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ÄÈÑÒÀÍÖÈÎÍÍÎ ÐÅÃÓËßÐÍÛÉ ÃÐÀÔ Ñ ÌÀÑÑÈÂÎÌ

ÏÅÐÅÑÅ×ÅÍÈÉ {143, 108, 27; 1, 12, 117} ÍÅ ÑÓÙÅÑÒÂÓÅÒ

À.À. Ìàõíåâ, Ì.Ì. Èñàêîâà, À.À. Òîêáàåâà

Abstract. There is a formally self-dual distance-regular graph Γ with
classical parameters d = 3, b = α+1 = q, β = q2 + q−1 and intersection
array {(q2 + q − 1)(q2 + q + 1), (q2 + q)q2, q3; 1, (q2 + q), q2(q2 + q + 1)}.
For the graph Γ we have the strongly regular graphs Γ2 and Γ3 (Γ3 is
pseuqo-geometric for pGq−1(q2 + q − 1, (q2 + q + 1)(q − 1))).

It is proved that a distance-regular graph with intersection array {143,
108, 27; 1, 12, 117} (q = 3) does not exist.

Keywords: distance-regular graph, formally self-dual graph, triple inter-
section numbers.

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.
Äëÿ âåðøèíû a ãðàôà Γ ÷åðåç Γi(a) îáîçíà÷èì i-îêðåñòíîñòü âåðøèíû a, òî
åñòü, ïîäãðàô, èíäóöèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí, íàõîäÿùèõñÿ íà
ðàññòîÿíèè i îò a. Ïîëîæèì [a] = Γ1(a), a⊥ = {a} ∪ [a].

Ïóñòü Γ � ãðàô äèàìåòðà d, i ∈ {2, 3, ..., d}. Ãðàô Γi èìååò òî æå ñàìîå
ìíîæåñòâî âåðøèí, è âåðøèíû u,w ñìåæíû â Γi, åñëè dΓ(u,w) = i.

Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w) (÷å-
ðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (Γi−1(u)) ñ [w].
Ãðàô Γ äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàññèâîì ïåðå-
ñå÷åíèé {b0, b1, . . . , bd−1; c1, . . . , cd}, åñëè çíà÷åíèÿ bi(u,w) è ci(u,w) íå çàâèñÿò
îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i â Γ äëÿ ëþáîãî i = 0, ..., d. Ïîëîæèì
ai = k − bi − ci. Çàìåòèì, ÷òî äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà b0 � ýòî
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ñòåïåíü ãðàôà, c1 = 1. Äàëåå, ÷åðåç plij(x, y) îáîçíà÷èì ÷èñëî âåðøèí â ïîäãðà-
ôå Γi(x) ∩ Γj(y) äëÿ âåðøèí x, y, íàõîäÿùèõñÿ íà ðàññòîÿíèè l â ãðàôå Γ. Â
äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ÷èñëà plij(x, y) íå çàâèñÿò îò âûáîðà âåðøèí

x, y, îáîçíà÷àþòñÿ plij è íàçûâàþòñÿ ÷èñëàìè ïåðåñå÷åíèé ãðàôà Γ [1].
Äèñòàíöèîííî ðåãóëÿðíûé ãðàô íàçûâàåòñÿ ôîðìàëüíî ñàìîäóàëüíûì, åñ-

ëè ïåðâàÿ P = (Pij) è âòîðàÿ Q = (Qij) ìàòðèöû åãî ñîáñòâåííûõ çíà÷åíèé
ñîâïàäàþò.

Ñâÿçíûé íåïîëíûé ãðàô Γ íàçûâàåòñÿ ãðàôîì Òåðâèëëèãåðà (ñ ïàðàìåòðîì
µ), åñëè äëÿ ëþáûõ äâóõ âåðøèí u,w íà ðàññòîÿíèè 2 ïîäãðàô [u]∩[w] ÿâëÿåòñÿ
µ-êëèêîé.

Â [2] Þðèøè÷ è Âèäàëè ðàññìàòðèâëè äèñòàíöèîííî ðåãóëÿðíûå ãðàôû ñ
êëàññè÷åñêèìè ïàðàìåòðàìè d, b, α, β è b = α+ 1 èëè b = α. Îíè äîêàçàëè, ÷òî
äèñòàíöèîííî ðåãóëÿðíûå ãðàôû ñ êëàññè÷åñêèìè ïàðàìåòðàìè d, b, b− 1, bd−1

ÿâëÿþòñÿ d-êóáàìè.

