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THE JORDAN BLOCK STRUCTURE OF THE IMAGES OF

UNIPOTENT ELEMENTS IN IRREDUCIBLE MODULAR

REPRESENTATIONS OF CLASSICAL ALGEBRAIC GROUPS OF

SMALL DIMENSIONS

T.S. BUSEL, I.D. SUPRUNENKO

Abstract. For unipotent elements of prime order, the Jordan block
structure of their images in in�nitesimally irreducible representations of
the classical algebraic groups in odd characteristic whose dimensions are
at most 100, is determined. The approach proposed can be applied for
solving a similar problem for representations of bigger dimensions. A
detailed information on small cases is important for stating reasonable
conjectures on the behavior of unipotent elements in irreducible representations
of the classical algebraic groups.
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1. Introduction

In this paper the canonical Jordan form of the images of unipotent elements of prime
order in irreducible p-restricted representations of the classical algebraic groups in odd
characteristic p whose dimensions are at most 100, is determined. Observe that in many
cases the picture di�ers heavily from the situation in characteristic 0 even if the dimension
of the irreducible representation with a certain highest weight is the same. The approach
proposed to �nd this form can be applied to solve a similar problem for representations of
bigger dimensions. The information obtained can be used for stating reasonable conjectures
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on the behaviour of unipotent elements in representations of algebraic groups. The study
of such behaviour is important for solving recognition problems on representations of
linear groups. At present very little is known on the block structure of images of arbitrary
unipotent elements in representations of the classical algebraic groups, hence a detailed
study of such images for representations of small dimensions is useful.

Indeed, in the majority of cases only the maximal size of a Jordan block (the degree
of the minimal polynomial) of a given element in a �xed representation is known. Such
polynomials were found in [27] for unipotent elements of a prime order and all simple
algebraic groups and in [29] for arbitrary unipotent elements and the classical algebraic
groups in odd characteristic. M. Barry [1, Theorem 2] found recursive formulae for the
canonical Jordan form of regular unipotent elements on the wedge and symmetric squares
of the standard modules of the special linear groups in odd characteristic. One can apply
these results for solving the problem for arbitrary unipotent elements of this groups
embedding nonregular elements into proper subsystem subgroups and using the description
of the restrictions of relevant modules to this subgroups (see Lemma 19). Recall that in odd
characteristic the wedge and symmetric squares of the standard modules are irreducible
for the special linear groups, the wedge square is irreducible for the spinor groups and the
symmetric square for the symplectic ones (see Proposition 3 and 4 and Theorem 5 and 6).

It is well known that in odd characteristic the following modules have a unique nontrivial
composition factor (see, for instance, [18, Theorem 5.1]):
a) the tensor product of the standard module and its dual for a special linear group;
b) the wedge square of the standard module for a symplectic group;
c) the symmetric square of such module for a spinor group.
In all these cases T. Korhonen [16, Theorem 6.1 and Corollaries 6.2 and 6.3] described
the canonical Jordan form of unipotent elements acting on these factors, for a special
linear group the question is solved without restrictions on the ground �eld characteristic.
These results were applied by him in [15] for classifying irreducible representations of the
classical groups where all Jordan blocks in the image of some unipotent element have
di�erent sizes.

R. Lawther [17] determined the canonical Jordan form of all unipotent elements of
the exceptional algebraic groups in the action on the nontrivial modules of the minimal
dimensions and the adjoint modules.

2. Preliminary results

In what follows N is the set of natural numbers, C is the complex �eld, K is an
algebraically closed �eld of odd characteristic p, G is a simply connected algebraic group
of a classical type, n is a rank of G, ωi and αi with 1 ≤ i ≤ n are the fundamental and the
simple roots of G, εi with 1 ≤ i ≤ n for G ̸= An(K) and 1 ≤ i ≤ n+1 for G = An(K) are
weights of the standard G-module de�ned in [4, �13], ⟨µ, α⟩ is the value of a weight µ on
a root α (in the sense of [25, �1]), ρ is the halfsum of the positive roots of G. The symbols
ωi, εi and αi are used not only for the group G, but for other simple algebraic groups, it is
clear from the context what group is considered. Recall that an irreducible representation

φ in characteristic p with highest weight
n∑
i=1

aiωi is called p-restricted if all the coe�cients

ai < p. If Γ is a simple algebraic group over C or K, then Xβ is the root subgroup
associated with a root β, Γ(β1, ..., βk) is the subgroup in Γ generated by the root subgroups
X±β1 , ...,X±βk , W (Γ) is the Weyl group of Γ, Λ(Γ) and Λ+(Γ) are the set of weights and
the set of dominant weights of Γ. Set X±i = X±αi , Γ(i1, ..., ik) = Γ(αi1 , ..., αik ). We also
use the notation Γ(i1, ..., ik, β) for the group Γ(αi1 , ..., αik , β) and other similar notation.
Below x±i(t) is the root element of Γ associated with the root ±αi and an element t of
the �eld, X±i,t is the element in the hyperalgebra of Γ associated with the root ±αi and
an integer t. For Γ = G set W = W (G). The labelling of simple roots is such as in [3]. A
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subsystem subgroup is the subgroup generated by all root subgroups associated with the
roots from some subsystem of the root system of G.

Below dimM (dimφ) is the dimension of a Γ-moduleM (a representation φ), Λ(M) and
Λ+(M) (Λ(φ) and Λ+(φ)) are the sets of weights and dominant weights of a moduleM (a
representation φ), andM∗ is the dual module to the moduleM . If ω ∈ Λ+(Γ), thenM(ω),
V (ω), T (ω), and φ(ω) are the irreducible module, the Weyl module, the indecomposable
tilting-module, and the irreducible representation of Γ with highest weight ω; ω(φ) (ω(M))
is the highest weight of a representation φ (a module M); ω(m) is the weight of a weight
vector m from some module; IrrM is the set of composition factors of a module M (up
to isomorphism). If Γ is a simple simply connected algebraic group over K, then ΓC is the
simple simply connected algebraic group over C with the same root system as Γ; for an
irreducible representation φ of Γ we denote by φC the irreducible representation of ΓC with
highest weight ω(φ); similarly we de�ne the ΓC-module MC for an irreducible Γ-module
M .

If H is a subgroup of Γ, then M |H is the restriction of a Γ-module M to H. The
weights and roots of Γ are considered with respect to a �xed maximal torus T . If T ∩H
is a maximal torus in H, then ω|H is the restriction of a weight ω to T ∩H. In this case
for a weight vector m from some Γ-module put ωH(m) = ω(m)|H. Note that T ∩H is a
maximal torus in H for a subsystem subgroup H. If M is an irreducible Γ-module, then
v ∈ M is a nonzero highest weight vector. For an element x ∈ G and a representation φ,
we use the symbol dφ(x) to denote the degree of the minimal polynomial of φ(x). The set
of the weights of the group A1(K) is identi�ed with the set Z of integers in the standard
way: aω1 7→ a.

For a unipotent element g ∈ GL(n,K) that has k1 Jordan blocks of size d1, k2 blocks of
size d2, ..., kt blocks of size dt with d1 > d2 > ... > dt and k1d1 + k2d2 + ...+ ktdt = n, we
shall write J(g) = (dk11 , ..., dktt ). For x ∈ G the symbol J(x) denotes the sequence J(φ(x))
for the standard representation φ. It is well known that the canonical Jordan form of the
image of a unipotent element in a representation of G is the same as for its image in the
dual representation.

In what follows V is the standard (natural) module of G, e1, e2, ..., en is a basis of
V , ⟨v1, v2, ..., vr⟩ (⟨V1, V2, ..., Vr⟩) is the subspace generated by vectors v1, v2,..., vr (by
subspaces V1, V2,..., Vr). We assume that n > 1 for G = An(K) or Cn(K), n > 2 for
G = Bn(K), and n > 3 for G = Dn(K).

The following facts will be used in this paper.
By [2, Proposition 5.13], the following formula holds for an element m of an arbitrary

G-module M , a root γ of G, and an element t ∈ K:

xγ(t)m =

∞∑
i=0

tiXγ,im.

This formula will be applied without special references.

Lemma 1. [2, Lemma 5.14] Let γ and δ be roots of a semisimple algebraic group. Then
the following formulae hold:

X−γXγ,d = Xγ,dX−γ −HγXγ,d−1 + (d− 1)Xγ,d−1,

Xγ,dXδ = XδXγ,d +

d∑
t=1

ctXγ+δ,tXγ,d−t, ct ∈ Z

(where Hγ = [Xγ , X−γ ]). We have Xi,kX−j,d = X−j,dXi,k for i ̸= j.

Probably, Proposition 1, Lemma 3, and Corollary 1 are well known, but we cannot give
explicit references.

Proposition 1. Let Γ be a group and U be a Γ-module. Assume that IrrU = S1 ∪ S2,
the subsets Si ̸= ∅, and that there are no indecomposable Γ-modules with two composition
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factorsM1 andM2 such thatMi ∈ Si, i = 1, 2. Then U = N1⊕N2 where Ni are Γ-modules
and IrrNi = Si.

Proof. We use the induction on the number of composition factors of U . Suppose that
U has l composition factors and that the proposition holds for modules with a smaller
number of composition factors. Obviously, we can assume that l ≥ 3. Let M ⊂ U be
an irreducible submodule. Set U = U/M . Without loss of generality we can assume that

M ∈ S1. It is clear that S2 ⊂ IrrU . First suppose that IrrU = S2. Obviously, there exists
a submodule U1 ⊂ U such that M ⊂ U1 and U1 has l − 1 composition factors. It is clear
that Irr(U1/M) ⊂ S2. Therefore by the induction hypothesis, U1 =M ⊕U2 where U2 is a
Γ-module and IrrU2 ⊂ S2. Set P = U/U2. It is clear that P has two composition factors,
one of them is isomorphic to M and another lies in S2. Then by the assumptions of the
proposition, P = P1 ⊕ P2 where P1

∼= M and P2 ∈ S2. Set N1 = M , and let N2 denote
the full preimage of P2 in U . It is clear that IrrN2 = S2, N1 ∩ N2 = 0, and the module
N2 has l − 1 composition factors. This implies that N = N1 ⊕N2.

Let IrrU ̸= S2. By the induction hypothesis, U = N1 ⊕ N2 where Ni are Γ-modules,
IrrN1 ⊂ S1, and IrrN2 = S2. Let N1 be the full preimage of N1 in U . It is clear that
IrrN1 = S1 and that for all modules Q ∈ S1, the multiplicities of the composition factor
isomorphic to Q in the modules N1 and U coincide. Let Z be the full preimage of N2 in U .
By the induction hypothesis, Z =M ⊕N2 where N2 is a Γ-module and IrrN2 = S2. It is
clear that for all modules F ∈ S2, the multiplicities of the composition factor isomorphic
to F in the modules U and N2 coincide. Since N1 ∩N2 = 0, this yields that U = N1 ⊕N2.

In what follows Γ is a semisimple algebraic group over K unless otherwise stated. We
shall use the symbol Ext1Γ(M2,M1) to denote the extension group of a Γ-module M1 by
M2, i.e. the set of equivalence classes of short exact sequences of Γ-modules of the form

0 →M1
i−→M

j−→M2 → 0

with the standard operation. Recall that for irreducible modules M1 and M2 a module M
in such sequence is completely reducible if Ext1Γ(M2,M1) = 0.

Lemma 2. [13, Part 2, Item 2.12, Formulae (1) and (4)] Let M1 and M2 be irreducible
Γ-modules. Then
1) Ext1Γ(M1,M1) = 0;
2) Ext1Γ(M1,M2) = Ext1Γ(M2,M1).

Proposition 2. [13, Part 2, Proposition 2.14] Let λ and µ ∈ Λ+(Γ) and µ ≯ λ. Then

Ext1Γ(M(λ),M(µ)) ∼= HomΓ(radΓV (λ),M(µ)),

where radΓV (λ) is the maximal submodule in V (λ).

Lemma 3. Let U be a Γ-module, M =M(ω), and IrrU =M∪I. Suppose that the module
V (ω) is irreducible and M /∈ IrrV (λ) if M(λ) ∈ I. Then U = N1 ⊕ N2 where N1 is the
direct sum of several copies of M , N2 is a Γ-module, and IrrN2 = I.

Proof. By Proposition 2 and Lemma 2, Ext1Γ(M,Q) = Ext1Γ(Q,M) = 0 for any Q ∈ I.
Hence there are no indecomposable Γ-modules with two composition factors one of which
is isomorphic to M and another is contained in I. By Proposition 1, U = N1 ⊕N2 where
N1 and N2 are Γ-modules, IrrN1 = M , and IrrN2 = I. It remains to prove that N1 is
completely reducible.

Let l be the number of composition factors of N1. Apply induction on l. For l = 1, our
assertion is trivial. For l = 2, it follows from Lemma 2. Assume that l > 2. Suppose that
the assertion holds for modules that have less than l composition factors. Obviously, N1

contains a submodule S with l − 2 composition factors. Lemma 2 implies that N1/S =

U1⊕U2 where Ui ∼=M . Let Ui be the full preimage of Ui inN1. It is clear thatN1 = U1+U2.
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As the modules Ui have l − 1 composition factors, each of them is completely reducible
by the induction hypothesis. This implies that N1 is completely reducible.

Corollary 1. Let U be a Γ-module. Assume that V (λ) is irreducible if M(λ) ∈ IrrU .
Then U is completely reducible.

Proof. Apply induction on the order t of IrrU . For t = 1, argue as for the module N1 in the
proof of Lemma 3. Let t > 1. Assume that the assertion of the corollary is true for modules
F with | IrrF | < t. Fix a module M ∈ IrrU and set I = IrrU \M . Since the modules
V (λ) are irreducible if M(λ) ∈ IrrU , then by Proposition 2 there are no indecomposable
modules with two composition factors one of which is isomorphic toM and another lies in
I. HenceM and I satisfy the assumptions of Lemma 3. By this lemma, U is the direct sum
of several copies of M and a module U1 with IrrU1 = I. By the inductive hypothesis, the
module U1 is completely reducible as |I| = t− 1. This yields the assertion of the corollary.

Corollary 2 is well known and appears in di�erent forms in numerous publications on
representation theory. We include it to show a connection with more general facts.

Corollary 2. Let Γ = A1(K) and U be a Γ-module all whose weights are less than p.
Then U is completely reducible.

Proof. It is well known that the Weyl modules of Γ with highest weights less than p are
irreducible. Therefore our assertion follows from Corollary 1.

Lemma 4. [13, Part 2, Lemma 2.13b and Formula (2.14.1)] A Γ-module generated by a
nonzero vector of weight λ �xed by all root subgroups associated with positive roots, is a
homomorphic image of the Weyl module V (λ) of Γ. The quotient module of this module
by its maximal submodule is isomorphic to M(λ).

Corollary 3 is well known, but we formulate it for the convenience of the reader.

Corollary 3. Let H ⊂ Γ be a subsystem subgroup and M be a Γ-module. Suppose that
a weight vector m ∈ M is �xed by all root subgroups associated with positive roots of H.
Then the module KHm and hence the restriction M |H has the composition factor with
highest weight ω(m)|H (here ω(m)|H is de�ned such as for G).

Proof. It follows from [25, Theorem 39b] that the module KHm is indecomposable. Then
we use Lemma 4.

Lemma 5. [31, Lemma 1] Let λ ∈ Λ+(Γ) and module V (λ) be irreducible. Suppose that
λ is the maximal weight of a Γ-module U and the weight subspace of this weight in U is
one-dimensional. Then U = V ⊕N where N ∼=M(λ).

Lemma 6. [21, 1.5] Let M be an irreducible Γ-module, m ∈ M be a nonzero weight
vector, β be a root of Γ, Xβ �xes m, and 0 < ⟨ω(M), β⟩ < p. Then X−β,cm ̸= 0 if
0 < c ≤ ⟨ω(M), β⟩.

Recall that a Γ-module is called a tilting module if it has both a �ltration by Weyl
modules and a �ltration by dual Weyl modules.

Lemma 7. [22, Lemma 1.1]
(a) For each dominant weight λ there exists an indecomposable tilting module T (λ), unique
up to isomorphism, with highest weight λ.
(b) Any tilting module is the direct sum of tilting modules of form T (λ).
(c) A direct summand of a tilting module is a tilting module.
(d) The tensor product of tilting modules is a tilting module.

In De�nition 1 and Lemmas 8� 9 Γ is a simple algebraic group of a classical type over
K.
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De�nition 1. A closed connected subgroup A of type A1 in Γ is called good if the images of
all roots under the homomorphism σ : Λ(Γ) → Λ(A) induced by the restriction of weights
from a maximal torus T of Γ to the maximal torus TA = T ∩A in A are at most 2p− 2.

Lemma 8. [22, Proposition 2.2] For any element x ∈ Γ of order p there exists a good
subgroup A containing x and all such subgroups are conjugate; one can chose such system
of simple roots that σ(αi) ∈ {0, 1, 2} and coincides with the ith label on the labelled Dynkin
diagram of x (here σ is the homomorphism from De�nition 1).

It is well known [8, Chapter 5] that for a regular element x the integer σ(αi) = 2 for
all i.

Lemma 9. Let α be the maximal short root and ρ be the halfsum of positive roots of Γ.
If ⟨ω + ρ, α⟩ ≤ p, then the Weyl module V (ω) is irreducible.

Proof. This lemma follows from [13, Part II, Proposition 8.19] since one easily observes
that ⟨ω + ρ, β⟩ ≤ ⟨ω + ρ, α⟩ for any positive root β of Γ.

Lemma 10. [3, Table I, II, IV ] Let α be the maximal root of G and ω =
n∑
i=1

aiωi. Then

⟨ω, α⟩ =



n∑
i=1

ai for G = An(K) or Cn(K);

a1 + an + 2
n−1∑
i=2

ai for G = Bn(K);

a1 + an−1 + an + 2
n−2∑
i=2

ai for G = Dn(K).

If G = Bn(K) or Cn(K) and β is the maximal short root of G, then

⟨ω, β⟩ = an + 2

n−1∑
i=1

ai in the �rst case

and

⟨ω, β⟩ = a1 + 2

n∑
i=2

ai in the second one.

Theorem 1. [24] Let S = G(i1, ..., ik) ⊆ G, M be an irreducible G-module with highest
weight ω, and v ∈ M be a nonzero highest weight vector. Then a subset KSv ⊆ M is an
irreducible S-module with highest weight ω|S and a direct summand of the S-module M .

Corollary 4. Let S = G(1, 2, ..., i − 1, i + 1, ..., n), M be an irreducible S-module with
highest weight ω, Ωk = {λ ∈ Λ(M)|λ = ω−kαi−

∑
j ̸=i

bjαj}, and Uk = ⟨Mµ|µ ∈ Ωk⟩. Then

M |S = U0 ⊕ ...⊕ Uh where h = h(M) = max{k|Ωk ̸= ∅}, Uk are S-modules, the modules
U0 and Uh are irreducible, ω(U0) = ω|S, and the lowest weight of Uh is the restriction to
S of the lowest weight of M .

Proof. It is obvious that Uk are S-modules and direct summands of M . Let Y ⊂ G be the
subgroup generated by all root subgroups Xα with negative α. SinceM = KY v, one easily
observes that KSv = U0. Hence the S-module U0 is irreducible by Theorem 1. Applying
Theorem 1 to a lowest weight vector and the negative roots, we conclude that the module
Uh is irreducible, too. Now the assertion on the highest and lowest weights is obvious.

Lemma 11. Let 1 ≤ i ≤ n, G1 = G(1, ..., i − 1, i + 1, ..., n), and M be an irreducible G-
module. Suppose that M ∼=M∗. For k ∈ Z+ set Ωk = {λ ∈ Λ(M)|λ = ω−kαi−

∑
j ̸=i

xjαj},

Uk = ⟨Mλ|λ ∈ Ωk⟩. Let h = h(M) be the maximal integer with Ωh ̸= ∅. Then the
G1-modules Uk and Uh−k are dual.
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Proof. Let T be a �xed maximal torus with respect to which the weights and the roots
of G are determined. Then T normalizes the subgroup G1. It is clear that Uk is a direct
summand of the restriction M |TG1. Since M ∼= M∗, then its lowest weight is equal to
−ω(M), Ωh−k = {λ ∈ Λ(M)|−λ ∈ Ωk}, and M |TG1 has a direct summand U isomorphic
to U∗

k . Taking into account that dim(Uk)λ = dimU−λ for any weight λ ∈ Λ(M) and
analyzing the action of torus T on the subspaces Uj , we get that U = Uh−k.

Remark 1. If G = Bn(K) or Cn(K), Lemma 11 holds for all irreducible modules.

Indeed, it is well known that for such groups all irreducible modules are self-dual.

Lemma 12. [29, Lemma 2.46] Let M be an irreducible G-module with highest weight
n∑
i=1

aiωi and v ∈ M be a nonzero highest weight vector. Let 1 ≤ s, t ≤ n and s, t < n for

G = Dn(K). Assume that 0 < at < p. Set bk = −⟨αk+1, αk⟩ and ck = −⟨αk−1, αk⟩. For
an integer d with 0 < d ≤ at de�ne the vector v(s, t, d) as follows. Put dt = d. If s < t, set
dk = ak + dk+1bk for s ≤ k < t. If s > t, put dk = ak + dk−1ck for s ≥ k > t. Now take

v(s, t, d) = X−s,ds ...X−k,dk ...X−t,dv.

For s = t put v(s, t, d) = X−s,dv. Then v(s, t, d) ̸= 0 and Xm,bv(s, t, d) = 0 for positive
m ̸= s and b > 0. Hence Xm �xes v(s, t, d).

The notation v(s, t, d) is intensively used below.

Corollary 5. Let H = G(i, i+1, ..., n), 1 < i < n; and let φ be a p-restricted irreducible
representation of G with highest weight

a1ω1 + ...+ an−1ωn−1 + anωn, ai ̸= 0.

Suppose that t is an integer and 0 < t ≤ ai. Then φ|H has a composition factor with
highest weight

(ai−1 + ai − t)ω1 + (ai+1 + t)ω2 + ai+2ω3 + ...+ anωn−i+1.

Proof. Put m = v(i−1, i, t). By Lemma 12, m ̸= 0 and the subgroups Xj with j > i−1 �x
m. Hence m generates an irreducible H-module with highest weight ωH(m). One easily
concludes that ωH(m) is equal to the weight above. This yields the corollary.

Theorem 2. [20] Let φ be a p-restricted irreducible representation of G. Then Λ(φ) =
Λ(φC).

For groups of types An and Dn this theorem is true for p = 2 as well. For groups of
type An it has been proved in [26].

Lemma 13. For d < p an exterior power ∧dV is a direct summand in ⊗dV (a special
case of the result [11, Corollary 2.6e]).

Corollary 6. Let G = An(K), A be the image of a completely reducible representation
of A1(K) with p-restricted irreducible components, and i < p. Then M(ωi)|A is a tilting
module.

Proof. This follows immediately from Lemmas 13 and 7(c,d).

Lemma 14. Let A ⊂ G be a connected semisimple closed subgroup and ω ∈ Λ+(G).
Suppose that the module V (ω) is irreducible and that there are weights λ1 and λ2 ∈ Λ+(G)
such that ω = λ1 + λ2 and the restrictions M(λ1)|A and M(λ2)|A are tilting modules.
Then M(ω)|A is a tilting module.

Proof. It is clear that the dimension of the weight subspace of weight ω in the module
M(λ1) ⊗ M(λ2) is equal to 1. Then by Lemma 5, M(ω) is a direct summand of this
tensor product. It remains to use Lemma 7(c,d).
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Corollary 7. Let A ⊂ G be a connected semisimple closed subgroup and M be an
irreducible G-module with highest weight ω. Suppose that the restrictions to A of irreducible
G-modules with fundamental highest weights are tilting modules and that ⟨ω + ρ, α⟩ ≤ p
for the maximal short root α of G. Then M |A is a tilting module.

Proof. Let ω =
n∑
i=1

aiωi. Set s =
n∑
i=1

ai. Apply induction on s. For s = 1 the assertion of

the corollary is true by hypothesis. Let s > 1 and aj ̸= 0 for some j. Put λ1 = ω − ωj ,
λ2 = ωj . By the induction hypothesis and the assumptions of the corollary, M(λi)|A is
a tilting module for i = 1 and 2. The module V (ω) is irreducible by Lemma 9. Now our
assertion follows from Lemma 14.

Corollary 8. Let G = An(K), A be the image of a completely reducible representation of
the group A1(K) with p-restricted irreducible components, M be the irreducible G-module
with highest weight a1ω1, and a1 < p. Then M |A is a tilting module.

Proof. It is clear that M(ω1)|A is a tilting module. It is well known that V (a1ω1) is
irreducible. It su�ces to apply Lemma 14 several times.

Lemma 15. [5] Let G = A2(K) and M be an irreducible p-restricted G-module with
highest weight ω = a1ω1 + a2ω2. Then the module V (ω) is irreducible for a1 + a2 < p− 1
and has two composition factors M(ω) and M(ω − d(α1 + α2)) for a1 + a2 = p + d − 2
with d > 0.

Lemma 16. Let G = A2(K), M be an irreducible p-restricted G-module with highest
weight ω = a1ω1 + a2ω2, a1 + a2 ̸= p − 1, 0 < k ≤ a1, and a2 ̸= 0. Then the multiplicity
of the weight ω − kα1 − α2 in M is equal to 2.

Proof. Put λ = ω − kα1 − α2. Obviously, λ ̸∈ Λ(M(ω − d(α1 + α2))) for d > 1. Hence
Lemma 15 yields that dimMλ = dimV (ω)λ. By [21, 1.5], this dimension is equal to 2.

Theorem 3. [10, Chapter V III, Theorem 2.7] Let 1 ≤ s ≤ t ≤ p. Then
J(Js ⊗ Jt) = (t− s+ 1, t− s+ 3, ..., t+ s− 1) for s+ t ≤ p and

J(Js⊗Jt) = (pk, t−s+1, ..., 2p− t−s−1) for s+ t > p and k = s+ t−p. In particular,
J(Js ⊗ Jp) = (ps).

Lemma 17. [23, Lemma 2.3 and the remark after Proposition 2.8 ] If G ̸= Dn(K) or a
unipotent element x ∈ G has at least one Jordan block of odd size in the standard realization
of G, then the conjugacy class containing x is uniquely determined by the Jordan form of its
elements in the standard realization. If G = Dn(K) and x has Jordan blocks of even sizes
only in the standard realization, then the set of elements with such Jordan form is divided
into two conjugacy classes. Furthermore, a unipotent element from SLn(K) is conjugate
to an element from Spn(K) if and only if the multiplicities of all Jordan blocks of odd sizes
are even, and it is conjugate to an element from SOn(K) if and only if the multiplicities
of all Jordan blocks of even sizes are even (here we mean blocks of this element in the
standard realization).

Lemma 18. [27, Proposition 2.12] Let x ∈ G be an element of order p, k1 ≥ k2 ≥ ... ≥ kt
be all sizes of Jordan blocks of x on V , and m = dimV . Suppose that a subgroup A and a
homomorphism σ are connected with x as in Lemma 8. Set

N(x) = (k1 − 1, k1 − 3, ..., 1− k1, k2 − 1, ..., 1− kt).

Then N(x) coincides with the set {σ(ω(ej))|1 ≤ j ≤ m}.

Remark 2. If G ̸= Dn(K) or an element x of order p has at least one block of odd size
in the standard realization, then Lemma 8 allows one to determine σ(εi).
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Indeed, since all σ(αj) ≥ 0, one easily observes that σ(ε1) ≥ σ(ε2) ≥ ... ≥ σ(εn+1)
for G = An(K) and σ(ε1) ≥ σ(ε2) ≥ ... ≥ σ(εn) ≥ 0 for G = Bn(K) or Cn(K). Let
G = Dn(K). We can conclude that

(1) σ(ε1) ≥ σ(ε2) ≥ ... ≥ σ(εn−1) ≥ |σ(εn)|.
Since x has a block of odd size, then at least one of the integers σ(εi) = 0. This yields
that σ(εn) = 0 and σ(ε1) ≥ σ(ε2) ≥ ... ≥ σ(εn−1) ≥ 0. As the sequence N(x) is known,
we can determine all the values σ(εi).

If G = Dn(K) and all blocks of x on V have even sizes, the picture is slightly more
di�cult. This is discussed in detail in Section 6.

In Propositions 3�5 and Lemmas 19� 20 G = An(K). It is well known that An(K) ∼=
SLn+1(K).

Denote by ∧rV , Sr(V ), and Sr,p(V ) the rth exterior, rth symmetric, and the rth
truncated symmetric powers of V , respectively.

Proposition 3. [13, Part 2, Item 2.15] For 1 ≤ r ≤ n, the space ∧rV is an irreducible
G-module with highest weight ωr. All weight subspaces of this module are one-dimensional.

Proposition 4. [33, Proposition 1.2] Let k and j be nonnegative integers and j < p−1.
For r = k(p − 1) + j ≤ (n + 1)(p − 1), the rth truncated symmetric power Sr,p(V ) is an
irreducible module with highest weight

(p− 1− j)ωk + jωk+1.

All weight subspaces of this module are one-dimensional. In particular, for r < p, the space
Sr(V ) is an irreducible G-module with highest weight rω1.

The following lemma is well known, we state it for the reader's convenience.

Lemma 19. Let k+ t = n− 1, H1 = Ak(K), H2 = At(K), Vi be the standard module for
the group Hi, i = 1, 2, and H ∼= H1H2 be a subsystem subgroup in G. Then the following
formulae hold:

∧i V ∼=
⊕

i1+i2=i,
i1≤k+1,
i2≤t+1

∧i1V1 ⊗ ∧i2V2;

SiV ∼=
⊕

0≤j≤i

SjV1 ⊗ Si−jV2;

Si,pV ∼=
⊕

i1+i2=i,
0≤i1≤(k+1)(p−1),
0≤i2≤(t+1)(p−1)

Si1,pV1 ⊗ Si2,pV2.

(2)

Proof. To proof this, consider the action of H in a basis of a relevant module associated
with some �xed bases of V1 and V2 in the standard way.

Lemma 20 is well known and follows from the irreducibility of the Weyl modules with
highest weights ω2 and 2ω1 ( [13, Part 2, Proposition 2.14] and [21, Item 1.15i]).

Lemma 20. Let p > 2. Then V ⊗ V ∼= ∧2V ⊕ S2V .

Proposition 5. (a part of [16, Theorem 6.1]) Let M1 = V ⊗ V ∗ and M2 =M(ω1 + ωn).
For an element x ∈ G of order p and an integer k, denote by rik(x) the number of Jordan
blocks of size k for the action of x on Mi, i = 1, 2.

1. Let x have at least one Jordan block of size less than p in the standard realization.
Then r1k(x) = r2k(x) for k ̸= 1, r21(x) = r11(x) − 1 if p ∤ n + 1, and r21(x) = r11(x) − 2 if
p|n+ 1.

2. Let x have only blocks of size p in the standard realization. If p2 | n + 1, then
r2p(x) = r1p(x) − 2, r2p−1(x) = 2, and r2k(x) = 0 for k ̸= p or p − 1. If p2 ∤ n + 1, then

r2p(x) = r1p(x)− 1, r2p−2(x) = 1, and r2k(x) = 0 for k ̸= p or p− 2.
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Lemma 21. [19, Lemma 10] Let Γ = A1(K), φ be an irreducible representation of Γ
with highest weight a, and 0 ≤ a < p. Then dimφ = a+ 1 and for a nontrivial unipotent
element z ∈ Γ, an element φ(z) has a unique Jordan block of dimension a+ 1.

In what follows this lemma is sometimes used without an explicit reference. The
canonical Jordan form of the image of a unipotent element in an arbitrary irreducible
representation of a group of type A1 can be found with the use of Lemma 21, the Steinberg
tensor product theorem [25, Theorem 1.1], and Theorem 3.

Proposition 6. Let n < p, Gn = An(K), zn be a regular unipotent element of Gn,
and φ1

n and φ2
n be the irreducible representations of Gn with highest weights ω2 and 2ω1,

respectively (we assume that φ1
1 is trivial). For an integer l set l = 1 or 3 if l ≡ 1 or 3

(mod 4), respectively. If n < p−2
2

, then

J(φ1
n(zn)) = (2n− 1, 2n− 5, ..., 2n− 1), J(φ2

n(zn)) = (2n+ 1, 2n− 3, ..., 2n+ 1).

If p−2
2

< n < p− 1, then

J(φ1
n(zn)) = (p2n+1−p, 2p− 2n− 3, 2p− 2n− 7, ..., 2p− 2n− 3),

J(φ2
n(zn)) = (p2n+3−p, 2p− 2n− 5, 2p− 2n− 9, ..., 2p− 2n− 5).

We have

J(φ1
p−1(zp−1)) = (p

p−1
2 ) and J(φ2

p−1(zp−1)) = (p
p+1
2 ).

Proof. In this proof for m < n, a representation φ of Gn, and a representation ψ of Gm, we
write J(φ(zn)) = (ak, J(ψ(zm))) if dφ(zn) = a, φ(zn) has just k Jordan blocks of size a,
and the sequence J(φ(zn)) can be obtained from J(ψ(zm)) by adding ak at the beginning.

For n = p− 1, the result follows immediately from [1, Theorem 2 (4)].
Let n < p−2

2
. It is clear that J(φ1

1(z1)) = (1). By Lemma 21, J(φ2
1(z1)) = (3). By [1,

Theorem 2 (4)],

J(φ1
n(zn)) = J(φ2

n−1(zn−1)), J(φ
2
n(zn)) = (2n+ 1, J(φ1

n−1(zn−1)))

for n > 1. This forces that J(φ1
2(z2)) = (3) and J(φ2

2(z2)) = (5, 1) and that

J(φ1
n(zn)) = (2n− 1, J(φ1

n−2(zn−2))), J(φ
2
n(zn)) = (2n+ 1, J(φ2

n−2(zn−2)))

for n > 2. Now apply induction on n to complete the proof for n < p−2
2
.

Next, let p−2
2

< n < p− 1. Then by [1, Theorem 2 (1)],

J(φ1
n(zn)) = (p

2n−p+1
2 , J(φ2

p−n−2(zp−n−2))), J(φ
2
n(zn)) = (p

2n+3−p
2 , J(φ1

p−n−2(zp−n−2)))

(here we assume that J(φ1
0(z0)) = ∅ and J(φ2

0(z1)) = (1)). It remains to apply the results
for n < p−2

2
proven just before.

Lemma 22. [31, proof of Lemma 4, Formula (1)] Let G = A2(K), ω = a1ω1+a2ω2, and
U = V (ω). Suppose that µ = ω − tα1 − kα2 ∈ Λ(U). Then the multiplicity nµ of weight µ
in U is determined by the formula

nµ = min{t, k}+ 1−max{0,min{t− a1 − 1, k}+ 1} −max{0,min{t, k − a2 − 1}+ 1}.

In Lemmas 23�29, Propositions 7�8, Corollary 9, and Remarks 3� 4 Γ = A1(K). Denote
by ∆(a) the Weyl comodule of Γ with highest weight a.

