUAMM pelleHus uiu (1) ero IPOU3BOJHBIX B TOYKAX
WHBIX BHYTPEHHWX WJIN YK€ TPAHUIHBIX MHOTOOOPA3Mii.

OTHenbHBIM KIIACCOM HEJOKAIBHBIX 33189 MOXKHO HA3BATH 33491 C MHTErPAIb-
HBIMU YCJIOBUSMU — 33J@9d, B KOTOPBHIX I'DAHUYHBIE 3HAYEHWs DelieHus uau (1)
€r0 TPOM3BOJHBIX CBA3BIBAIOTCS CO 3HAYEHUSIMH HEKOTOPOrO WHTErpasa OT pere-
HUS 110 TEM WJIM WHBIM BHYTPEHHMM MHOroOpasusiM. VccnemoBanns pa3pemmmMmocTi
MOMOOHBIX 33189 Jjisi OJIM3KUX K M3y4aeMbIM B HACTOAIIEH paboTe ypaBHEHUil Ha-
9anoch, no—suauMomy. ¢ pador J.R. Cannon [1] u JI.U. Kamsanu [2], omy6anko-
BaHHBIX B 1963 1 1964 romax coorBeTcTBeHHO. JlajbHeline nccaeI0BaHus 33,124 C
MHTErPATGHBIMA yCIOBUSMHA B HEJTOM BECbMa MHOTOYHCJIEHHBI, HO CPEIM HUX MOXK-
HO BbieauTh paborst HU. Nonkuna [3] u H.U. FOpuyka [4], onybiaukoBanHbIX B
1977 u 1986 rogax coorsercrsenno. B pabore [3] uzyuasach 3asa4a HaXOXKIAEHUs
DeIeHnst ypaBHEHHsT TETUIONPOBOAHOCTH B Ipsimoyroibauke (0, 1) x (0, T') mepemen-
HBIX (,1) MO 33JaHHOMY HAYAJIBHOMY YCJIOBUIO, 33JAHHOMY IDAHUYHOMY YCJIOBHIO
u(0,t) = v(t), a TakKe 10 UHTErPAJIBHOMY YCJIOBUIO

/u(x,t) dzx = p(t). (n)
0

s namuoit 3agaan H.M. VIOHKWMHBIM MeTOOM, OCHOBAHHBIM Ha, MCIIOJIH30BAHUHU
HEKOTOPOTO CIEIHAJIBHOIO OHMOPTOrOHAIBHOIO ceMeicTBa PYHKITHI, OBLIO J0Ka3a-
HO CYIIECTBOBAHUE KJIACCHMYECKHUX pernenuii. B ganbheifineM 00T METOI yCHIEHO
MPUMEHSIJICS B Psifie IPYTUX MCCIeNIOBAHNI — M. paboThl [5-8].

B pa6ore H.U. FOpuyka ncienosanack 3a1ada ¢ ycaosuem (1), Ho mis mapabo-
JINYECKUX YPABHEHUN C IepEeMEHHBIMY KO duimenTamu, u ObLIT MPEIIOKEH HOBBIH
METO/T JIOKA3ATETHCTBA €€ PA3PEITUMOCTH. DTOT METO TIO3BOJIUI YCTAHOBUTH CYIIIe-
crBoBaHue pelnenuil 3aj1auu Vlonkuna jgisi 6osee obiux, 4em B [3], ypaBHeHwuii, HO
[PU 9TOM IOJIyYEHHOE PEIIeHue ObLIO 3JEMEHTOM HEKOTOPOIO BECOBOIO CODOJIEB-
ckoro mpocrpancTBa. Kak un pabora H.U. Noukura, pabora H.M. FOpuyka mocie
ee onmyOJIMKOBAHUS MPUOOPEIA MHOXKECTBO TTOCIEI0BATE M.

Ormerum Takzke caeayioiiee. B 1980 romy A.A. Camapckuii [9] npeyioxui mjist
OJTHOMEPHOI'O CJIy4das NOCTAHOBKY HEJIOKAJIbHON 110 IIPOCTPAHCTBEHHOI ITlepeMeHHOI
3ajgadu: Hatmu pewenue u(x,t) Napabosuwecko20 YpasHeHus N0 3a0GHHOMY Ha-
YAADHOMY YCA0BUNW U YCAOBUAM

aqu(0,t) + agu(l,t) + agu, (0,t) + agu,(1,t) = 0,

B1u(0,t) + Bau(l,t) + B3uy(0,t) + Baus(1,t) =0 (C)

(x € (0,1), t € (0,T), sexmopvi (a1, , a3, 4) u (B1, B2, B3, B4) Aunetino nesasu-
cumnt). anada A.A. Camapckoro Bkjoo4aer B cebs OObIYHBIE TIEPBYIO, BTOPYIO U
TPETBHIO HAYAIbHO—KPAEBbIE 331441, & TAKXKE CMEIIAHHYIO 33/1a4y; €CJIN 7K€ yIeCTh,
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qro 3agada H.U. MonkwHa momyckaeT 3aMeHYy WHTErPAJBLHOTO YCJIOBUS HA, YCJIO-
Bue uyz(1,1) —uy(0,t) = p(t), To u 3amaga ¢ ycrouem (1) BriIouaercss B 3amady
A A. Camapckoro. UccrnenoBanue paspermumoctu 3agagu A.A. Camapckoro B 06-
Iieii mocTaHOBKe MPOBOIIIOCh B padorax H. Jlaskernwua [10] u A.J1. Koxamosa [11],
HO TIPY TOM YCJIOBUS 3TUX pabOT ObLIM TAKOBBI, 9TO cOOCTBeHHO 331a4a H.W. Non-
KHHA UCKJII0YaJIaCh.