Q-ïîëèíîìèàëüíûé äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ äèàìåòðà 3 ñ ñèëüíî
ðåãóëÿðíûìè ãðàôàìè Γ2 è Γ3 èìååò ìàññèâ ïåðåñå÷åíèé {t(c2 +1)+a3, tc2, a3 +
1; 1, c2, t(c2+1)}, ãäå (t2−a3−1)(c2+1) = a3(a3+1) [3]. Ïîëîæèì a = a3. Ñêàæåì,
÷òî Γ � ãðàô òèïà (I), åñëè c2 +1 äåëèò a, Γ � ãðàô òèïà (II), åñëè c2 +1 äåëèò
a+1, Γ � ãðàô òèïà (III), åñëè c2+1 íå äåëèò a è íå äåëèò a+1. Äîêàçàòåëüñòâî
íåñóùåñòâîâàíèÿ íåáîëüøèõ ãðàôîâ òèïà (III) ïîëó÷åíî â [4].

Ãðàô Γ òèïà (I) ÿâëÿåòñÿ ôîðìàëüíî ñàìîäóàëüíûì. Åñëè ýòîò ãðàô èìååò
êëàññè÷åñêèå ïàðàìåòðû d, b, α, β, òî d = 3, b = α+1 = q, β = q2+q−1 è Γ èìååò
ìàññèâ ïåðåñå÷åíèé {(q2 +q−1)(q2 +q+1), (q2 +q)q2, q3; 1, (q2 +q), q2(q2 +q+1)}.
Äàëåå, Γ èìååò ñîáñòâåííûå çíà÷åíèÿ q4+2q3+q2−1, q3+q2−1,−1,−(q2+q+1)
êðàòíîñòåé 1, (q2 + q + 1)(q2 + q − 1), (q2 + q + 1)(q2 + q − 1)q2, (q2 + q − 1)q3

ñîîòâåòñòâåííî.
Ïðè q = 2 ïîëó÷èì ìàññèâ ïåðåñå÷åíèé {35, 24, 8; 1, 6, 28}, à ïðè q = 3 �

{143, 108, 27; 1, 12, 117}. Ñ ïîìîùüþ òðîéíûõ ÷èñåë ïåðåñå÷åíèé â [5] áûëî äî-
êàçàíî, ÷òî ïåðâûé ãðàô íå ñóùåñòâóåò.

Òåîðåìà 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {143, 108,
27; 1, 12, 117} íå ñóùåñòâóåò.

Â äîêàçàòåëüñòâå òåîðåìû 1 èñïîëüçóþòñÿ òðîéíûå ÷èñëà ïåðåñå÷åíèé [5].
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3 �

âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëüøèå d,

òî
{

u1u2u3

r1r2r3

}
� ìíîæåñòâî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri,

[
u1u2u3

r1r2r3

]
=

|
{

u1u2u3

r1r2r3

}
|. ×èñëà

[
u1u2u3

r1r2r3

]
íàçûâàþòñÿ òðîéíûìè ÷èñëàìè ïåðåñå÷åíèé. Äëÿ

ôèêñèðîâàííîé òðîéêè âåðøèí u1, u2, u3 âìåñòî
[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3].

Ê ñîæàëåíèþ, äëÿ ÷èñåë [r1r2r3] íåò îáùèõ ôîðìóë. Îäíàêî, â [5] èçëîæåí
ìåòîä âû÷èñëåíèÿ íåêîòîðûõ ÷èñåë [r1r2r3].

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w), V = d(u,w).
Òàê êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî d(x, u) = 0, òî ÷èñëî
[0jh] ðàâíî 0 èëè 1. Îòñþäà [0jh] = δjW δhV . Àíàëîãè÷íî, [i0h] = δiW δhU è
[ij0] = δiUδjV .

Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå ìåæäó
äâóìÿ âåðøèíàìè èç {u, v, w}, è ñîñ÷èòàâ ÷èñëî âåðøèí âñåõ ðàññòîÿíèé îò
òðåòüåé, ïîëó÷èì:
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

d∑
l

[ljh] = pUjh − [0jh]

d∑
l

[ilh] = pVih − [i0h] (+)

d∑
l

[ijl] = pWij − [ij0]

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i− j| > W èëè i+ j < W èìååì
pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.

Ïîëîæèì Sijh(u, v, w) =
∑d

r,s,t=0QriQsjQth

[
uvw
rst

]
. Åñëè ïàðàìåòð Êðåéíà

qhij = 0, òî Sijh(u, v, w) = 0.

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {143, 108,
27; 1, 12, 117}. Òîãäà Γ èìååò 1 + 143 + 1287 + 297 = 1728 âåðøèí, ñïåêòð
1431, 35143,−11287,−13297, âòîðóþ ìàòðèöó ñîáñòâåííûõ çíà÷åíèé

Q =


1 143 1287 297
1 35 −9 −27
1 −1 −9 9
1 −13 39 −27

 ,

è ÷èñëà ïåðåñå÷åíèé
(1) p1

11 = 34, p1
21 = 108, p1

22 = 936, p1
32 = 243, p1

33 = 54;
(2) p2

11 = 12, p2
21 = 104, p2

22 = 966, p2
31 = 27, p2

32 = 216, p2
33 = 54;

(3) p3
21 = 117, p3

22 = 936, p3
31 = 26, p3

32 = 234, p3
33 = 36.