The following lemma describes Weyl modules and indecomposable tilting modules with
not large highest weights for a group of type A1.

Lemma 23. [22, Lemmas 1.2 and 1.3] For 0 ≤ c < p the module T (c) ∼= V (c) ∼= M(c).
If p ≤ c ≤ 2p− 2, write c = r+ p. Then the maximal submodule M in V (c) is isomorphic
to M(p− r − 2) and V (c)/M ∼=M(c). The module T (c) has a �ltration

T (c) =M1 ⊃M2 ⊃M3 ⊃M4 = 0
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with M1/M2
∼=M3

∼=M(p− r − 2) and M2/M3
∼=M(r + p);

dim(T (c)) = 2p. In this case the module T (c) is projective for the group A1(p).

Lemma 24. [22, Lemma 1.4] Let 0 ≤ r ≤ p−2. Set c = r+p and d = p− r−2. Suppose
that the composition factors of a Γ-module N are isomorphic either to M(c), or to M(d).
Then

N = T (c)r ⊕ V (c)s ⊕∆(c)t ⊕M(c)u ⊕M(d)v,

where Ua is the direct sum of a copies of a module U . Moreover, N is self-dual if and only
if s = t.

Remark 3. Let N be a self-dual Γ-module and Nµ be the sum of all indecomposable
components of N with a �xed highest weight µ. Then the module Nµ and a sum of several
such modules are self-dual.

This assertion is clear since the indecomposable components of a module are determined
up to isomorphism and the highest weight of an A1(K)-module is preserved after the
transition to the dual one.

The following proposition describes the structure of indecomposable tilting modules
with highest weight bigger than p for the group A1(K).

Proposition 7. [9, Example 2] Let m ≥ p. Then

T (m) ∼= T (p− 1 + r)⊗ T (s)Fr,

where Fr is the Frobenius morphism of the group A1(K) determined by raising elements of
the �eld K to the pth power, and r and s are determined by the equality m+1−p = r+ps,
0 ≤ r ≤ p− 1.

Lemma 25. Let Xα and X−α be the root elements of the Lie algebra of Γ associated with
the positive and the negative roots, respectively, and 0 ≤ s < p − 2. Then the Γ-module
T (p + s) contains a vector u of weight p − s − 2 such that Xs+1

−α X
s+1
α u ̸= 0, and a Γ-

module U with IrrU = {M(p+ s), M(p− s− 2)} that has no indecomposable components
isomorphic to T (p+ s), does not contain such vectors.

Proof. It is clear that there is a factor isomorphic to ∆(p+ s) in the �ltration of T (p+ s)
by dual Weyl modules. Then there exists a nonzero vector u ∈ T (p+ s) such that ω(u) =
p − s − 2 and Xs+1

α u ̸= 0. Obviously, Xs+1
α u is a highest weight vector in T (p + s). This

forces that Xs+1
−α X

s+1
α u ̸= 0.

Let U be a Γ-module with IrrU = {M(p + s), M(p − s − 2)}. Assume that U has no
indecomposable components isomorphic to T (p+ s). Write U = U1 ⊕ ...⊕ Uk where U1,
..., Uk are the indecomposable components of U . It is clear that

Up−s−2 = U1
p−s−2 ⊕ U2

p−s−2 ⊕ ...⊕ Ukp−s−2.

By Lemma 24, U i ∈ {V (p+ s),∆(p+ s),M(p+ s),M(p− s− 2)}. Let u ∈ Up−s−2. Then

u = u1 + ... + uk where uj ∈ U jp−s−2. Obviously, uj = 0 for U j ∼= M(p + s). One easily

observes that Xs+1
α uj = 0 for U j ∼= M(p − s − 2) or V (p + s). Let U j ∼= ∆(p + s). Then

hj = Xs+1
α uj is a highest weight vector in U

j . It is well known that KΓhj ∼=M(p+ s) for
hj ̸= 0. Hence Xs+1

−α hj = 0. This yields that Xs+1
−α X

s+1
α uj = 0.

Corollary 9. Let 0 ≤ s < p−2 and N be a Γ-module such that I(N) = {2M(p+s), 4M(p−
s− 2)}. Assume that dimXs+1

−α X
s+1
α Np−s−2 = 2. Then N ∼= T (p+ s)⊕ T (p+ s).

Proof. By Lemma 24, any indecomposable component of N is isomorphic to T (p + s),
V (p+ s), ∆(p+ s), M(p+ s), or M(p− s− 2). It follows from Lemma 25 that at least one
of these components is isomorphic to T (p+ s). Write N = N1 ⊕N2 where N1 ∼= T (p+ s).
It is clear that dimN1

p−s−2 = 2. Since N1 contains a submodule isomorphic to V (p + s),

then KerXα ∩N1
p−s−2 ̸= 0. This and Lemma 25 imply that dimXs+1

−α X
s+1
α N1

p−s−2 = 1.
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Assume that N2 ̸∼= T (p + s). Then it is obvious that N2 has no such indecomposable
components. Hence Lemma 25 yields that Xs+1

−α X
s+1
α N2

p−s−2 = 0 and

dimXs+1
−α X

s+1
α Np−s−2 = 1. A contradiction obtained completes the proof.

Lemma 26. Let λ and µ ∈ Z+ and one of the following hold:
a) λ = 2p+ b, 0 ≤ b < p− 1, µ = 2p− b− 2;
b) p = 5, λ = 15, µ = 13;
c) p = 5, λ = 16, µ = 12.
Then the maximal submodule in V (λ) is isomorphic toM(µ). Hence V (λ) has two composition
factors: M(λ) and M(µ).

Proof. This facts follow from [7]. It is not di�cult to check this directly as we know the
weight sets of irreducible modules and Weyl modules of A1(K).

Proposition 8. Let Γ = A1(K). Set λ1 = 2p+ b where 0 ≤ b < p− 1, and
S1 = {λ1, λ1 − b − 2, b}. For p = 5 put λ2 = 15, λ3 = 16 and S2 = {15, 13, 5, 3},
S3 = {16, 12, 6, 2}. Suppose that M is a Γ-module with the maximal weight λi. Then
M =M1 ⊕M2 where Mi is a Γ-module, IrrM1 ⊂ Si, and IrrM2 ∩ Si = ∅ or M2 = 0.

Proof. Let a ∈ Si, b ∈ Z+, b ̸∈ Si, and b < λi. Show that Ext1Γ(M(a),M(b)) = 0. By
Lemmas 23 and 26, M(c) is not a composition factor of V (d) for (c, d) = (a, b). Now
Proposition 2 and Lemma 2 imply that Ext1Γ(M(b),M(a)) = 0. To complete the proof,
we use Proposition 1.

Lemma 27. Let Γ = A1(K). Set λ = p + i, 0 ≤ i ≤ p − 2, and S = {p + i, p − i − 2}.
Suppose that M is a Γ-module with the maximal weight λ. Then M =M1 ⊕M2 where M
is a Γ-module, IrrM1 ⊂ S, and IrrM2 ∩ S = ∅ or M2 = 0.

Proof. The proof follows from Proposition 1 and Lemma 23.

Lemma 28. Let N be an indecomposable Γ-module generated by a highest weight vector
v, α be the positive root of Γ, and ω(v) = a. Suppose that a = p+ l or 2p+1 with l < p−1

and that Xl+1
−α v ̸= 0. Then N ∼= V (a).

Proof. By Lemma 4,N is isomorphic to a quotient module of V (a). Lemmas 23 and 26 yield
that in all the cases under consideration the module V (a) has two composition factors.
One easily observes that ω(N)− (l+ 1)α ̸∈ Λ(M(a)). Hence N ≇M(a). This implies our
assertion.

Lemma 29. Let N be a self-dual Γ-module with the maximal weight ω = p + i, 0 ≤ i ≤
p− 2. Assume that dimNω = 1 and that Xi+1

−α m ̸= 0 for a nonzero vector m ∈ Nω. Then
N has a direct summand isomorphic to T (p+ i).

Proof. Let F be an indecomposable component of N containing the subspace Nω (such
component exists since dimNω = 1). By Lemma 28, KΓm ∼= V (p+ i). This implies that
F is reducible. It is clear that F is self-dual as N is self-dual and ω is not a weight of an
indecomposable component of N distinct from F . Now the lemma follows from Lemma 23.

Remark 4. If a self-dual Γ-module has a �ltration by Weyl modules, then it is a tilting
module.

Indeed, this module has a �ltration by dual Weyl modules due to self-duality.
In Theorems 4 and 5 and Proposition 9G = Cn(K). It is well known thatG ∼= Sp2n(K).
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Theorem 4. [32] The irreducible representations

µ1,n = φ

(
ωn−1 +

p− 3

2
ωn

)
and µ2,n = φ

(
p− 1

2
ωn

)
of G have the dimensions pn−1

2
and pn+1

2
, respectively, and all their weights have multiplicity 1.

Let k < n, H1 and H2 ⊂ G be commuting subsystem subgroups of types Ck and Cn−k,
respectively, and H = H1H2. Then

µ1,n|H ∼= µ1,k ⊗ µ2,n−k ⊕ µ2,k ⊗ µ1,n−k,

µ2,n|H ∼= µ1,k ⊗ µ1,n−k ⊕ µ2,k ⊗ µ2,n−k

(here the �rst tensor multiplier is a representation of H1 and the second one is a representation
of H2, ω0 = 0).

Theorem 5. [21, 8.1] The irreducible G-modules with highest weights aω1 for a < p or
aωi+(p−1−a)ωi+1 where 1 ≤ i < n and a ̸= 0 for i = n−1, are equivalent to restrictions
to G of the irreducible modules of the group A2n−1(K) with the same highest weights.

Proposition 9. (a part of [16, Corollary 6.2]) Let M1 = Λ2V and M2 = M(ω2). For an
element x ∈ G of order p and an integer k, denote by rik(x) the number of Jordan blocks
of size k for the action of x on Mi, i = 1, 2.

1. Let x have at least one Jordan block of size less than p in the standard realization.
Then r1k(x) = r2k(x) for k ̸= 1, r21(x) = r11(x)− 1 if p ∤ n, and r21(x) = r11(x)− 2 if p|n.

2. Let x have only blocks of size p in the standard realization. If p2 | n + 1, then
r2p(x) = r1p(x)− 2, r2p−1(x) = 2, and r2k(x) = r1k(x) for k ̸= p or p− 1. If p2 ∤ n+ 1, then

r2p(x) = r1p(x)− 1, r2p−2(x) = 1, and r2k(x) = r1k(x) for k ̸= p or p− 2.

In Theorems 6 and 7, Lemma 30, and Proposition 10 G = Bn(K) or Dn(K). It is well
known that

Bn(K) ∼= Spin2n+1(K) and Dn(K) ∼= Spin2n(K);

the group B2(K) ∼= C2(K).

Theorem 6. (see, for example, [29, Proposition 2.34]) Let

t = 2n− 1, i < n− 1 for G = Dn(K) and

t = 2n, i < n for G = Bn(K).

Then the G-module M(ωi) is isomorphic to the restriction to G of the irreducible At(K)-
module with the same highest weight.

The following lemma is well known, but we failed to �nd an explicit reference.

Lemma 30. Let G = Bn(K), H1 = G(1, 2, ..., i − 1, εi−1 + εi), H2 = G(i + 1, ..., n),
1 < i < n, H = H1H2, and Γ = G(2, 3, ..., n). Then

M(ωn)|H ∼=M(ωi−1)⊗M(ωn−i)⊕M(ωi)⊗M(ωn−i)

(here in each tensor product the �rst multiplier is an H1-module and the second one is an
H2-module),

M(ωn)|Γ ∼=M(ωn−1)⊕M(ωn−1).

Proof. It is clear that H1
∼= Di(K) and H2

∼= Bn−i(K). Let M = M(ωn) be a G-module.
Denote by Ω1 (respectively, Ω2) the subspace in Λ(M) consisting of all the weights of the
form {±ε1±ε2± ...±εi± ...±εn}/2 with an odd (respectively, an even) number of symbols
”minus” for εj , 1 ≤ j ≤ i; and let Ni = ⟨Mλ|λ ∈ Ωi⟩. Obviously,M = N1⊕N2. One easily
observes that N1 and N2 are H-modules. Taking into account the weight structure of M ,
we conclude that N1

∼=M(ωi−1)⊗M(ωn−i) and N2
∼=M(ωi)⊗M(ωn−i).

The proof of the second assertion is similar. Here Ω1 = {(−ε1 ± ε2 ± ... ± εn)/2} and
Ω2 = {(ε1 ± ε2 ± ...± εn)/2}.
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Theorem 7. [29] Let G = Dn(K), f + g = n − 1, and let B ∼= Bf (K) × Bg(K) be
the subgroup in G determined by the natural embedding SO2f+1(K) × SO2g+1(K) ⊂
SO2n(K) (here we put B0(K) = 1). Then the restriction to B of the representations
φ(ωn−1) and φ(ωn) are irreducible and equivalent to the tensor product φ(ωf ) ⊗ φ(ωg).
For B ∼= Bn−1(K) these restrictions are equivalent to the spin representation φ(ωn−1).

Proof. The proof follows from the description of the restrictions of weights of G to the
relevant subgroups, see [29, Lemma 2.23].

Proposition 10. (a part of [16, Corollary 6.3]) Let M1 = S2V and M2 = M(2ω1). For
an element x ∈ G of order p and an integer k, denote by rik(x) the number of Jordan
blocks of size k for the action of x on Mi, i = 1, 2. Set t = 2n + 1 for G = Bn(K) and
t = 2n for G = Dn(K).

1. Let x have at least one Jordan block of size less than p in the standard realization.
Then r1k(x) = r2k(x) for k ̸= 1, r21(x) = r11(x)− 1 if p ∤ t, and r21(x) = r11(x)− 2 if p|t.

2. Let x have only blocks of size p in the standard realization. If p2 | t, then r2p(x) =

r1p(x)−2, r2p−1(x) = 2, and r2k(x) = r1k(x) for k ̸= p or p−1. If p2 ∤ t, then r2p(x) = r1p(x)−1,

r2p−2(x) = 1, and r2k(x) = r1k(x) for k ̸= p or p− 2.

3. The general scheme of proof

The list of p-restricted irreducible representations of the classical algebraic groups whose
dimensions are at most 100 can be found in Lubeck's article [18, Theorem 5.1 and Tables in
�6]. Obviously, we can omit the standard and trivial modules as well as modules obtained
from the standard one with the help of a graph automorphism of a group. Taking this into
account, we conclude that the following groups have representations we are interested in:
An(K), n ≤ 13, Bn(K), n ≤ 6, Cn(K) and Dn(K), n ≤ 7.

In what follows φ is a p-restricted irreducible representation of G, M is a module
a�ording φ, ω = ω(M), Mλ ⊂ M is the weight subspace of weight λ, v ∈ M is a nonzero
highest weight vector. If H1, H2 ⊂ G are simple subsystem subgroups and H = H1H2,
then a weight µ of H is written in the form (µ1, µ2) where µ1 = µ|H1 and µ2 = µ|H2.
An analogical notation is used for subgroups with three simple components. If A ⊂ G
is a �xed subgroup of type A1, then α is the positive root of A, Xα and X−α are the
root operators of its Lie algebra. If N is an A-module, Irr(N) = {M(a1), ...,M(ak)},
and the multiplicity of the composition factor M(ai) is equal to bi, 1 ≤ i ≤ k, then set
I(N) = {b1M(a1), b2M(a2), ..., bkM(ak)}. Throughout the text Inv(Mµ) is the subspace
inMµ consisting of vectors invariant with respect to Xα. It is always clear from the context
what group is considered. For an element x ∈ G of order p, let Ax and σx : Λ(G) → Z be
a good A1-subgroup containing x and a homomorphism from Lemma 8. It is obvious that
σx(ω) = max

µ∈Λ(M)
σx(µ). It occurs that for representations being considered, σx(ω) ≤ 3p+3

and for majority of them, σx(ω) ≤ 2p − 2. To �nd the dimensions of Jordan blocks of x
on M , we determine the indecomposable components of the module Mx = M |Ax. First
we �nd the composition factors of Mx. For this purpose, it is necessary to know the
dimensions of the weight subspaces of M . By Theorem 2, the set Λ(M) = Λ(MC). The
latter set can be determined using [4, Chapter 8, �7] if we take into account that Λ(MC)
is invariant under the Weyl group W . In some cases the Weyl module V (ω) is irreducible,
i.e. M ∼= V (ω). Then these dimensions are calculated by known formulas [12, �22, Item
3]. The module M often turns out to be a module with one-dimensional weight subspaces
from Propositions 3, 4, and Theorem 4. In other cases the composition factors of V (ω)
are determined with the use of the Jantzen �ltration [13, Part II, �8, Proposition 8.19] or
bases of weight subspaces for dominant weights of M are constructed explicitly.

Lemma 31. Let G ̸= Dn(K) or ω =
n−2∑
i=1

aiωi. Then the module Mx is self-dual.
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Proof. For G = Bn(K) or Cn(K) and for G = Dn(K), ω =
n−2∑
i=1

aiωi, the module M is

self-dual, therefore Mx is self-dual. Let G = An(K), φ∗ and M∗ be the representation
and the module dual to the representation φ and the module M . It is clear that M∗|Ax is
dual to Mx. Let τ be the graph morphism of G. It is well known that φ∗ ∼= φ ◦ τ . As the
graph automorphism does not change the canonical Jordan form of x on V and therefore
�xes its conjugacy class, then the subgroups Ax and τ(Ax) are conjugate in G. Hence
φ∗|Ax ∼= φ|Ax. This implies that the restrictions φ|Ax and M |Ax are self-dual.

Corollary 10. In the assumptions of Lemma 31 let Mx = N1 ⊕ N2 ⊕ ... ⊕ Nj and
Irr(Ni)∩ Irr(Nj) = ∅ for i ̸= j. Then the modules Ni are self-dual. If Nj = F1 ⊕F2 where
F1 is an indecomposable module and the maximal weight of F1 is bigger than any weight
from Λ(F2), then F1 and F2 are self-dual.

Proof. The corollary follows easily from the self-duality of Mx.

Lemma 32. Let G = A2(K) and a weight ω = a1ω1 + a2ω2 ∈ Λ+(G) be p-restricted.
Assume that a1 + a2 = p or p+ 1. Then the restriction M(ω)|G(1) is a tilting module.

Proof. Put H = G(1), M = M(ω), and Ωi = {µ ∈ Λ(M)|µ = ω − iα2 − kα1}. Since
ω − (a1 + a2)(α1 + α2) is the lowest weight of M , then Ωi = ∅ for i > a1 + a2. Set

Fi = ⟨Mµ|µ ∈ Ωi⟩, 0 ≤ i ≤ a1+a2. It is clear that Fi is an H-module andM |H =
a1+a2⊕
i=0

Fi.

Put µi = ω − iα2 for 0 ≤ i ≤ a2 and µi = ω − bα1 − iα2 for i = a2 + b > a2. Obviously,
dimMµi = 1 as for i > a2 the weight µi lies in the same W -orbit with the weight ω− bα1.
Lemma 12 implies that in all cases µi ∈ Λ(M).

One easily observes that a weight ν = ω − cα1 − (a2 + b)α2 ̸∈ Λ(M) for 0 ≤ c < b
since ⟨ν, α2⟩ < −(a2 + b). This yields that µi is the maximal weight of the H-module Fi.
If ki = ⟨µi, α1⟩ < p, then by Corollary 2, Fi is a direct sum of irreducible p-restricted
H-modules. Observe that ki = a1 + i for i ≤ a2 and ki = a1 + a2 − b for i = a2 + b > a2.
Hence for a1 + a2 = p, the integer ka2 = p and ki < p for i ̸= a2. If a1 + a2 = p+ 1, then
ka2 = p + 1, ka2−1 = ka2+1 = p, and ki < p for i ̸∈ {a2 − 1, a2, a2 + 1}. For a1 + a2 = p,
set m = X−2,a2v. If a1 + a2 = p+ 1, then a1, a2 > 1 as M is p-restricted. In this case we
put m1 = X−2,a2−1v, m2 = X−2,a2v, and m3 = X−2,a2+1X−1v. By Lemma 12, m, m1,
m2, and m3 are nonzero. We shall show that

(3) KHm ∼= KHm1
∼= KHm3

∼= V (p), KHm2
∼= V (p+ 1).

By Lemma 28, for this it su�ces to show that X−1m, X−1m1, X−1m3, and X
2
−1m2 ̸= 0.

Put u = X2,a2X−1m, u1 = X2,a2−1X−1m1, u2 = X2,a2X
2
−1m2, and u3 = X2,a2+1X−1m3.

Taking into account the commutation relations in the Lie algebra of G, we obtain that
u = cX−1v, u1 = c1X−1v, u2 = c2X

2
−1v, and u3 = c3X−1v where c and ci ∈ K∗, 1 ≤ i ≤ 3.

Since a1 ̸= 0 and a1 > 1 for a1 + a2 = p+ 1, Lemma 6 implies that all the vectors u, u1,
u2, and u3 ̸= 0. Therefore m, m1, m2, and m3 ̸= 0 and Formula (3) holds.

For a1 + a2 = p, set Q = Fa2 and denote by N the indecomposable component of
module Q containing m. For a1 + a2 = p+1, set Q1 = Fa2−1, Q2 = Fa2 , and Q3 = Fa2+1

and denote by N1, N2, and N3 the indecomposable components of the modules Q1, Q2,
and Q3 containing the vectors m1, m2, and m3, respectively. Such components exist since
the weight subspaces of M containing these vectors are one-dimensional.

Since N , N1, N2, and N3 contain the Weyl modules V (p) or V (p+1), then Lemmas 23
and 27 yield that N , N1, and N3 are isomorphic to T (p) or V (p) and N2

∼= T (p + 1) or
V (p + 1). By Lemma 31, the module M |H is self-dual. Hence the modules N , N2, and
N1 ⊕N3 are self-dual since other indecomposable components of M |H have no weights p,
p + 1, and p in the �rst, the second, and the third cases, respectively. This implies that
N ∼= N1

∼= N3
∼= T (p) and N2

∼= T (p + 1). Other indecomposable components of M |H
have all weights less than p. Therefore they are p-restricted irreducible modules.
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Next, often it is necessary to prove that for some weight vector m ∈M invariant with
respect to the group Xα, the module KAxm is isomorphic to V (p+ b) with 0 ≤ b < p− 1
or 2p+ b with b ≤ 4. For this, we always use Lemma 28.

In a number of cases Corollary 7 allows one to prove that Mx is a tilting module.
Then it is a direct sum of modules T (λ). In particular, by Lemma 14, Mx is a tilting
module for ω = aω1, a < p, if G = An(K) or Cn(K). If Mx is a tilting module, then
its indecomposable components T (λ) are determined with the use of Lemma 23 and
Proposition 7. In situations where a priori it is not clear whether Mx is a tilting module,
explicit calculations are used to determine indecomposable components ofMx. The action
of the root elements of the Lie algebra of Ax and elements from the hyperalgebra of this
group on certain weight elements of Mx is considered here. An essential role is played by
Lemma 23. Often it is necessary to �nd out whether a module Mx has a direct summand
of the form T (λ) ⊕ M(λ) or V (λ) ⊕ ∆(λ) for λ = p + a, a < p − 1. For this, we use
Lemma 25. Obviously, σx(ω) = max

µ∈Λ(M)
σx(µ) as σx(αi) ≥ 0. So by Corollary 2, Mx is

a direct sum of p-restricted modules if σx(ω) < p. If the module Mx is a direct sum of
irreducible submodules and tilting modules, then the block structure of φ(x) is determined
with the use of Lemmas 23 and 7 and the formula from Theorem 3.

Let y be a regular unipotent element andMi =Mi(y) be the sum of all weight subspaces
Mλ with σy(λ) = i. It is well known that for G ̸= Dn(K), the restriction V |Ay is an
irreducible moduleM(a) with a < p. Recall that in this situation the moduleM(a) ∼= V (a)
is in�nitesimally irreducible too. Hence V has a basis where the action of the operatorsX±α
is determined by the same formulae as for the irreducible module with highest weight a
in characteristic 0. These formulae can be found in [4, Chapter 8, �13.1]. For G = Bn(K)
or Cn(K), we can determine explicitly an Ay-invariant symmetric or skew-symmetric
nonsingular bilinear form on V (unique up to scalars). Then we choose a basis in which
this form has a canonic form (as in [4, Chapter 8, �13.2 and �13.3]). Now using the formulae
from [4, Chapter 8, �13.1��13.3] describing the action of the root operators X±i in the
standard modules for the classical Lie algebras, for all three series one can deduce explicit
formulae for expressing the operators Xα and X−α as linear combinations of the operators
Xi and X−i, respectively. Analyzing the action of Ay on V , it is not di�cult to show that
all coe�cients in these linear combinations are nonzero.

To investigate the block structure of other unipotent elements, we use an analysis of
direct summands of restrictions of φ to subsystem subgroups. For wedge, symmetric and
reduced symmetric powers of the standard module for a group of type An, the explicit
formulae (2) from Lemma 19 are used. Below if x is conjugate to an element from a
proper subgroup Γ = G(i1, i2, ..., ik) and M is a direct sum of irreducible Γ-modules,
then the block structure of φ(x) is determined on the base of results obtained earlier and
the formulae from Theorem 3. In what follows this approach is applied without special
comments. Let x be a regular unipotent element from such subgroup Γ. Then there exist a
subgroup A ⊂ Γ and maximal tori TA ⊂ A and TΓ ⊂ Γ such that A ∼= A1(K), x ∈ A, and
the homomorphism σ : Λ(Γ) → Z determined by restricting weights from TΓ to TA takes
the root αi1 , ..., αik (more exactly, their restrictions to Γ) to 2. For such elements in some
cases we consider not the subgroup Ax and the homomorphism σx, but the restriction
M |Γ, the subgroup A, and the homomorphism σ; here α is the positive root of A. In all
these situations it is explicitly indicated in what subsystem subgroup x is contained, the
notation A and σ is used.

4. Special linear groups

In this section the problem is solved for representations of special linear groups. We
apply Theorem 3 and Proposition 5 to solve the problem for ω = ω1+ωn and Proposition 6
to do this for a regular unipotent element of order p and ω = ω2 or 2ω1. If a unipotent
element is not regular, then it is conjugate to a regular element from a proper subsystem
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subgroup. To determine the block structure of such element of order p on a wedge,
symmetric, or reduced symmetric power of the standard module, we use Theorem 3,
Lemma 19, and an information on such structure for regular unipotent elements in analogical
modules for groups of type Al and smaller rank. This permits us to �ll the corresponding
positions in Tables 2�12. Hence we do not need to discuss the block structure of nonregular
unipotent elements in such modules in more detail. Now we can and shall assume that
ω ̸∈ {ω2, 2ω1, ω1 + ωn}.

It is well known that if ω(φ) =
n∑
i=1

aiωi, then the highest weight of φ
∗ equals

n∑
i=1

an+1−iωi.

As we have mentioned in Section 3, it su�ces to consider only one of the representations
φ and φ∗.

Let x be a transvection. Obviously, then σx(ε1) = 1, σx(εn+1) = −1, σx(εi) = 0 for

2 ≤ i ≤ n, and σx(ω) =
n∑
i=1

ai. Corollary 2 yields that Mx is a direct sum of p-restricted

modules if
n∑
i=1

ai < p.

Now we shall indicate when Mx is a tilting module for any element x of order p by the
results of Section 2. By Lemma 13, Mx is a tilting module for ω = ωi, i < p. Lemma 14
implies that Mx is a tilting module if ω = aω1 with 2 ≤ a < p. Here we choose (a− 1)ω1

and ω1 for the weights λ1 and λ2 from Lemma 14. It is clear that Mx is a tilting module
for ω = aωn with a < p as well since in this case ω(φ∗) = aω1.

1. Let G = A2(K). By Lemma 14, Mx is a tilting module for any element x of order p
in the following cases:
for ω = 2ω1 + ω2 and p ≥ 3;
for ω = 2ω1 + 2ω2 and p ̸= 5;
for ω ∈ {ω1 + ω2, 4ω1 + ω2} and p ≥ 5;
for ω ∈ {4ω1 + 2ω2, 4ω1 + 3ω2} and p ̸= 7;
for ω ∈ {3ω1 + ω2, 3ω1 + 2ω2} and p ≥ 7;
for ω ∈ {5ω1 + ω2, 6ω1 + ω2, 3ω1 + 3ω2, 7ω1 + ω2, 5ω1 + 2ω2, 8ω1 + ω2} and p ≥ 11.
Here if ω = aω1 + bω2, we take λ1 = aω1 and λ2 = bω2 in the assumptions of Lemma 14.

2. Let G = A3(K). By Corollary 7, Mx is a tilting module for any element x of order p
for ω ∈ {ω1 + ω2, 2ω2} and p ≥ 5;
for ω ∈ {ω1 + ω2 + ω3, 3ω1 + ω2, 2ω1 + 2ω3} and p ≥ 7.

Lemma 14 yields that Mx is a tilting module for the following ω and p:
ω ∈ {ω1 + ω3, 2ω1 + ω2, ω1 + 2ω2} and p ≥ 3;
ω = 2ω1 + ω3 and p ̸= 5;
ω ∈ {3ω2, 3ω1 + ω3} and p ≥ 5.

3. Let G = A4(K). By Lemma 14, Mx is a tilting module for the following ω and p:
ω = ω1 + ω2 and p ̸= 3;
ω = ω1 + ω3 and p ≥ 3;
ω ∈ {2ω2, 2ω1 + ω4, ω2 + ω3} and p ≥ 5.

4. Let G = A5(K). Lemma 14 implies that Mx is a tilting module for the following ω
and p:
ω = ω1 + ω2 and p ̸= 3;
ω = ω1 + ω4 and p ̸= 5.

To apply Lemma 14 to the representations indicated in Items 2�4, we take λ1 = aωi
and λ2 = gωj if ω = aωi + bωj , i < j, and λ1 = (a− 1)ω2, λ2 = ω2 if ω = aω2.

In all these cases V (ω) is irreducible. So for a �xed element x of order p, we can �nd
the composition factors and the indecomposable components of Mx using the approaches
described in Section 3.

Now we consider the remaining representations. It what follows Remark 3 and Lemma 28
are used without special comments.
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Using the arguments at the end of the previous section, we can assume that for a
regular unipotent element y of order p the following holds

Xα = X1 + 2X2 + ...+ iXi + ...+ nXn,

X−α = nX−1 + (n− 1)X−2 + ...+X−n.
(4)

I. Let G = A2(K). Then Xα = X1 + 2X2, X−α = 2X−1 +X−2 for the root elements
of the Lie algebra of Ay. First we deal with φ(y) and My.

I.I. Let p = 5 and ω = 3ω1 + ω2. Then dimφ = 18 and M ∼= S5,5(V ). One can
directly verify that σy(ω) = 8, dimM8 = 1, dimM6 = 2, dimM4 = 2, dimM2 = 3, and
dimM0 = 2. Hence I(My) = {M(8),M(6), 2M(2)}. By Lemma 23, My = M(8) ⊕ N
where I(N) = {M(6), 2M(2)}. Prove that N ∼= T (6). It is not di�cult to see that the
subspace M6 is generated by the vectors X−1v and X−2v and contains a nonzero vector
m invariant with respect to Xα. The vector m is determined up to scalars. We have
m = b1X−1v + b2X−2v with b1 ̸= 0. Since X2

−1m ̸= 0, then X2
−αm ̸= 0. Hence by

Lemma 29, N ∼= T (6).
I.II. Let p = 5 and ω = 2ω1 + 2ω2. Then dimφ = 19 and M ∼= S6,5(V ). It is easy

to show that dimM8 = 1, dimM6 = 2, dimM4 = 3, dimM2 = 2, and dim M0 = 3.
Therefore I(My) = {M(8),M(6),M(4), 2M(0)}. By Lemma 23, My = N ⊕M(6)⊕M(4)
where I(N) = {M(8), 2M(0)}. Prove that N ∼= T (8). Obviously, v ∈ N . One can directly
verify that 3X3

−1X−2v+3X−1X−2X
2
−1v+3X2

−1X−2X−1v is a weight component of X4
−αv.

Taking into account that all weight subspaces of M are one-dimensional, we can show
that 3X3

−1X−2v + 3X−1X−2X
2
−1v + 3X2

−1X−2X−1v = 4X3
−1X−2v ̸= 0 (by Lemma 12)

and hence X4
−αv ̸= 0. Then N ∼= T (8) by Lemma 29.

I.III. Let p = 7 and ω = 5ω1 + ω2. Then dimφ = 33 and M ∼= S7,7(V ). One can
directly verify that dimM12 = 1, dimM10 = 2, dimM8 = 2, dimM6 = 3, dimM4 = 3,
dimM2 = 4, and dimM0 = 3. We have I(My) = {M(12),M(10),M(6), 2M(2)}. By
Lemma 23, My = M(12) ⊕ N ⊕M(6) where I(N) = {M(10), 2M(2)}. Prove that N ∼=
T (10). It is not di�cult to check that the vector m10 = X−1v +X−2v is invariant under
Xα. Then X

4
−αm10 ̸= 0 since X5

−1v ̸= 0. It is clear that m10 ∈ N , therefore by Lemma 29,
N ∼= T (10).

I.IV. Let p = 7 and ω = 4ω1+2ω2. Then dimφ = 36 andM ∼= S8,7(V ). One can directly
verify that dimM12 = 1, dimM10 = 2, dimM8 = 3, dimM6 = 3, dimM4 = 4, dimM2 = 3,
and dimM0 = 4. Hence I(My) = {M(12),M(10),M(8), 2M(4), 2M(0)}. By Lemma 23,
My = N1 ⊕M(10) ⊕ N2 where I(N1) = {M(12), 2M(0)} and I(N2) = {M(8), 2M(4)}.
Prove that N1

∼= T (12) and N2
∼= T (8). Obviously, v ∈ N1. One can directly check

that 3X4
−2X

2
−1v is a nonzero weight component of X6

−αv. So X
6
−αv ̸= 0. By Lemma 29,

N1
∼= T (12).

It is clear that dim InvM8 ≤ 1 and it is easy to show that the vector m8 = 4X2
−1v +

X−1X−2v+4X2
−2v is invariant under Xα. So X

4
−1v ̸= 0, then X2

−αm8 ̸= 0. Now it follows
from Lemma 29 that N2

∼= T (8).
I.V. Let p = 7 and ω = 3ω1 + 3ω2. Then dimφ = 37 and M ∼= S9,7(V ). One can

directly verify that dimM12 = 1, dimM10 = 2, dimM8 = 3, dimM6 = 4, dimM4 = 3,
dim M2 = 4, and dim M0 = 3. Therefore

I(My) = {M(12),M(10),M(8),M(6), 2M(2)}.

By Lemma 23, My = M(12)⊕N ⊕M(8)⊕M(6) where I(N) = {M(10), 2M(2)}. Prove
that N ∼= T (10).