IIpeaverom mccnemoBanmii B HaCTOAIIEH paboTe OYIyT MPOCTPAHCTBEHHO—HETO-
KaJbHbIE KPAEBble 3aJa9M /i KBA3UIAPAOOIMIECKUX YPABHEHUN HEYETHOrO II0
BPEMEHHOM (BbLIEJEHHO}) [IePEMEHHON LOPsi/IKA C yCJAOBUAMM, LDPEACTABJIAIOIII-
MU coboii gacTHBIH ciaydait obmiero yeaorust (C) A.A. Camapckoro, HO TIpH 3TOM
BKJIO9atonmmMu B cebs 3amaay H.U. Nonkuna ¢ yciaosuem (M) B quddepennuaib-
uoii opme. llenpio uccnemoBanuit OyIeT JOKA3ATETLCTBO CYIIECTBOBAHUS U €JIUH-
CTBEHHOCTHU PEryJIsiPHBIX PEIeHui — UMEHHO PEIeHnil, UMEIOIInX Bce 000DIIEHHbIE
o C.JI. CoboseBy mpou3BOAHbBIE, BXOSIIUE B COOTBETCTBYIOIIEE yPABHEHHE.

VTOYHUM, 9TO paHee MPOCTPAHCTBEHHO—HEIOKAIBHBIE 33a4UN C HHTETPATHHBIMI
YCJIOBHSIMM [IJIsi KBa3WITAapabOIMYeCcKuX ypaBHEeHH n3ydannchk B paborax [12], [13],
HO, KAK ¥ B CJIy4ae ypaBHEHWs TelJIONPOBOAHOCTH, 331ada ¢ ycjaosueM (M) npu
9TOM HCKJII0YAIACD.

Bce mocTpoennst u paccyxaerus B pabore OyayT OCHOBAHBI HA MPOCTPAHCTBAX
Jlebera L, u Cobosiesa WZZ,. Heobxonumbie oupeesienus u onucanue CBOHCTB DyHK-
Wi U3 9THX IPOCTPAHCTB MOXKHO Haiitu B MoHorpadusx [[14]-[16]].

1 nociiennaee. B pabore OyayT paccMarpuBaTbCad HEKOTOPBIE MO/IE/IbLHBIE CUTYa-
nuu. Bo3mozkHbIe 0000IIeHYST U YCUIEHUS TTOJIyYeHHBIX PE3yJIbTaTOB OyIyT MpuBe-
JIEHBI B KOHIIE CTATHU.

2. IIOCTAHOBKA 3AJAY

ITycrs Q ectb mpsimoyrombauk 2 x (0,T), Q = (0,1), 0 < T < +00, TepeMeHHbIX
(x,t). Hamee, mycth a(x), c(z,t) n f(x,t) ecrb 3amanuble DYHKINN, ONpeIEIeHHbIE
npu x € [0,1], t € [0,T], 8 ecrb dbuUKCUpOBaHHOE AEHCTBUTENBHOE YUCIO, P €CTh
dbuKcHpoBaHHOe HaTypaibHOE 4ici0, DF ecTh mpomssogHast ngk (D' = D), L ectp
nuddepeHuanbHbLi onepaTop, JeficTBre KOTOporo Ha 3ajanHoil dbyukiuun v(z,t),
OIIPEIE/IACTCA PABEHCTBOM

Lo = (—1)P D2y — a% (a(@)vs) + e(z, £)o.

Henokanbhas 3amaga I natimu gynryuio u(z,t), s8asowyrocs 6 npamoyzoib-
Huke () pewenuem YpasHeHus

Lu= f(z,t) (1)
U MAKYI0, YMO OAA HEE BUNOAHAIOMCA YCAOSUR
Diu(z,t)|i=o =0, k=0,...,p, z€Q, (2)
Diu(z,t)i=r =0, k=0,...,p—1, z€Q, (3)
u(0,t) — Bu(l,t) =0, wuy(l,t)=0, ¢t€(0,T). 4)

Henokanprag 3amaua 1I: natimu dynwyuwo u(x,t), A6A0WY0CA 6 NPAMOY204b-
nuxe Q pewenuem ypaérenus (1) u marylo, wmo 04s Hee GLINOARAIOMCH YCAO-
sus (2) u (8), a maxoce yeaosue

ug(0,t) — Buy(1,t) =0, wu(l,t)=0, te(0,T). (5)
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Henokanbuas 3azaga I1: natimu gynryuro u(z,t), A6AAOUYIOCH 6 NPAMOYZOLL-
nuke Q pewenuem ypasnenus (1) u maxyro, wmo 0aa Hee GLINOAHAIOMCA YCAO-
sus (2) u (4), a maxoce yeaosue

Diu(x,t)i=r =0, k=p+1,....2p, z€Q, (6)

Henokasbhas 3azaga IV: natimu gynryuro u(z,t), AAAI0OUWYIOCH 6 NPAMOY2OLL-
Hnuke Q pewenuem ypashenus (1) u maxyro, wmo 0aa Hee GLINOAHAIOMCA YCAO-
sus (2), (5) u (6).

Bamerum, 4yTo umenHo yciosue (5) nenokanbabix 331a4d 1T u IV B ciyuae 5 =1
naer ycaosue (M) 3apmaqun H.U. Nonkuna. 3anauu I u III umeror u camocrositesin-
HOe 3HA4YEHUue; C APYroil 2Ke CTOPOHBI, MMes CYIIECTBOBAHME DEIIEHUil 3TUX 3a/ad,
HeTPyAHO Oymer mokasarh, uro u 3ajgadn 11 u IV umeror perenne .