Îòñþäà ãðàô Γ2 ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè (1728,1287,966,936), à Γ3

ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè (1728,297,36,54). Ââèäó ãðàíèöû Äåëüñàðòà
ïîðÿäîê êëèêè â Γ íå áîëüøå 1 + 143/13 = 12.

Äëÿ âåðøèí u, v, w ãðàôà Γ ïîëîæèì [rst] =
[
uvw
rst

]
.

Ëåììà 1. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Òîãäà äëÿ òðîéíûõ ÷èñåë
ïåðåñå÷åíèé âûïîëíÿþòñÿ ðàâåíñòâà:

[111] = r11, [112] = r10 − r7 − 2r8 − r9/8 + 861/8, [113] = −r10 + r7 + 2r8 +
r9/8 − 765/8, [121] = −r11 − r8 + 12, [122] = −4r10 + 2r7 + 6r8 + r9/8 − 245/8,
[123] = 4r10 +r11−2r7−5r8−r9/8+981/8, [131] = r8, [132] = 3r10−r7−4r8 +27,
[133] = −3r10 + r7 + 3r8;

[211] = −r10−r11 +12, [212] = 2r7 +2r8 +r9/8−245/8, [213] = r10 +r11−2r7−
2r8−r9/8+981/8, [221] = 4r10+4r11−2r7−2r8−3r9/8+2815/8, [222] = r9, [223] =
−4r10−4r11 +2r7 +2r8−5r9/8+4905/8, [231] = −3r10−3r11 +2r7 +2r8 +3r9/8−
2079/8, [232] = −2r7− 2r8− 9r9/8 + 7965/8, [233] = 3r10 + 3r11 + 3r9/4− 2079/4;

[311] = r10, [312] = −r10 − r7 + 27, [313] = r7, [321] = −4r10 − 3r11 + 2r7 +
3r8 + 3r9/8 − 2079/8, [322] = 4r10 − 2r7 − 6r8 − 9r9/8 + 7965/8, [323] = 3r11 +
3r8 + 3r9/4 − 2079/4, [331] = 3r10 + 3r11 − 2r7 − 3r8 − 3r9/8 + 2295/8, [332] =
−3r10 + 3r7 + 6r8 + 9r9/8− 6453/8, [333] = −3r11 − r7 − 3r8 − 3r9/4 + 2295/4,

ãäå r7 ∈ {0, 1, ..., 27}, r9 ∈ {645, 653, ..., 765}, r8, r10, r11 ∈ {0, 1, ..., 12}, r9 ñðàâ-
íèìî ñ 5 ïî ìîäóëþ 8.

Äîêàçàòåëüñòâî. Ðåøàÿ ñèñòåìó ëèíåéíûõ óðàâíåíèé (+) ñî ñâîáîäíûìè íåèç-
âåñòíûìè r7 = [313], r8 = [131], r9 = [222], r10 = [311], r11 = [111], ïîëó÷èì
òðåáóåìûå ðàâåíñòâà. Èç ðàâåíñòâà [112] = r10− r7−2r8− r9/8 + 861/8 ñëåäóåò,
÷òî r9 ñðàâíèìî ñ 5 ïî ìîäóëþ 8. �
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Çàìåòèì, ÷òî [112] + [113] = 12, ïîýòîìó (ñ ó÷åòîì ðàâåíñòâà c2 = 12) èìå-
åì r11 = 0. Îòñþäà îêðåñòíîñòü ëþáîé âåðøèíû â Γ íå ñîäåðæèò 3-êîêëèê (Γ
íå ñîäåðæèò 3-ëàï). Ïîêàæåì, ÷òî Γ ÿâëÿåòñÿ ãðàôîì Òåðâèëëèãåðà. Äåéñòâè-
òåëüíî, åñëè [u]∩ [v] ñîäåðæèò äâå íåñìåæíûå âåðøèíû y1, y2, è y3 ∈ Γ3(u)∩ [v],
òî {y1, y2, y3} ÿâëÿåòñÿ 3-êîêëèêîé èç [v], ïðîòèâîðå÷èå.

Â ãðàôå Òåðâèëëèãåðà {u} ∪ ([u] ∩ [v]) ÿâëÿåòñÿ 13-êëèêîé, ïðîòèâîðå÷èå ñ
ãðàíèöåé Äåëüñàðòà.

Òåîðåìà 1 äîêàçàíà.
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