One easily observes that dim InvM10 ≤ 1. Set m10 = X−1v+3X−2v. One can directly
verify thatm10 ∈ InvM10 and that 4X

4
−1X−2v is a nonzero weight component of X4

−αm10.
Hence InvM10 = ⟨m10⟩. Since X4

−αm10 ̸= 0, then by Lemma 29, N ∼= T (10).
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I.VI. Let p = 5 and ω = 3ω1 + 2ω2. Then dimφ = 39. Set

Λ6 ={ω − 2α1, ω − 2α2, ω − α1 − α2};
Λ4 ={ω − 3α1, ω − 2α1 − α2, ω − α1 − 2α2};
Λ2 ={ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2};
Λ0 ={ω − 3α1 − 2α2, ω − 4α1 − α2, ω − 2α1 − 3α2}.

One easily concludes thatMi = ⟨Mµ|µ ∈ Λi⟩. By [21, 6.9], dimMλ = 2 for λ = ω−α1−α2.
By Lemma 15, the maximal submodule of V (ω) is isomorphic to M(ω1). Now using the
Freudenthal formula [12, �22, Item 3], we can show that dimMµ = 2 for µ ∈ {ω − 2α1 −
α2, ω− 2α1 − 2α2}. Put ∆ = {ω−α1 − 2α2, ω− 3α1 −α2, ω− 2α1 − 3α2, ω− 3α1 − 2α2}
and Ω = {ω−3α1, ω−2α2, ω−2α1, ω−α1−3α2, ω −4α1−α2}. One easily observes that
ω−α1 − 2α2 and ω− 3α1 − α2 lie in the same W -orbit with the weight ω−α1 −α2; the
weight ω− 2α1 − 3α2 in the same W -orbit with ω− 2α1 −α2; the weight ω− 3α1 − 2α2 in
the same W -orbit with ω− 2α1 − 2α2; the weight ω−α1 − 3α2 in the same W -orbit with
ω−α1; and the weight ω− 4α1 −α2 in the same W -orbit with ω−α2. Hence dimMµ = 2
for µ ∈ ∆ and dimMµ = 1 for µ ∈ Ω. This implies that dimM10 = 1, dimM8 = 2,
dimM6 = 4, dimM4 = 5, dimM2 = 5, and dimM0 = 5. We have

I(My) = {M(10), 2M(8), 2M(6),M(4), 2M(2),M(0)}.

By Proposition 8 and Lemma 27, My = N1 ⊕N2 ⊕M(4) where
I(N1) = {M(10), 2M(8),M(0)} and I(N2) = {2M(6), 2M(2)}.

Show that N1
∼= T (10) and N2

∼= T (6)⊕M(6).
Obviously, v ∈ N1. Since X−1v ̸= 0, the vector X−αv ̸= 0. Hence KAyv ∼= V (10) by

Lemma 28. Let F be the indecomposable component ofN1 containing v and F = F/KAyv.
As M8 = ⟨X−1v,X−2v⟩, the subspace InvM8 is one-dimensional. Since F ∩ InvM8 ̸= 0,
then My has no indecomposable components with highest weight 8 and therefore M(8) ∈
IrrF . It is not di�cult to show that the pairs (X3

−1X
2
−2v, X

2
−2X

3
−1v) and (X−2X

2
−1X

2
−2v,

X3
−2X

2
−1v) consist of linearly independent vectors. This implies that

X4
−1X−2v,X

3
−1X

2
−2v,X

2
−2X

3
−1v,X−2X

2
−1X

2
−2v,X

3
−2X

2
−1v

is a basis in M0. Using this basis, we can check that there are no nonzero Xα-invariant
vectors inM0. Hence there are no submodules isomorphic toM(0) inMy. This forces that
N1 = F . The module N1 is self-dual because My is self-dual. Hence we conclude that N1

has no factor modules isomorphic toM(0). Therefore N1 has a �ltration by Weyl modules.
As N1 is self-dual, it has a �ltration by dual Weyl modules as well. Hence N1 is a tilting
module. Therefore N1

∼= T (10).
It is clear that dim InvM6 ≤ 2. Set u1 = X2

−1v +X2
−2v +X−2X−1v and

u2 = 2X2
−1v+4X2

−2v+X−1X2v. One can directly verify that u1 and u2 ∈ InvM6. Hence
InvM6 = ⟨u1, u2⟩. It is not di�cult to check that each of the pairs (X−2X

3
−1v, X

3
−1X−2v)

and (X2
−1X

2
−2v, X

2
−2X

2
−1v) consists of linearly independent vectors. Therefore the vectors

X−2X
3
−1v, X

3
−1X−2v, X

3
−2X−1v, X

2
−1X

2
−2v, and X

2
−2X

2
−1v form basis in M2. Set

U = ⟨u1, u2⟩ ∩X2
αM2 and M

′
2 = N2 ∩M2. It is clear that U = ⟨u1, u2⟩ ∩X2

αM
′
2. Using the

basis of M2 indicated above, we easily show that dimU = 1 and X2
−αU ̸= 0. This yields

that N2 ̸=M(6)⊕M(6)⊕M(2)⊕M(2) or V (6)⊕∆(6) (the latter by Lemma 25). Using
the self-duality of N2 and Lemma 23, we get that N2

∼= T (6)⊕M(6).
I.VII. Let p = 5 and ω = 3ω1 + 3ω2. Then dimφ = 63. One easily observes that

σy(ω) = 12. It follows from [18, Table 6.6] that dimV (ω) = dimM(ω)+1. Hence dimMµ =
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dimV (ω)µ for µ ̸= 0 and dimMµ = dimV (ω)µ − 1 for µ = 0. Set

Λ8 ={ω − 2α1, ω − α1 − α2, ω − 2α2};
Λ6 ={ω − 3α1, ω − 2α1 − α2, ω − α1 − 2α2, ω − 3α2};
Λ4 ={ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2};
Λ2 ={ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − α1 − 4α2};
Λ0 ={ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2}.

One easily concludes that Mi = ⟨Mµ|µ ∈ Λi⟩. Taking into account Lemma 22, we can
show that dimMµ = 2 for µ ∈ {ω−α1 −α2, ω− 2α1 −α2, ω−α1 − 2α2} and dimMµ = 3
for µ = ω − 2α1 − 2α2. Using the Freudenthal formula, we obtain that dimMµ = 3 for
µ = 0. It is not di�cult to observe that the weights ω − 3α1 − α2 and ω − α1 − 3α2

lie in the same W -orbit with ω − α1 − α2, the weight ω − 4α1 − 2α2 lies in the same
W -orbit with ω − α1 − 2α2, the weight ω − 2α1 − 4α2 lies in the same W -orbit with
ω − 2α1 − α2, the weights ω − 3α1 − 2α2 and ω − 2α1 − 3α2 lie in the same W -orbit
with ω − 2α1 − 2α2, the weight ω − α1 − 4α2 lies in the same W -orbit with ω − α1,
and the weight ω − 4α1 − α2 lies in the same W -orbit with ω − α2. Hence dimM12 = 1,
dimM10 = 2, dimM8 = 4, dimM6 = 6, dimM4 = 7, dimM2 = 8, and dimM0 = 7.
Therefore I(My) = {M(12),M(10), 3M(8), 3M(6),M(4), 3M(2),M(0)}.

By Proposition 8 and Lemma 27, My = N1 ⊕N2 ⊕M(4) where
I(N1) = {M(12), 3M(6), 3M(2)} and I(N2) = {M(10), 3M(8),M(0)}.

Show that N1
∼= T (12)⊕ T (6). By Lemma 12, X4

−2X−1v and X4
−1X−2v ̸= 0. One can

verify that the pairs (X2
−1X−2v, X−2X

2
−1v) and (X−1X

2
−2v, X

2
−2X−1v) and the triples

(X3
−1X

2
−2v, X−2X

3
−1X−2v, X

2
−2X

3
−1v) and (X3

−2X
2
−1v, X−1X

3
−2X−1v, X

2
−1X

3
−3v) consist

of linearly independent vectors. Hence

M6 =⟨X3
−1v, X

2
−1X−2v, X−2X

2
−1v, X−1X

2
−2v, X

2
−2X−1v,X

3
−2v⟩,

M2 =⟨X4
−1X−2v, X

3
−1X

2
−2v, X−2X

3
−1X−2v, X

2
−2X

3
−1v, X

3
−2X

2
−1v,

X−1X
3
−2X−1v, X

2
−1X

3
−3v, X

4
−2X−1v⟩.

Setm1
6 = 3X3

−1v+X
2
−1X−2v+X−1X

2
−2v andm

2
6 = 2X−2X

2
−1v+X

2
−2X−1v+3X3

−2v. Using
the bases ofM6 andM2 indicated above, it is not di�cult to show that InvM6 = ⟨m1

6,m
2
6⟩

and dim InvM2 = 1. Let N1 = F1 ⊕ F2 where F1 is the indecomposable component of N1

containing v. As X3
−1v ̸= 0, the vector X3

−αv has a nonzero component of weight ω− 3α1

and hence X3
−αv ̸= 0. This and Lemma 26 yield that KAyv ∼= V (12). Put F1 = F1/KAyv.

By Corollary 10, F1 and F2 are self-dual.
Show that F1

∼= T (12). Lemma 23 implies that the indecomposable components of

F1 are isomorphic to V (6), ∆(6), T (6), M(6), or M(2). Now we prove that there are no

components isomorphic to ∆(6) or M(6) in F1.

Suppose that F1 has an indecomposable component isomorphic to ∆(6) or M(6). Now
Lemma 23 yields that one of the following holds:
1) F1

∼= ∆(6)⊕∆(6)⊕ U1, U1 ⊕ F2
∼=M(2);

2) F1
∼= ∆(6)⊕ V (6)⊕ U1, U1 ⊕ F2

∼=M(2);

3) F1
∼= ∆(6)⊕M(6)⊕ U1, U1 ⊕ F2

∼=M(2)⊕M(2);

4) F1
∼= ∆(6), F2

∼= T (6);

5) F1
∼= ∆(6)⊕ U1, F2

∼=M(6)⊕ U2, U1 ⊕ U2
∼=M(2)⊕M(2);

6) F1
∼=M(6)⊕M(6)⊕ U1, U1 ⊕ F2

∼=M(2)⊕M(2)⊕M(2);

7) F1
∼=M(6)⊕ V (6)⊕ U1, U1 ⊕ F2

∼=M(2)⊕M(2);

8) F1
∼=M(6)⊕ U1, F2

∼= T (6)⊕ U2, U1 ⊕ U2
∼=M(2)⊕M(2);

9) F1
∼=M(6)⊕ U1, F2

∼=M(6)⊕ U2, U1 ⊕ U2
∼=M(2)⊕M(2)⊕M(2).

We shall show that N1 has a submodule isomorphic to M(2) ⊕M(2) in all these cases.
Put L = M(2) ⊕ M(2) ⊕ U1 in Case 1), M(2) ⊕ U1 in Cases 2), 3), and 5), M(2) in
Case 4), and U1 in Cases 6)�9). As ∆(6) has a factor module isomorphic to M(2), one
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easily observes that F1 has a factor module isomorphic to L in all cases. Then there is
a submodule isomorphic to L in F1 since F1 is self-dual. Set L′ = L ⊕M(2) in Case 4),
L⊕U2 in Cases 5) and 9), L⊕M(2)⊕U2 in Case 8), and L⊕F2 in other cases. Since T (6)
has a submodule isomorphic to M(2), it is obvious that N1 has a submodule isomorphic
to L′ in all cases. It is not di�cult to see that L′ ∼=M(2)⊕M(2) or M(2)⊕M(2)⊕M(2).
This implies that N1 has a submodule isomorphic to M(2)⊕M(2). But dim Inv(M2) = 1.

A contradiction obtained shows that F1 has no indecomposable components isomorphic
to ∆(6) or M(6).

Now it is easy to see that F1 has a �ltration by Weyl modules. Then F1 has a �ltration
by dual Weyl modules as it is self-dual. Hence F1 is a tilting module. This forces that
F1

∼= T (12).
Proposition 7 yields that I(F2) = {M(6), 2M(2)}. As dim Inv(M2) = 1, then F2 ≇

M(6)⊕M(2)⊕M(2). Since F2 is self-dual, then by Lemma 23, F2
∼= T (6).

Show that N2
∼= T (10)⊕M(8). One easily observes that the vectors X2

−1v, X−1X−2v,
X−1X−2v, and X

2
−2v form a basis inM8. Using this basis, we can show that dim InvM8 =

2,

InvM8 = ⟨2X2
−1v + 4X−1X−2v, 3X

2
−1v + 3X−1X−2v +X2

−2v⟩,
and that X4

−αm = 0 for m ∈ InvM8. Therefore Lemma 4 implies that each nonzero vector
from InvM8 generates a submodule isomorphic to M(8). Put m10 = 3X−1v + X−2v.
One can directly verify that Xαm10 = 0. Hence InvM10 = ⟨m10⟩. Since X2

−1v ̸= 0, then
X−αm10 ̸= 0 and so KAym10

∼= V (10). Let F1 be the indecomposable component of N2

containing m10 (such component exists as dim(N2 ∩M10) = 1). Set F1 = F1/KAym10

and u = X2
−1v+4X−1X−2v. It is obvious that the weights of F1 are less than 10. One can

directly check that Xαu = m10. Let N2 = F1 ⊕ F2 where F2 is an Ay-module. Then all
weights of F2 are at most 8. We write u = u1 + u2 where ui ∈ Fi. It is clear that ui ∈M8

and that Xαu2 = 0. Thus Xαu1 = m10. We can directly check that X−α,5m10 ̸= 0 and
X4

−αu ̸∈ ⟨X−α,5m10⟩. As u2 ∈M8∩F2, then u2 ∈ InvM8 and the facts proved above yield
that X4

−αu2 = 0. Therefore X4
−αu1 ̸∈ ⟨X−α,5m10⟩.

Let u1 be the image of u1 under the canonical homomorphism F1 → F1. As the
weight subspaces in Weyl modules for Ay are one-dimensional, then it follows from the
facts proved above that Xαu1 = 0 and X4

−αu1 ̸= 0. Then Lemma 28 implies that the

vector u1 generates a submodule isomorphic to V (8) in F1. Let S be the preimage of this
submodule in F1, q ∈ InvM8 \ ⟨X−αm10⟩, and Q = KAyq. It follows from above that
Q ∼=M(8). It is clear that S ∩ InvM8 = ⟨X−αm10⟩. Then Q ̸⊂ S by the choice of q. Since
Q is irreducible, we have S ∩ Q = {0}. Now it is clear that N2 = S ⊕ Q and F1 = S.
Since F1 has a �ltration by Weyl modules and is self-dual, it has a �ltration by dual Weyl
modules. Therefore F1 is a tilting module and F1

∼= T (10).
I.VIII. Let p = 7 and ω = 5ω1 + 2ω2. Then dimφ = 71. It is not di�cult to show that

σy(ω) = 14. Set

Λ10 = {ω − 2α1, ω − 2α2, ω − α1 − α2},
Λ8 = {ω − 3α1, ω − 2α1 − α2, ω − α1 − 2α2},
Λ6 = {ω − 4α1, ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2},
Λ4 = {ω − 5α1, ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2},
Λ2 = {ω − 5α1 − α2, ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2},
Λ0 = {ω − 6α1 − α2, ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2}.

One easily concludes that Mi = ⟨Mµ|µ ∈ Λi⟩. It follows from Lemma 15 that dimMµ =
dimV (ω)µ for µ = ω − kα1 − α2 or µ = ω − α1 − lα2, and dimMµ = dimV (ω)µ − 1 for
µ = ω − 2α1 − kα2 with 2 ≤ k ≤ 4, µ = ω − lα1 − 2α2 with 2 ≤ l ≤ 5, and µ = 0. We
observe that the weight ω−3α1−3α2 lies in the sameW -orbit with ω−3α1−2α2 and the
weight ω − 3α1 − 4α2 lies in the same W -orbit with ω − 3α1 − α2. Now using Lemma 22,
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we can show that dimMµ = 2 for

µ ∈ {ω − α1 − α2, ω − 2α1 − α2, ω − α1 − 2α2, ω − 3α1 − α2, ω − 2α1 − 2α2,

ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − 5α1 − α2, ω − 4α1 − 2α2,

ω − 3α1 − 3α2, ω − 2α1 − 4α2, ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2}

and all other weights from the union Λ10 ∪ Λ8 ∪ Λ6 ∪ Λ4 ∪ Λ2 ∪ Λ0 have multiplicity 1.
Hence dimM14 = 1, dimM12 = 2, dimM10 = 4, dimM8 = 5, dimM6 = 6, dimM4 = 7,
dimM2 = 7, and dimM0 = 7. This implies that

I(My) = {M(14), 2M(12), 2M(10),M(8),M(6), 3M(4), 2M(2),M(0)}.

By Proposition 8 and Lemma 27, My = N1 ⊕N2 ⊕N3 ⊕M(6) where

I(N1) = {M(14), 2M(12),M(0)}, I(N2) = {2M(10), 2M(2)}, I(N3) = {M(8), 2M(4)}.

Show that N1
∼= T (14), N2

∼= T (10)⊕M(10), and N3
∼= T (8).

It is clear that v ∈ N1. Observe that X−1v ̸= 0. Hence X−αv ̸= 0 and KAyv ∼= V (14).

Let F be the indecomposable component of N1 containing v, and F = F/KAyv. Since
M12 = ⟨X−1v,X−2v⟩, we have dim InvM12 = 1. Then InvM12 ⊂ KAyv and therefore M
has no indecomposable components with highest weight 12. It is not di�cult to show that
each of the pairs (X5

−1X
2
−2v, X

2
−2X

5
−1v), (X

3
−2X

4
−1v, X−2X

4
−1X

2
−2v), and (X4

−2X
3
−1v,

X2
−2X

3
−1X

2
−2v) consists of linearly independent vectors. Hence the vectors

X6
−1X−2v, X

5
−1X

2
−2v, X

2
−2X

5
−1v, X

3
−2X

4
−1v, X−2X

4
−1X

2
−2v, X

4
−2X

3
−1v, X

2
−2X

3
−1X

2
−2v

form a basis of M0. Using this basis, we check directly that InvM0 = 0. Therefore M
has no submodules isomorphic to M(0). This yields that N1 = F and the module N1

is self-dual. Now we conclude that N1 has no factor modules isomorphic to M(0). Then

Lemma 23 implies that F ∼= V (12). Therefore N1 has a �ltration by Weyl modules and so
a �ltration by dual Weyl modules as N1 is self-dual. This forces that N1

∼= T (14).
It is clear that dim Inv(M10) ≤ 2 and the vectors

m1
10 = 3X2

−1v +X−1X−2v + 2X2
−2v and m2

10 = X2
−1v +X−2X−1v + 4X2

−2v

are linearly independent. One can directly verify that they belong to InvM10 and hence
InvM10 = ⟨m1

10,m
2
10⟩.

It is not di�cult to check that each of the pairs (X2
−2X

4
−1v, X

4
−1X

2
−2v), (X

3
−2X

3
−1v,

X−2X
3
−1X

2
−2v), and (X4

−2X
2
−1v, X

2
−2X

2
−1X

2
−2v) consists of linearly independent vectors.

Hence the vectors

X5
−1X−2v, X

2
−2X

4
−1v, X

4
−1X

2
−2v, X

3
−2X

3
−1v, X−2X

3
−1X

2
−2v, X

4
−2X

2
−1v, X

2
−2X

2
−1X

2
−2v

form a basis of M2. Set U = ⟨m1
10,m

2
10⟩ ∩ X4

αM2 and M ′
2 = N2 ∩M2. It is clear that

U = ⟨m1
10,m

2
10⟩ ∩ X4

αM
′
2. Using the basis of M2 indicated above, we easily deduce that

dimU = 1 and X4
−αU ̸= 0. By Lemma 25, we conclude that N2

∼= T (10)⊕M(10).
One easily observes that

M8 = ⟨X3
−1v,X−2X

2
−1v,X−1X−2X−1v,X

2
−2X−1v,X−2X−1X−2v⟩.

Set m8 = 6X3
−1v + 3X−2X

2
−1v +X−1X−2X−1v + 3X2

−2X−1v +X−2X−1X−2v. It is not
di�cult to verify that dim Inv(M8) = 1 and InvM8 = ⟨m8⟩. It is clear that m8 ∈ N3.
Since X5

−1v ̸= 0, then X2
−αm8 ̸= 0. Now Lemma 29 implies that N3

∼= T (8).
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I.IX. Let p = 7 and ω = 4ω1 + 3ω2. Then dimφ = 75. One easily observes that
σy(ω) = 14. Set

Λ10 = {ω − 2α1, ω − 2α2, ω − α1 − α2},
Λ8 = {ω − 3α1, ω − 2α1 − α2, ω − α1 − 2α2, 3α2},
Λ6 = {ω − 4α1, ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2},
Λ4 = {ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − α1 − 4α2},
Λ2 = {ω − 5α1 − α2, ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2},
Λ0 = {ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2, ω − 2α1 − 5α2}.

We can conclude that Mi = ⟨Mµ|µ ∈ Λi⟩. By Lemma 22, it is not di�cult to show that
dimMµ = 2 for

µ ∈ {ω − 2α1 − α2, ω − α1 − 2α2, ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2,

ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − 4α1 − α2, ω − 4α1 − 2α2, ω − 3α1 − 3α2,

ω − 2α1 − 4α2, ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2}

and all other weights from the union Λ10 ∪ Λ8 ∪ Λ6 ∪ Λ4 ∪ Λ2 ∪ Λ0 have multiplicity 1.
Hence dimM14 = 1, dimM12 = 2, dimM10 = 4, dimM8 = 6, dimM6 = 7, dimM4 = 7,
dimM2 = 7, and dimM0 = 7. This yields that

I(My) = {M(14), 2M(12), 2M(10), 2M(8),M(6), 2M(4), 2M(2),M(0)}.

By Proposition 8 and Lemma 27, My = N1 ⊕N2 ⊕N3 ⊕M(6) where

I(N1) = {M(14), 2M(12),M(0)}, I(N2) = {2M(10), 2M(2)}, I(N3) = {2M(8), 2M(4)}.

Show that N1
∼= T (14), N2

∼= T (10)⊕M(10), and N3
∼= T (8)⊕M(8).

The proofs for N1 and N2 are similar to Case I.VIII. For computations related with
the subspaces M2 and M0, we use their bases

X5
−1X−2v, X

2
−2X

4
−1v, X

4
−1X

2
−2v, X

3
−2X

3
−1v, X

3
−1X

3
−2v, X

4
−2X

2
−1v, X−2X

2
−1X

3
−2v and

X5
−2X

2
−1v, X

5
−1X

2
−2v, X−1X

2
−2X

4
−1v, X

3
−2X

4
−1v, X

4
−1X

3
−2v, X

4
−2X

3
−1v, X−2X

3
−1X

3
−2v,

respectively. Set

m1
10 = X2

−1v +X−2X−1v + 3X2
−2v and m2

10 = 6X2
−1v +X−1X−2v + 2X2

−2v.

One can directly check that InvM10 = ⟨m1
10,m

2
10⟩ and dim(X4

−α InvM10) = 1.
Now show that N3

∼= T (8)⊕M(8). It is clear that dim Inv(M8) ≤ 2 and the vectors

m1
8 =X3

−1v + 5X−2X
2
−1v +X2

−2X−1v + 3X3
−2v and

m2
8 = X3

−1v + 6X2
−1X−2v +X−1X

2
−2v + 6X3

−2v

are linearly independent. One can directly verify that they belong to InvM8. Hence
InvM8 = ⟨m1

8,m
2
8⟩. It is not di�cult to check that dim(X2

−α InvM8) = 1 and that each
of the pairs (X−2X

4
−1v,X

4
−1X−2v), (X2

−2X
3
−1v,X

3
−1X

2
−2v), and (X3

−2X
2
−1v,X

2
−1X

3
−2v)

consists of linearly independent vectors. Therefore the vectors

X4
−2X−1v, X−2X

4
−1v, X

4
−1X−2v, X

2
−2X

3
−1v, X

3
−1X

2
−2v, X

3
−2X

2
−1v, X

2
−1X

3
−2v

form a basis in M4. Set U = ⟨m1
8,m

2
8⟩ ∩ X2

αM4 and M ′
4 = N3 ∩ M4. It is clear that

U = ⟨m1
8,m

2
8⟩ ∩ X2

αM
′
4. Using the basis in M4 indicated above, one easily deduces that

dimU = 1 and X2
−αU ̸= 0. It follows from Lemma 25 that N3

∼= T (8)⊕M(8).
Assume that p = 11. Below in Items I.X�I.XIV we analyze representations a�orded by

reduced symmetric powers of the standard module.
I.X. Let ω = 9ω1 +ω2. Then dimφ = 75 and M ∼= S11,11(V ). It is not di�cult to show

that σy(ω) = 20, dimM20 = 1, dimM18 = 2, dimM16 = 2, dimM14 = 3, dimM12 = 3,
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dimM10 = 4, dimM8 = 4, dimM6 = 5, dimM4 = 5, dimM2 = 6, and dimM0 = 5. This
yields that

I(My) = {M(20),M(18),M(14),M(10), 2M(6), 2M(2)}.
By Lemma 27, My = M(20) ⊕N1 ⊕N2 ⊕M(10) where I(N1) = {M(18), 2M(2)} and
I(N2) = {M(14), 2M(6)}. Show that N1

∼= T (18) and N2
∼= T (14).

It is clear that M18 = ⟨X−1v,X−2v⟩ and M14 = ⟨X3
−1v,X

2
−1X−2v,X

2
−2X−1v⟩ and

that dim InvMi ≤ 1 for i = 18 and 14. Put m18 = X−1v + X−2v and m14 = X3
−1v +

6X2
−1X−2v+X

2
−2X−1v. One can directly verify thatmi ∈ InvMi and hence InvMi = ⟨mi⟩

for i = 18 and 14. Since X9
−1v ̸= 0, the vectors X8

−1m18 and X
6
−1m14 ̸= 0. Then Lemma 29

forces that N1
∼= T (18) and N2

∼= T (14).
I.XI. Let ω = 8ω1 + 2ω2. Then dimφ = 82 and M ∼= S12,11(V ). We can check that

σy(ω) = 20, dimM20 = 1, dimM18 = 2, dimM16 = 3, dimM14 = 3, dimM12 = 4,
dimM10 = 4, dimM8 = 5, dimM6 = 5, dimM4 = 6, dimM2 = 5, and dimM0 = 6. Then

I(My) = {M(20),M(18),M(16),M(12), 2M(8), 2M(4), 2M(0)}.

By Lemma 27, My = N1 ⊕M(18)⊕N2 ⊕N3 where

I(N1) = {M(20), 2M(0)}, I(N2) = {M(16), 2M(4)}, I(N3) = {M(12), 2M(8))}.

We show that N1
∼= T (20), N2

∼= T (16), and N3
∼= T (12).

One can directly check that 9X9
−1X−2v is a nonzero weight component of the vector

X10
−αv. Then Lemma 29 implies that N1

∼= T (20).
It is clear that M16 = ⟨X2

−1v, X−1X−2v, X
2
−2v⟩,

M12 = ⟨X4
−1v, X−2X

3
−1v, X

2
−2X

2
−1v, X

3
−2X−1v⟩ and that dim InvMi ≤ 1 for i = 16 and

12. Set

m16 = X2
−1v+5X−2X−1v+X

2
−2v, m12 = 3X4

−1v+5X−2X
3
−1v+9X2

−2X
2
−1v+X

3
−2X−1v.

We can directly verify that mi ∈ InvMi and hence InvMi = ⟨mi⟩ for i = 16 and 12.
As X8

−1v ̸= 0, the vectors X6
−αm16 and X2

−αm12 ̸= 0. Then Lemma 29 implies that
N2

∼= T (16) and N3
∼= T (12).

I.XII. Let ω = 7ω1 +3ω2. Then dimφ = 87 and M ∼= S13,11(V ). We can directly check
that σy(ω) = 20, dimM20 = 1, dimM18 = 2, dimM16 = 3, dimM14 = 4, dimM12 = 4,
dimM10 = 5, dimM8 = 5, dimM6 = 6, dimM4 = 5, dimM2 = 6, and dimM0 = 5. Then

I(My) = {M(20),M(18),M(16),M(14),M(10), 2M(6), 2M(2)}.

By Lemma 27, My =M(20)⊕N1 ⊕M(16)⊕N2 ⊕M(10) where

I(N1) = {M(18), 2M(2)}, I(N2) = {M(14), 2M(6)}.

We show that N1
∼= T (18) and N2

∼= T (14).
It is obvious that M18 = ⟨X−1v, X−2v⟩, M14 = ⟨X3

−1v, X−2X
2
−1v, X

2
−2X−1v, X

3
−2v⟩

and that dim InvMi ≤ 1 for i = 18 and 14. Set

m18 = 7X−1v +X−2v, m14 = X3
−1v + 4X−2X

2
−1v + 7X2

−2X−1v +X3
−2v.

We can directly check that mi ∈ InvMi. Hence InvMi = ⟨mi⟩ for i = 18 and 14. As
X7

−1v ̸= 0, then X4
−αm14 ̸= 0. One can easily verify that 5X8

−1X−2v is a nonzero weight
component of the vector X8

−αm18. Then by Lemma 29, N1
∼= T (18) and N2

∼= T (14).
I.XIII. Let ω = 6ω1 + 4ω2. Then dimφ = 90 and M ∼= S14,11(V ). One can check

that σy(ω) = 20, dimM20 = 1, dimM18 = 2, dimM16 = 3, dimM14 = 4, dimM12 = 5,
dimM10 = 5, dimM8 = 6, dimM6 = 5, dimM4 = 6, dimM2 = 5, and dimM0 = 6. Then

I(My) = {M(20),M(18),M(16),M(14),M(12), 2M(8), 2M(4), 2M(0)}.

Lemma 27 implies that My = N1 ⊕M(18)⊕N2 ⊕M(14)⊕N3 where

I(N1) = {M(20), 2M(0)}, I(N2) = {M(16), 2M(4)}, I(N3) = {M(12), 2M(8)}.

We show that N1
∼= T (20), N2

∼= T (16), and N3
∼= T (12).
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Obviously, v ∈ N1. One can directly verify that 9X
8
−1X

2
−2v is a nonzero weight component

of the vector X10
−αv. So Lemma 29 yields that N1

∼= T (20).
It is clear that M16 = ⟨X2

−1v, X−2X−1v, X
2
−2v⟩,

M12 = ⟨X4
−1v, X−2X

3
−1v, X

2
−2X

2
−1v, X

3
−2X−1v, X

4
−2v⟩

and that dim InvMi ≤ 1 for i = 16 and 12. Set m16 = 8X2
−1v +X−1X−2v + 4X2

−2v,

m12 = X4
−1v + 7X−2X

3
−1v + 9X2

−2X
2
−1v + 6X3

−2X−1v +X4
−2v.

We can directly check that InvMi = ⟨mi⟩ for i = 16 and 12 and that X7
−1X−2v is a

nonzero weight component of the vector X6
−αm16. As X

6
−1v ̸= 0, then X2

−1m12 ̸= 0. Then
by Lemma 29, N2

∼= T (16) and N3
∼= T (12).

I.XIV. Let ω = 5ω1+5ω2. Then dimφ = 91 andM ∼= S15,11(V ). We can directly verify
that σy(ω) = 20, dimM20 = 1, dimM18 = 2, dimM16 = 3, dimM14 = 4, dimM12 = 5,
dimM10 = 6, dimM8 = 5, dimM6 = 6, dimM4 = 5, dimM2 = 6, and dimM0 = 5. Then

I(My) = {M(20),M(18),M(16),M(14),M(12),M(10), 2M(6), 2M(2)}.

Lemma 27 forces that My =M(20)⊕N1 ⊕M(16)⊕N2 ⊕M(12)⊕M(10) where

I(N1) = {M(18), 2M(2)}, I(N2) = {M(14), 2M(6)}.

Show that N1
∼= T (18) and N2

∼= T (14).
It is clear that M18 = ⟨X−1v, X−2v⟩, M14 = ⟨X3

−1v, X−2X
2
−1v, X

2
−2X−1v, X

3
−2v⟩

and that dim InvMi ≤ 1 for i = 18 and 14. Set

m18 = X−1v + 5X−2v, m14 = 8X3
−1v + 9X−2X

2
−1v + 3X2

−2X−1v +X3
−2v.

One can check that InvMi = ⟨mi⟩ for i = 18 and 14 and that 2X4
−1X

2
−2X

3
−1v and

5X6
−1X−2v are nonzero weight components of the vectorsX8

−αm18 andX
4
−αm14, respectively.

Then by Lemma 29, N1
∼= T (18) and N2

∼= T (14).
The problem is solved for the regular unipotent elements in the group A2(K).
If x is a transvection, then the arguments at the beginning of the section imply that

it remains to consider the cases where p = 5 and ω ∈ {3ω1 + 2ω2, 3ω1 + 3ω2} or p = 7
and ω ∈ {5ω1 + 2ω2, 4ω1 + 3ω2}. Notice that in all these situations the dimensions of the
weight subspaces of M have been already determined when we found such dimensions for
My. Hence we can �nd the dimensions of the subspacesMi. Set H = G(1). By Lemma 32,
Mx|H is a tilting module.

I.XV. Let ω = 3ω1 + 2ω2 and p = 5. Then dimφ = 39, σx(ω) = 5, dimM5 = 1,
dimM4 = 2, dimM3 = 4, dimM2 = 5, dimM1 = 5, and dimM0 = 5. Hence

Mx|H ∼= T (5)⊕ 2M(4)⊕ 2M(3)⊕ 3M(2)⊕M(1).

I.XVI. Let ω = 3ω1 + 3ω2 and p = 5. Then dimφ = 63, σx(ω) = 6, dimM6 = 1,
dimM5 = 2, dimM4 = 4, dimM3 = 6, dimM2 = 7, dimM1 = 8, and dimM0 = 7.
Therefore

Mx|H ∼= T (6)⊕ 2T (5)⊕ 3M(4)⊕ 2M(3)⊕ 2M(2)⊕ 2M(1).

I.XVII. Let ω = 5ω1 + 2ω2 and p = 7. Then dimφ = 71, σx(ω) = 7, dimM7 = 1,
dimM6 = 2, dimM5 = 4, dimM4 = 5, dimM3 = 6, dimM2 = 7, dimM1 = 7, and
dimM0 = 7. Hence

Mx|H ∼= T (7)⊕ 2M(6)⊕ 2M(5)⊕ 3M(4)⊕ 2M(3)⊕ 2M(2)⊕M(1).

I.XVIII. Let ω = 4ω1 + 3ω2 and p = 7. Then dimφ = 75, σx(ω) = 7, dimM7 = 1,
dimM6 = 2, dimM5 = 4, dimM4 = 6, dimM3 = 7, dimM2 = 7, dimM1 = 7, and
dimM0 = 7. Therefore

Mx|H ∼= T (7)⊕ 2M(6)⊕ 2M(5)⊕ 2M(4)⊕ 3M(3)⊕M(2).