3. PABPEHIUMOCTDH HEJIOKAJIBHBIX 3A71AY [ n III

BaxkHy0 poIb B JAIBHEHIINX BHIKJIAIKAX CHITPAET HEPABEHCTBO
1
P <8 [atwdor (24 5) [or e (7)
Q Q

B KOTOpoM ¢ () ecTh ponsBosbHas (ynknus u3 mpocrpanctea Wi (), § ects mpo-
M3BOJIHHOE TIOJIOKUTEIBHOE IUCII0. B cipaBeiImBoCTH 9TOr0 HEPABEHCTBA HETPYIHO
yOeIuThCs, €CTU B TOXKIECTBE

P =2 [ap@)do+2 [ dola)e (@) do
Q Q
npuMeHnuTh HepaBeHCcTBO HOHra KO BTOpPOMY CjlaraeMoMy ITPaBOil 9acTH.
[Monoxum (1 = B2a(0) — a(1).
Teopema 1. Ilycmb 8bNOAHAIOMEA YCAOBUSA

a(xr) € C*(Q), a(x)>ao>0, d(zx)<0;

c(x,t) € C?PTHQ), c(x,t) > co >0, cpu(z,t) <0 npu (z,t) € Q;
2c(x,t) —ad"(x) >0 npu (x,t) € Q;
a maksice 00HO U3 YCA0B8Ul
a) B? < 4,
6) B > thl)g’ B2 + 4agB1 < 4agco.
Toz0a das aoboti ynxyuu f(x,t) maxoti, wmo DFf(x,t) € Lo(Q), k=0,...,2p+
L, DFf(x,t) =0mnput=0,2€Q k=0,....,p, DFf(x,t) =0mnput =T, x € 1,

k=0,...,p—1, nerokasrvnas 3adava I umeem pewenue u(zx,t), npunadasesicausee
2,2p+1
npocmpancmey Wy’ pt (Q), u 68 amom npocmparcmese pewenue eQUHCMEEHHO.

Zlokxazameavcmeo. Vcnonb3yemass TexHuKa OyJeT OCHOBaHA HA METOJE PEryJispu-
3aluu, METOE TTPOIOJIKEHHUST TI0 TTAPAMETPY, 8 TaKKe AIPUOPHBIX OIEHKAX.

ITycrs BbIMONHSAETCS yCIoBHE &). JlJid TOIOKUTEIBHBIX YUCEN € U [ OIPEIETUM
nuddepennuanbHbIil oneparop L.v:

Lov = Lv +eD{?*? [aa(cwx) - /w} .
x
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Paccmorpum kpaeByro 3azady: watimu @ynkyuto u(x,t), AGAAMOUYIOCH 6 NPAMO-
yeosvruke Q) peuteHuem YpasHEeHUs

L.u= f(z,t) (8)

U MAKYI0, %O OAA HEE BBINOANAOMCA Ycrosus (2)—(4), a maxoice ycaosus
DFu(z,t))j=0 =0, k=2p+1,....3p, z€Q, (9)
Dfu(z,t)|=r =0, k=2p+1,....3p+1, 2€Q. (10)

Omnpemenum mpocTpaHcTBO V' Kak MHOXKECTBO (byHKITAN
{v(a, )« v(a,t) e W3 P2(Q), D" Pua(a,t) € La(Q),

D2y, (x,t) € La(Q)}

C HOPpMO#1

[SE

Ap+2 4p+2
lollv = (101 zams g + IDE 20213, @) + 1D+ 2002 3, 0))

OueBUIHO, 9TO ITO MPOCTPAHCTBO OyJeT DAHAXOBBIM.

IMokazkem 4ro npu HUKCUPOBAHHOM € U 1pu upunaexkuocru Gyukuuu f(z,t)
npocrpancTBy Lo (@) Kpaeras 3amauda (8), (2), (3), (9), (10) Gyxer nmers perienue,
npuHaIexkalee npocrpaucrsy V. Bocmosb3yeMes METOIOM MPOJOIKEHUS 110 Tia-
pamerpy.

Hos aucenr A u3 orpeska [0,1] paccmorpum KpaeByio 3ajady: Halimu Gyrryuso
u(z,t), asasouyrocs 6 npamoyzorvruke Q) pewenuem ypasuenus (8) u makyro,
wmo 0 Hee evnosnatomes yeaosus (2), (3), (9) u (10), a maxoice ycaosue

uw(0,t) — ABu(l,t) =0, wu,(1l,¢t)=0, te(0,7). (11)

CorulacHo Teopeme 0 MeToje npojoJiKenus 1o napamerpy [[17], ru. III, § 14],
9Ta 3a/a9a Oymer paspemuma B upocrpancrse V, eciu 1) sadava (8), (2), (3), (9)-
(11) paspewuma 6 npocmpancmee V npu A = 0; 2) 044 6Ce603MONCHBIT PewseHul
u(zx,t) sadawu (8), (2), (3), (9)-(11) npu ewnosnenuy ycao6ul meopembvs uMeem
MECTNO ANPUOPHAA OUEHKG

[ullv < Rollfll (@ (12)

¢ mocTostHHON Ry, onpenesnsiomnieiicss aunth GyHKmsMu a(x), c(x,t), a TakxKe unc-
gamu 3 U €.

ITpn A = 0 u npu bukcupoBarHOM € 331a4a (8), (2), (3), (9)—(11) mpexncrapis-
er coboil CMEIIaHHYI0 MO MPOCTPAHCTBEHHON MEPEMEHHON 3334y s YPaBHEHMS
COCTABHOTO THIA

5D?p+2(Au — pu) = F,
B KOTOpOM 4epe3 A 0603HaYeH omepaTop

0
Av = %(a(as)vm),

u uyepe3 F' — noguunennsie muagamue wienbl. [lockosbky crapmast (ieBas) 4acrb
3TOTO YPABHEHUA PACHATACTCA HA MHOXKXHUTEIN, TO PA3PEIIMMOCTh JAaHHON 3303491
B IIPOCTPAHCTBE V' OdYeBHHA.