For G = A2(K) the problem is solved.
II. Let G = A3(K).
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First consider the behaviour of a regular unipotent element. As before, let y be such
element. Since |y| = p, we have p ≥ 5. Using the arguments at the end of Section 3, we can
assume that Xα = X1 +2X2 +3X3 and X−α = 3X−1 +2X−2 +X−3. As Vy ∼=M(3), one
easily observes that σy(ε1) = 3, σy(ε2) = 1, σy(ε3) = −1, and σy(ε4) = −3. This forces
that σy(ω) = 3a1 + 4a2 + 3a3.

II.I. Let p = 5 and ω = 2ω1 + ω3. Then dimφ = 32 and σy(ω) = 9. It is clear that
dimM9 = 1 and dimM7 = 2. Set

Λ5 ={ω − 2α1, ω − α1 − α2, ω − α3 − α2, ω − α1 − α3},
Λ3 ={ω − 2α1 − α2, ω − α1 − α2 − α3, ω − 2α1 − α3},
Λ1 ={ω − 2α1 − 2α2, ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3, ω − α1 − 2α2 − α3},

and λ = ω−α1 −α2 −α3. Then λ = ω1. We can show that Mi = ⟨Mµ|µ ∈ Λi⟩. Using the
Jantzen �ltration [13, Part 2, �8, Proposition 8.19], we get that the maximal submodule
in V (ω) is isomorphic to M(λ). As dimV (ω)λ = 3 by Freudenthal's formula, we have
dimMλ = 2. Since the weight ν = ω−2α1−α2−α3 lies in the same W -orbit with λ, then
dimMν = 2. Obviously, dimMµ = 1 for µ ∈ {ω − α1 − α2, ω − α2 − α3, ω − α1 − α3, ω −
2α1 − α2, ω − 2α1 − α3, ω − 2α1 − 2α2} as all weight subspaces of the A2(K)-modules
M(ω1) and M(2ω1) are one-dimensional and the operators X−1 and X−3 commute. Let
β = ω−α1−2α2−α3 or ω−α1−α2−2α3. Then β lies in the sameW -orbit with ω−α1−α3

or ω−α1−α2, respectively, therefore dimMβ = 1. This yields that dimM5 = dimM3 = 4
and dimM1 = 5. Then I(My) = {M(9),M(7), 2M(5), 2M(3), 2M(1)}. By Lemma 27,
My = M(9) ⊕ N1 ⊕ N2 where I(N1) = {M(7), 2M(1)} and I(N2) = {2M(5), 2M(3)}.
Show that N1

∼= T (7) and N2
∼= T (5)⊕M(5).

Let m = X−1v +X−3v. One can directly verify that m ∈ InvM7 and that X2
−2X

2
−1v

is a nonzero weight component of X3
−αm. Lemma 29 implies that N1

∼= T (7).
Put m1

5 = X2
−1v+X−1X−3v−X−2X−3v and m

2
5 = X−2X−1v+X−1X−3v−X−2X−3v.

We can check that the vectorsm1
5 andm

2
5 ∈ InvM5 and that they are linearly independent.

As dim InvM5 ≤ 2, then InvM5 = ⟨m1
5,m

2
5⟩. It is not di�cult to show that the vectors

X−2X−3X−1v and X−1X−2X−3v are linearly independent. Hence X−2X−3X−1v,
X−1X−2X−3v,X−2X

2
−1v, andX−3X

2
−1v form a basis inM3. Set U = ⟨m1

5,m
2
5⟩∩XαM3. It

is clear that U = ⟨m1
5,m

2
5⟩∩Xα(M3∩N2). Using the basis ofM3 indicated above, it is not

di�cult to check that dimU = 1 and X−αU ̸= 0. Lemma 25 yields that N2
∼= T (5)⊕M(5).

II.II. Let p = 5 and ω = 3ω1 + ω2. Then dimφ = 52 and M ∼= S5,5(V ). One can
easily verify that σy(ω) = 13, dimM13 = 1, dimM11 = 2, dimM9 = 3, dimM7 = 4,
dimM5 = 4, dimM3 = 6, and dimM1 = 6. Then

I(My) = {M(13),M(11),M(9), 2M(7),M(5), 2M(3),M(0)}.
By Proposition 8 and Lemma 27, My = N1 ⊕N2 ⊕M(9) where

I(N1) = {M(13),M(5), 2M(3)}, I(N2) = {M(11), 2M(7),M(1)}.
Show that N1

∼=M(13)⊕ T (5) and N2
∼= T (11).

One can check that X4
−αv = 0. Hence KAyv ∼=M(13). Set N1 = N1/KAyv. Obviously,

I(N1) = {M(5), 2M(3)}. As N1 is self-dual, we conclude that it contains a submodule U

with I(U) = I(N1). It is clear that U ∩KAyv = 0. Therefore N1 = KAyv ⊕ U . We show
that U ∼= T (5). Put

m5 = X2
−2X

2
−1v + 4X−3X−2X

2
−1v +X−3X

2
−2X−1v.

We can verify that Xα �xes m5 and that X−αm5 has a nonzero weight component
2X3

−2X
2
−1v. One easily observes that m5 ∈ N1 and so m5 ∈ U . By Lemma 29, U ∼= T (5).

Put m11 = X−1v + X−2v. One can check that Xα �xes m11. Since X
3
−1v ̸= 0, then

X2
−αm11 ̸= 0. Therefore KAym11

∼= V (11). Taking into account Lemmas 12 and 6, it is
not di�cult to conclude that the vectors

X2
−3X

2
−2X

2
−1v, X−3X

3
−2X

2
−1v, X−3X

2
−2X

3
−1v, X

3
−2X

3
−1v, X

4
−1X−3X−2v, X−2X

4
−1X−2v
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form a basis ofM1. We use this basis to show that InvM1 = 0. Since N2 has no submodules
isomorphic toM(1), then N2 has no such factor modules as it is self-dual. Now Lemma 23
yields that N2/KAym11

∼= V (7) and N2 has a �ltration by Weyl modules. Then N2 has a
�ltration by dual Weyl modules since it is self-dual. Hence N2 is a tilting module and so
N2

∼= T (11).
II.III. Let p = 5 and ω = ω1 + ω2 + ω3. Then dimφ = 58 and σy(ω) = 10. Set

Λ6 = {ω − α1 − α2, ω − α1 − α3, ω − α2 − α3};
Λ4 = {ω − 2α1 − α2, ω − α1 − 2α2, ω − α1 − α2 − α3, ω − 2α2 − α3, ω − α2 − 2α3};
Λ2 = {ω − 2α1 − 2α2, ω − 2α1 − α2 − α3, ω − α1 − 2α2 − α3,

ω − α1 − α2 − 2α3, ω − 2α2 − 2α3};
Λ0 = {ω − 2α1 − 2α2 − α3, ω − 2α1 − α2 − 2α3, ω − α1 − 3α2 − α3, ω − α1 − 2α2 − 2α3}.

It is not di�cult to show that Mi = ⟨Mµ|µ ∈ Λi⟩. By Lemma 22, dimMλ = 2 for
λ ∈ {ω − α1 − α2, ω − α2 − α3}. One easily observes that dimMµ = 2 for µ ∈ {ω − α1 −
α2 − 2α3, ω − 2α1 − α2 − α3} since each of these weights lies in the same W -orbit with
ω − α1 − α2 or ω − α2 − α3. Put

Σ = {ω − α1 − α3, ω − 2α1 − α2, ω − α1 − 2α2, ω − 2α2 − α3, ω − α2 − 2α3,

ω − 2α1 − 2α2, ω − 2α2 − 2α3, ω − 2α1 − α2 − 2α3, ω − α1 − 3α2 − α3}.

It is clear that dimMσ = 1 for σ ∈ Σ as all weights from Σ lie in the same W -orbit with
ω. Set µ = ω − α1 − α2 − α3. Then µ = ω2. Using the Jantzen �ltration [13, Part 2,
�8, Proposition 8.19], we can �nd out that V (ω) has two composition factors: M(ω) and
M(µ). Hence dimMµ = dimV (ω)µ − 1. By Freudenthal's formula, we get dimV (ω)µ = 4
and dimMµ = 3. The weights τ ∈ {ω−α1−2α2−α3, ω−2α1−2α2−α3, ω−α1−2α2−2α3}
lie in the same W -orbit with µ, therefore dimMτ = 3. This implies that dimM10 = 1,
dimM8 = 3, dimM6 = 5, dimM4 = 7, dimM2 = 9, and dimM0 = 8. Then

I(My) = {M(10), 3M(8), 2M(6), 2M(4), 4M(2),M(0)}.

By Proposition 8 and Lemma 27, My = N1 ⊕N2 ⊕ 2M(4) where
I(N1) = {M(10), 3M(8),M(0)} and I(N2) = {2M(6), 4M(2)}. We show that
N1

∼= T (10)⊕M(8) and N2
∼= 2T (6).

Obviously,X−αv ̸= 0. HenceKAyv ∼= V (10). Setm8 = X−1v andm
′
8 = 2X−1v+X−3v.

One can directly verify that Xα �xes m′
8, X

4
−αm

′
8 = 0, Xαm8 = v, that the vector X−α,5v

has a weight component u1 = 3X2
−2X−3X−2X−1v, and the vector X4

−αm8 has a weight
component u2 = 3X−1X−3X−2X−3X−1v and a trivial component of weight ω(u1). We
claim that u1 and u2 ̸= 0. Indeed, we have X2u1 = X2

−2X−3X−1v ̸= 0 and X3X1u2 =
3X−1X−3X−2v ̸= 0 by Lemma 6. It is clear that m8 ∈ N1 and X4

−αm8 ̸∈ KAyv. Put

N1 = N1/KAyv and denote by the symbol m8 the image of m8 under the canonical

homomorphism N1 → N1. The arguments above yield that KAym8
∼= V (8). Let N ′

1 be
the full preimage of KAym8 in N1. It is clear that IrrN

′
1 = {M(10),M(8),M(0)} and that

N ′
1 ∩ InvM8 = ⟨X−αv⟩. Let N ′

2 = KAym
′
8. As X

4
−αm

′
8 = 0, the Ay-module N ′

2
∼= M(8).

Since m′
8 ̸∈ X−αv, one easily observes that N ′

1 ∩N ′
2 = 0. This yields that N1 = N ′

1 ⊕N ′
2.

Show that N ′
1 is indecomposable. Obviously, N ′

1 has only one indecomposable component
with highest weight 10. Denote it by N+. As X−αv ∈ N+, then N ′

1 ∩ InvM8 ⊂ N+.
Therefore N ′

1 has no indecomposable components with highest weight 8.
Show that InvM0 = 0. Suppose this it false. Then N1 has a submodule isomorphic to

M(0). As N1 is self-dual, it also has a factor module isomorphic to M(0). Then N1
∼=

M(0) ⊕ U where I(U) = {M(10), 3M(8)}. It is clear that M10 and M8 ⊂ U . Hence
KAyv ⊂ U andm8 ∈ U . We come to a contradiction asKAym8

∼= V (8). Hence InvM0 = 0
and N ′

1 has no indecomposable components with highest weight 0. This implies that N ′
1

is indecomposable. By Corollary 10, N ′
1 is self-dual. Since N ′

1 has a �ltration by Weyl



THE JORDAN BLOCK STRUCTURE 333

modules, it has a �ltration by dual Weyl modules as well. Therefore N ′
1 is a tilting module.

Now it is obvious that N ′
1
∼= T (10).

Set m1
6 = 4X−2X−1v + 3X−3X−1v + X−3X−2v and m2

6 = X−1X−2v + X−3X−1v +
X−2X−3v. One can directly verify that Xα �xes m1

6 and m2
6, X

2
−αm

1
6 = X−1X

2
−2X−1v +

3X−2X
2
−3X−2v + u1, and X2

−αm
2
6 = 4X−1X

2
−2X−1v + 3X−2X

2
−3X−2v + u2 where the

vectors ui have no nontrivial components of weights ω − 2α1 − 2α2 and ω − 2α2 − 2α3.
Lemma 12 implies that X−1X

2
−2X−1v and X−2X

2
−3X−2v ̸= 0. As dim InvM6 ≤ 2, this

yields that InvM6 = ⟨m1
6,m

2
6⟩ and dimX2

−α InvM6 = 2. Now Corollary 9 forces that
N2

∼= T (6)⊕ T (6).
II.IV. Let p = 5 and ω = 2ω1 + 2ω2. Then dimφ = 68 and M ∼= S6,5(V ). It is not

di�cult to show that σy(ω) = 14, dimM14 = 1, dimM12 = 2, dimM10 = 4, dimM8 = 4,
dimM6 = 6, dimM4 = 6, dimM2 = 7, and dimM0 = 8. Hence

I(My) = {M(14),M(12), 2M(10), 2M(8), 3M(6), 3M(2),M(0)}.

By Proposition 8 and Lemma 27, My =M(14)⊕N1 ⊕N2 where

I(N1) = {M(12), 3M(6), 3M(2)}, I(N2) = {2M(10), 2M(8),M(0)}.

Show that N1
∼= T (12)⊕ T (6) and N2

∼= T (10)⊕M(10).
Put m12 = X−1v + 2X−2v. One can directly verify that Xα �xes m12 and the vector

X3
−αm12 has a weight component X2

−3X
2
−2v and hence X3

−αm12 ̸= 0. By Lemma 28,

KAym12
∼= V (12). Set N1 = N1/KAym12. Applying Lemma 12, it is not di�cult to see

that the vectors

X4
−1X

2
−2v, X

2
−2X

3
−1X−2v, X−3X

3
−1X

2
−2v, X

2
−3X

2
−1X

2
−2v,

X−3X
3
−2X

2
−1v, X

4
−2X

2
−1v, X

2
−3X

3
−2X−1v

form a basis in M2. Using this basis, we can check that dim InvM2 = 1. Show that N1 is
a tilting module. One easily observes that N1 has a �ltration by Weyl modules if it has no
direct summands isomorphic to ∆(6) or M(6). Since N1 has no submodules isomorphic

to M(2) ⊕M(2) and is self-dual, it has no such factor modules. This yields that N1 has
no direct summands of the form ∆(6)⊕ U where U ∈ {∆(6),M(2), T (6)}, and M(2)⊕ F

where F ∼= M(2) or T (6). Since I(N1) = {2M(6), 3M(2)}, now Lemma 23 yields that

N1 has no direct summands isomorphic to ∆(6) or M(6). This implies that N1 has a
�ltration by Weyl modules and therefore it has a �ltration by dual Weyl modules as well
since N1 is self-dual. Hence N1 is a tilting module. As we know I(N1), we conclude that
N1

∼= T (12)⊕ T (6).
Set m1

10 = 2X2
−1v + 4X−1X−2v +X−3X−2v, m

2
10 = X2

−2v + 2X−1X−2v +X2
−1v, and

m8 = 4X2
−1X−2v + 4X−1X

2
−2v. One can directly verify that Xα �xes mi

10, Xαm8 = m2
10,

X−αm
2
10 ̸= 0, X−αm

1
10 = 0, and X4

−αm8 ̸∈ ⟨X−α,5m
2
10⟩. Then KAym

2
10

∼= V (10) and
N2/KAym

2
10 has a submodule isomorphic to V (8). Let U be the full preimage of this

submodule in N2. Show that U is indecomposable. We can check that dim InvM8 = 1.
Since X−αm

2
10 ∈ InvM8, then U has no indecomposable components with highest weight

8. As U ∩M0 = ⟨X−α,5m
1
10, X

4
−αm8⟩, then U has no indecomposable components with

highest weight 0. Since dim(U ∩M10) = 1, this implies that U is indecomposable.
It is clear that KAym

1
10

∼= M(10). As m1
10 ̸∈ U ∩ M10 = ⟨m2

10⟩ and KAym
1
10 is

irreducible, we conclude that KAym
1
10∩U = 0. Hence N2 = U ⊕KAym1

10. The module U
is self-dual as N2 is self-dual. Since U has a �ltration by Weyl modules, it has a �ltration
by dual Weyl modules as well. Therefore U is a tilting module. This forces that U ∼= T (10)
and completes the analysis of the case under consideration.

II.V. Let p = 5 and ω = ω1 + 3ω2. Then dimφ = 80 and M ∼= S7,5(V ). One can
directly verify that σy(ω) = 15, dimM15 = 1, dimM13 = 2, dimM11 = 3, dimM9 = 5,
dimM7 = 6, dimM5 = 7, dimM3 = 8, and dimM1 = 8. This implies that

I(My) = {M(15), 2M(13),M(11), 2M(9), 2M(7), 2M(5), 2M(3),M(1)}.
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By Proposition 8 and Lemma 27, My
∼= N1 ⊕N2 ⊕M(9)⊕M(9) where

I(N1) = {M(15), 2M(13), 2M(5), 2M(3)}, I(N2) = {M(11), 2M(7),M(1)}.

Show that N1
∼= T (15)⊕ T (5) and N2

∼= T (11).
Set m13 = X−2v. Since X−1v ̸= 0, one easily observes that X−αv ̸= 0. It is not di�cult

to check that Xαm13 = v and X4
−αm13 ̸∈ ⟨X−α,5v⟩. Set N1 = N1/KAyv and denote by

the symbol m13 the image of m13 under the canonical homomorphism N1 → N1. The
arguments above and Lemma 28 yield that KAyv ∼= V (15) and KAym13

∼= V (13). Let
U be the full preimage of KAym13 in N1. Then I(N1/U) = {M(5), 2M(3)}. Since N1 is
self-dual, it has a submodule F with I(F ) = {M(5), 2M(3)}.

Obviously, the vectors

X3
−1X

2
−2v, X

2
−1X−3X

2
−2v, X

2
−1X

3
−2v, X

4
−2X−1v,

X−3X
3
−2X−1v, X

2
−3X

3
−2v, X

2
−3X

2
−2X−1v

form a basis of M5. Set Q = KerXα ∩M5, m5 = 3X3
−1X

2
−2v + X2

−1X
3
−2v, and m∗

5 =
X4

−2X−1v + 3X−3X
3
−2X−1v + 4X2

−3X
3
−2v + X2

−3X
2
−2X−1v. Show that InvM5 = ⟨m5⟩.

Using the basis indicated above, we can check that Q = ⟨m5,m
∗
5⟩, Xα,5m5 = 0, and

Xα,5m
∗
5 ̸= 0. As InvM5 ⊂ Q, this implies that InvM5 = ⟨m5⟩. It is not di�cult to verify

that X−αm5 ̸= 0. Obviously, m5 ∈ F . One easily observes that U ∩F = 0 asM(3) ̸∈ IrrU .
Hence N1 = U ⊕ F and the modules U and F are self-dual since N1 is such. As U has
a �ltration by Weyl modules, this yields that it has a �ltration by dual Weyl modules as
well. Therefore U is a tilting module. This forces that U ∼= T (15). Asm5 ∈ F , X−αm5 ̸= 0,
and F is self-dual, then by Lemma 29, F ∼= T (5).

Set m11 = X2
−2v + 4X−3X−2v. One can directly verify that Xα �xes m11 and that

the vector X2
−αm11 has a weight component 4X2

−1X
2
−2v ̸= 0. Lemma 28 implies that

KAym11
∼= V (11).

Put N2 = N2/KAym11. It is clear that I(N2) = {M(7),M(1)}. We can check that
InvM1 = 0. Therefore N2 has no submodules isomorphic to M(1). As N2 is self-dual, we

conclude that N2 and N2 have no factor modules isomorphic toM(1). Hence by Lemma 23,

N2
∼= V (7) and N2 has a �ltration by Weyl modules. Since N2 is self-dual, it has a �ltration

by dual Weyl modules as well. Therefore N2 is a tilting module and N2
∼= T (11).

II.VI. Let p = 5 and ω = 2ω1 + 2ω3. Then dimφ = 83 and σy(ω) = 12. Set

Λ8 = {ω − 2α1, ω − α1 − α2, ω − α1 − α3, ω − α2 − α3, ω − 2α3};
Λ6 = {ω − 2α1 − α2, ω − 2α1 − α3, ω − α1 − α2 − α3, ω − α2 − 2α3, ω − α1 − 2α3};
Λ4 = {ω − 2α1 − 2α2, ω − 2α1 − α2 − α3, ω − 2α1 − 2α3, ω − α1 − 2α2 − α3,

ω − α1 − α2 − 2α3, ω − 2α2 − 2α3};
Λ2 = {ω − 2α1 − 2α2 − α3, ω − 2α1 − α2 − 2α3, ω − 3α1 − α2 − α3,

ω − α1 − 2α2 − 2α3, ω − α1 − α2 − 3α3};
Λ0 = {ω − 2α1 − 2α2 − 2α3, ω − 3α1 − 2α2 − α3, ω − 3α1 − α2 − 2α3,

ω − 2α1 − α2 − 3α3, ω − 2α1 − 3α2 − α3, ω − α1 − 3α2 − 2α3, ω − α1 − 2α2 − 3α3}.

One easily observes that Mi = ⟨Mµ|µ ∈ Λi⟩. By [18, Table 6.7], the maximal submodule
in V (ω) is isomorphic to M(0). Hence dimMµ = dimV (ω)µ for µ ̸= 0 and dimMµ =
dimV (ω)µ − 1 for µ = 0. Put

Σ = {µ ∈ Λ(M)|µ = ω − aα1 − bα2 − cα3, abc = 0}.

One easily concludes that dimMσ = 1 for σ ∈ Σ. Using Freudenthal's formula, we get that
dimMµ = 3 for µ = ω−α1−α2−α3 and dimMµ = 5 for µ = ω−2α1−2α2−2α3 = 0. It is
not di�cult to show that the weight λ lies in the same W -orbit with µ = ω−α1−α2−α3
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for

λ ∈ {ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3,

ω − 2α1 − 2α2 − α3, ω − 2α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3},

so dimMλ = 3 for these λ. Finally, the weight µ lies in the same W -orbit with a weight
from Σ for

µ ∈ {ω − α1 − 2α2 − α3, ω − 3α1 − α2 − α3, ω − α1 − α2 − 3α3,

ω − 3α1 − 2α2 − α3, ω − 3α1 − α2 − 2α3, ω − 2α1 − α2 − 3α3,

ω − 2α1 − 3α2 − α3, ω − α1 − 3α2 − 2α3, ω − α1 − 2α2 − 3α3}.

Therefore dimMµ = 1 for all these µ. Now we easily deduce that dimM12 = 1, dimM10 =
2, dimM8 = 5, dimM6 = 7, dimM4 = 10, dimM2 = 11, and dimM0 = 11. This yields
that I(My) = {M(12),M(10), 4M(8), 3M(6), 3M(4), 3M(2), 3M(0)}. By Proposition 8
and Lemma 27, My = N1 ⊕ N2 ⊕ 3M(4) where I(N1) = {M(12), 3M(6), 3M(2)} and
I(N2) = {M(10), 4M(8), 3M(0)}. Show that N1

∼= T (12)⊕T (6) and N2
∼= T (10)⊕T (8)⊕

M(8).
It is not di�cult to verify that the vector X3

−αv has a nonzero weight component

X−3X
2
−1v. Hence KAyv ∼= V (12) by Lemma 28. Set N1 = N1/KAyv. Then I(N1) =

{2M(6), 3M(2)}. Put

m2 =X3
−1X−2X−3v + 4X−3X

2
−2X

2
−1v + 2X2

−2X−3X
2
−1v + 2X2

−3X−2X
2
−1v+

+ 2X−1X
2
−2X−3X−1v + 3X2

−1X−2X
2
−3v + 2X−1X

2
−2X

2
−3v+

+X2
−2X−1X

2
−3v +X−3X

2
−2X−3X−1v +X3

−3X−2X−1v.

One can directly verify that each of the triples

(X−3X
2
−2X

2
−1v, X

2
−2X−3X

2
−1v, X−1X

2
−2X−3X−1v),

(X−1X
2
−2X

2
−3v, X

2
−2X−1X

2
−3v, X−3X

2
−2X−3X−1v),

(X−2X
2
−3X

2
−1v, X

2
−3X−2X

2
−1v, X

2
−1X−2X

2
−3v)

consists of linearly independent vectors. Therefore the vectors

X−3X
2
−2X

2
−1v, X

2
−2X−3X

2
−1v, X−1X

2
−2X−3X−1v, X−1X

2
−2X

2
−3v,

X2
−2X−1X

2
−3v, X−3X

2
−2X−3X−1v, X−2X

2
−3X

2
−1v, X

2
−3X−2X

2
−1v,

X2
−1X−2X

2
−3v, X

3
−1X−2X−3v, X

3
−3X−2X−1v

form a basis inM2. Using this basis, we can show that dim InvM2 = 1 and InvM2 = ⟨m2⟩.
Hence N1 has no submodules isomorphic toM(2)⊕M(2). As N1 is self-dual, this yields

that N1 and N1 have no such factor modules. Hence N1 has no direct summands of the
form T (6) ⊕ ∆(6), T (6) ⊕ M(2), ∆(6) ⊕ M(2), or M(2) ⊕ M(2). Then by Lemma 27,

N1
∼= T (6)⊕ V (6) or V (6)⊕ V (6)⊕M(2). Therefore N1 has a �ltration by Weyl modules

and it has a �ltration by dual Weyl modules as N1 is self-dual. Hence N1 is a tilting
module. As we know I(N1), we conclude that N1

∼= T (12)⊕ T (6).
Setm10 = X−1v+3X−3v. It is clear thatX−αm10 ̸= 0 sinceX2

−1v ̸= 0. One can directly
verify that Xα �xes m10. Therefore InvM10 = ⟨m10⟩. By Lemma 28, KAym10

∼= V (10).
As dim(N2∩M10) = 1, the module N2 has an indecomposable component N2,1 containing

the vector m10. Put N2,1 = N2,1/KAym10 and write N2 = N2,1 ⊕ N2,2 where N2,2 is a
KAy-module. By Corollary 10, N2,1 and N2,2 are self-dual. Show that N2,1

∼= T (10) and
N2,2

∼= T (8)⊕M(8).
It is not di�cult to observe that the vectors X2

−3X
2
−2X

2
−1v, X

2
−2X

2
−3X

2
−1v,

X−3X
2
−2X−3X

2
−1v,X−1X−3X

2
−2X−3X−1v, andX−1X

2
−2X

2
−3X−1v are linearly independent.



336 T.S. BUSEL, I.D. SUPRUNENKO

Taking into account Lemmas 12 and 6, we conclude that the vectors

X2
−1X

2
−2X−3X−1v, X

3
−1X−2X

2
−3v, X

3
−2X−3X

2
−1v, X

3
−2X

2
−3X−1v,

X3
−3X−2X

2
−1v, X−2X

3
−3X−2X−1v, X

2
−3X

2
−2X

2
−1v, X

2
−2X

2
−3X

2
−1v,

X−3X
2
−2X−3X

2
−1v, X−1X−3X

2
−2X−3X−1v, X−1X

2
−2X

2
−3X−1v

form a basis of M0. Using this basis, we check directly that dim InvM0 = 1. Hence N2

has no submodules isomorphic to M(0)⊕M(0). As N2 is self-dual, it has no such factor
modules. This implies that there are no direct summands isomorphic to T (8) ⊕ ∆(8),

T (8)⊕M(0), ∆(8)⊕∆(8), ∆(8)⊕M(0), orM(0)⊕M(0) in N2,1 and N2,2, and that there

are no direct summands isomorphic to T (8) orM(0) in N2,2 if N2,1 has an indecomposable
component isomorphic to T (8), ∆(8), or M(0).

Suppose that there is an indecomposable component isomorphic to ∆(8) in N2,1.

Lemma 23 and the arguments above imply that N2,1
∼= ∆(8) or V (8) ⊕ ∆(8). Using

Lemma 23 and the self-duality of N2, we come to a contradiction with the facts proven
above on indecomposable components ofN2,1 andN2,2. HenceN2,1 has no direct summands
isomorphic to ∆(8).

Assume now that N2,1 has an indecomposable component isomorphic toM(8). As N2,2

is self-dual, Lemma 23 and the arguments above yield that N2,1
∼= T (8) ⊕ V (8) ⊕M(8),

V (8)⊕ V (8)⊕M(8), V (8)⊕ V (8)⊕M(8)⊕M(0), or V (8)⊕M(8). Check that all these
possibilities cannot be realized.

Obviously, the vectors X2
−1v, X−2X−1v, X−2X−3v, X

2
−3v, and X−3X−1v form a basis

of M8. Set m
1
8 = 3X2

−1v + 2X−2X−1v +X−2X−3v + 3X2
−3v,

m2
8 = 2X2

−1v +X−3X−1v + 4X−2X−3v, and m
3
8 = 2X−2X−3v +X2

−3v.
It is clear that the vectors mi

8, 1 ≤ i ≤ 3, are linearly independent. One can directly
verify that InvM8 = ⟨m1

8,m
2
8,m

3
8⟩ and that dimX4

−α InvM8 = 1. Hence dim(KerX4
−α ∩

InvM8) = 2. Set S = KerX4
−α ∩ InvM8.

First we assume that the multiplicity of the composition factor M(8) in the module

N2,1 equals 3. Then InvM8 ⊂ N2,1 as InvM8 ⊂ N2. Observe that N2,1
∼=M(8)⊕U where

U ∈ {T (8)⊕ V (8), V (8)⊕ V (8), V (8)⊕ V (8)⊕M(0)}.

In all cases we have

(5) X4
−αu ̸= 0

for a nonzero vector u ∈ U of weight 8. Let U be the full preimage of U in N2,1. Let m ∈ S
and m ̸∈ KAym10. Such vectors exist since dim(KAym10 ∩ M8) = 1 and dimS = 2.
Set F = KAym. Since X4

−αm = 0, then by Lemma 28, F ∼= M(8). As m ̸∈ KAym10,
Formula (5) implies that m ̸∈ U . Then U ∩ F = 0 since F is irreducible. Therefore
N2,1 = U ⊕ F which yields a contradiction as N2,1 is indecomposable.

LetN2,1
∼= V (8)⊕M(8). Then I(N2,2) = {M(8), 2M(0)}. SinceN2,2 has no submodules

isomorphic to M(0) ⊕M(0) and is self-dual, Lemma 23 forces that N2,2
∼= T (8). Then

KAyz ∼= V (8) for any vector z ∈ (M8 ∩N2,2) \ {0}. Therefore X4
−αz ̸= 0 and so S ⊂ N2,1.

As dimS = 2, then S ̸⊂ KAym10. Let m ∈ S and m ̸∈ KAym10. Arguing as above, it
is not di�cult to show that the module N ′ = KAym is isomorphic to M(8) and that
N2,1 = N ′ ⊕ N ′′ where KAym10 ⊂ N ′′ and N ′′/KAym10

∼= V (8). We again come to a

contradiction since N2,1 is indecomposable. This implies that N2,1 has no indecomposable
components isomorphic to∆(8) orM(8). Then Lemma 23 implies that N2,1 has a �ltration
by Weyl modules and a �ltration by dual Weyl modules as N2,1 is self-dual. Hence N2,1

is a tilting module and this forces that N2,1
∼= T (10).

It is clear that I(N2,2) = {2M(8), 2M(0)}. As N2,2 has no direct summands isomorphic
toM(0)⊕M(0) and is self-dual, Lemma 23 yields that N2,2

∼= T (8)⊕M(8) or V (8)⊕∆(8).
Show that the �rst possibility is realized. Set Q = X4

αM0 ∩ InvM8 and

z = 2X2
−1v + 2X−2X−3v +X−1X−3v + 4X2

−3v.



THE JORDAN BLOCK STRUCTURE 337

Using the basis of M0 indicated above, we can directly check that dimQ = 2, Q =
⟨X−αm10, z⟩, and X4

−αz ̸= 0. It is clear that Q ⊂ N2 since InvM8 ⊂ N2. Let z = X4
αz0

where z0 ∈M0. We can assume that z0 ∈ N2. Write z0 = z10+z
2
0 and z = z1+z2 where zi0 ∈

N2,i∩M0 and z
i ∈ N2,i∩M8. ThenX

4
αz

i
0 = zi. AsN2,2∩M8 ⊂ InvM8, dim(N2,2∩M8) = 2,

and dimM8 = 3, it is clear that dim(N2,1 ∩ InvM8) = 1. Since z1 ∈ InvM8, we conclude
that z1 ∈ ⟨X−αm10⟩ ⊂ KAym10 and X4

−αz
1 = 0. Therefore X4

−αz
2 ̸= 0. This yields that

X4
−α(X

4
αz

2
0) ̸= 0. Now Lemma 25 forces that N2

∼= T (10)⊕ T (8)⊕M(8).
II.VII. Let p = 5 and ω = 4ω2. Then dimφ = 85 and M ∼= S8,5(V ). One can

directly verify that σy(ω) = 16, dimM16 = 1, dimM14 = 1, dimM12 = 3, dimM10 = 4,
dimM8 = 6, dimM6 = 7, dimM4 = 8, dimM2 = 8, and dimM0 = 9. This yields that
I(My) = {M(16), 3M(12),M(10), 3M(8), 3M(6),M(4),M(2), 3M(0)}. By Proposition 8
and Lemma 27,My = N1⊕N2⊕M(4) where I(N1) = {M(16), 3M(12), 3M(6),M(2)} and
I(N2) = {M(10), 3M(8), 3M(0)}. Show that N1

∼= T (16)⊕T (12) and N2
∼= T (10)⊕T (8).

As X2
−2v ̸= 0, then X2

−αv ̸= 0. Hence KAyv ∼= V (16). Set m12 = 3X−1X−2v +X2
−2v and

u = X2
−2v. We can check that Xα �xes m12, X

2
αu = v, and

(6) X3
−αu ̸∈ ⟨X−α,5v⟩, X3

−αm12 ̸∈ ⟨X−α,5v, X
3
−αu⟩.

Put N1 = N1/KAyv and denote by u the image of u under the natural homomorphism

N1 → N1. Let U be the full preimage of KAyu in N1 and F = KAym12. Formula (6)
implies that KAyu ∼= F ∼= V (12) and U ∩ F = 0. Indeed, any nontrivial submodule of
F contains the vector X3

−αm12 which does not lie in U . Set N ′
1 = N1/(U ⊕ F ). Then

I(N ′
1) = {M(6),M(2)}. It is clear that the vectors

X−3X
2
−1X

4
−2v, X−1X

2
−3X

4
−2v, X

3
−1X

4
−2v, X

3
−3X

4
−2v,

X2
−1X

2
−3X

3
−2v, X−1X

3
−3X

3
−2v, X

3
−1X−3X

3
−2v, X−2X−1X−3X

4
−2v

form a basis of M2. Using this basis, we can show that InvM2 = 0. Hence N1 has no
submodules isomorphic to M(2). As N1 is self-dual, the modules N1 and N ′

1 have no
such factor modules. Now Lemma 23 yields that N ′

1
∼= V (6). Hence N1 has a �ltration

by Weyl modules and N1 is a tilting module. Since we know I(N1), we conclude that
N1

∼= T (16)⊕ T (12).
Set m10 = 3X3

−2v +X−1X
2
−2v + 2X−3X

2
−2v +X−1X−3X−2v. One can directly verify

that Xα �xes m10 and that X−αm10 has a nonzero weight component X4
−2v. Therefore

KAym10
∼= V (10). Put N2 = N2/KAym10. Then I(N2) = {2M(8), 3M(0)}. Show that

N2 has no indecomposable components isomorphic to ∆(8) or M(8). Taking into account
Lemmas 6 and 12, we can conclude that the vectors

X−3X
3
−1X

4
−2v, X−1X

3
−3X

4
−2v, X

2
−1X

2
−3X

4
−2v, X

4
−1X

4
−2v, X

4
−3X

4
−2v,

X3
−1X

2
−3X

3
−2v, X

2
−1X

3
−3X

3
−2v, X

3
−2X

2
−1X−3X

2
−2v, X

3
−2X−1X

2
−3X

2
−2v

form a basis of M0. Using this basis, one can directly check that dim InvM0 = 1. Hence
N2 has no submodules isomorphic to M(0)⊕M(0). Since N2 is self-dual, the modules N2

and N2 have no such factor modules. Therefore N2 has no direct summands isomorphic to
T (8)⊕∆(8), T (8)⊕M(8), ∆(8)⊕∆(8), ∆(8)⊕M(0), or M(0)⊕M(0). Taking this into

account and using Lemma 23, we conclude that N2 has no indecomposable components
isomorphic to ∆(8) or M(8). Then Lemma 23 forces that N2 has a �ltration by Weyl
modules. Therefore N2 is a tilting module. We know I(N2) and can conclude that N2

∼=
T (10)⊕ T (8).
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II.VIII. Let p = 7 and ω = 4ω1 + ω3. Then dimφ = 100 and σy(ω) = 15. It is clear
that dimM15 = 1 and dimM13 = 2. Set

Λ11 = {ω − 2α1, ω − α1 − α2, ω − α2 − α3, ω − α1 − α3};
Λ9 = {ω − 3α1, ω − 2α1 − α2, ω − 2α1 − α3, ω − α1 − α2 − α3};
Λ7 = {ω − 4α1, ω − 3α1 − α2, ω − 3α1 − α3, ω − 2α1 − 2α2,

ω − 2α1 − α2 − α3, ω − α1 − 2α2 − α3, ω − α1 − α2 − 2α3};
Λ5 = {ω − 4α1 − α2, ω − 4α1 − α3, ω − 3α1 − 2α2, ω − 3α1 − α2 − α3,

ω − 2α1 − 2α2 − α3, ω − 2α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3};
Λ3 = {ω − 4α1 − 2α2, ω − 4α1 − α2 − α3, ω − 3α1 − 3α2, ω − 3α1 − 2α2 − α3,

ω − 3α1 − α2 − 2α3, ω − 2α1 − 3α2 − α3, ω − 2α1 − 2α2 − 2α3};
Λ1 = {ω − 5α1 − α2 − α3, ω − 4α1 − 3α2, ω − 4α1 − 2α2 − α3, ω − 4α1 − α2 − 2α3,

ω − 3α1 − 3α2 − α3, ω − 3α1 − 2α2 − 2α3, ω − 2α1 − 3α2 − 2α3, ω − 2α− 2α2 − 3α3}.

One easily observes that Mi = ⟨Mµ|µ ∈ Λi⟩ for 1 ≤ i ≤ 11. Now we shall determine the
dimensions of the subspaces Mµ for µ ∈ ∪11

i=1Λi. Put

∆ = {µ ∈ Λ(M)|µ = ω − b1α1 − b2α2 − b3α3, b1b2b3 = 0};
∆′ = {ω − α1 − 2α2 − α3, ω − α1 − α2 − 2α3, ω − 2α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3,

ω − 3α1 − α2 − 2α3, ω − 2α1 − 3α2 − α3, ω − 5α1 − α2 − α3, ω − 4α1 − α2 − 2α3,

ω − 2α1 − 3α2 − 2α3, ω − 2α1 − 2α2 − 3α3};
Σ = {ω − α1 − α2 − α3, ω − 2α1 − α2 − α3, ω − 3α1 − 2α2 − α3};
Σ′ = {ω − 3α1 − α2 − α3, ω − 2α1 − 2α2 − α3,

ω − 2α1 − 2α2 − 2α3, ω − 4α1 − 2α2 − α3, ω − 3α1 − 3α2 − α3,

ω − 4α1 − α2 − α3, ω − 3α1 − 2α2 − 2α3}.
Using Theorem 1 and Proposition 4, we can conclude that dimMδ = 1 for δ ∈ ∆. It is
clear that dimMγ = 1 for γ ∈ ∆′ since γ lies in the same W -orbit with a weight from
∆. By [13, Part II, 8.20], the maximal submodule in V (ω) is isomorphic to M(3ω1) =
M(ω − α1 − α2 − α3). So it is clear that dimMσ = dimV (ω)σ − 1 for σ ∈ Σ. Using
Freudenthal's formula, we get that dimMσ = 2 for σ ∈ Σ. If ν ∈ Σ′, then ν lies in
the same W -orbit with a weight from Σ, hence dimMν = 2. Now all dimensions of the
subspaces Mµ we need are found.

The arguments above imply that dimM11 = 4, dimM9 = 5, dimM7 = 8, dimM5 = 9,
dimM3 = 10, and dimM1 = 11. Now we can see that

I(M) = {M(15),M(13), 3M(11),M(9), 3M(7), 4M(5), 2M(3), 3M(1)}.
By Proposition 8 and Lemma 27, My = N1 ⊕M(13)⊕N2 ⊕N3 where

I(N1) = {M(15), 3M(11), 3M(1)}, I(N2) = {M(9), 2M(3)}, I(N3) = {3M(7), 4M(5)}.
Remark 3 implies that the modules Ni are self-dual. Show that N1

∼= T (15) ⊕ T (11),
N2

∼= T (9), and N3
∼= 2T (7)⊕M(7).

Since X2
−1v ̸= 0, then X2

−αv ̸= 0. This forces that KAyv ∼= V (15). One easily
check that the pairs (X−3X

2
−2X

4
−1v, X

2
−2X−3X

4
−1v), (X

3
−2X−3X

3
−1v, X−3X

3
−2X

3
−1v),

and (X2
−3X

2
−2X

3
−1v, X−3X

2
−2X−3X

3
−1v) consist of linearly independent vectors. Now it

is obvious that the vectors

X−3X
2
−2X

4
−1v, X

2
−2X−3X

4
−1v, X

3
−2X−3X

3
−1v, X−3X

3
−2X

3
−1v,

X2
−3X

2
−2X

3
−1v, X−3X

2
−2X−3X

3
−1v, X

5
−1X−2X−3v, X

3
−2X

4
−1v,

X2
−3X−2X

4
−1v, X

2
−2X

2
−3X−2X

2
−1v, X

3
−3X

2
−2X

2
−1v

form a basis of M1. Using this basis, we directly verify that dim InvM1 = 1.
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Set N1 = N1/KAyv. Then I(N1) = {2M(11), 3M(1)}. As the module N1 has no

submodules isomorphic to M(1) ⊕M(1) and is self-dual, both N1 and N1 have no such

factor modules. HenceN1 has no direct summands of the formM(1)⊕M(1),∆(11)⊕M(1),
T (11) ⊕ M(1), ∆(11) ⊕ ∆(11), or T (11) ⊕ ∆(11). Using Lemma 23, we conclude that

N1
∼= T (11) ⊕ V (11) or V (11) ⊕ V (11) ⊕M(1). Therefore N1 has a �ltration by Weyl

modules. By remark 4, N1 is a tilting module. As we know I(N1), we conclude that
N1

∼= T (15)⊕ T (11).
Set m9 = 2X3

−1v + 6X−2X
2
−1v + 2X−3X

2
−1v +X−3X−2X−1v. One can directly check

that Xα �xesm9 and that the vector X
3
−αm9 has a nonzero weight component 6X2

−2X
4
−1v.

Hence KAym9
∼= V (9). By Lemma 29, N2

∼= T (9).
We can show that the pairs (X−3X−2X

3
−1v, X

3
−1X−2X−3v) and

(X−3X
2
−2X

2
−1v, X−1X

2
−2X−1X−3v) consist of linearly independent vectors. Then the

vectors

X−2X
4
−1v, X−3X

4
−1v, X

2
−2X

2
−1v, X

2
−3X−2X

2
−1v, X−3X

2
−2X−3X−1v,

X−3X−2X
3
−1v, X

3
−1X−2X−3v, X−3X

2
−2X

2
−1v, X−1X

2
−2X−1X−3v

form a basis in M5. Put

m1
7 = 2X4

−1v + 6X−2X
3
−1v + 5X−3X

3
−1v + 5X2

−2X
2
−1v+

+5X2
−3X−2X−1v + 6X2

−2X−3X−1v + 6X2
−1X−2X−3v,

m2
7 = 4X4

−1v + 2X−2X
3
−1v + 3X2

−2X
2
−1v + 6X2

−3X−2X−1v+

+3X−3X−2X
2
−1v +X2

−2X−3X−1v +X2
−1X−2X−3v.

Using the basis indicated above, we check thatXαM5∩InvM7 = ⟨m1
7,m

2
7⟩. Set u1, u2 ∈M5

and Xαui = mi
7. As we know the structure of N1 ⊕N2, we conclude that My = N ⊕N3

and the module N has no composition factors isomorphic to M(7). Write ui = u1
i + u2

i

where u1
i ∈ N and u2

i ∈ N3. The arguments above yield that Xαu
2
i = mi

7. One can directly
verify that X−αm

1
7 has nonzero weight components 3X−3X

4
−1v and 4X−2X

4
−1v and the

vector X−αm
2
7 has a nonzero weight component 4X−3X

4
−1v and the zero component of

weight ω− 4α1 −α2. Hence the vectors X−αm
1
7 and X−αm

2
7 are linearly independent and

dimX−α(Xα(M5∩N3)∩ InvM7) = 2. Arguing as in the proof of Corollary 9, we conclude
that N3

∼= 2T (7)⊕M(7).
All possibilities are considered for regular unipotent elements in A3(K).
II.IX. Let x be not regular. The arguments at the beginning of the section imply that

it su�ces to consider the following cases:
a) p = 5, ω = 2ω1 + ω3;
b) p = 3 or 5, ω = ω1 + ω2 + ω3;
c) p = 3 or 5, ω = 2ω1 + 2ω3;
d) p = 7, ω = 4ω1 + ω3.

First we assume that J(x) = (3, 1) or (2, 12). Then x is conjugate to an element from
the subgroup H = G(1, 2). Suppose that x is such element.

II.IX.I. Let p = 5, ω = 2ω1+2ω3, and J(x) = (3, 1). In this case x is a regular unipotent
element ofH. Assume that A ⊂ H and σ : Λ(H) → Z are a subgroup of type A1 containing
x, and the homomorphism described at the end of Section 3; Xα and X−α are the root
operators of the Lie algebra of A. Taking into account Formula (4), we can suppose that
Xα = X1 + 2X2 and X−α = 2X−1 +X−2. Set

Ωi = {λ ∈ Λ(M)|λ = ω − aα1 − bα2 − iα3}, 0 ≤ i ≤ 4, Ui = ⟨Mλ|λ ∈ Ωi⟩,

Ω+
2 = {λ ∈ Ω2|σ(λ) ≥ 0}. It is clear that Ui are H-modules and

M |H = U0⊕U1⊕U2⊕U3⊕U4. By Lemma 11, U0
∼= U∗

4 and U1
∼= U∗

3 . Corollary 4 implies
that U0

∼=M(2ω1) and U4
∼=M(2ω2).
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It is not di�cult to show that

Ω1 = {ω − α3, ω − α2 − α3, ω − α1 − α3, ω − 2α1 − α3, ω − α1 − α2 − α3,

ω − 2α1 − α2 − α3, ω − α1 − 2α2 − α3, ω − 2α1 − 2α2 − α3, ω − 3α1 − α2 − α3,

ω − 3α1 − 2α2 − α3, ω − 2α1 − 3α2 − α3, ω − 3α1 − 3α2 − α3}.

Recall that dimMµ = 3 for µ ∈ {ω−α1 −α2 −α3, ω− 2α1 −α2 −α3, ω− 2α1 − 2α2 −α3}
and dimMµ = 1 for other weights µ ∈ Ω1. This yields that dimU1 = 18. Put w = X−3v.
It is obvious that the vector w ∈ U1 and is invariant under X1 and X2. Hence U1 has a
composition factor with highest weight λ1 = ωH(w) = 2ω1 + ω2.

Set ν = ω−α1−α2−α3. As dimMν+α1 = dimMν+α2 = 1 and dimMν = 3, one easily
observes that

dim(KerX1 ∩Mν) = dim(KerX2 ∩Mν) = 2.

Now it is clear that there exists a nonzero vector u ∈ Mν such that X1u = X2u = 0.
This yields that Xβ �xes u for all positive roots β of H. Therefore U1 has a composition
factor with highest weight λ2 = ωH(u) = ω1. Since dimM(λ1) = 15 and dimM(λ2) = 3,
the H-module U1 has no other composition factors. Observe that the modules V (λ1) and
V (λ2) are irreducible (see [18, Table 6.6]). Hence U1

∼=M(λ1)⊕M(λ2) by Corollary 1.
One easily checks that

Ω2 ={ω − 2α3, ω − α2 − 2α3, ω − α1 − 2α3, ω − 2α1 − 2α3, ω − 2α2 − 2α3,

ω − α1 − α2 − 2α3, ω − 2α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3,

ω − 2α1 − 2α2 − 2α3, ω − 3α1 − α2 − 2α3, ω − α1 − 3α2 − 2α3}.

Recall that dimMµ = 3 for

µ ∈ {ω − α1 − α2 − 2α3, ω − 2α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3},

dimMν = 5 for ν = ω − 2α1 − 2α2 − 2α3, and dimMλ = 1 for all weights λ ∈ Ω3. This
yields that dimU2 = 35. Now one easily concludes that

I(U2|A) = {M(8),M(6), 3M(4), 2M(2), 2M(0)}.

By Lemma 27, we get that U2|A = N1 ⊕N2 ⊕ 3M(4) where I(N1) = {M(8), 2M(0)} and
I(N2) = {M(6), 2M(2)}. Show that N1

∼= T (8) and N2
∼= T (6).

Set m8 = X2
−3v, m6 = X−2X

2
−3v + 2X−1X

2
−3v, f1 = X2

−1X−2X
2
−3v, and

f2 = X−2X
2
−1X

2
−3v. It is clear that m8 ∈ N1. One can directly verify that the vector

X3
−αm8 has a nonzero weight component 2X3

−2X−1X
2
−3v,m6 ∈ InvM6, the vectorX

2
−αm6

has a weight component f1 + f2, and that X2
3f1 = 0, X2

3f2 ̸= 0, and X2
1f1 ̸= 0.

Hence the vectors f1 and f2 are linearly independent and X2
−αm6 ̸= 0. Since U3 is

self-dual, now Lemma 23 implies that N1
∼= T (8) and N2

∼= T (6).
Using the results from Item I and Lemma 23, we can determine J(φ(x)).
Now let J(x) = (2, 12). In this case one easily concludes that σx(ω) = 4 < p. Hence by

Corollary 2, Mx is a direct sum of p-restricted irreducible modules. As the dimensions of
all weight subspaces of M are known (see Item II.IV), it is not di�cult to �nd irreducible
components of the module Mx and to determine J(φ(x)).

II.IX.II. In other cases using the results of [6], we show that the modules M |H are
completely reducible and �nd their irreducible components. After that we apply the results
of Item I.

Now we need some additional notation. Let Γ = At(K) and λ ∈ Λ(Γ) be a dominant
weight. For λ ̸= 0 we write λ = b1ωi1 + ...+ bkωik where i1 < ... < ik and b1, ..., bk > 0.
For λ = 0 we assume that k = 0. For 1 ≤ l < m ≤ k set

Bλl,m = im − il +

m∑
j=l

bj ∈ K.
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We say that λ satis�es Condition (JS1) if for any l, m, and b with 1 ≤ l < m ≤ k and
0 < b < bl+ bm the di�erence Bλl,m− b ̸= 0 (in K). We say that λ satis�es Condition (JS2)

if Bλl,l+1 = 0 for all l < k.
For 1 ≤ i ≤ t set α(i, t) = αi+ ...+αt. We say that the weight µ ∈ Λ(Γ) is λ-admissible

if µ = λ− n1α(i1, t)− ...− nkα(ik, t), nj ∈ Z+ and the following conditions hold:
(1) 0 ≤ nj ≤ bj , 1 ≤ j ≤ k;
(2) if nj ̸= 0 and Bλj,m = 0 for some m with j < m ≤ k, then nm = bm.

Let λ be p-restricted and Γ1 = Γ(1, 2, ..., t − 1). By [6, Theorem 1.4], the restriction
M(λ)|Γ1 is completely reducible if and only if λ = 0 or satis�es one of Conditions (JS1)
or (JS2). In these cases

(7) M(λ)|Γ1
∼=

⊕
M(µ|Γ1)

where µ runs over the set of all admissible weights. Now we use Formula (7) in all remaining
cases.

Let p = 5 and ω = 2ω1 + ω3. Then k = 2, Bω1,2 = 5 = 0, ω satis�es Condition (JS1),
and

M |H =M(2ω1)⊕M(2ω1 + ω2)⊕M(ω1 + ω2)⊕M(ω2).

Let p = 3 and ω = ω1 + ω2 + ω3. Then k = 3, Bω1,2 = Bω2,3 = 3 = 0, Bω1,3 = 5 = 2, ω
satis�es Condition (JS2), and

M |H =M(ω1 + ω2)⊕M(ω1 + 2ω2)⊕M(2ω1 + ω2)⊕M(ω1 + ω2).

Let p = 5 and ω = ω1 +ω2 +ω3. Then k = 3, Bω1,2 = Bω2,3 = 3, Bω1,3 = 5 = 0, ω satis�es
Condition (JS1), and

M |H =M(ω1 + ω2)⊕M(ω1 + 2ω2)⊕M(2ω1 + ω2)⊕M(2ω1)⊕M(ω1 + ω2)⊕M(2ω2).

Let p = 3 and ω = 2ω1 + 2ω3. Then k = 2, Bω1,2 = 6 = 0, ω satis�es Condition (JS2),
and

M |H =M(2ω1)⊕M(2ω1 + ω2)⊕M(2ω1 + 2ω2)⊕M(ω1 + 2ω2)⊕M(2ω2).

Let p = 7 and ω = 4ω1 + ω3. Then k = 2, Bω1,2 = 7 = 0, ω satis�es Condition (JS2),
and

M |H =M(4ω1)⊕M(4ω1 + ω2)⊕M(3ω1 + ω2)⊕M(2ω1 + ω2)⊕M(ω1 + ω2)⊕M(ω2).

Hence for J(x) = (3, 1) or (2, 12), all possibilities are considered.
II.IX.III. Let J(x) = (22). Then x is conjugate to a regular unipotent element of

the subsystem subgroup H = G(1, 3) and we can assume that x ∈ H. Obviously, H =
G(1)G(3). Recall that the set Λ(A1(K)) is identi�ed with Z, hence we can suppose that
µ ∈ Λ(H) is equal to (a, b) where a, b ∈ Z. It is not di�cult to check that σx(ω) < p
for p ≥ 5. Therefore it remains to consider the representations with highest weights ω =
ω1 + ω2 + ω3 and 2ω1 + 2ω3 for p = 3. While analyzing these representations, we will
consider the restriction of M to a subgroup A constructed as at the end of Section 3
and the homomorphism σ : Λ(H) → A described there. One easily observes that for
µ = (a, b) ∈ Λ(H) the image σ(µ) = a+ b.

Let p = 3 and ω = ω1 + ω2 + ω3. Then σx(ω) = 4. Set
Ωi = {λ ∈ Λ(H)|λ = ω − aα1 − iα2 − bα3}, 0 ≤ i ≤ 4, Ui = ⟨Mλ|λ ∈ Ωi⟩,
Ω+
i = {λ ∈ Ωi|σ(λ) ≥ 0}. It is clear that Ui are H-modules and

M |H = U0⊕U1⊕U2⊕U3⊕U4. Lemma 11 implies that U0
∼= U∗

4 and U1
∼= U∗

3 . Corollary 4
yields that U0

∼=M(ω1)⊗M(ω1).
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One easily concludes that

Ω1 = {ω − α2, ω − α1 − α2, ω − α2 − α3, ω − 2α1 − α2, ω − α1 − α2 − α3,

ω − α2 − 2α3, ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3, ω − 2α1 − α2 − 2α3};
Ω2 = {ω − α1 − 2α2, ω − 2α2 − α3, ω − 2α1 − 2α2, ω − α1 − 2α2 − α3,

ω − 2α2 − 2α3, ω − 2α1 − 2α2 − α3, ω − α1 − 2α2 − 2α3}.

Put µ = ω − α1 − α2 − α3, Λ1 = {ω, ω − α1 − α2, ω − α2 − α3},

Λ2 = {ω − α1, ω − α2, ω − α3, ω − α1 − α3, ω − 2α1 − α2, ω − α2 − 2α3,

ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3, ω − 2α1 − α2 − 2α3,

ω − α1 − 2α2, ω − 2α2 − α3, ω − 2α1 − 2α2, ω − 2α2 − 2α3},
Λ3 = {ω − α1 − 2α2 − α3, ω − 2α1 − 2α2 − α3, ω − α1 − 2α2 − 2α3}.

Show that dimMµ = 2. It is clear that Mµ is generated by the vectors X−1X−2X−3v,
X−1X−3X−2v, X−3X−2X−1v, and X−2X−3X−1v. By Theorem 1 and Proposition 4, the
weight subspaces in M of the weights ω − α1 − α2 and ω − α2 − α3 are one-dimensional.
This implies that Mµ is generated by the vectors X−1X−3X−2v and X−2X−1X−3v. One
can directly verify that they are linearly independent.

Obviously, dimMλ = 1 for λ ∈ Λ1. One easily observes that dimMτ = 1 for τ ∈ Λ2

since τ lies in the same W -orbit with a weight from Λ1. It is clear that dimMν = 2 for
ν ∈ Λ3 as ν lies in the same W -orbit with µ.

Now one easily concludes that dimU1 = 10 and dimU2 = 16. Let w = X−2v. It
is clear that the vector w ∈ U1 and is invariant under X1 and X3. Therefore U1 has a
composition factor with highest weight θ = ωH(w) = (2, 2). Since dimMθ = 9, then U1

has two composition factors:M(θ) and the trivial one. As V (θ) is irreducible, Proposition 2
implies that U1

∼=M(2)⊗M(2)⊕M(0)⊗M(0).
Denote by U2,i the weight subspace of weight i in the module U2. Using Formula (4),

we can assume that Xα = X1 + X3 and X−α = X−1 + X−3. We know the dimensions
of the weight subspaces in M and so can show that dimU2,4 = 2, dimU2,2 = 4, and
dimU2,0 = 4. Hence I(U2|A) = {2M(4), 2M(2), 2M(0)}. By Lemma 23, U2|A = N ⊕ N ′

where I(N) = {2M(4), 2M(0)} and N ′ ∼= 2M(2). Show that N ∼= T (4) ⊕ M(4). Set
m0 = X−2X−3X

2
−1X−2v. One can check that X2

αm0 = X−2X−3X−2v + 2X−2X−1X−3v
and X2

−αX
2
αm0 ̸= 0. Since U2 = N⊕N ′, thenm0 = m1

0+m
2
0 wherem

1
0 ∈ N ,m2

0 ∈ N ′, and
m1

0,m
2
0 ∈ U2,0. It is clear that X

2
αm

2
0 = 0, therefore X2

−αX
2
αm

1
0 ̸= 0. Hence by Lemma 25,

N ∼= T (4)⊕M(4).
Now we can determine the canonical Jordan form of φ(x) using Lemma 21 and Theorem 3.
Let ω = 2ω1 + 2ω3 and p = 3. Set Ωi = {ω − aα1 − iα2 − bα3}, 0 ≤ i ≤ 4,

Ui = ⟨Mλ|λ ∈ Ωi⟩, Ω+
i = {λ ∈ Ωi|σ(λ) ≥ 0}. It is clear that Ui are H-modules and

M |H = U0⊕U1⊕U2⊕U3⊕U4. By Lemma 11, U0
∼= U∗

4 and U1
∼= U∗

3 . Corollary 4 implies
that U0

∼=M(2)⊕M(2).
It is not di�cult to see that

Ω1 = {ω − α1 − α2, ω − α2 − α3, ω − 2α1 − α2, ω − α1 − α2 − α3,

ω − α2 − 2α3, ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3};
Ω2 = {ω − 2α1 − 2α2, ω − 2α2 − 2α3, ω − α1 − 2α2 − α3, ω − 2α1 − 2α2 − α3,

ω − α1 − 2α2 − 2α3, ω − 2α1 − 2α2 − 2α3, ω − 3α1 − 2α2 − α3, ω − α1 − 2α2 − 3α3}.

Set µ = ω − α1 − α2 − α3 = ω1 + ω3. Show that dimMµ = 2. Using the Jantzen
�ltration [13, Part 2, �8, Proposition 8.19], we can conclude that the maximal submodule
in V (ω) is isomorphic toM(µ). Hence dimMµ = dimV (ω)µ−1. Then we use Freudenthal's
formula.
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Put

Λ1 = {ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3, ω − 2α1 − 2α2 − α3, ω − α1 − 2α2 − 2α3},
Λ2 = {ω, ω − α1, ω − α3, ω − α1 − α3},
Λ3 = {ω − α1 − α2, ω − α2 − α3, ω − 2α1 − α2, ω − α2 − 2α3, ω − 2α2 − 2α3,

ω − 2α1 − 2α2, ω − α1 − 2α2 − α3, ω − 3α1 − 2α2 − α3, ω − α1 − 2α2 − 3α3}.

Since a weight ν ∈ Λ1 lies in the same W -orbit with µ, then dimMν = 2. It is clear
that dimMλ = 1 for λ ∈ Λ2. One easily observes that dimMη = 1 for η ∈ Λ3 as η lies
in the same W -orbit with a weight from Λ2. Since dimM = 69, then dimMτ = 3 for
τ = ω − 2α1 − 2α2 − 2α3 = 0.

Now one easily deduces that dimU1 = 16 and dimU2 = 19. Below U1,i and U2,j are
the weight subspaces of the weights i and j in the A-modules U1 and U2, respectively. It
is not di�cult to check that dimU1,4 = 2, dimU1,2 = 4, and dimU1,0 = 4. Arguing as for
ω = ω1 + ω2 + ω3, we can see that U1|A = N ⊕ 2M(2) where I(N) = {2M(4), 2M(0)}.
Show that N ∼= T (4)⊕M(4). Set m0 = X−2X−3X

2
−1v. We can directly verify that

X2
αm0 = X−2X−3v + 2X−2X−1v and X2

−αX
2
αm0 has a nonzero weight component

f = X2
−1X−2X−3v +X−3X−1X−2X−1v (one easily observes that X2f ̸= 0). Arguing as

for ω = ω1 +ω2 +ω3, we get that there exists a vector m
1
0 ∈ N such that X2

−αX
2
αm

1
0 ̸= 0.

Then by Lemma 25, N ∼= T (4)⊕M(4).
As we know the dimensions of weight subspaces in M , it is not di�cult to check that

dimU2,4 = 3, dimU2,2 = 4, and dimU2,0 = 5. Then I(U2|A) = {3M(4), M(2), 4M(0)}.
By Lemma 23, U2|A = N ⊕ M(2) where I(N) = {3M(4), 4M(0)}. Show that N ∼=
2T (4)⊕M(4).

One can directly verify that X−2X−1X−3X−2X−3X−1v, X−3X−2X
2
−1X−2X−3v, and

X2
−3X

2
−2X

2
−1v are linearly independent. Then the vectors

X2
−1X

2
−2X−3X−1v,X

2
−3X

2
−2X−3X−1v,X−2X−1X−3X−2X−3X−1v,

X2
−3X

2
−2X

2
−1v, and X−3X−2X

2
−1X−2X−3v

form a basis of U2,0. Put u1 = X2
−2X−3X−1v, u2 = X2

−2X
2
−3v +X2

−2X
2
−1v, w1 = X2

−αu1,
and w2 = X2

−αu2. We can check that dimX2
αU2,0 = 2, X2

αU2,0 = ⟨u1, u2⟩ and that
the vector w1 has a nonzero weight component X2

−3X
2
−2X−3X−1v, but the vector w2 =

X2
−1X

2
−2X

2
−3v+X

2
−3X

2
−2X

2
−1v ̸= 0. This implies that w1 and w2 are linearly independent.

Arguing as before for the A-module U1, we get that there exists vectors m1 and m2 ∈
N ∩ U2,0 such that X2

−αX
2
αm1 = w1 and X2

−αX
2
αm2 = w2. Arguing as in the proof of

Corollary 9, we conclude that N ∼= 2T (4)⊕M(4).
For G = A3(K), the problem is solved. The arguments at the beginning of the section

yield that it is solved for G = A4(K) and A6(K) as well.
III. Let G = A5(K). Observe that the order of a regular unipotent element is greater

than p for p = 3 or 5. The arguments at the beginning of the section imply that it remains
to consider only the case where p = 5 and ω = ω1+ω4. Then dimφ = 78. If x has a Jordan
block of size 2 in the standard realization of G, then x is conjugate to a unipotent element
of the subgroup Γ = G(1, 2, 3, 5). Show that the restriction M |Γ is completely reducible.
Set Ui = ⟨Mλ|λ = ω− iα4−

∑
j ̸=4

bjαj⟩. One easily concludes thatM |Γ = U0⊕U1⊕U2⊕U3.

Corollary 4 implies that U0
∼=M((ω1, 0)) and U3

∼=M((ω2, 1)).
Set m1 = X−4v, m2,1 = X2

−4X−3X−2X−1v, and m2,2 = X−4X−5X−3X−4v. It is
obvious that m1 ∈ U1 and m2,1 and m2,2 ∈ U2. By Lemma 12, the vectors m1 and
m2,1 ̸= 0 and they are invariant under the subgroups Xi for i ̸= 4. Using Lemma 6 several
times, one easily observes that X4m2,2 = X−5X−3X−4v ̸= 0. This yields that m2,2 ̸= 0.
Taking into account the weight structure ofM , we conclude that the subgroups Xi for i ̸= 4
�x m2,2. Hence U1 has a composition factor isomorphic toM(ωΓ(m1)) =M((ω1+ω3, ω1))
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and U2 has composition factors Z1 and Z2 with highest weights µi = ωΓ(m2,i), i = 1, 2.
One easily deduces that µ1 = (ω3, 2) and µ2 = (ω1 + ω2, 0).

Now dimensional considerations imply that U1 is irreducible and U2 has exactly two
composition factors. Since the modules V (µ1) and V (µ2) are irreducible, then by Lemma 3,
U2

∼= Z1 ⊕ Z2. Therefore M |Γ ∼= U0 ⊕ U1 ⊕ Z1 ⊕ Z2 ⊕ U3. One can apply Theorem 3,
Lemma 21, and the results of Item II to determine the block structure of φ(x).

Let J(x) = (3, 3). Set Γ = G(1, 2, 4, 5) and Ui = ⟨Mλ|λ = ω − iα3 −
∑
j ̸=3

bjαj⟩. One

easily observes that M |Γ ∼= U0 ⊕U1 ⊕U2 ⊕U3. Corollary 4 implies that U0
∼=M((ω1, ω1))

and U3
∼= M((ω1, ω1)). Set m1,1 = X−3X−2X−1v, m1,2 = X−3X−4v, and m2,1 =

X2
−3X−4X−2X−1v. It is clear that m1,1 and m1,2 ∈ U1 and m2,1 ∈ U2. By Lemma 12,

m1,i ̸= 0 and the groups Xi for i ̸= 3 �x these vectors. Hence U1 has composition factors Z1

and Z2 with highest weights µ1 = ωΓ(m1,1) = (0, 2ω1) and µ2 = ωΓ(m1,2) = (ω1+ω2, ω2).
Applying Lemma 6 several times, we show that m2,1 ̸= 0. One easily observes that
ω(m2,1) +αi ̸∈ Λ(M) for i ̸= 3. Therefore the subgroups Xi �x m2,1 for i ̸= 3. This yields
that U2 has a composition factor with highest weight µ3 = ωΓ(m2,1) = (ω2, ω1 + ω2).

Put λ = ω − α2 − 2α3 − 2α4 − α5. One easily concludes that λ lies in the same W -
orbit with ω, hence λ ∈ Λ(M). Let m2,2 ∈ Mλ \ {0}. Taking into account the weight
structure of M , we get that X2m2,2 = X5m2,2 = X4m2,2 = 0. This forces that the groups
Xi �x the vector m2,2 for i ̸= 3. Therefore U2 has a composition factor with highest
weight µ4 = ωΓ(m2,2) = (2ω1, 0). Now dimensional considerations imply that the modules
U1 and U2 have exactly two composition factors. Observe that the modules V (µi) are
irreducible for 1 ≤ i ≤ 4. Hence by Lemma 3, the modules U1 and U2 and M |Γ are
completely reducible. Using Theorem 3 and the results of Item I, we can determine the
block structure of φ(x).

All other unipotent elements distinct from a regular unipotent element, have blocks
of size 1 in the standard realization of G. Such elements are conjugate to elements from
the subsystem subgroup H = G(1, 2, 3, 4). Set Ui = ⟨Mλ|λ = ω − iα5 −

∑
j ̸=5

bjαj⟩. One

easily observes that M |H ∼= U0 ⊕ U1 ⊕ U2. Corollary 4 implies that U0
∼= M(ω1 + ω4)

and U2
∼= M(ω3). Let m = X−5X−4v. By Lemma 12, m ̸= 0 and the subgroups Xi �x m

for i ̸= 5. Hence U1 has a composition factor with highest weight ωH(m) = ω1 + ω3. By
dimensional considerations, U1 is irreducible. Therefore the restriction M |H is completely
reducible. Using the results of Item III, we can determine the canonical Jordan form of
φ(x).

For G = A5(K) the problem is solved.
IV. Let 7 ≤ n ≤ 13. Recall the assumptions at the beginning of the section and

conclude that it su�ces to consider the cases where ω = ω3 or ω4. Then Mx is a tilting
module by Lemmas 13. As we know the weight multiplicities of M , we can determine the
indecomposable components ofMx and the canonical Jordan form of φ(x). For nonregular
elements, Lemma 19 is applied.

All p-restricted representations of An(K) of dimension ≤ 100 have been considered.