IMokazkem, 4TO PU BHINOJHEHUU YCIOBUIA T€OPEMbI Jjisl perenuii u(x, t) Kpaesoit
zagaan (8), (2), (3), (9)—(11) 6yxer cupasegmusa Tpebyemast omnenka (12).
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YMuoxkuM ypasHenue (8) Ha GyHKumO xu(r,t) U OPOMHTErPUPYEM IO MPAMO-
yronbHUKY Q. IToce HecnoXKHBIX TpeodpPa30BaAHMMA IOy INM PABEHCTBO

1 1
i/aU[Dfu(a:,T)]2 dm—&—/xa(m)ui dx dt — i/al(x)u2 dz dt+

Q Q Q

2 2

+/xc(m,t)u2 dxdt—i—e/:m(x) (Dfpﬂum) dxdt—l—s,u/x (thpﬂu) dx dt—
Q Q Q

— A?32a(0)]u’(1, 1) dt+

2 2
Q

1
—E/a’(as) (Dfp+1u dx dt + =

O\H

_|_

N ™

/T[a(l) - /\2,82a(0)] [Dfpﬂu(l,t)r dt = /acfuda: dt.
0 Q

YenoBusi Teopembl U HepaBeHcTBO FOHra maroT ciiecTBUE JAHHOIO PABEHCTBA —
AIIpPUOPHYIO OLEHKY

2 2
/(xui + zu?) dx dt + 5/ [:r (Dfp-i-lugg) +au (Dfpﬂu) ] dzx dt <
Q Q

<M / 12 da dt, (14)

nocrosiHHast M7 B KOTOPO#l ONpeeNsieTcst NI YUCIaMu dg, Co 1 3.
4p+2
Ha crenyromem mare ymMHOKUM ypaBHerue (8) Ha dbynkunio —zD,"" “u(x,t) n
[IPOMHTErPUPYEM IO NpsAMOyroabHuKy (). Ilomyanm paseHcTBO

%/x [thpﬂu(x,O)r dz + /xa(a:) (Dflf”rluw)2 da di—

Q Q

1 2 2
_i/a/(x) (thp+1u> dxdt—l—/xc(ﬂmt) (D?p+1u) dx dt+

Q Q

2 2
—i—g/xa D2y z) dx dt—i—eu/x (D?p+2u) dx dt—
Q Q

2
/a'(:r) (D?pHU) dx dt +

Q

N ™
| —

T
/ [a(1) — X28%a(0)] [Dfpﬂuu,t)r di+
0

IR

/T [a(1) — A252a(0)] [D;*P“uu,t)r dt = / o f(z,t) DP ude dt+
0

Q
—|—/:1:
Q

ch(a:,t)Dfu] Dy dx dt, (15)
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B KOTOPOM dYepe3 ck(z,t) 0003HAYEHBI MOJIyYeHHbIE 1I0C/Ie MPUMEHEHUs (POPMYJIbl
JleiiGuuna npoussonubie Gynkuuu ¢(x,t) BMecre ¢ GuHOMUAIBHBIMU KOIDhUIeH-
ramu. VICnonb3ysi yeIoBUus T€OpEMbl, HHTEPIOJSIIMOHHBIE HEPABEHCTBA,

[ DFu(z, )] dt < 6 [ Dz, dt+ ) Tuz(x,t) dt,
[t a [[or e oo |

B KOTODPBIX k €CTh HATYpaIbHOE YNCIIO U3 TPOMEKYTKA [1, 2p], & ecTh MpOn3BOILHOE
nosioxkuTeabHoe drucsio (cM. [18]), ucronb3yst Takxke HepaBeHcTBO (14) u HepaBeH-
crBo FOnra, nmpujem K oreHke

/ [x (thpﬂuz)Q +x (D?p+1u)2] dwdt+5/x (Dfp+2ux)2 < Mg/f2 dz dt,
Q

Q Q
(16)
¢ TOCTOSTHHOM Moy, ONpeaesaomeicss YucaIaMu ag, Co, 5 1 €.
W3 nepasencrs (7), (14) u (16) BbITEKAIOT OIEHKH
T
/ (0,) +u?(1, t)]dt<M3/f2dxdt (17)
0

T

2 2
/{[Dfp“u(o,t)] + [Dfpﬂu(l,t)} }dtg M4/f2 dz dt, (18)
0 Q

B KOTOPBIX TIOCTOSTHHASA M3 OTpenensiercss JuIlb YUCIaMu ag, Co W (3, TOCTOSAHHAS
My ompenensieTcss IuCIaMu ag, Co, 3 1 €.