5. Symplectic groups

In this section G = Cn(K). We apply Propositions 4 and 9, Theorem 5, and the results
of Section 4 to solve the problem for ω = aω1 or aωi + (p − 1 − a)ωi+1 where a ̸= 0 for
i = n − 1, and for ω = ω2. Thereafter these cases are not considered. It follows from [4,
�13, Item 3] that the formal character of the G-module ∧3V is equal to the sum of the
formal characters of the Weyl modules V (ω3) and V (ω1) and the formal character of the
G-module ∧4V is equal to the sum of the formal characters of the modules V (ω4), V (ω2),
and V (0). The group G can be naturally embedded into the group G1 = A2n−1(K).
Let N3 and N4 be the irreducible G1-modules with highest weights ω3 and ω4. Then
Proposition 3 and Corollary 1 imply that N3|G ∼=M(ω3)⊕M(ω1) if V (ω3) is irreducible,
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and N4|G ∼=M(ω4)⊕M(ω2)⊕M(0) if V (ω4) and V (ω2) are irreducible. These facts are
used for solving the problem for ω = ω3 and ω4.

Observe that the order of a regular unipotent element is greater than p for p = 3. As
in Section 4, y is a regular unipotent element.

I. Let G = C2(K). One can check that σy(ω) = 3a1 + 4a2 for ω = a1ω1 + a2ω2 and
that σx(ω2) < p for any element x of order p. Hence in this case Mx is a direct sum of
p-restricted modules and certainly is a tilting module. Theorem 5 and Lemma 14 imply
that Mx is a tilting module for ω = aω1, a < p.

Now using Lemma 14, we conclude that Mx is a tilting module in the following cases:
p ̸= 5 and ω = 2ω2 or ω1 + ω2;
p > 7 and ω ∈ {3ω2, 4ω2, 3ω1 + ω2, ω1 + 3ω2};
p ̸= 3 and ω = 2ω1 + ω2;
p ̸= 5, 7 and ω = ω1 + 2ω2 or 2ω1 + 2ω2;
p > 11 and ω = 5ω2.
Here in the notation of Lemma 14 we take λ1 = aω1 and λ2 = bω2 if ω = aω1 + bω2 and
λ1 = (a− 1)ω2 and λ2 = ω2 for ω = aω2.

First consider the block structure of φ(y). Using arguments given at the end of Section 3,
we can assume that Xα = X1 − 6X2 and X−α = 3X−1 − 2

3
X−2.

In Items I.I � I.IV by Theorem 4, dimMµ = 1 for all µ ∈ Λ(M). Taking this into
account, it is not di�cult to �nd the dimensions of the subspaces Mi.

I.I. Let p = 5 and ω = ω1 + ω2. Then dimφ = 12 and σy(ω) = 7. One easily
observes that dimM7 = 1, dimM5 = 2, dimM3 = 1, and dimM1 = 2. Hence I(My) =
{M(7),M(5), 2M(1)}. By Lemma 27, My = N ⊕M(5) where I(N) = {M(7), 2M(1)}.
Prove that N ∼= T (7).

One can directly verify that X3
−αv = X2

−1X−2v+X−2X−1X−2v ̸= 0. As N is self-dual,
Lemma 29 implies that N ∼= T (7).

I.II. Let p = 5 and ω = 2ω2. Then dimφ = 13 and σy(ω) = 8. One easily observes
that dimM8 = 1, dimM6 = 1, dimM4 = 2, dimM2 = 2, and dimM0 = 1. Then I(My) =
{M(8),M(4)}. By Lemma 27, My =M(8)⊕M(4).

I.III. Let p = 7 and ω = ω1 + 2ω2. Then dimφ = 24 and σy(ω) = 11. One easily
concludes that dimM11 = 1, dimM9 = 2, dimM7 = 2, dimM5 = 2, dimM3 = 3, and
dimM1 = 2. Hence I(My) = {M(11),M(9), 2M(3)}. By Lemma 27, My = M(11) ⊕ N
where I(N) = {M(9), 2M(3)}. Show that N ∼= T (9).

Set m9 = 5X−1v + X−2v. One can directly verify that m9 ∈ InvM9 and X3
−αm9 =

2X2
−1X

2
−2v + 3X−2X−1X

2
−2v ̸= 0. Hence m9 ∈ N . As N is self-dual, Lemma 29 implies

that N ∼= T (9).
I.IV. Let p = 7 and ω = 3ω2. Then dimφ = 25 and σy(ω) = 12. One can check

that dimM12 = 1, dimM10 = 1, dimM8 = 2, dimM6 = 3, dimM4 = 2, dimM2 = 2,
and dimM0 = 3. Then I(My) = {M(12),M(8),M(6), 2M(0)}. By Lemma 27, My =
N ⊕ M(8) ⊕ M(6) where I(N) = {M(12), 2M(0)}. Show that N ∼= T (12). One can
directly verify that the vector X6

−αv has a nonzero weight component 2X4
−1X

2
−2v and so

X6
−αv ̸= 0. Since N is self-dual, N ∼= T (12) by Lemma 29.
I.V. Let p = 5 and ω = 3ω2. Then dimφ = 30 and σy(ω) = 12. It is clear that

dimM12 = 1, dimM10 = 1, and dimM8 = 2. Set

Λ6 ={ω − 3α2, ω − α1 − 2α2, ω − 2α1 − α2};
Λ4 ={ω − α1 − 3α2, ω − 2α1 − 2α2};
Λ2 ={ω − 2α1 − 3α2, ω − 3α1 − 2α2};
Λ0 ={ω − 2α1 − 4α2, ω − 3α1 − 3α2, ω − 4α1 − 2α2}.

One easily observes that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {0, 2, 4, 6}. Since M(ω) ∼= V (ω) (see,
for example, [18, Table 6.22]), the weight multiplicities of M can be determined with the
help of Freudenthal's formula [12, �22, Item 3]. Using this formula, we get that dimMµ = 2
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for µ = ω−2α1−2α2 and ω−3α1−3α2 and dimMτ = 1 for τ = ω−α1−α2. The weight
ν = ω− 2α1 − 3α2 lies in the same W -orbit with the weight ω− 2α1 − 2α2 and the weight
η = ω− 3α1 −α2 lies in the same W -orbit with τ . Hence dimMν = 2 and dimMη = 1. It
is clear that dimMθ = 1 for θ = ω − α1 − α2 and dimMσ = 1 for σ = ω − α1 − 3α2 since
σ lies in the same W -orbit with θ. All other weights λ ∈ Λ0 ∪Λ2 ∪Λ4 ∪Λ6 lie in the same
W -orbit with ω, therefore dimMλ = 1. Now we can deduce that dimM6 = 3, dimM4 = 3,
dimM2 = 3, and dimM0 = 4. Then I(My) = {M(12),M(8), 2M(6),M(2), 2M(0)}. By
Proposition 8 and Lemma 27, My = N1 ⊕N2 where I(N1) = {M(12), 2M(6),M(2)} and
I(N2) = {M(8), 2M(0)}. Show that N1

∼= T (12) and N2
∼= T (8).

Since X3
−2v ̸= 0, then X3

−αv ̸= 0. Then Lemma 28 implies that KAyv ∼= V (12). Set
N = N1/KAyv. One can directly verify that the vectors X2

−1X
3
−2v and X2

−2X
2
−1X−2v

are linearly independent. This implies that the vectors X2
−1X

3
−2v, X

2
−2X

2
−1X−2v, and

X3
−1X

2
−2v form a basis of M2. Using this basis, we can directly check that InvM2 = 0.

Since N1 has no submodules isomorphic to M(2) and is self-dual, it has no such factor
modules. Now Lemma 23 yields that N ∼= V (6) and N1 has �ltrations by Weyl modules
and by dual Weyl modules. Hence N1 is a tilting module and N1

∼= T (12).
Set m8 = X2

−2v + 2X−1X−2v. One can directly verify that m8 ∈ InvM8 and that
X4

−1X
2
−2v is a nonzero weight component of X4

−αm8. As N2 is self-dual, by Lemma 29,
we get N2

∼= T (8).
I.VI. Let p = 5 and ω = ω1 + 2ω2. Then dimφ = 40 and σy(ω) = 11. It is clear that

dimM11 = 1 and dimM9 = 2. Set

Λ7 ={ω − 2α2, ω − α1 − α2};
Λ5 ={ω − α1 − 2α2, ω − 2α1 − α2};
Λ3 ={ω − α1 − 3α2, ω − 2α1 − 2α2, ω − 3α1 − α2};
Λ1 ={ω − 2α1 − 3α2, ω − 3α1 − 2α2}.

One easily observes that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {1, 3, 5, 7}. Since M(ω) ∼= V (ω) (see,
for example, [18, Table 6.22]), the weight multiplicities of M can be determined with the
use of Freudenthal's formula. By this formula, dimMτ = 2 for τ = ω − α1 − α2 and
dimMθ = 3 for θ = ω − 2α1 − 2α2. It is clear that dimMµ = 1 for µ ∈ {ω − 2α2, ω −
α1 − 3α2, ω − 3α1 − α2} since µ lies in the same W -orbit with ω, dimMσ = 2 for
σ ∈ {ω − 2α1 − α2, ω − α1 − 2α2, ω − 2α1 − 3α2} as σ lies in the same W -orbit with
τ , and dimMν = 3 for ν = ω − 3α1 − 2α2 since ν lies in the same W -orbit with θ.
Now one easily deduces that dimM7 = 3, dimM5 = 4, dimM3 = 5, and dimM1 = 5.
Then I(My) = {M(11),M(9), 2M(7),M(5), 2M(3),M(1)}. Proposition 8 and Lemma 27
imply that My = N1 ⊕M(9) ⊕ N2 where I(N1) = {M(11), 2M(7),M(1)} and I(N2) =
{M(5), 2M(3)}. Show that N1

∼= T (11) and N2
∼= T (5).

Since X2
−2v ̸= 0, then X2

−αv ̸= 0. By Lemma 28, KAyv ∼= V (11). Set N = N1/KAyv.
It is clear that I(N) = {M(7),M(1)}. One can directly verify that the pair (X−2X

3
−1X

2
−2v,

X−1X
3
−2X−1v) and the triple (X

3
−1X

2
−2v,X

2
−1X

2
−2X−1v,X−2X

3
−1X−2v) consist of linearly

independent vectors. Hence the vectors

X−2X
3
−1X

2
−2v, X−1X

3
−2X−1v, X

3
−1X

2
−2v, X

2
−1X

2
−2X−1v, X−2X

3
−1X−2v

form a basis of M1. Using this basis, it is not di�cult to show that InvM1 = 0. Therefore
N1 has no submodules isomorphic to M(1). As N1 is self-dual, it has no such factor
modules. Now Lemma 23 yields that N ∼= V (7) and N1 has �ltrations by Weyl modules
and by dual Weyl modules. Hence N1 is a tilting module and so N1

∼= T (11).
Set m5 = 2X−1X

2
−2v + X2

−1X−2v. One can directly check that m5 ∈ InvM5 and
that the vector X−αm5 has a nonzero weight component 3X3

−1X−2v. As N2 is self-dual,
Lemma 29 implies that N2

∼= T (5).
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I.VII. Let p = 7 and ω = 3ω1 + ω2. Then dimφ = 44 and σx(ω) = 13. One easily
observes that dimM13 = 1 and dimM11 = 2. Set

Λ9 = {ω − 2α1, ω − α1 − α2},
Λ7 = {ω − 3α1, ω − 2α1 − α2, ω − α1 − 2α2},
Λ5 = {ω − 3α1 − α2, ω − 2α1 − 2α2},
Λ3 = {ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2},
Λ1 = {ω − 5α1 − α2, ω − 4α1 − 2α2, ω − 3α1 − 3α2}.

It is not di�cult to conclude that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {1, 3, 5, 7, 9}. Put µ =
ω−α1−α2, ν = ω−2α1−α2, and σ = ω−3α1−2α2. By [13, Part 2, �8, Proposition 8.19], the
maximal submodule of the module V (ω) is isomorphic to M(µ). Observe that ν = µ−α1

and σ = µ − 2α1 − α2. It is clear that dim(Mµ)ν = 1. Taking into account Theorem 5
and Lemma 14, we can show that dim(Mµ)σ = 2. Hence dimMµ = dimV (ω)µ − 1,
dimMν = dimV (ω)ν − 1, and dimMσ = dimV (ω)σ − 2. Applying Freudenthal's formula
for calculating the weight multiplicities of V (ω), we get that dimMµ = 1 and dimMν =
dimMσ = 2. Set ∆ = {ω−aα1, 0 ≤ a ≤ 3; ω−α2}. It is clear that dimMδ = 1 for δ ∈ ∆.
Obviously, dimMτ = 1 for

τ ∈ {ω − α1 − 2α2, ω − 2α1 − 3α2, ω − 4α1 − α2, ω − 5α1 − 2α2}

since τ lies in the same W -orbit with a weight from ∆ or with µ. One easily observes that
dimMθ = 2 for

θ ∈ {ω − 3α1 − α2, ω − 2α1 − 2α2, ω − 4α1 − 2α2, ω − 3α1 − 3α2}

as θ lies in the same W -orbit with ν or σ. It is not di�cult to show that dimM9 = 2,
dimM7 = 4, dimM5 = 4, dimM3 = 4, and dimM1 = 5. Hence

I(My) = {M(13),M(11), 2M(7), 2M(5), 2M(1)}.

By Lemma 27, My = M(13) ⊕ N1 ⊕ N2 where I(N1) = {M(11), 2M(1)} and I(N2) =
{2M(7), 2M(5)}. Show that N1

∼= T (11) and N2
∼= T (7)⊕M(7).

Set m11 = X−1v + 4X−2v. One can directly verify that m11 ∈ InvM11 and that the
vector X5

−αm11 has a nonzero weight component 5X5
−1X−2v. As N1 is self-dual, Lemma 29

implies that N1
∼= T (11).

Put u = 6X3
−1v+3X2

−1X−2v+X
2
−2X−1v. One easily observes that the pairs (X−2X

3
−1v,

X3
−1X−2v) and (X2

−2X
2
−1v, X−2X

2
−1X−2v) consist of linearly independent vectors. Hence

the vectors X−2X
3
−1v, X

3
−1X−2v, X

2
−2X

2
−1v, and X−2X

2
−1X−2v form a basis inM5. Using

this basis, it is not di�cult to show that

XαM5 = ⟨4X3
−1v + 4X−2X

2
−1v +X2

−1X−2v;

4X−2X
2
−1v +X2

−1X−2v + 6X2
−2X−1v, 3X

3
−1v +X−2X

2
−1v + 4X2

−2X−1v⟩,

u ∈ XαM5, and the vectorX−αu has a nonzero weight component 3X−2X
3
−1v+2X3

−1X−2v.
Since InvM7 ⊂ N2, this yields that there exists a vector m ∈ N2 ∩ M5 such that
X−αXαm ̸= 0. As N2 is self-dual, Lemmas 24 and 25 imply that N2

∼= T (7)⊕M(7).
I.VIII. Let p = 7 and ω = 4ω2. Then dimφ = 54 and σy(ω) = 16. It is clear that

dimM16 = 1, dimM14 = 1, and dimM12 = 2. Set

Λ10 ={ω − 3α2, ω − α1 − 2α2, ω − 2α1 − α2};
Λ8 ={ω − 2α1 − 2α2, ω − α1 − 3α2, ω − 4α2};
Λ6 ={ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − α1 − 4α2};
Λ4 ={ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2};
Λ2 ={ω − 4α1 − 3α2, ω − 3α1 − 4α2, ω − 2α1 − 5α2};
Λ0 ={ω − 5α1 − 3α2, ω − 4α1 − 4α2, ω − 3α1 − 5α2}.
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One easily observes that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {0, 2, 4, 6, 8, 10}. It follows from [18,
Table 6.22] that the maximal submodule of the module V (ω) is isomorphic to M(0).
Hence dimMµ = dimV (ω)µ for µ ̸= 0 and dimMµ = dimV (ω)µ − 1 for µ = 0. Set
Σ = {ω − aα2, 0 ≤ a ≤ 4;ω − α1 − α2}, γ = ω − α1 − 2α2, δ = ω − 2α1 − 2α2,
τ = ω− 2α1 − 3α2, η = ω− 3α1 − 3α2, and θ = ω− 4α1 − 4α2. It is clear that dimMσ = 1
for σ ∈ Σ. Using the formula in [4, Chapter 8, �9, Item 3], it is not di�cult to deduce that
dimMγ = 1 and dimMδ = dimMτ = dimMη = dimMθ = 2. It is clear that dimMλ = 1
for

λ ∈ {ω − 2α1 − α2, ω − α1 − 3α2, ω − 3α1 − 2α2, ω − α1 − 4α2,

ω − 4α1 − 2α2, ω − 2α1 − 5α2, ω − 3α1 − 5α2, ω − 5α1 − 3α2}

since λ lies in the same W -orbit with γ or with a weight from the set Σ, and dimMν = 2
for ν ∈ {ω − 2α1 − 4α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2} as ν lies in the same W -orbit
with one of the weights δ, τ , or η. Now one can observe that dimM10 = 3, dimM8 = 4,
dimM6 = 4, dimM4 = 5, dimM2 = 5, and dimM0 = 4. Therefore

I(My) = {M(16), M(12), 2M(10), M(8), 2M(4), M(2)}.

By Proposition 8 and Lemma 27, My = N1 ⊕M(12)⊕N2 where

I(N1) = {M(16), 2M(10), M(2)} and I(N2) = {M(8), 2M(4)}.

Obviously, X3
−αv ̸= 0. Then by Lemma 28, KAyv ∼= V (16). It is not di�cult to check

that the pairs (X3
−1X

4
−2v, X

2
−2X

3
−1X

2
−2v) and (X4

−1X
2
−2v, X

2
−1X

2
−2X

2
−1X−2v) consist of

linearly independent vectors. Now it is clear that the vectors X3
−1X

4
−2v, X

2
−2X

3
−1X

2
−2v,

X4
−1X

2
−2v, X

2
−1X

2
−2X

2
−1X−2v, and X

4
−2X

2
−1X−2v form a basis of M2. Using this basis, it

is easy to check that InvM2 = 0. This yields that N1 has no submodules isomorphic to
M(2). Since N1 is self-dual, it has no such factor modules. Now Lemma 23 implies that
N1/KAyv ∼= V (10) and N1 has �ltrations by Weyl modules and by dual Weyl modules.
Hence N1 is a tilting module and so N1

∼= T (16).
Set m8 = 4X2

−1X
2
−2v +X−2X

2
−1X−2v. It is not di�cult to check that InvM8 = ⟨m8⟩

and X2
−αm8 has a nonzero weight component 6X4

−1X
2
−2v. As N2 is self-dual, then N2

∼=
T (8) by Lemma 29.

In Items I.IX and I.X by Lemma 4, dimMλ = 1 for all λ ∈ Λ(M). This fact is used for
calculating the dimensions of the subspaces Mi.

I.IX. Let p = 11 and ω = ω1 +4ω2. Then dimφ = 60 and σy(ω) = 19. It is not di�cult
to show that dimM19 = 1, dimM17 = 2, dimM15 = 2, dimM13 = 3, dimM11 = 4,
dimM9 = 3, dimM7 = 4, dimM5 = 4, dimM3 = 3, and dimM1 = 4. Then

I(My) = {M(19),M(17),M(13),M(11), 2M(7), 2M(1)}.

By Lemma 27, My = N1 ⊕M(17) ⊕ N2 ⊕M(11) where I(N1) = {M(19), 2M(1)} and
I(N2) = {M(13), 2M(7)}.

Setm13 = 9X2
−1X−2v+X−1X−2v+9X3

−2v. One can directly verify thatm13 ∈ InvM13,
the vectorX9

−αv has a nonzero weight component 7X5
−2X

3
−1X−2v, and the vectorX

3
−αm13

has a nonzero weight component 8X5
−2X−1v. As N1 and N2 are self-dual, now Lemma 29

implies that N1
∼= T (19) and N2

∼= T (13).
I.X. Let p = 11 and ω = 5ω2. Then dimφ = 61 and σy(ω) = 20. One easily deduces

that dimM20 = 1, dimM18 = 1, dimM16 = 2, dimM14 = 3, dimM12 = 3, dimM10 = 4,
dimM8 = 4, dimM6 = 3, dimM4 = 4, dimM2 = 4, and dimM0 = 3. Then

I(My) = {M(20),M(16),M(14),M(10), 2M(4)}.

By Lemma 27, My
∼=M(20)⊕N ⊕M(14)⊕M(10) where I(N) = {M(16), 2M(4)}. Show

that N ∼= T (16).
Set m16 = 6X2

−2v + X−1X−2v. One can directly verify that m16 ∈ InvM16 and the
vector X6

−αm16 has a nonzero weight component X5
−1X

3
−2v. As N is self-dual, N ∼= T (16)

by Lemma 29.
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I.XI. Let p = 7 and ω = 2ω1 + 2ω2. Then dimφ = 71 and σy(ω) = 14. It is clear that
dimM14 = 1 and dimM12 = 2. Set

Λ10 ={ω − 2α1, ω − α1 − α2, ω − 2α2};
Λ8 ={ω − 2α1 − α2, ω − α1 − 2α2};
Λ6 ={ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2};
Λ4 ={ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2};
Λ2 ={ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2};
Λ0 ={ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2}.

One easily observes thatMi = ⟨Mλ|λ ∈ Λi⟩. By [13, Part 2, �8, Proposition 8.19],M(ω) ∼=
V (ω)/M(2ω1). We have 2ω1 = ω − 2α1 − 2α2. Set N = M(2ω1). Taking into account
Theorem 5, one easily concludes that dimNµ = 1 for µ ∈ Λ(N) \ {0} and dimN0 = 2.
Now the weight multiplicities of M can be found with the help of Freudenthal's formula
for the weights of V (ω). Set Σ = {ω, ω−α1, ω−α2}, µ = ω−α1 −α2, ν = ω− 2α1 −α2,
τ = ω − 2α1 − 2α2, η = ω − 3α1 − 2α2, and ψ = ω − 4α1 − 3α2 = 0. One can show that
dimMµ = dimV (ω)µ = 2, dimMν = dimV (ω)ν = 3, dimMθ = dimV (ω)θ − 1 = 3 for
θ = τ or η, and dimMψ = dimV (ω)ψ − 2 = 3. It is clear that dimMλ = 1 for

λ ∈ {ω − 2α1, ω − 2α2, ω − α1 − 3α2, ω − 4α1 − α2, ω − 2α1 − 4α2}

since λ lies in the same W -orbit with a weight from Σ, dimMδ = 2 for

δ ∈ {ω − 2α1 − 3α2, ω − 3α1 − α2, ω − 5α1 − 2α2, ω − 3α1 − 4α2}

as δ lies in the same W -orbit with µ, and dimMγ = 3 for

γ ∈ {ω − 2α1 − 3α2, ω − 4α1 − 2α2, ω − 3α1 − 3α2}

since γ lies in the sameW -orbit with ν, τ , or η. Now one easily observes that dimM10 = 4,
dimM8 = 5, dimM6 = 6, dimM4 = 7, dimM2 = 7, and dimM0 = 7. This yields that

I(My) = {M(14), 2M(12), 2M(10),M(8),M(6), 2M(4), 2M(2),M(0)}.

Proposition 8 and Lemma 27 imply that My
∼= N1 ⊕N2 ⊕N3 ⊕M(6) where

I(N1) = {M(14), 2M(12),M(0)}, I(N2) = {2M(10), 2M(2)}, I(N3) = {M(8), 2M(4)}.

Show that N1
∼= T (14), N2

∼= T (10)⊕M(10), and N3
∼= T (8).

Obviously, X−αv ̸= 0 since X−1v ̸= 0. Then by Lemma 28, KAyv ∼= V (14). Set

N1 = N1/KAyv. It is clear that I(N1) = {M(12),M(0)}. One can directly verify that
the pairs (X5

−1X
2
−2v, X

3
−1X

2
−2X

2
−1v) and (X2

−2X
3
−1X

2
−2v, X−1X

4
−2X

2
−1v) and the triple

(X−2X
4
−1X

2
−2v,X

2
−2X

3
−1X−2X−1v,X

2
−1X

3
−2X

2
−1v) consist of linearly independent vectors.

Then the vectors X2
−2X

3
−1X

2
−2v, X−1X

4
−2X

2
−1v, X−2X

4
−1X

2
−2v, X2

−2X
3
−1X−2X−1v,

X2
−1X

3
−2X

2
−1v, X5

−1X
2
−2v, and X3

−1X
2
−2X

2
−1v form a basis of M0. Using this basis, it

is not di�cult to check that InvM0 = 0. Hence N1 has no submodules isomorphic to
M(0). As N1 is self-dual, it has no such factor modules. Now Lemma 23 yields that
N1/KAyv ∼= V (12) and N1 has �ltrations by Weyl modules and by dual Weyl modules.
Hence N1 is a tilting module and so N1

∼= T (14).
Set m2 = X−1X

3
−2X

2
−1v and m8 = 4X2

−1X−2v+4X−2X
2
−1v+2X−1X

2
−2v+X

2
−2X−1v.

One can directly verify that X4
−αX

4
αm2 ̸= 0, X5

αm2 = 0, m8 ∈ InvM8, and the vector
X2

−αm8 has a nonzero weight component 5X4
−1X−2v. It is clear thatMy = N2⊕N ′ where

N ′ = N1⊕N3⊕M(6). As N ′∩ InvM8 = 0, the arguments above imply that there exists a
vector m′

2 ∈ N2∩M2 such that X4
−αX

4
αm

′
2 ̸= 0. Then by Lemma 25, N2

∼= T (10)⊕M(10)
and by Lemma 29, N3

∼= T (8).
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I.XII. Let p = 7 and ω = ω1 + 3ω2. Then dimφ = 76 and σy(ω) = 15. It is clear that
dimM15 = 1 and dimM13 = 2. Set

Λ11 ={ω − α1 − α2, ω − 2α2};
Λ9 ={ω − 2α1 − α2, ω − α1 − 2α2, ω − 3α2};
Λ7 ={ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2};
Λ5 ={ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − α1 − 4α2};
Λ3 ={ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2};
Λ1 ={ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2}.

One easily observes that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {1, 3, 5, 7, 9, 11}. By [13, Part 2, �8,
Proposition 8.19], M(ω) ∼= V (ω)/M(ω1). We have ω1 = ω − 3α1 − 3α2. Now the weight
multiplicities of M can be found with the use of Freudenthal's formula for the weights of
V (ω). Set Σ = {ω, ω−α2, ω−2α2}, µ = ω−α1−α2, ν = ω−α1−2α2, τ = ω−2α1−2α2,
and η = ω − 3α1 − 3α2. We can show that dimMθ = dimV (ω)θ = 2 for θ = µ or ν,
dimMτ = dimV (ω)τ = 3, and dimMη = dimV (ω)η − 1 = 3. Obviously, dimMσ = 1 for
σ ∈ Σ, dimMλ = 1 for λ ∈ {ω − 3α2, ω − 3α1 − α2, ω − α1 − 4α2, ω − 5α1 − 2α2} since
λ lies in the same W -orbit with a weight from Σ, dimMδ = 2 for δ ∈ {ω − 2α1 − α2, ω −
α1 − 3α2, ω − 2α1 − 4α2, ω − 4α1 − 2α2} as δ lies in the same W -orbit with µ or ν, and
dimMγ = 3 for γ ∈ {ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − 3α1 − 4α2, ω − 4α1 − 3α2} since
γ lies in the same W -orbit with τ or η. Now it is not di�cult to show that dimM11 = 3,
dimM9 = 5, dimM7 = 6, dimM5 = 7, dimM3 = 7, and dimM1 = 7. Hence

I(My) = {M(15),M(13), 2M(11), 2M(9),M(7), 2M(5), 2M(3),M(1)}.

By Proposition 8 and Lemma 27, My
∼= N1 ⊕M(13)⊕N2 ⊕N3 where

I(N1) = {M(15), 2M(11),M(1)}, I(N2) = {2M(9), 2M(3)}, I(N3) = {M(7), 2M(5)}.

Show that N1
∼= T (15), N2

∼= T (9)⊕M(9), and N3
∼= T (7).

Since X2
−2v ̸= 0, we have X2

−αv ̸= 0. Then Lemma 28 implies that KAyv ∼= V (15). Set

N1 = N1/KAyv. Then I(N1) = {M(11),M(1)}.
One can check that the triples (X4

−1X
3
−2v, X

3
−1X

3
−2X−1v, X−2X

4
−1X

2
−2v) and

(X2
−1X

4
−2X−1v,X−2X

3
−1X

3
−2v,X

2
−2X

2
−1X

2
−2X−1v) consist of linearly independent vectors.

Then the vectors X5
−1X

2
−2v, X

4
−1X

3
−2v, X

3
−1X

3
−2X−1v, X−2X

4
−1X

2
−2v, X

2
−1X

4
−2X−1v,

X−2X
3
−1X

3
−2v, and X

2
−2X

2
−1X

2
−2X−1v form a basis of M1. Using this basis, we can show

that InvM1 = 0. Therefore N1 has no submodules isomorphic to M(1). As N1 is self-

dual, it has no such factor modules. Now Lemma 23 yields that N1
∼= V (11) and N1 has

�ltrations by Weyl modules and by dual Weyl modules. Hence N1 is a tilting module and
so N1

∼= T (15).
Put

m3 = 6X4
−1X

2
−2v + 2X2

−1X−2X
2
−1X−2v + 6X−2X−1X

3
−2v +X2

−1X
3
−2X−1v,

m7 = 4X3
−1X−2v + 4X2

−1X
2
−2v +X−1X

3
−2v.

One can directly verify that X3
−αX

3
αm3 has a nonzero weight component 6X4

−1X
2
−2v +

6X−1X−2X
3
−1X−2v, X

4
−αm3 = 0, m7 ∈ InvM7, and the vector X−αm7 has a nonzero

weight component X4
−2X−1v. It is clear that My = N2 ⊕N where N ∼= N1 ⊕M(13)⊕N3.

As N ∩ InvM9 = 0, there exists a vector m′
3 ∈ N2 ∩M3 such that X3

−αX
3
αm

′
3 ̸= 0. Then

by Lemma 25, N2
∼= T (9) ⊕M(9). It is clear that m7 ∈ N3. Since N3 is self-dual, then

N3
∼= T (7) by Lemma 29.
In Items I.XIII and I.XIV by Lemma 4, dimMµ = 1 for any µ ∈ Λ(M). This fact is

used for calculating the dimensions of the subspaces Mi.
I.XIII. Let p = 13 and ω = ω1 + 5ω2. Then dimφ = 84 and σy(ω) = 23. We can show

that dimM23 = 1, dimM21 = 2, dimM19 = 2, dimM17 = 3, dimM15 = 4, dimM13 = 4,
dimM11 = 4, dimM9 = 5, dimM7 = 4, dimM5 = 4, dimM3 = 5, and dimM1 = 4. Hence



THE JORDAN BLOCK STRUCTURE 351

I(My) = {M(23),M(21),M(17),M(15), 2M(9), 2M(3)}. Lemma 27 implies that My
∼=

M(23)⊕N1⊕M(17)⊕N2 where I(N1) = {M(21), 2M(3)} and I(N2) = {M(15), 2M(9)}.
Show that N1

∼= T (21) and N2
∼= T (15).

Set m21 = 4X−1v+X−2v and m15 = 7X3
−1X−2v+11X2

−1X
2
−2v+5X−1X

3
−2v+X4

−2v.
One can directly verify that m21 ∈ InvM21, m15 ∈ InvM15, the vector X9

−αm21 has
a nonzero weight component 3X7

−1X
3
−2v, and the vector X3

−αm15 has a nonzero weight
componentX6

−2X−1v. It is clear thatm21 ∈ N1 andm15 ∈ N2. As N1 and N2 are self-dual,
N1

∼= T (21) and N2
∼= T (15) by Lemma 29.

I.XIV. Let p = 13 and ω = 6ω2. Then dimφ = 85 and σy(ω) = 24. One can check
that dimM24 = 1, dimM22 = 1, dimM20 = 2, dimM18 = 3, dimM16 = 3, dimM14 = 4,
dimM12 = 5, dimM10 = 4, dimM8 = 4, dimM6 = 5, dimM4 = 4, dimM2 = 4, and
dimM0 = 5. Hence

I(My) = {M(24),M(20),M(18),M(14),M(12), 2M(6), 2M(0)}.

By Lemma 27, My
∼= N1⊕M(20)⊕N2⊕M(14)⊕M(12) where I(N1) = {M(24), 2M(0)}

and I(N2) = {M(18), 2M(6)}. Show that N1
∼= T (24) and N2

∼= T (18).
Put m18 = 7X2

−1X−2v + 5X−1X
2
−2v + X3

−2v. One can directly verify that m18 ∈
InvM18, the vector X12

−αv has a nonzero weight component 4X8
−1X

4
−2v, and the vector

X6
−αm18 has a nonzero weight component 12X3

−1X
6
−2v. It is clear that v ∈ N1 and m18 ∈

N2. Since N1 and N2 are self-dual, Lemma 29 yields that N1
∼= T (24) and N2

∼= T (18).
I.XV. Let p = 5 and ω = 2ω1 + 3ω2. Then dimφ = 86 and σy(ω) = 18. One easily

observes that dimM18 = 1 and dimM16 = 2. Set µ = 2ω1 + 2ω2, M
′ =M(µ),

Λ14 ={ω − 2α1, ω − α1 − α2, ω − 2α2};
Λ12 ={ω − 2α1 − α2, ω − α1 − 2α2, ω − 3α2};
Λ10 ={ω − 3α1 − α2, ω − 2α1 − 2α2, ω − α1 − 3α2};
Λ8 ={ω − 4α1 − α2, ω − 3α1 − 2α2, ω − 2α1 − 3α2, ω − α1 − 4α2};
Λ6 ={ω − 4α1 − 2α2, ω − 3α1 − 3α2, ω − 2α1 − 4α2};
Λ4 ={ω − 5α1 − 2α2, ω − 4α1 − 3α2, ω − 3α1 − 4α2, ω − 2α1 − 5α2};
Λ2 ={ω − 6α1 − 2α2, ω − 5α1 − 3α2, ω − 4α1 − 4α2, ω − 3α1 − 5α2};
Λ0 ={ω − 6α1 − 3α2, ω − 5α1 − 4α2, ω − 4α1 − 5α2}.

One easily deduces that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {0, 2, 4, 6, 8, 10, 12, 14}. By [13, Part 2,
� 8, Proposition 8.19], M(ω) ∼= V (ω)/M ′. We have µ = ω − α1 − α2. By Proposition 4
and Theorem 5, M ′ ∼= S6,5(V ). This fact is used to �nd the weight multiplicities of M ′.
After that we can �nd such multiplicities forM taking into account Freudenthal's formula
for the weights of V (ω). Set ν = ω − 2α1 − α2, τ = ω − α1 − 2α2, ξ = ω − 2α1 − 2α2,
γ = ω − 3α1 − 2α2, δ = ω − 3α1 − 3α2, θ = ω − 4α1 − 3α2, χ = ω − 5α1 − 4α2 = 0, and
Σ = {ω, ω − α1, ω − α2, µ, τ}. Obviously, dimM ′

µ = dimM ′
ν = dimM ′

τ = 1. Using the
realization of M ′ mentioned above, it is not di�cult to show that dimM ′

ξ = dimM ′
γ = 2,

dimM ′
δ = dimM ′

θ = 3, and dimM ′
χ = 4. Now we can conclude that dimMσ = 1 for

σ ∈ Σ, dimMν = dimMξ = dimMδ = dimMχ = 2, and dimMθ = 3. It is clear that
dimMλ = 1 for

λ ∈ {ω − 3α1 − α2, ω − α1 − 3α2, ω − α1 − 4α2, ω − 4α1 − α2,

ω − 2α1 − 5α2, ω − 5α1 − 2α2, ω − 3α1 − 5α2, ω − 6α1 − 2α2}

since λ lies in the same W -orbit with a weight from Σ, dimMψ = 2 for

ψ ∈ {ω − 2α1 − 3α2, ω − 2α1 − 4α2, ω − 4α1 − 2α2,

ω − 3α1 − 4α2, ω − 5α1 − 3α2, ω − 6α1 − 3α2, ω − 4α1 − 5α2}

as ψ lies in the sameW -orbit with ν, ξ, γ, or δ, and dimMη = 3 for η = ω−4α1−4α2 since
η lies in the same W -orbit with θ. One easily observes that dimM14 = 3, dimM12 = 4,
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dimM10 = 4, dimM8 = 6, dimM6 = 6, dimM4 = 7, dimM2 = 7, and dimM0 = 6. Hence

I(My) = {M(18),M(16),M(14), 2M(12),M(10), 2M(8),M(6),M(4),M(0)}.

By Proposition 8 and Lemma 27, My
∼= N1 ⊕N2 ⊕M(14)⊕M(4) where

I(N1) = {M(18),M(10), 2M(8),M(0)}, I(N2) = {M(16), 2M(12),M(6)}.

Show that N1
∼=M(18)⊕ T (10) and N2

∼= T (16).
Set m10 = X3

−1X−2v + 4X2
−1X

2
−2v. One can directly verify that X4

−αv = 0, m10 ∈
InvM10, and the vector X−αm10 has a nonzero weight component 3X4

−1X−2v. Therefore

KAyv ∼= M(18) and KAym10
∼= V (10). Set N1 = N1/KAyv. It is clear that I(N1) =

{M(10), 2M(8),M(0)}. As N1 is self-dual, it contains a submodule U with I(U) = I(N1).
We have U ∩ KAyv = 0. Hence N1 = KAyv ⊕ U . Show that U ∼= T (10). Obviously,
m10 ∈ U . It is not di�cult to check that the pairs (X4

−1X
3
−2X

2
−1v, X

4
−1X

2
−2X

2
−1X−2v),

(X3
−1X

4
−2X

2
−1v, X

3
−1X

3
−2X

2
−1X−2v), and (X4

−2X
2
−1X−2X

2
−1v, X

2
−1X

4
−2X

2
−1X−2v) consist

of linearly independent vectors. Therefore the vectors X4
−1X

3
−2X

2
−1v, X

4
−1X

2
−2X

2
−1X−2v,

X3
−1X

4
−2X

2
−1v,X

3
−1X

3
−2X

2
−1X−2v,X

4
−2X

2
−1X−2X

2
−1v, andX

2
−1X

4
−2X

2
−1X−2v form a basis

of M0. Using this basis, we can deduce that InvM0 = 0. Hence U has no submodules
isomorphic to M(0). The module U is self-dual as N1 is such. Therefore U has no factor
modules isomorphic to M(0). Hence U/KAym10 has no direct summands isomorphic to
M(0) or ∆(8). Lemma 23 implies that U/KAym10

∼= V (8). Therefore U has a �ltration
by Weyl modules and is a tilting module by Remark 4. As we know I(U), we conclude
that U ∼= T (10).

Setm16 = 2X−1v+3X−2v. We can directly verify thatm16 ∈ InvM16. Since X
3
−2v ̸= 0,

then X2
−αm16 ̸= 0. Then by Lemma 28, KAym16

∼= V (16). Put N2 = N2/KAym16. It is

clear that I(N2) = {M(12),M(6)}. It is not di�cult to check that the pairs
(X2

−1X−2X
2
−1X−2v, X

2
−1X

2
−2X

2
−1v), (X−1X

2
−2X

2
−1X−2v, X−1X

3
−2X

2
−1v), and

(X3
−2X

2
−1X−2v, X

4
−2X

2
−1v) consist of linearly independent vectors. Hence the vectors

X2
−1X−2X

2
−1X−2v,X

2
−1X

2
−2X

2
−1v,X−1X

2
−2X

2
−1X−2v,X−1X

3
−2X

2
−1v,X

3
−2X

2
−1X−2v, and

X4
−2X

2
−1v form a basis of M6. Using this basis, we can directly verify that InvM6 = 0.

Therefore N2 has no submodules isomorphic to M(6). As N2 is self-dual, the modules N2

and N2 have no such factor modules. Hence N2 is indecomposable. Now Lemma 4 yields
that N2 is generated by a nonzero vector of weight 12 and N2

∼= V (12). Therefore N2 has
a �ltration by Weyl modules and it is a tilting module by Remark 4. As we know I(N2),
we conclude that N2

∼= T (16).
For regular unipotent elements of the group C2(K) all possibilities are considered.
I.XVI. Let J(x) = (2, 2). Then σx(a1ω1 + a2ω2) = a1 + 2a2. One easily observes that

σx(ω) < p for ω ∈ {ω1 + ω2, 2ω1 + ω2, 2ω2} and p > 3, for ω ∈ {ω1 + 2ω2, 3ω2, 2ω1 +
2ω2, 3ω1 + ω2} and p > 5, and for ω ∈ {4ω2, 5ω2, ω1 + 3ω2, ω1 + 4ω2} and p > 7. In
this case Mx is a direct sum of irreducible p-restricted modules. As we know the weight
multiplicities of M , it is not di�cult to �nd these modules and determine the block
structure of φ(x). Let p = 3 and ω = 2ω2, or p = 5 and ω ∈ {3ω2, 4ω2, ω1 +3ω2}, or p = 7
and ω = 5ω2. Set µ1 = µ2 = ω2 for p = 3 and ω = 2ω2; µ1 = 2ω2 and µ2 = ω2 for p = 5
and ω = 3ω2; µ1 = 2ω2 and µ2 = ω1 + ω2 for p = 5 and ω = ω1 + 3ω2; µ1 = µ2 = 2ω2

for p = 5 and ω = 4ω2; and µ1 = 3ω2 and µ2 = 2ω2 for p = 7 and ω = 5ω2. In all
these cases it is clear that the restrictions M(µi)|Ax are tilting modules since all their
weights are less than p. As the module V (ω) is irreducible for such weights ω, then Mx

is a tilting module by Lemma 14. Using Lemma 14 again, we conclude that Mx is also a
tilting module for ω = ω1 + 2ω2 and p = 3 (set µ1 = ω1 and µ2 = 2ω2). Since we know
the weight multiplicities for all these modules, we can present the module Mx in the form
of a direct sum of indecomposable tilting modules and determine the block structure of
φ(x) using Lemma 23 and Proposition 7.

Set Γ = G(2ε1, α2). It is clear that Γ ∼= C1(K)×C1(K) ∼= A1(K)×A1(K) and that x
is conjugate to a regular unipotent element of Γ. We use Theorems 4 and 3 and Lemma 21



THE JORDAN BLOCK STRUCTURE 353

to determine the canonical Jordan form of φ(x) when p = 11 and ω ∈ {ω1 + 4ω2, 5ω2} or
p = 13 and ω ∈ {ω1 + 5ω2, 6ω2}. Recall that for p = 3 the representation φ(2ω1 + 2ω2) is
the Steinberg representation and hence φ(x) has only blocks of size 3 for all elements x of
order 3 (see [30]). Taking into account the arguments at the beginning of this section, we
can conclude that it remains to consider the following cases:
1) p = 3, ω = 2ω1 + ω2;
2) p = 5, ω = 2ω1 + 3ω2 or ω1 + 2ω2;
3) p = 7, ω = 4ω2 or ω1 + 3ω2.

Observe that x is conjugate to a short root element. Set H = G(1). We can assume that
x ∈ H. To determine the block structure of φ(x), we consider the restriction M |H. Put
Ωi = {µ ∈ Λ(M)|µ = ω − kα1 − iα2}, Ui = ⟨Mµ|µ ∈ Ωi⟩, and Ω+

i = {λ ∈ Ωi|σ(λ) ≥ 0}.
Below i(M) is the maximal index i such that Ωi ̸= ∅ and Ui,j is the weight subspace of
weight j in the H-module Ui. Theorem 1 and Lemma 11 imply that U∗

j
∼= Ui(M)−j , the

H-modules U0 and Ui(M) are irreducible, and U0
∼= Ui(M).

I.XVI.1) Let p = 3 and ω = 2ω1+ω2. Then i(M) = 4 and U0
∼= U4

∼=M(2). One easily
observes that Ω+

1 = {ω − iα1 − α2|0 ≤ i ≤ 2} and Ω+
2 = {ω − iα1 − 2α2|1 ≤ i ≤ 3}. Show

that U1
∼= T (4) and U2

∼=M(4)⊕M(2).
Set N = M(2ω1). By [13, Part 2, �8, Proposition 8.19], M(ω) ∼= V (ω)/N . We have

2ω1 = ω − α1 − α2. Using Theorem 5, one easily concludes that dimNµ = 1 for µ ∈
Λ(N)\{0} and dimN0 = 2. Now the weight multiplicities inM can be found with the use
of Freudenthal's formula for the weights of V (ω). Put Σ = {ω, ω − α1, ω − α1 − α2} and
λ = ω− 2α1 −α2. One has ω− 3α1 − 2α2 = 0. Taking into account the arguments above,
one can verify that dimMδ = 1 for δ = ω−α1 − 2α2 or 0 and dimMλ = 2. Now it is clear
that dimMσ = 1 for σ ∈ Σ. Obviously, dimMτ = 1 for τ = ω − 2α1 − α2 since τ lies in
the same W -orbit with a weight from Σ, and dimMν = 2 for ν = ω − 2α1 − 2α2 as ν lies
in the same W -orbit with λ. This yields that dimU1,4 = 1, dimU1,2 = 1, dimU1,0 = 2,
dimU2,4 = 1, dimU2,2 = 2, and dimU2,0 = 1. Hence I(U1) = {M(4), 2M(0)} and I(U2) =
{M(4),M(2)}. By Lemma 27, U2

∼=M(4)⊕M(2).
Set m1 = X−2v and m2 = X−2,3X

2
−1v. It is clear that m1 ∈ L1 and m2 ∈ L3. By

Lemma 12, the vectors m1 and m2 ̸= 0 and the group X1 �xes these vectors. Show that
KAxmi

∼= V (4). For this, it su�ces to show that X2
−1mi ̸= 0. Put u1 = X2

−1m1 =
X2

−1X−2v and u2 = X2
−1m2 = X2

−1X−2,3X
2
−1v. As X2X

2
−1X−2v = X2

−1v ̸= 0, then
u1 ̸= 0. Since

X2X
2
1X

2
2u2 =X2X

2
1X

2
−1X−2X

2
−1v = X2X1(X−1X−2X

2
−1v + 2X2

−1X−2X−1v) =

=X2(2X−1X−2X−1v +X−1X−2X−1v +X2
−1X−2v) = X2

−1v ̸= 0,

then u2 ̸= 0. This implies that the H-modules U1 and U3 contain submodules isomorphic
to V (4). As M is self-dual, now Lemma 24 yields that U1

∼= U3
∼= T (4).

I.XVI.2) Let p = 5 and ω = 2ω1 + 3ω2. Then i(M) = 8 and U0
∼= U8

∼=M(2). One can
check that

Ω+
1 ={ω − iα1 − α2|0 ≤ i ≤ 2}; Ω+

2 = {ω − iα1 − 2α2|0 ≤ i ≤ 3};

Ω+
3 ={ω − iα1 − 3α2|0 ≤ i ≤ 4}; Ω+

4 = {ω − iα1 − 4α2|1 ≤ i ≤ 5}.

The dimensions of the weight subspaces with the weights from the sets Ω+
i are determined

in Item I.XV. Now one easily observes that dimU1,4 = 1, dimU1,2 = 1, dimU1,0 = 2,
dimU2,6 = 1, dimU2,4 = 1, dimU2,2 = 2, dimU2,0 = 2, dimU3,8 = 1, dimU3,6 = 1,
dimU3,4 = 2, dimU3,2 = 2, dimU3,0 = 3, dimU4,8 = 1, dimU4,6 = 2, dimU4,4 = 2,
dimU4,2 = 3, and dimU4,0 = 2. This yields that

I(U1) = {M(4),M(0)}, I(U2) = {M(6), 2M(2)},
I(U3) = {M(8),M(4), 2M(0)}, I(U4) = {M(8),M(6), 2M(2)}.
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By Lemma 27, U1
∼=M(4)⊕M(0), U2

∼= T (6), U3
∼= N ⊕M(4) where

I(N) = {M(8), 2M(0)}, and U4
∼= M(8) ⊕ N1 where I(N1) = {M(6), 2M(2)}. As the

modules U3⊕U5 and U4 are self-dual, we conclude that N1 is self-dual and U5 has a direct
summand N ′ such that I(N) = I(N ′) and the module N ⊕ N ′ is self-dual. Show that
U2

∼= T (6), N ∼= N ′ ∼= T (8), and N1
∼= T (6). First we prove that the H-modules U2,

N1, and U6 contain submodules isomorphic to V (6), and N and N ′ contain submodules
isomorphic to V (8).

Set m1 = X2
−2v, m2 = X−2,5X

4
−1X−2v, m3 = X3

−2v, m4 = X−2,5X
2
−1v, and m =

X4
−2X

2
−1v + X3

−2X
2
−1X−2v. It is clear that m1 ∈ U2, m2 ∈ U6, m3 ∈ U3, m4 ∈ U5, and

m ∈ U4. One can directly verify that m ∈ InvU4,6. Observe that the group X1 �xes the
vectors m1 and m3. Since ω(u) + α1 ̸∈ Λ(M) for u = m2 or m4, then the group X1 �xes
u. Obviously, m3 ∈ N , m4 ∈ N ′, and m ∈ N1. By Lemma 28, it su�ces to show that
X2

−1m1 ̸= 0, X2
−1m2 ̸= 0, X4

−1m3 ̸= 0, X4
−1m4 ̸= 0, and X2

−1m ̸= 0. One can check that

X2
2X

2
−1m1 = 2X2

−1v ̸= 0,

X3
2X

4
1X

3
2X

2
−1m2 = 3X3

2X
4
1X

2
−1X

2
−2X

4
−1X−2v =

= X3
2X

3
1 (4X−1X

2
−2X

4
−1X−2v + 2X2

−1X
2
−2X

3
−1X−2v) = 2X3

2X
2
1X

2
−1X

2
−2X

2
−1X−2v =

= 2X3
2X1(X−1X

2
−2X

2
−1X−2v +X2

−1X
2
−2X−1X−2v) =

= X3
2 (3X

2
−2X

2
−1X−2v + 2X−1X

2
−2X−1X−2v + 3X2

−1X
3
−2v) =

= X2
2 (2X−2X

2
−1X−2v + 4X2

−2X
2
−1v + 4X−1X−2X−1X−2v +X−1X

2
−2X−1v+

+ 4X2
−1X

2
−2v) == X2(3X−2X

2
−1v + 3X−1X−2X−1v) = 2X2

−1v ̸= 0,

X2X
2
1X

2
2X

4
−1m3 = 2X2X

2
1X

4
−1X−2v = 3X2X

2
−1X−2v = 4X2

−1v ̸= 0,

X3
2X

4
1X

2
2X

4
−1m4 = 2X3

2X
4
1X

4
−1X−2,3X

2
−1v =

= X3
2X

3
1 (3X

3
−1X−2,3X

2
−1v + 4X4

−1X−2,3X−1v) =

= X3
2X

2
1 (3X

2
−1X−2,3X

2
−1v + 4X3

−1X−2,3X−1v + 3X4
−1X−2,3v) =

= X3
2X1(3X−1X−2,3X

2
−1v + 4X2

−1X−2,3X−1v + 3X3
−1X−2,3v) =

= X3
2 (2X−2,3X

2
−1v +X−1X−2,3X−1v + 2X2

−1X−2,3v) = X2
−1v ̸= 0,

X2
2X

2
1X

2
2X

2
−1m = X2

2X
2
1X2(3X

2
−1X

2
−2X

2
−1X−2v +X2

−1X
3
−2X

2
−1v) =

= X2
2X

2
1 (2X

2
−1X−2X

2
−1X−2v + 3X2

−1X
2
−2X

2
−1v) =

= X2
2X1(4X−1X−2X

2
−1X−2v + 2X2

−1X−2X−1X−2v +X−1X
2
−2X

2
−1v+

+X2
−1X

2
−2X−1v) = X2

2 (3X−2X
2
−1X−2v +X−1X−2X−1X−2v + 2X2

−2X
2
−1v+

+ 3X−1X
2
2X−1v) = X2(X

2
−1X−2v +X−1X−2X−1v) = 2X2

−1v ̸= 0.

Hence the H-modules U2, N , N1, N
′, and U6 have the required submodules. As the

modules U2 ⊕ U6, N ⊕ N ′, and N1 are self-dual, we conclude that U2
∼= U6

∼= T (6),
N ∼= N ′ ∼= T (8), and N1

∼= T (6).
I.XVI.3) Let p = 5 and ω = ω1 + 2ω2. Then i(M) = 5 and U0

∼= M(1). One easily
observes that Ω+

1 = {ω − α2, ω − α1 − α2} and Ω+
2 = {ω − iα1 − 2α2|0 ≤ i ≤

2}. The dimensions of the weight subspaces with the weights from Ω+
i are determined

in Item I.IV. Now we can conclude that dimU1,3 = 1, dimU1,1 = 2, dimU2,5 = 1,
dimU2,3 = 2, and dimU2,1 = 3. This yields that I(U1) = {M(3),M(1)} and I(U2) =
{M(5), 2M(3),M(1)}. Lemma 27 implies that U1

∼= M(3) ⊕M(1) and U2
∼= N ⊕M(1)

where I(N) = {M(5), 2M(3)}. As U3
∼= U∗

2 , then U3
∼= N ′ ⊕M(1) where N ′ ∼= N∗. Show

that N ∼= N ′ ∼= T (5). First we prove that the H-modules N and N ′ contain submodules
isomorphic to V (5). Set m1 = X2

−2v and m2 = X3
−2X−1v. It is clear that m1 ∈ N and

m2 ∈ N ′. By Lemma 12, the vectors m1 and m2 ̸= 0 and the group X1 �xes these vectors.
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By Lemma 28, it su�ces to show that X−1m1 ̸= 0 and X−1m2 ̸= 0. One can directly
verify that X2

2X−1m1 = 4X−1v ̸= 0,

X2
1X

2
2X−1m2 = 2X2

1X−1X−2X−1v = 2X1(X−2X−1v +X−1X−2v) = 3X−2v ̸= 0.

Hence N and N ′ have the required submodules. As N ⊕N ′ is self-dual, Lemma 24 yields
that N ∼= N ′ ∼= T (5).

I.XVI.4) Let p = 7 and ω = 4ω2. Then i(M) = 8 and U0
∼= M(0). One easily observes

that

Ω+
1 ={ω − iα1 − α2|0 ≤ i ≤ 1}; Ω+

2 = {ω − iα1 − 2α2|0 ≤ i ≤ 2};

Ω+
3 ={ω − iα1 − 3α2|0 ≤ i ≤ 3}; Ω+

4 = {ω − iα1 − 4α2|0 ≤ i ≤ 4}.

The dimensions of the weight subspaces with the weights from Ω+
i are determined in

Item I.VIII. Now we can show that dimU1,2 = 1, dimU1,0 = 1; dimU2,4 = 1, dimU2,2 = 1,
dimU2,0 = 2; dimU3,6 = 1, dimU3,4 = 1, dimU3,2 = 2, dimU3,0 = 2; dimU4,8 = 1,
dimU4,6 = 1, dimU4,4 = 2, dimU4,2 = 2, and dimU4,0 = 2. This yields that I(U1) =
{M(2)}, I(U2) = {M(4),M(0)}, I(U3) = {M(6),M(2)}, and I(U4) = {M(8), 2M(4)}.
By Lemma 27, U1

∼= M(2), U2
∼= M(4) ⊕ M(0), and U3

∼= M(6) ⊕ M(2). Show that
U4

∼= T (8). First we prove that the H-module U4 contains a submodule isomorphic to
V (8). Set m = X4

−2v. It is clear that m ∈ U4. By Lemma 28, it su�ces to show that
X2

−1m ̸= 0. One can directly verify that X2X
2
−1m = 4X2

−1X
3
−2v ̸= 0 by Lemma 6. As U4

is self-dual, Lemma 24 imply that U4
∼= T (8).

I.XVI.5) Let p = 7 and ω = ω1 + 3ω2. Then i(M) = 7 and U0
∼= M(1). One easily

observes that

Ω+
1 = {ω−α2, ω−α1−α2}; Ω+

2 = {ω−iα1−2α2|0 ≤ i ≤ 2}; Ω+
3 = {ω−iα1−3α2|0 ≤ i ≤ 3}.

The dimensions of the weight subspaces with the weights from the sets Ω+
i are determined

in Item I.XII. Now we can show that dimU1,3 = 1, dimU1,1 = 2; dimU2,5 = 1, dimU2,3 =
2, dimU2,1 = 3; dimU3,7 = 1, dimU3,5 = 2, dimU3,3 = 3, and dimU3,1 = 3. Then

I(U1) = {M(3),M(1)}, I(U2) = {M(5),M(3),M(1)}, I(U3) = {M(7), 2M(5),M(3)}.

By Lemma 27, U1
∼= M(3) ⊕M(1), U2

∼= M(5) ⊕M(3) ⊕M(1), and U3
∼= N ⊕M(3)

where I(N) = {M(7), 2M(5)}. Since U4
∼= U∗

3 , then U4
∼= N ′ ⊕M(3) where N ′ ∼= N∗.

Show that N ∼= N ′ ∼= T (7). For this we prove that the H-modules N and N ′ contain
submodules isomorphic to V (7). Set m1 = X3

−2v and m2 = X4
−2X−1v. It is clear that

m1 ∈ N and m2 ∈ N ′. By Lemma 12, m1 and m2 ̸= 0 and the group X1 �xes these
vectors. By Lemma 28, it su�ces to show that X−1mi ̸= 0. One can directly verify that

X2X−1m1 = 3X−1X
2
−2v ̸= 0,

X2
1X2X−1m2 = 4X2

1X−1X
3
−2X−1v = X1(6X

3
−2X−1v + 4X−1X

3
−2v) = 6X3

−2v ̸= 0.

As N ⊕N ′ is self-dual, Lemma 24 yields that N ∼= N ′ ∼= T (7).
For an element x with J(x) = (2, 2) all possibilities are considered.
I.XVII. Let J(x) = (2, 1, 1). Then σx(a1ω1 + a2ω2) = a1 + a2. Obviously, M(λ)|Ax is

a tilting module if σx(λ) < p. Using Lemma 14 and arguing as in Item I.XVI, we can
show that M |Ax is a tilting module for p = 3 and ω = ω1 + 2ω2 (in the assumptions
of Lemma 14 set λ1 = ω1 and λ2 = 2ω2). Therefore it remains to consider the following
cases:
1) p = 3, ω = 2ω1 + ω2;
2) p = 5, ω = 2ω1 + 3ω2.

Recall that x is conjugate to a long root element. Set H = G(2). We can assume that
x ∈ H. To determine the block structure of φ(x), we consider the restriction M |H. Set
Ωi = {µ ∈ Λ(M)|µ = ω − iα1 − kα2}, Ui = ⟨Mµ|µ ∈ Ωi⟩, and Ω+

i = {λ ∈ Ωi|σ(λ) ≥ 0}.
De�ne i(M) and Ui,j as in Item I.XVI. By Theorem 1 and Lemma 11, the H-modules U0

and Ui(M) are irreducible, Ui(M)−j ∼= U∗
j , and ω(U0) = ω|H.
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I.XVII.1) Let p = 3 and ω = 2ω1 + ω2. Then i(M) = 6 and U0
∼= M(1). One easily

observes that Ω+
1 = {ω − α1, ω − α1 − α2}, Ω+

2 = {ω − 2α1, ω − 2α1 − α2}, and Ω+
3 =

{ω − 3α1 − α2, ω − 3α1 − 2α2}. The dimensions of the weight subspaces with weights
from the sets Ω+

i are determined in Item I.XVI.1). Now we can show that dimUi,2 = 1
and dimUi,0 = 1 for i = 1 or 3; dimU2,3 = 1, and dimU2,1 = 2. This yields that
I(U1) = I(U3) = {M(2)} and I(U2) = {M(3), 2M(1)}. Obviously, U1

∼= U3
∼= M(2).

Show that U2
∼= T (3). First we prove that the H-modules U2 and U4 contain submodules

isomorphic to V (3). Set m1 = X2
−1v and m2 = X−1,4X−2v. It is clear that m1 ∈ U2

and m2 ∈ U4. By Lemma 12, m1 and m2 ̸= 0 and the group X2 �xes these vectors. By
Lemma 28, it su�ces to show that X−2mi ̸= 0. One can directly verify that

X2
1X−2m1 = X−2v ̸= 0,

X2
2X

2
1X−2m2 = X2

2X1X−2X−1,3X−2v = X2
2X−2X

2
−1X−2v =

= X2(X
2
−1X−2v +X−2X

2
−1v) = X2

−1v ̸= 0.

As U2 ⊕ U4 is self-dual, Lemma 24 implies that U2
∼= U4

∼= T (3).
I.XVII.2) Let p = 5 and ω = 2ω1 + 3ω2. Then i(M) = 10 and U0

∼= M(3). One easily
observes that Ω+

1 = {ω − α1 − iα2|0 ≤ i ≤ 2};

Ω+
2 ={ω − 2α1 − iα2|0 ≤ i ≤ 2}; Ω+

3 = {ω − 3α1 − iα2|1 ≤ i ≤ 3};

Ω+
4 ={ω − 4α1 − iα2|1 ≤ i ≤ 3}; Ω+

5 = {ω − 5α1 − iα2|2 ≤ i ≤ 4}.

The dimensions of the weight subspaces with weights from Ω+
i are determined in Item I.XV.

Now we can conclude that dimU1,4 = 1, dimU1,2 = 1, dimU1,0 = 1, dimU2,5 = 1,
dimU2,3 = 2, dimU2,1 = 2, dimUi,4 = 1, dimUi,2 = 2, dimUi,0 = 2 for i = 3 and 5,
dimU4,5 = 1, dimU4,3 = 2, and dimU4,1 = 3. Then

I(U1) = {M(4)}, I(U2) = {M(5), 2M(3)},
I(U3) = I(U5) = {M(4),M(2)}, I(U4) = {M(5), 2M(3),M(1)}.

By Lemma 27, U1
∼= M(4), U3

∼= U5
∼= M(4) ⊕ M(2), and U4

∼= N ⊕ M(1) where
I(N) = {M(5), 2M(3)}. As U6

∼= U∗
4 , then U6

∼= N ′ ⊕ M(1) where N ′ ∼= N∗. Show
that U2

∼= U8
∼= N ∼= N ′ ∼= T (5). First we prove that each of these modules contains

a submodule isomorphic to V (5). Set m1 = X2
−1v, m2 = X4

−1X−2v, m3 = X−1,6X
2
−2v,

and m4 = X−1,8X
3
−2v. It is clear that m1 ∈ U2, m2 ∈ N , m3 ∈ N ′, and m4 ∈ U8. By

Lemma 12, mi ̸= 0 and the group X2 �xes these vectors. By Lemma 28, it su�ces to show
that X−2mi ̸= 0. One can directly verify that X2

1X−2m1 = 4X−2v ̸= 0, X4
1X−2m2 =

X2
−2v ̸= 0,

X2
1X2X

4
1X−2m3 = 2X2

1X2X−2X
2
−1X

2
−2v =

=X2
1 (2X

2
−1X

2
−2v + 3X−2X

2
−1X−2v) = 2X2

−2v ̸= 0,

X4
1X

2
2X

4
1X−2m4 = 4X4

1X
2
2X−2X−1,4X

3
−2v = X4

1X2(4X−1,4X
3
−2v + 2X−2X−1,4X

2
−2v) =

=X4
1 (3X−1,4X

2
−2v + 3X−2X−1,4X−2v) = X3

1 (4X−1,3X
2
−2v + 3X−2X−1,3X−2v) =

=X2
1 (3X

2
−1X

2
−2v + 3X−2X

2
−1X−2v) = 3X1X−2X−1X−2v = 2X2

−2v ̸= 0.

As U2 ⊕U8 and N ⊕N ′ are self-dual, Lemma 24 implies that U2
∼= U8

∼= N ∼= N ′ ∼= T (5).
For the group C2(K) all possibilities are considered.
II. Let G = C3(K). It follows from [18, Table 6.32] that the module V (ω3) is irreducible.

Proposition 3 and the arguments at the beginning of the section imply that for all elements
x of order p the restriction M(ω)|Ax is a tilting module for ω = ω2 and p > 3 and for
ω = ω3. Now Lemma 14 implies that Mx is a tilting module for ω = ω1 + ω2 or 2ω2 and
p ̸= 3, 7, for ω = ω1 + ω3 and p > 3, and for ω = 2ω3 and p ̸= 5.

Obviously, p > 5 if |y| = p. Taking into account the arguments at the beginning of the
section, one easily observes that for a regular unipotent element it su�ces to consider the
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case where p = 7 and ω = ω1 + ω2 or 2ω2. Observe that σy(ω) = 5a1 + 8a2 + 9a3 for
ω = a1ω1+a2ω2+a3ω3. Using the arguments at the end of Section 3, we can assume that
Xα = X1 + 2X2 + 2X3 and X−α = 5X−1 + 4X−2 +X−3.

II.I. Let p = 7 and ω = ω1+ω2. Then dimφ = 58 and σy(ω) = 13. One easily concludes
that dimM13 = 1 and dimM11 = 2. Set µ = ω − α1 − α2,

Λ9 = {ω − α1 − α2, ω − α2 − α3};
Λ7 = {ω − α1 − α2 − α3, ω − 2α1 − α2, ω − α1 − 2α2, ω − 2α2 − α3};
Λ5 = {ω − 2α1 − α2 − α3, ω − α1 − 2α2 − α3, ω − 2α1 − 2α2};
Λ3 = {ω − 2α1 − 2α2 − α3, ω − α1 − 3α2 − α3, ω − α1 − 2α2 − 2α3};
Λ1 = {ω − 3α1 − 2α2 − α3, ω − 2α1 − 3α2 − α3, ω − 2α1 − 2α2 − 2α3,

ω − α1 − 3α2 − 2α3}.

It is not di�cult to show that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {1, 3, 5, 7, 9}. It follows from [13,
Part 2, � 8, Proposition 8.19] that the maximal submodule in V (ω) is isomorphic toM(ω1).
We have ω1 = ω−α1−2α2−α3. Now using Freudenthal's formula for the weights of V (ω),
we can deduce that dimMµ = dimV (ω)µ = 2 and dimMω1 = dimV (ω)ω1 − 1 = 3. One
easily observes that dimMν = 2 for ν ∈ {ω − α1 − α2 − α3, ω − α1 − 3α2 − α3, ω − α1 −
3α2−2α3} since ν lies in the sameW -orbit with µ, dimMδ = 3 for δ = ω−2α1−2α2−α3

or ω − 2α1 − 3α2 − α3 as δ lies in the same W -orbit with ω1, and dimMτ = 1 for other
weights τ ∈ Λ9 ∪ Λ7 ∪ ... ∪ Λ1 since they lie in the same W -orbit with ω. Now it is not
di�cult to show that dimM9 = 3, dimM7 = 5, dimM5 = 5, dimM3 = 6, and dimM1 = 7.
This yields that

I(My) = {M(13),M(11),M(9), 2M(7), 2M(5), 2M(3), 2M(1)}.

By Lemma 27, My
∼=M(13)⊕N1 ⊕N2 ⊕N3 where I(N1) = {M(11), 2M(1)},

I(N2) = {M(9), 2M(3)} and I(N3) = {2M(7), 2M(5)}. Show that N1
∼= T (11), N2

∼=
T (9), and N3

∼= T (7)⊕M(7).
Set m11 = 5X−1v+X−2v, m9 = X−1X−2v+3X−2X−1v+X−3X−2v, u1 = X−3X−2v,

u2 = X3
−1X−2u1, and w = X2

−3X
2
−2X−1v. Lemma 12 implies that the vector u1 ̸= 0 and is

�xed by the subgroups X1 and X2. Using Lemma 6 several times, we get that u2 and w ̸= 0
(when we consider the vector u2, Lemma 6 is applied to the vector u1 in the G(1, 2)-module
generated by it). One can directly verify thatm11 ∈ InvM11,m9 ∈ InvM9, and the vectors
X5

−αm11 and X3
−αm9 have nonzero weight components 4u1 and 5w, respectively. Hence

X5
−αm11 and X3

−αm9 ̸= 0. As N1 and N2 are self-dual, then by Lemma 29, N1
∼= T (11)

and N2
∼= T (9).

Put U = XαM5,

a = 2X−2X−1X−2v+5X−1X−2X−1v+2X−1X−3X−2v+6X−3X−2X−1v+3X−2X−3X−2v.

It is not di�cult to check that the vectors X−3X−2X−1X−2v, X−2X−3X−2X−1v, and
X−1X−2X−3X−2v are linearly independent. Now one easily observes that the vectors
X−1X

2
−2X−1v, X

2
−1X−3X−2v, X−3X−2X−1X−2v, X−2X−3X−2X−1v, and

X−1X−2X−3X−2v form a basis of M5. Using this basis, we can verify that

U = ⟨X−2X−1X−2v + 2X−1X−2X−1v,

X−1X−3X−2v + 2X−1X−2X−1v,X−3X−2X−1v + 2X−2X−1X−2v,

X−2X−3X−2v + 4X−3X−2X−1v + 4X−2X−1X−2v⟩,

U ∩ InvM7 = ⟨a⟩, and the vector X−αa has a nonzero weight component 6X2
−1X−3X−2v.

As InvM7 ⊂ N3, there exists a vector m ∈M5 ∩N3 such that X−αXαm ̸= 0. Since N3 is
self-dual, now Lemmas 24 and 25 imply that N3

∼= T (7)⊕M(7).
II.II. Let p = 7 and ω = 2ω2. Then dimφ = 89 and σy(ω) = 16. One easily concludes

that dimM16 = 1, dimM14 = 1, and dimM12 = 3. Set µ = ω − 2α2 − α3, ν = ω − α1 −
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2α2 − α3,

Λ10 = {ω − α1 − 2α2, ω − α1 − α2 − α3, ω − 2α2 − α3};
Λ8 = {ω − 2α1 − α2, ω − α1 − 2α2 − α3, ω − 2α2 − 2α3, ω − 3α2 − α3};
Λ6 = {ω − 2α1 − 2α2 − α3, ω − α1 − 2α2 − 2α3, ω − α1 − 3α2 − α3, ω − 3α2 − 2α3};
Λ4 = {ω − 2α1 − 2α2 − 2α3, ω − 2α1 − 3α2 − α3,

ω − α1 − 3α2 − 2α3, ω − α1 − 4α2 − α3, ω − 4α2 − 2α3};
Λ2 = {ω − 3α1 − 3α2 − α3, ω − 2α1 − 3α2 − 2α3,

ω − 2α1 − 4α2 − α3, ω − α1 − 4α2 − 2α3};
Λ0 = {ω − 3α1 − 3α2 − 2α3, ω − 3α1 − 4α2 − α3,

ω − 2α1 − 4α2 − 2α3, ω − α1 − 4α2 − 3α3, ω − α1 − 5α2 − 2α3}.