YMuO)uM ypasHenue (8) Ha QYHKIUIO —Ug,(Z,t) U IPOUHTErPUPYEM IO Hpsi-
MoyronbuauKy (. ITomydaum paBeHcTBO

3 [ e dot [ {aton, + oo - Ja e -
Q Q

1 2
_2cm(x,t)u2} dx dt—i—s/ {a(m) [thpﬂum} +
Q

T

+[p — %a”(x)] (thpﬂux) } dx dt — fa /u 0,t) dt—

0

T ) T
DQ”+1 t)} dt = 1/ D0, t)ug (0, t) di—
0 0
T T
feu/Dpru(O,t)D?pH / u(0, t)ug (0, t) dt+
0 0
. LT
+§/cx(0,t) (0,¢) dt — 5/% 2(1 t)dt—/fumd:cdt. (19)
0 0 Q
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VTOUHMM BeJMUMHY HHC/IA fi: YUCIO [i JOJIMKHO OBITH TaKUM, 4TOOBI mpu z € )
BBINOJIHAIOCH HepasencTBo 24 — a”’(x) > 0. Ilpu rakom BbIOOpe 4uCia 4 ¥ OPU
BBIIIOJIHEHUHU YCJIOBUIi TEOPEMbI BCE CJlaraeMble B JIeBOi yacTu pasencrsa (19) 6yayr
HeoTpulareabHbiMu. Jlajsee 4eTBepTOe W MATOE CaaraeMble B Tpasoil actu (19)
OyayT KoHeunbiMu — BeaeacTsue onenku (17). Tlpumensas K mepBoMy, BTOPOMY,
TpPETheMY U IECTOMY cjaraeMbiM npasoit yacru (19) vepasencrso FOura, yuanrbiBas
OpeICTaBIeHIe

1
uz(0,1) = —/um(x,t) dz
0

u ucnosnb3yst onenku (17) u (18), HETPYAHO MOJNYYUTh, YTO CJIAEJCTBUEM DaBEH-
crBa (19) Oyuer anpuopHas OLEHKA

2
/ w2, dzdt+ ¢ / (Df”“um) dz dt < M / Frdedt (20)
Q Q Q

¢ nocrosiuuoit My, oupenensioweiics Gyukuusivu a(z) u c(x,t), a Takxke duciamu

fue.

g mosryuenus Clieyonmeil oneHKn yMHOXKUM ypaBuenue (8) Ha dbyHKIHMIO
4p+2
D;? 2 Uypy. TIOBTODSIST BHIKIAJIKH, KOTOPHIE MPUBETH K OIEHKE (20), 1O TIPU 3TOM

ucronb3yst onenkn (17), (18) u (20), moay4nm HEPABEHCTBO

2
/(Dprrzum) dazdtSMg/fzda:dt, (21)
Q Q

nocrosinaast Mg B KoTopoM onpesensiercst byHkuusamu a(x) u ¢(z,t), a Tak:Ke dnc-
mamu 3 U €.

Ouenku (20) u (21) u o3Haua0T, Y70 HPU PUKCUPOBAHHOM € U IIPU BBIIOJIHEHUN
YCJIOBHI T€OPEMBI ISt BCEBO3MOXKHBIX pertenuit u(z, t) Kpaesoit 3aga4u (8), (2), (3),
(9)-(11) Bemonmusercsa onenka (12). Kak yke roBoprioch BBIIE, U3 3TOH OINEHKH
cieiyer 4ro Kpaesad 3azada (8), (2), (3), (9)—(11) paspermuma B npocrpancrse V
npu Beex A u3 orpeska [0,1] npu GUKCHPOBAHHOM € W TIPH HAJIWYIWH BKJIFOYEHHS
f(z,t) € La(Q).

TMokazkeM Tenepb, ITO TPHU BLITOJIHEHUH TOMOJHATETBHBIX YCIOBUH HA QDYyHKITHIO
f(z,t) nua pemenuit kpaesoit 3anadu (8), (2), (3), (9)—(11) Oysyr umers mecro
AIPUOPHBIE OIEHKU, PABHOMEPHDIE 10 TIAPAMETDY E.

ITpexke BCEro 3aMeTUM, YTO €CJIM B IIEPBOM CJIAraeMOM IIPABON YaCTH PaBEH-
crBa (15) (2p + 1) pa3 OpOMHTErpUPOBATDH 1O MEPEMEHHOM ¢ (3TO0 BO3MOXKHO), TO
MOy 9UM OLEHKY

/ |:CL‘ (D?’H'luw)2 +z (Dfpﬂu)? dx dt + E/.’E (Dfp+2u)2 dx dt <
Q Q

< M7/ [fQ + (Df”“fﬂ dz dt, (22)
Q

nocrosunas My B Koropoii onpezenserca dbyukiuuamu a(x) u ¢(x,t), a TakKe duc-
JioMm f3.
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U3 onenok (14) u (22), a rakke u3 HepaBeHCTBA (7) CJI€yeT, U4TO JieBble 4aCTU
HepasencTs (17) u (18) rakxke GyayT OrpaHMYeHbl YUCJIAMU, ONPENEJIAIONIUMUCS
dyukuusamu a(z), c(x,t) u f(z,t), a Takxke ducaom 3.

IMosropsist nanee mokazaTenbcTBO oueHKN (20), HO yIUTHIBAS OINEHKY (22), TpH-
JIeM K HEPABEHCTBY

2 2
/ dxdt+s/ (D2p+1um> dxdtSMg/ [f2+ (fo’“f) ] dedt  (23)
Q Q

Q

¢ nocrosiHaoi Mg, onpenensiomeiicst gumb GyHKmsaMu a(z) u c(x,t), a TakKe
qUCTIOM [3.

YMuOXKuUB najiee ypapuenue (8) Ha GyHKIMIO 5Dfp +2um(aj, ) U HPOMHTErpUPO-
BAaB M0 NMPAMOYTOJBHUKY (), TOJyqINM €IIe OIHYy OUEHKY

2 2
e / (D;*p“um) dw dt < M, / [f2+ (Dfp“ f) } dz dt, (24)
Q Q

nocrosunas Mg B KOTOPOii onpezensiercs junib dbyakuuamu a(z) u ¢(z, t), a Takxke
YuCJIoM 3.
Tlocnennsis omeHka

/ (D§P+1u)2 da dt < My, / [fQ + (Df”“ fﬂ d dt (25)
Q Q

OYEBHIHBIM OOPa30M BBITEKACT U3 HPEABLAYINUX, IOCTOSHHAA Mig B 3TOH OLEHKE
BHOBb ompejiessiercs Juiilb Gyukuusavu a(z) u c(z, t), a Takke duciaom .

3 onenok (23)—(25) u u3 croiicTBa pedIEKCUTBHOCTH THILOEPTOBA MTPOCTPAH-
crBa [17] BBITEKAET, YTO CYIIECTBYIOT MOCIIEIOBATEIBHOCTD {&y, }5°_1 TIOIOKUTEb-
HBIX 4uCell, a TakxKe QyHKIms u(z,t) Takue, 9TO IPU M — 00 UMEIOT MECTO CXO-
JIAMOCTH

Em — 0,

U (z,t) = u(z,t)  caabo 6 npocmpancmee W3 *PTH(Q),

em DI 2, (2, ) (x,t) = 0 caabo 6 npocmpancmee Lo (Q),
emeer Umzz (X, t)(2,t) = 0 caabo 6 npocmpancmee Lo(Q),
]

T)),

U (0,t) = u(0,t) caabo 6 npocmpancmese VVZP'H([O7
) caabo e npocmpancmee WP (0,T)).

um (1,t) = u(1,¢t

OueBuuno, 4ro upegenbuasd byuxuus u(z,t) u Gyuer UCKOMbIM PELIEHUEM HEJI0-
KaJabHOH 3amaun 1.

Ilokazkem, 9TO B TPOCTPAHCTBE W2 P +1(Q) IS HeJIOKAJIbHOM 3ama4n 1 nmeer
MEeCTO CBOHCTBO €IMHCTBEHHOCTHU DPEIIEHUM.

IMycrs u(x, t) ecrsb penienune HesokaIbHOM 3aa4u I u3 npocrpancTsa I/V2 2t (@Q).
IIpu BbiOAHEHUU YyCI0BUIE TEOpeMbI 1iist pelienust u(x, t) Oyuer cupaBejiuBa OleH-
ka (14) ¢ € = 0. Ecau reueps f(z,t) = 0 B Q, 10 u3 (14) u u3 nepasencrsa (7)
Oyzner ciemoBark, uro BemosHsiercss u(0,t) = 0 mpu ¢t € (0, 7). 910 03HAUAET, YTO
u(x,t) ecThb perieHre OIHOPOAHON CMeNIaHHOi KpaeBoii 3a1a4u iy ypaBaenus (1).
Ouesuzno, uto u(xz,t) Gyner ToxaecTBeHHO HYIeBol B () dyHkimeil. 1ot dakT u
JlaeT UCKOMYIO €JIMHCTBEHHOCTD PEIeHuil.
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B cayuae a) Teopema zokasana. Ilycrs Tenepn BbinosHsiercs ycaosue 6). BHoBb
paccMorpuM KpaeByio 3axady (8), (2), (3), (9)-(11). ITokaxkem, dro aas pemieHuit
u(zx,t) soit 3aua4u uMeer mecro ouenka (12).

YmvHOKWB ypapHenne (8) Ha byHKIMIO xu(x,t) W TPOWHTErPUPOBAB TIO TPSIMO-
YTOJILHUKY (), TIOCJIE HECTIOKHBIX BBIKJIAJOK MPUEM K HEDPABEHCTBY

2
ao/xui dacdt—l—co/xu2 dxdt—i—sao/x(D?pHuI) dx dt+
Q Q Q
T

T
2
+5u/x D2p+1u dzdt < %/ (1,¢ dt—&—%/ [Dfpﬂu(l,t)} dt+
0

q 0

+ /acfuda:dt . (26)
Q
Ycnosue 6), B 4aCTHOCTH, O3HAYAET, YTO BBIITOTHAETCS HEPABEHCTBO

b1 < 2a
2(co—=p1) B
Bribepem MOI0KUTENTHHOE YUCIO § TaK, 9TOOBI UMEJIO MECTO BKJIIOUECHUE

2 8
0% € (Wiﬁl) ﬁ1 ) OueHuB TEpBOE M BTOPOE CaraeMble TpaBoil uactu (26) ¢

LOMOLLBIO HepaBeHcTBa (7), 1oLy UM

5162 2 51 2
(ao - zu; dr dt + |co — 5 24+ — 52 xu” dx dt+
Q Q
2 2
+e <a0 _ BT ) /x (Dfpﬂux) dx dt+
2
Q

2
+e {u—% <2+ (52)] /m(Dfp'Hu) dz dt < /xfudxdt )
Q Q

VUunuThIBas yKA3AHHBIN BHIIE BHIOOP YKUCIIA 0, YUUTHIBAS JAJEE, UTO YUCIO [, MOKHO
BBIOpATH HACTOJIHKO OOJIBITTNM, YTOOBI BBITOJIHSIIOCH HEPABEHCTBO

B
u>21(2+52)

U, HAKOHeIl, mpuMeHsAs HepaBercTBo HOHra K mociesHeMy ciaraeMoMy IpaBoii da-
cru (26), momydaum, 9ro Jis pemenuit u(x, t) Kpaesoit 3aga4u (8), (2), (3), (9)-(11)
BBITIOJIHSIETCST anpropHast onenka (14).

TToBTOpSIst MPOBEIEHHBIE DaHee PACCYKACHNUS Uit paBeHcTBa (15), oIy YnM, 9To
Jutst periernii u(x,t) Kpaesoit 3amaun (8), (2), (3), (9)—(11) OyayT BBINOIHATHCS
onenku (16) u (22) — mepBasi ¢ MOCTOAHHOM, onpejensionieiics GyHKIuAMA a(x)
u c(z,t), uncaamu B u €, Bropas — C [OCTOSHHON, onpeesomeics GyHKIuIMu
a(x) u c(x,t), a Takke qucaom L.

JasnbHeiine paccy»KIeHusi BIIOJHE aHAJOMWYIHBI PACCY K IEHUSIM, TIPOBEIEHHBIM
[IPY BBIMOJIHEHUH YCJIOBHS a). VIMeHHO, BHadase npy (DUKCHPOBAHHOM € yCTAHABIIH-
BaeTCs CIPaBeIMBOCTb OneHoK (20) u (21), u, TeM caMblM — Pa3peIruMoCcTb Kpa-
esoit 3azaun (8), (2), (3), (9)—(11) B upocrpancree V, namee — CIpaBeIHBOCTD
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PABHOMEDHBIX TIO € OIEHOK (23)—(25) M BO3MOXKHOCTH OPraHU3AIWH TIPE/EIHHOTO
nepexoa. [Ipenenbuas GyHKIM 1 OyIeT HCKOMBIM PeIlleHneM HeJTOKAIbHON 3a/1a-
anm I.

EfuncTBeHHOCTD pelenuii HeJOKAIbHOM 3a1a4u | TIpu BBITIOJHEHUN YCJIOBUSA 6)
BHOBbB cjefyer u3 ouenku (14), cnpaseayiusoit u npu € = 0.

TeopeMa MOJHOCTHIO IOKA3AHA. O

Teopema 2. [Tycmv 66inoansomes ycaosus meopemvr 1 oas dynkuyut a(z) u
c(z,t), a maxsce 0dno u3 yeaosuii a) uasu 6). Tozda das abol dynkyuu f(x,t)
maxoti, wmo DF f(x,t) € Ly(Q), k=0,...,2p+1, DFf(x,t) =0 nput =0, z € 1,
k=0,....p, DFf(z,t) =0 mput =T, v € Q, k=p+1,...,2p, nHerokarvhas
3adawa III umeem pewenue u(x,t), npunadaesicausee NPoCMParcmey WQQ’QPH(Q),
U 6 IMOM NPOCMPAHCMEE PeUeHUE eOUHCTNEEHHO.

Joxasameavcmeo. BHOBb paccMOTPUM BCIOMOTATENbHYIO 3a1a9y: Hatmu @GyHrk-
yuto u(x,t), ABAAOWYIOCH 8 Npamoyzosvhuke ) pewenuem ypasuenus (8) (npu
e > 0) u maxyro, wmo daa nee swnosnsomes ycaosua (2), (6), (9), (11), a max-
grce Ycaosue

DFu(z,t)|=7 =0, k=3p+1,....4p+1, z€q.

[ToBTOpSist paccyzKaeHns1, MPOBeIeHHbIEe TIPK T0KA3aTeIHCTBE TEeOPEeMbI 1, HeTPYIHO
YCTaHOBUTD, YTO Jjist perenuil u(x,t) 3Toil 3anauu npu (PUKCUPOBAHHOM € MMe-
eT MeCTO alpuopHas oueHka (12), u npu JONONHUTENHHOM yCJIOBUU HA (DYHKIHUIO
f(z,t) — paBromMepHbIe 1O € oneHky (23)—(25). Hamuaue 31uX OIEHOK 03HAYAET, 9TO
BCIIOMOTAaTebHAs 3a7a4a OyeT pa3pernnMa B MTpOCTpaHcTBe V) M 9TO CyIIeCTBYeT
MOCIEIOBATEIHHOCTD PEIeHnH BCIIOMOTaTeILHOW 3aa4H, CXOSNIAICA K PEIeHUIO
HEJIOKAJIbHO! 33/1a4M U3 TpebyeMoro KJjacca.

Enuncreennocts perennit nesiokaasuoit 3agaqu 111 B mpocTpancTse W22 2t (@)
OYeBHUIHA.

Teopema mokazana. O

4. PABPEHIUMOCTDb HEJOKAJIBHBIX 3A71AY IT n IV

JlokazaTeIhCTBO pa3PeInMOCTH HeJTOKAIbHBX 3a1a4 11 u IV Gyxer nposemeno ¢
MIOMOIIIBIO TTEpexo/ia K HesloKaibHbIM 331a49aM I u IT [19] n ucnonp3oBanust Teopem 1
u 2.

Teopema 3. [lycmv 6vinoanaromes ycaosus

a(z) € C%(Q), c(x,t) € C*Q);

a’(z) <0, c(z,t) >0, (zex(z,t)), <0 npuz e, tel0,T)], a'(1)=0;

a maxsice 00no u3 yearosud a) uau 6) meopemo, 1. Toeda das aobot dynxyuu f(z,t)
makoti, wmo D f(z,t) € La(Q), DF fo(z,t) € La(Q), k =0,...,2p+1, DFf(z,t) =
Onput=0,2€Q, k=0,....,p, D¥f(z,t) =0mnput =T,z €Q, k=0,...,p—1,
f(1,t) =0 nput € (0,T), nesorkanrvuas 3adavwa II umeem pewenue u(x,t) makoe,
wmo u(z,t) € Wy (Q), ux(x,t) € W3PTHQ), npuuem 6 yrasannom waacce

pewerue edurcmeenHo.
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Joxasamenvcmeo. PaccmorpuM Kpaesylo 3a1ady: watmu @gynkyuto v(z,t), A6t
0WYICA 8 NPAMOY20AbHUKE ) Pewenuem YpasHeHUs
1

82
(PDE = o fae)) + oo — eale) [0 dy = Lu(et) (2D
xr
U MaKyro, wmo dasn nee ewnosnsomes (2)—(4). Tlosropss n0Ka3aTebLCTBO TEOPe-
MBI 1 (¢ HCnoNb30BAHUEM PEryISPU30BAHHOTO yPABHEHHUST
1

(a(z)v) + c(z,t)v — ce(z, ) / v(y,t) dy+

T

2p+1 9?
—1YPDPTHy — —
( ) t 61'2
apta [ 07
+eD,”? [M(a(x)v) - ,uv] = fu(z,t),

COOTBETCTYIOIIAX JOMOJHATEILHBIX KPACBBIX YCIOBHUI W ANPUOPHBIX OIEHOK ), He-
TPY/HO YCTaHOBHUTD, YTO Kpaesast 3aj1ada (27), (2)—(4) umeer pemenne v(z, t), npu-
HAJIJIeKAIee TPOCTPAHCTBY W22’2p +1(Q). Omnpenennm byuximio u(x,t) Kak perre-
HUe 3339 U, (x,t) = v(x,t), u(1,t) = 0npu t € (0,T). ITockombKy ypasHeHwue (27)
MOYKHO 3aIHCATh B BUJIE

8%6 — %(a(m)ul) + c(z, t)u — f(x, t)} =0,
TO, TIOCJIe UHTEIPUPOBaHUs OT T 10 1 ¢ ucnosb3osanuem yciaosus f(1,t) = 0, no-
Jyuum, 4ro dbyukuus u(z,t) u OyJer UCKOMbIM PelleHreM HeJO0KaabHOl 3aa4u I1.
EmuncrsennocTs perenniit HesoKaabHOU 3a1a49u 11 B yKazaHHOM KJj1acce O9eBH/I-
HA.
Teopema jokazana. ([l

Teopema 4. ITycmb 66NOAHAIOMCA YCAOCUA
a(z) € C*(Q), c(z,t) € C*(Q);
a’(z) <0, c(z,t) >0, (vey(x,t), <O0npuzeQ, te[0,T], da'(l)=0;
a makoice 00no U3 ycaosuli a) uau 6) meopemovr 1. Tozda dasn A0b0T PyrKyUU
f(z,t) maxoti, wmo DFf(z,t) € La(Q), DFfu(z,t) € La(Q), k = 0,...,2p + 1,
Dff(z,t) =0mput=0,2€Q, k=0,....,p, DFf(x,t) =0 mput =T, z € Q,
E=p+1,....,2p, f(1,t) = 0 npu t € (0,T), nerokasrvras 3adaua IV umeem
pewenue u(z,t) maxoe, wmo u(z,t) € WP TH(Q), ux(z,t) € W2*PTHQ), npuvem
6 YKAZAHHOM KAACCE Peutenue eOUHCMEEHHO.

JlokazaTeabCTBO ITOM TEOPEMBI MPOBOIUTCS ITOJTHOCTHIO AHAJIOTHYIHO JOKA3a-
TeIbCTBY TEOPEMBI 3.

5. SAKJIIOYEHUE

B pabore nosyuennsl HOBbIe (U j1a2Ke CYIIECTBEHHO HOBBIE ) PE3YJIbTAThI O Pa3pe-
[IIMOCTH B KJIACCAX PEryJIsiPHBIX PEIIeHru# MPOCTPAHCTBEHHO—HEIOKAIbHBIX KPae-
BbIX 33/1a4 JIJIsl JIMHEHHbBIX KBA3UIAPAOOIMIECKUX Y PABHEHUH IPOU3BOIBLHOIO HEYET-
HOT'O TI0 BPEMEHHOI (BbIIEJIEHHON) epeMeHHON MopsiIKa.

[Mony4ennbie pe3yabTaThl HETPY/IHO YCUJIUTD B CJAEAYIOMNX HAMPABICHUSIX:

1. oeparop L MOZENTbHOrO BHIa MOYXKHO 3aMEHUTDH GoJsiee 0OIIUM OIepaTopoM —
Hampumep, QYHKIH ¢ MOXKeT ObITh (PYHKIHEH U IepeMeHHoi ¢, oneparop L Moxker
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COZlepzKaTh MJIAJINHIe O TTepeMEHHOM ¢ MPOU3BOAHbIE TTOPSAIKOB 1, ..., 2p, a TaKkKe
OPOU3BOAHYIO [0 & HEPBOrO HOPsAAKa (COOTBETCTBYIOIIUE YCAOBUS U BbIKJIAIKU Oy-
JyT OTJIMYATHCs OT IPUBEJEHHBIX B 1111 2 U 3 JIUIb OOJIbIIEH POMO3IKOCTHIO);

2. rpaununbie yciaoBust (4) u (5) MOYKHO MOMIEBEJINThL — ycjoBue (4) 3aMEHUTH
yeaosuem u(0,t)—Bu(l,t) = 0, u,(1,t)+au(l,t) = 0, ycaosue (5) MOXKHO 3aMEHUTH
yeamosueM g (0,1) = Bug(1,t) + au(0,t);

3. TpaHWYHbIE YCTIOBHUS KaK IO MEPEMEeHHOW X, TaK W MO MepPEeMeHHOU { MOXK-
HO 33/IaBATh HEOJHOPOIHBIMEU — HCIOJIb3Ys MPOLEAYPY IMPOIOKEHN IPAHUIHBIX
byHKUMIE BHYTPb HPAMOYIO/IbHUKS (), Jajiee HeTPYyHO Oyier 1peodpa3oBarh 3a/1a-
U C HEOIHOPOIHBIMYU IPAHUIHBIMA YCIOBUSIMHU K 337@9aM C OTHOPOIHBIMU.
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