One easily observes that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {0, 2, ..., 10}. By [18, Table 6.32],
dimM(ω) = dimV (ω) − 1. Therefore M(ω) ∼= V (ω)/M(0). This implies that dimMλ =
dimV (ω)λ for λ ̸= 0 and dimMλ = dimV (ω)λ−1 for λ = 0. Using Freudenthal's formula,
we can show that dimMµ = 2, dimMν = 3, and dimMλ = 5 for λ = 0. One easily deduces
that dimMγ = 2 for γ = ω − 2α1 − 2α2 − α3 or ω − 2α1 − 4α2 − α3 since because γ lies
in the same W -orbit with µ, dimMτ = 3 for τ ∈ {ω − α1 − 3α2 − α3, ω − 2α1 − 3α2 −
α3, ω − α1 − 3α2 − 2α3, ω − 2α1 − 3α2 − 2α3, ω − α1 − 4α2 − 2α3} as τ lies in the same
W -orbit with ν, all other weights δ ∈ Λ0 ∪ Λ2 ∪ ... ∪ Λ10 lie in the same W -orbit with ω
or ω − α2, hence dimMδ = 1. Now one easily observes that dimM10 = 4, dimM8 = 6,
dimM6 = 7, dimM4 = 9, dimM2 = 9, and dimM0 = 9. This implies that

I(My) = {M(16), 2M(12), 2M(10), 2M(8),M(6), 4M(4),M(2), 2M(0)}.

Proposition 8 and Lemma 27 yield that My
∼= N1 ⊕ N2 ⊕ N3 ⊕ M(6) where I(N1) =

{M(16), 2M(10),M(2)}, I(N2) = {2M(12), 2M(0)}, and I(N3) = {2M(8), 4M(4)}. Show
that N1

∼= T (16), N2
∼= T (12)⊕M(12), and N3

∼= 2T (8).
One easily concludes that X3

−αv has a nonzero weight component 5X−3X−1X−2v.

Then by Lemma 28, KAyv ∼= V (16). Set N1 = N1/KAyv. It is clear that I(N1) =
{M(10),M(2)}. One can directly verify that the triples

(X−2X−3X−1X
2
−2X−3X−2v, X−3X

2
−2X−1X−3X

2
−2v, X

2
−2X−1X

2
−3X

2
−2v)

and (X−3X−2X
2
−1X−2X−3X−2v, X

2
−1X−2X

2
−3X

2
−2v, X−2X

2
−1X

2
−3X

2
−2v), and the pair

(X2
−2X

2
−1X−3X

2
−2v, X−2X

2
−1X

2
−2X−3X−2v) consist of linearly independent vectors. Set

u = X−3X−2v. By Lemma 12, the vector u ̸= 0 and is �xed by the subgroups X1 and X2.
Applying Lemma 6 to the G(1, 2)-submodule generated by u, we can get that the vector
X3

−1X
2
−2X−3X−2v ̸= 0. Therefore the vectors

X−2X−3X−1X
2
−2X−3X−2v,X−3X

2
−2X−1X−3X

2
−2v,X

2
−2X−1X

2
−3X

2
−2v,

X−3X−2X
2
−1X−2X−3X−2v,X

2
−1X−2X

2
−3X

2
−2v,X−2X

2
−1X

2
−3X

2
−2v,

X2
−2X

2
−1X−3X

2
−2v,X−2X

2
−1X

2
−2X−3X−2v,X

3
−1X

2
−2X−3X−2v

form a basis of M2. Using this basis, we can directly check that InvM2 = 0. This yields
that N1 has no submodules isomorphic to M(2). As N1 is self-dual, N1 and N1 have no

such factor modules. Now Lemma 23 forces that N1
∼= V (10) and N1 has a �ltration by

Weyl modules. By Remark 4, N1 is a tilting module. As we know I(N1), we conclude that
N1

∼= T (16).
Set m = X2

−2X
2
−1X

2
−3X

2
−2v. It is clear that m ∈ M0. One can directly verify that the

vector X6
−αX

6
αm has a nonzero weight component 2X−3X

2
−2X−1X

2
−3X

2
−2v. Obviously,

X6
αm ∈ InvM12 since X7

αw = 0 for any w ∈ M . The facts proved earlier yield that
My = N2⊕N ′ whereN ′∩InvM12 = 0. This implies that there exists a vectorm0 ∈ N2∩M0

such that X6
−αX

6
αm0 = X6

−αX
6
αm ̸= 0. Hence by Lemmas 24 and 25, N2

∼= T (12)⊕M(12).
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Put t1 = X2
−2X

2
−3X

2
−2v, t2 = X2

−2X−3X−1X
2
−2v, f1 = X2

−αX
2
αt1, and f2 = X2

−αX
2
αt2.

One can directly check that X2
αti ∈ InvM8, the vector f1 has nonzero weight components

X2
−1X

2
−3X

2
−2v and 6X2

−2X
2
−3X

2
−2v, and f2 has such components 3X2

−1X
2
−3X

2
−2v and

X2
−2X

2
−3X

2
−2v. This forces that f1 and f2 are linearly independent. It is clear that My =

N3 ⊕N ′′ where N ′′ ∩ InvM8 = 0. Therefore there exist vectors l1 and l2 ∈ N3 ∩M4 such
that X2

−αX
2
αli = fi, i = 1, 2. Corollary 9 implies that N3

∼= 2T (8).
For regular unipotent elements of the group C3(K) all possibilities are considered.
II.III. Let x have a block of size 4 or 2 in the standard realization of G. Set H =

G(2ε1, α2, α3). It is clear that H ∼= C1(K)× C2(K). We can assume that x ∈ H.
To determine the block structure of element φ(x), we analyze the restriction M |H. For

p = 5 and ω = ω2 + ω3 or 2ω3, we use Theorems 4 and 3 and Lemma 21. Taking into
account the arguments at the beginning of section, it su�ces to consider the following
cases:
A) p = 3, ω = ω1 + ω3;
B) p = 7, ω = ω1 + ω2;
C) p = 7, 2ω2.
Show that in all these cases the module M |H is completely reducible. Set u1 = X−1v
and u2 = X2

−1X−2X−3v in Case A), u1 = X−1v and u2 = X2
−1X−2v in Case B), and

u1 = X−1X−2v and u2 = X2
−1X

2
−2v in Case C); µ0 = ω|H and µi = ω(ui)|H for i = 1, 2.

In Case A) one easily observes that X2X
2
1u2 = 2X−3v ̸= 0 and that ω(u2) + α2 and

ω(u2) + α3 ̸∈ Λ(M). Hence the groups X2 and X3 �x u2. In the other cases Lemma 12
implies that ui ̸= 0 and the groups X2 and X3 �x ui. Obviously, the groups X2ε1 always
�x ui. This yields that the restriction M |H has composition factors with highest weights
µi, 0 ≤ i ≤ 2.

In Case B) set λ = ω − α1 − α2. Recall that dimMλ = 2. Since dimMω−α1 = 1, there
exists a nonzero vector m ∈ Mλ such that X2m = 0. Therefore X2 �xes m. This forces
that M |H has a composition factor with highest weight µ3 = λ|H.

In Case C) put τ = ω−α1 − 2α2 −α3, τ1 = τ +α2, τ2 = τ +α3, and µ3 = τ |H. Recall
that dimMτ = 3 and dimMτi = 1 for i = 1, 2. This yields that

dim(KerX2 ∩Mτ ) = dim(KerX3 ∩Mτ ) = 2.

Hence KerX2∩KerX3∩Mτ ̸= {0}. Let w ∈ KerX2∩KerX3∩Mτ and w ̸= 0. Obviously,
the group X2ε1 �xes w. Therefore M |H has a composition factor M(µ3).

One easily observes that in Case A) µ0 = (2ω1, ω2), µ1 = (ω1, ω1 + ω2), and µ2 =
(0, 2ω1); in Case B) µ0 = (2ω1, ω1), µ1 = (ω1, 2ω1), µ2 = (0, ω1 + ω2), and µ3 = (ω1, ω2);
in Case C) µ0 = (2ω1, 2ω1), µ1 = (ω1, ω1 + ω2), µ2 = (0, 2ω2), and µ3 = (ω1, ω1). As
we know the dimension of M , we can conclude that in Cases A) and B) M |H has only
three composition factors M(µi). In Case C) set µ4 = (0, ω2). Since we know the weight
multiplicities of M , we can show that the formal character of the restriction M |H is equal
to the sum of the formal characters of the modulesM(µi) for 0 ≤ i ≤ 4. Therefore in Case
C) the restriction M |H has �ve composition factors M(µi) with 0 ≤ i ≤ 4. Observe that
in all Cases A), B), and C) the modules V (µi) are irreducible. Now Corollary 1 yields that
M |H is completely reducible. To determine the block structure of φ(x), we use the results
of Item I and Theorem 3.

II.IV. It remains to consider the case where J(x) = (3, 3). Set H = G(1, 2). Then
H ∼= A2(K) and we can assume that x is a regular unipotent element from H. In this
case σx(a1ω1 + a2ω2 + a3ω3) = 2a1 + 4a2 + 4a3. It is clear that σx(ω) < p for p = 7,
ω = ω1+ω2. For p = 3 and ω = ω2 we use Proposition 9. The arguments at the beginning
of the section yields that it su�ces to consider the following cases:
1) p = 5, ω = ω2 + ω3 or 2ω3;
2) p = 3, ω = ω1 + ω3;
3) p = 7, ω = 2ω2.
In all these cases we analyze the restriction M |H. Set Ωi = {λ ∈ Λ(M)|λ = ω − xα1 −
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yα2 − iα3} and Ui = ⟨Mλ|λ ∈ Ωi⟩. De�ne the parameter i(M) as above. By Theorem 1
and Lemma 11, U∗

j
∼= Ui(M)−j and U0

∼=M(ω|H).
II.IV.1) Assume that one of the following holds:

A) p = 5, ω = ω2 + ω3;
B) p = 5, ω = 2ω3.
Cases A) and B) are considered together since the approach is the same. Show that the
H-modules Ui are irreducible and indicate their highest weights. One easily concludes that
i(M) = 5 in Case A) and 6 in Case B). Set µ0 = ω; µ1 = ω − α3, and µ2 = ω − α2 − 2α3

in Case A); µ1 = ω − α3, µ2 = ω − 2α3, and µ3 = ω − 2α2 − 3α3 in Case B); in both
cases let δi = µi|H and Ni = M(δ). One easily observes that in Case B) the weight
ω − xα1 − yα2 − 3α3 ̸∈ Λ(H) for y < 2 (consider the W -orbit of such weight). Now it is
clear that δi is a maximal weight in the H-module Ui. Show that Ui ∼= Ni. It is clear that
Ui has such composition factor. The Weyl group of H can be naturally identi�ed with a
subgroup WH ⊂ W . Any weight λ ∈ Ωi lies in the same WH -orbit with a weight τ ∈ Ωi
such that τ |H ∈ Λ+(H). It is clear that τ ≤ µi. By [4, Chapter VIII, � 7, Proposition 5.iv],
τ |H is a weight of the irreducible A2(C)-module with highest weight δi. By [26], the set of
weights of such module coincides with Λ(Ni). Hence τ |H and λ|H ∈ Λ(Ni). By Theorem 4,
all weight subspaces in M are one-dimensional. This yields that the H-module Ui has one
composition factor. Therefore Ui ∼= Ni. One easily checks that in Case A) δ0 = ω2,
δ1 = 3ω2, and δ2 = ω1 + 3ω2; in Case B) δ0 = 0, δ1 = 2ω2, δ2 = 4ω2, and δ3 = 2ω1 + 2ω2.
Now we can use the results of Item I of Section 4 to determine the block structure of φ(x).

II.IV.2) Here and in Item II.IV.3) A ⊂ H is a good A1-subgroup containing x, σ :
Λ(H) → Z is the homomorphism determined by the restriction of weights from a maximal
torus TH ⊂ H to a maximal torus TA ⊂ A such that σ(αi) = 2 for i = 1, 2; Xα and X−α
are the root elements of the Lie algebra of A; Ω+

i = {λ ∈ Ωi|σ(λ) ≥ 0}, and Ui,j is the
weight subspace of weight j in the A-module Ui. Using the formulae from [4, Chapter 8,
�13.1], we can assume that Xα = X1 + 2X2 and X−α = 2X−1 +X−2.

Let p = 3 and ω = ω1 + ω3. Then dimφ = 57, i(M) = 4, and U0
∼=M(ω1). One easily

observes that

Ω1 = {ω − α3, ω − α2 − α3, ω − α1 − α2, ω − 2α2 − α3,

ω − α1 − α2 − α3, ω − α1 − 2α2 − α3, ω − 2α1 − α2 − α3, ω − 2α1 − 2α2 − α3,

ω − α1 − 3α2 − α3, ω − 2α1 − 3α2 − α3, ω − 3α1 − 3α2 − α3};

Ω+
2 = {ω − 2α2 − 2α3, ω − α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3, ω − α1 − 3α2 − 2α3,

ω−α1 − 4α2 − 2α3, ω − 2α1 − 2α2 − 2α3, ω − 2α1 − 3α2 − 2α3, ω − 3α1 − 2α2 − 2α3}.

Set η = ω − α1 − α2 − α3 and ν = ω − 2α1 − 3α2 − 2α3. Then η = ω2 and ν = 0. We can
verify that dimMη = 2. Since dimV (ω)η = 3 by Freudenthal's formula, this yields that
V (ω) has a composition factor M(η). Taking into account the dimensions of the modules
M(ω) and M(η), we get that M(ω) = V (ω)/M(η). Using the same Freudenthal's formula
and taking into account that all weight subspaces of M(η) are one-dimensional, we get
that dimMν = 3. One easily concludes that dimMµ = 2 for

µ ∈ {ω − α1 − α2 − α3, ω − α1 − 2α2 − α3, ω − 2α1 − 2α2 − α3,

ω − α1 − 2α2 − 2α3, ω − 2α1 − 2α2 − 2α3, ω − α1 − 3α2 − 2α3}

since µ lies in the sameW -orbit with η, and that dimMτ = 1 for other nonzero weights τ ∈
Ω1∪Ω+

2 as τ lies in the sameW -orbit with ω or ω−α2−α3. This implies that dimU1 = 15,
dimU2,6 = 2, dimU2,4 = 2, dimU2,2 = 4, and dimU2,0 = 5. Set δ = (ω−α3)|H = ω1+2ω2.
Obviously, the H-module U1 has a composition factor M(δ). Since dimU1 = dimM(δ),
then U1

∼= M(δ). The canonical Jordan form of x in U1 can be determined with the use
of the results of Item I of Section 4.

By the arguments above, we get that I(U2|A) = {2M(6), 2M(4), 2M(2),M(0)}. Then
by Proposition 8, the restriction U2|A ∼= N⊕2M(2) where I(N) = {2M(6), 2M(4),M(0)}.
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Show that N ∼= T (6)⊕M(6). Set u1 = X2
−3X−2X−1v, u2 = X−3X

2
−2X−3v, m

1
6 = u1+u2,

m2
6 = u1 + 2u2, and m4 = X−3X

2
−2X−3X−1v. By Lemma 12, u1 ̸= 0 and the subgroups

Xi �x u1 for i = 1, 2. Hence mi
6 ̸= 0. One easily observes that X1 and X2 �x u2 as

ω(u2)+αi ̸∈ Λ(M) for i = 1, 2. This yields that mi
6 ∈ InvU2,6. We can directly verify that

Xαm4 = m2
6, X−αm

1
6 = 0, X−αm

2
6 ̸= 0, and X2

−αm4 ̸∈ ⟨X−α,3m
2
6⟩. Then KAm2

6
∼= V (6).

One easily deduces that N/KAm2
6 has a submodule isomorphic to V (4), this submodule

is generated by the image of m4 under the canonical homomorphism. Let F be the full
preimage of this submodule in N . Show that F is indecomposable. We can directly check
that dim InvU2,4 = 1. SinceX−αm

2
6 ∈ InvU2,4, then F has no indecomposable components

with highest weight 4. As F ∩U2,0 = ⟨X−α,3m
1
6, X

2
−αm4⟩, F has no such components with

highest weight 0. Since dim(F ∩ U2,6) = 1, this yields that F is indecomposable.
It is clear that KAm1

6
∼=M(6). As m1

6 ̸∈ F ∩U2,6 = ⟨m2
6⟩ and KAm1

6 is irreducible, we
conclude that KAm1

6 ∩F = 0. Hence N = F ⊕KAm1
6. The module F is self-dual since N

is such. As F has a �ltration by Weyl modules, then by Remark 4, F is a tilting module.
We know I(F ) and can prove that F ∼= T (6).

II.IV.3) Let p = 7 and ω = 2ω2. Then i(M) = 4 and U0
∼=M(2ω2). One easily observes

that

Ω+
1 ={ω − α2 − α3, ω − α1 − α2 − α3, ω − 2α2 − α3, ω − 3α2 − α3,

ω − α1 − 2α2 − α3, ω − 2α1 − 2α2 − α3, ω − α1 − 3α2 − α3};

Ω+
2 ={ω − 2α2 − 2α3, ω − α1 − 2α2 − 2α3, ω − 3α2 − 2α3, ω − 4α2 − 2α3,

ω−2α2 − 2α2 − 2α3, ω − α1 − 3α2 − 2α3, ω − 2α1 − 3α2 − 2α3,

ω−α1 − 4α2 − 2α3, ω − 3α1 − 3α2 − 2α3, ω − α1 − 5α2 − 2α3, ω − 2α1 − 4α2 − 2α3}.

The dimensions of the weight subspaces with weights from Ω+
1 and Ω+

2 are determined in
Item II.II. Now one can show that dimU1,6 = 1, dimU1,4 = 3, dimU1,2 = 4, dimU1,0 = 5,
dimU2,8 = 1, dimU2,6 = 2, dimU2,4 = 5, dimU2,2 = 6, and dimU2,0 = 7. Then
I(U1|A) = {M(6), 2M(4),M(2),M(0)} and I(U2|A) = {M(8),M(6), 4M(4),M(2),M(0)}.
By Lemma 27, U1|A ∼=M(6)⊕2M(4)⊕M(2)⊕M(0) and U2|A ∼= N⊕M(6)⊕M(2)⊕M(0)
where I(N) = {M(8), 4M(4)}. Show that N ∼= T (8)⊕ 2M(4).

Set m = X2
−3X

2
−2v. Since X

2
−1m ̸= 0, then X2

−αm ̸= 0. The module N is self-dual as
U2 is self-dual. Then by Lemma 29, N ∼= T (8)⊕ 2M(4).

For n = 3 all possibilities are considered.
III. Let n ≥ 4. As the multiplicities of all blocks of odd sizes in the canonical Jordan form

of x in the standard realization are even, then for n = 4 all unipotent elements distinct
from regular are conjugate to elements from subsystem subgroups of types C3 × C1 or
C2×C2. Therefore we can use Theorems 4 and 3, the results of Items I, II, and Lemma 21
to solve the problem for the elements of order 3 for n = 4, p = 3, and ω = ω3 or ω4. It
follows from [18, Table 6.33] that the module V (ω4) is irreducible for n = 4 and p > 3.
Taking into account the arguments at the beginning of the section, it su�ces to consider
the cases where ω = ω2, n = 5, 6, or 7, and p = 5, 3, or 7, respectively. In these cases
each element of order p is conjugate to an element from a subsystem subgroup H and
the restriction M |H is completely reducible. Then to determine the block structure of
φ(x), one can apply the results of Section 4 and the results of this section for the groups
of smaller ranks. If all block sizes in the canonical Jordan form of x in the standard
realization are odd, we can set H = G(1, ..., n− 1) and use Proposition 9. Assume that x
has a block even size in the standard realization. Below µ0 = ω|H. Obviously, in all cases
M |H has a composition factor M(µ0).

a) Let G = C5(K) and p = 5. Since |x| = p, then x has a block of size 4, or two
blocks of size 2, or a block of size 2 and two blocks of size 1 in the standard realization of
G. Set H = G(α1, 2ε2, α3, α4, α5). It is clear that H ∼= C2(K) × C3(K). We can assume
that x ∈ H. Obviously, µ1 = (ω2, 0). Let v1 = X−2v, v2 = X−2X−3X−1X−2v, and
µi = ω(vi)|H. Then µ1 = (ω1, ω1) and µ2 = (0, ω2). By Lemma 6, v1 ̸= 0. One easily
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observes that X1X3X2v2 = X−2v ̸= 0 and that ω(v2) + α1 and ω(v2) + α3 ̸∈ Λ(M). Now
it is clear that the vectors v1 and v2 are �xed by all subgroups Xβ ∈ H with positive roots
β. Hence M |H has composition factors M(µ1) and M(µ2).

b) Let G = C6(K) and p = 3. As |x| = 3, then x has a block of size 2 in the standard
realization of G. Set H = G(α1, ..., α4, 2ε5, α6). It is clear that H ∼= C5(K)× C1(K) and
µ0 = (ω2, 0). We can assume that x ∈ H. Set v1 = X−5X−4X−3X−2v and µ1 = ω(v1)|H.
Then µ1 = (ω1, ω1). By Lemma 12, v1 ̸= 0 and the groups Xi �x v1 for i ̸= 5. Obviously,
Xβ �xes v1 for all positive roots β of the subgroup H. Therefore M |H has a composition
factor M(µ1).

c) Let G = C7(K) and p = 7. Recall that x has Jordan blocks of size at most 7 in the
standard realization of G.

(i) Let x has a block of size 6 or 3 in the standard realization. Set
H = G(α1, α2, 2ε3, α4, α5, α6, α7). One easily observes that H ∼= C3(K) × C4(K) and
µ0 = (ω2, 0). As x has an even number of blocks of size 3 in the standard realization, we
can assume that x ∈ H.

Set v1 = X−3X−2v, v2 = X−3X−2X−4X−3X−1X−2v, and µi = ω(vi)|H. Then µ1 =
(ω1, ω1) and µ2 = (0, ω2). By Lemma 12, the vector v1 ̸= 0 and is �xed by the subgroups
Xi for i ̸= 3. One can directly verify that X1X2X3v2 = X−4X−3X−2v ̸= 0. It is not
di�cult to check that ω(v2) + αi ̸∈ Λ(M) for i ̸= 3. It is clear that X2ε3 �xes the vectors
v1 and v2. This yields that M |H has composition factors M(µ1) and M(µ2).

(ii) Assume that x has no blocks of sizes 6 and 3 in the standard realization of G.
Set H = G(α1, α2, α3, α4, 2ε5, α6, α7). It is not di�cult to conclude that H ∼= C5(K) ×
C2(K) and µ0 = (ω2, 0). Arguing as in Item a), we can assume that x ∈ H. Set v1 =
X−5X−4X−3X−2v, v2 = X−5X−4X−3X−2X−1X−6X−5X−4X−3X−2v, and µi = ω(vi)|H.
Then µ1 = (ω1, ω1) and µ2 = (0, ω2). Lemma 12 implies that the vector v1 ̸= 0 and is �xes
by the subgroups Xi for i ̸= 5. Let m = v(6, 2). Lemma 12 yields that the vector m ̸= 0
and generates an indecomposable G(1, ..., 5)-module with highest weight ω1. The vector
v2 coincides with the vector m(5, 1) constructed in this module. By Lemma 12, v2 ̸= 0 and
is �xed by Xi for i < 5. It is not di�cult to show that ω(v2)+α6 lies in the same W -orbit
with ω− α1 and therefore does not belong to Λ(M). Then it is clear that Xβ �xes v1 and
v2 for all positive roots β of H. This forces that M |H has composition factors M(µ1) and
M(µ2).

Taking into account the dimension of M , we can conclude that in all Cases a), b), and
c) the composition factors of the restriction M |H are exhausted by the modules M(µi).
Observe that for all weights µi the modules V (µi) are irreducible. Hence by Corollary 1,
the restriction M |H is completely reducible.

For the groups of type Cn the problem is solved.

6. Spinor groups

In this section G = Bn(K) or Dn(K).
We use Theorem 6, Proposition 10, and results of Section 4 to solve the problem for

ω = ωi where i < n for G = Bn(K) and i < n − 1 for G = Dn(K), and for ω = 2ω1. So
these weights will not be considered afterwards.

To handle certain representations, we need to describe representatives of the unipotent
conjugacy classes in Dn(K) that have only Jordan blocks of even sizes in the standard
realization of the group. Let G = Dn(K), k1 ≥ k2 ≥ ... ≥ ks, k1 + k2 + ... + ks = n, and
all integers k1, k2, ..., ks are even. Obviously, n is even. Set

I ={k1, k1 + k2, ..., k1 + k2 + ...+ ks−1, n},
I1 ={1, ..., n} \ I, I2 = I1 \ {n− 1},

z1 =z1(k1, ..., ks) =
∏
i∈I1

xi(1) ∈ G,
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z2 =z2(k1, ..., ks) = xn(1)
∏
i∈I2

xi(1) ∈ G;

H1 = G(1, 2, ..., n− 1), and H2 = G(1, ..., n− 2, n). Then H1
∼= H2

∼= An−1(K), z1 ∈ H1,
and z2 ∈ H2. In [27, Subsection 2.1] it is proved that J(z1) = J(z2) = (k21, ..., k

2
s) and

that the elements z1 and z2 are not conjugate. Let φ1, φ2 ∈ IrrG, ω(φ1) = a1ω1 + ... +
an−2ωn−2 + bωn−1, and ω(φ2) = a1ω1 + ... + an−2ωn−2 + bωn. Then the representation
φ2 can be obtained from φ1 with the help of the graph morphism of G permuting the
elements z1 and z2. Hence the canonical Jordan form of φ2(zj) is the same as of φ1(zi)
for {i, j} = {1, 2}. We use the notation N(zi) introduced in Lemma 18.

Obviously, the collection N(zi) contains no zeros and at least two ones. Therefore
Formula (1) implies that σzi(εn) = ±1. It is clear that σx(ωn) > σx(ωn−1) if σx(εn) = 1,
and σx(ωn) < σx(ωn−1) if σx(εn) = −1. It follows from [27, Lemma 2.5 and Corollary 2.13]
that σz1(ωn) > σz1(ωn−1) and σz2(ωn) < σz2(ωn−1) for n ≡ 0 (mod 4) and that σz1(ωn) <
σz1(ωn−1) and σz2(ωn) > σz2(ωn−1) for n ≡ 2 (mod 4). This yields that σz1(εn) = 1 if
n ≡ 0 (mod 4), and −1 if n ≡ 2 (mod 4), and that σz2(εn) = −σz1(εn) in both cases.
Hence the values σx(εi) can be determined for all elements x of order p. It is well known
that the graph morphism of the group Dn(K) mentioned above �xes the conjugacy classes
of unipotent elements that have at least one block of odd size in the standard realization of
the group. Therefore for G = Dn(K), it su�ces to consider only one of the representations
φ(ωn) or φ(ωn−1).

I. Spinor and semispinor representations

In this item ω = ωn for G = Bn(K) and G = Dn(K). Recall that Λ(M) consists of all
linear combinations of the form {±ε1±...±εn

2
} for G = Bn(K) and of all such combinations

with an even number of the symbols "minus" for G = Dn(K); all weight subspaces of M
are one-dimensional.

One can directly verify that σx(ω) < p for all elements x of order p, except the following
cases:

a) G = B4(K), p = 3, J(x) = (33);
b) G = D5(K), p = 7, J(x) = (7, 3);

p = 5, J(x) = (52);
p = 3, J(x) ∈ {(33, 1), (32, 22)};

c) G = B5(K), p = 11, 13, J(x) = (11);
p = 7, J(x) ∈ {(7, 3, 1), (7, 22)};
p = 5, J(x) ∈ {(52, 1), (5, 32), (42, 3)};
p = 3, J(x) ∈ {(33, 12), (32, 22, 1), (3, 24)};

d) G = D6(K), p = 11, 13, J(x) = (11, 1);
p = 11, J(x) = (9, 3);
p = 7, J(x) ∈ {(7, 5), (7, 3, 12), (7, 22, 1), (62)};
p = 5, J(x) ∈ {(52, 12), (5, 32, 1), (5, 3, 22),

(42, 3, 1), (42, 22)};
p = 3, J(x) ∈ {(34), (33, 13), (32, 22, 12), (3, 24, 1), (26)};

e) G = B6(K), p = 13, 17, 19, J(x) = (13);
p = 11, 13, J(x) = (11, 12);
p = 11, J(x) ∈ {(9, 3, 1), (9, 22)};
p = 7, J(x) ∈ {(7, 5, 1), (7, 32), (7, 3, 13), (7, 22, 12),

(62, 1)};
p = 5, 7, J(x) ∈ {(52, 3), (5, 42)};
p = 5, J(x) ∈ {(5, 32, 12), (52, 12), (5, 3, 22, 1), (5, 24),

(42, 3, 12), (42, 22, 1)};
p = 3, J(x) ∈ {(34, 1), (33, 22), (33, 14), (32, 22, 13),

(3, 24, 12), (26, 1)};
f) G = D7(K), p = 13, 17, 19, J(x) = (13, 1);
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p = 11, 13, J(x) ∈ {(11, 3), (11, 13), (9, 5)};
p = 11, J(x) ∈ {(9, 3, 12), (9, 22, 1)};
p = 7, 11, J(x) = (72);
p = 7, J(x) ∈ {(7, 5, 12), (7, 32, 1), (7, 3, 22),

(7, 3, 14), (7, 22, 13), (62, 12)};
p = 5, 7, J(x) ∈ {(52, 3, 1), (52, 22), (5, 42, 1)};
p = 5, J(x) ∈ {(52, 14), (5, 33), (5, 32, 13), (5, 3, 22, 12),

(5, 24, 1), (42, 32), (42, 3, 13), (42, 22, 12)};
p = 3, J(x) ∈ {(34, 12), (33, 22, 1), (33, 15), (32, 24),

(32, 22, 14), (3, 24, 13), (26, 12)}.

First we consider the behaviour of a regular unipotent element y for G = Bn(K).
I.I. Let G = B5(K). Then dimφ = 32 and σy(ω) = 15. Taking into account the weight

structure of M , it is not di�cult to show that dimM15 = 1, dimM13 = 1, dimM11 = 1,
dimM9 = 2, dimM7 = 2, dimM5 = 3, dimM3 = 3, and dimM1 = 3.

Assume that p = 11 or 13. Then I(My) = {M(15),M(9), 2M(5)} for p = 11 and
I(My) = {M(15), 2M(9),M(5)} for p = 13. Lemma 27 implies that My = N ⊕M(9) for
p = 11 and My = N ′ ⊕M(5) for p = 13 where I(N) = {M(15), 2M(5)} and I(N ′) =
{M(15), 2M(9)}. Prove that N and N ′ ∼= T (15). Since X−1X−2X−3X−4X−5v ̸= 0, then
X5

−αv ̸= 0 and hence X3
−αv ̸= 0. As N and N ′ are self-dual, Lemma 29 yields that N and

N ′ ∼= T (15).
I.II. Let G = B6(K). Then dimφ = 64 and σy(ω) = 21. As we know the weight

structure ofM , we can conclude that dimM21 = 1, dimM19 = 1, dimM17 = 1, dimM15 =
2, dimM13 = 2, dimM11 = 3, dimM9 = 4, dimM7 = 4, dimM5 = 4, dimM3 = 5, and
dimM1 = 5.

It is convenient to consider together the cases where p = 17 or 19. One easily observes
that I(My) = {M(21),M(15), 2M(11),M(9),M(3)} for p = 17 and
I(My) = {M(21), 2M(15),M(11),M(9),M(3)} for p = 19. Lemma 27 forces that My =
N⊕M(15)⊕M(9)⊕M(3) for p = 17 andMy = N ′⊕M(11)⊕M(9)⊕M(3) for p = 19 where
I(N) = {M(21), 2M(11)} and I(N ′) = {M(21), 2M(15)}. Show that N and N ′ ∼= T (21).
Since X−2X−3X−4X−5X−6v ̸= 0, then X5

−αv ̸= 0 and X3
−αv ̸= 0. As N and N ′ are

self-dual, our assertion follows from Lemma 29.
Now let p = 13. Then I(My) = {M(21),M(15),M(11), 2M(9), 2M(3)}. By Lemma 27,

My = N1 ⊕ N2 ⊕M(11) where I(N1) = {M(21), 2M(3)} and I(N2) = {M(15), 2M(9)}.
Prove that N1

∼= T (21) and N2
∼= T (15). Set m15 = 4X−4X−5X−6v + X−6X−5X−6v,

u1 = v(3, 6, 1), u2 = X−4X−5X−6u1, u3 = X−5X−6u2, G1 = G(4, 5, 6), and G2 = G(5, 6).
Lemma 12 implies that the vector u1 ̸= 0 and is �xed by Xi for i ̸= 3. Hence u1 generates
an indecomposable G1-module with highest weight ω(u1)|G1. Applying Lemma 12 in
this module, one can deduce that u2 ̸= 0 and generates an indecomposable G2-module
with highest weight ω(u2)|G2. Applying Lemma 12 in this module once again, we show
that u3 ̸= 0. One can directly verify that m15 ∈ InvM15 and X9

−αv has a nonzero
weight component 4u3. Therefore X

9
−αv ̸= 0. Since X−1X−2X−3X−4X−5X−6v ̸= 0, then

X3
−αm15 ̸= 0. As N1 and N2 are self-dual, Lemma 29 implies that N1

∼= T (21) and
N2

∼= T (15).
For σx(ω) < p (in particular, for G = B3(K) or G = D4(K)), this problem is being

solved such as in other cases where Mx is a direct sum of p-restricted modules. Then
the remaining cases for the groups B4(K), D5(K), B5(K), D6(K), B6(K), and D7(K)
mentioned above are considered in turns. Here we use the fact that x is conjugate to an
element from a proper semisimple subgroup H the restriction ofM on which is completely
reducible. After that we use the results for the groups of types Br and Dr of smaller ranks,
the results of Section 4, and Theorem 3. Below when describing the subgroup H and the
restrictionsM |H, we consider situations in which similar constructions are used, together.
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I.III. Let G = Bn(K) and one of the following hold:
a) x has a block of size l ∈ {2, 3, 5} in the standard realization,
b) J(x) = (11, 12).
Set H = G(α1, α2, ..., αn−2, εn−2 + εn−1, αn) for l = 3, H = G(α1, α2, ..., αn−3, εn−3 +
εn−2, αn−1, αn) for l = 5,H = G(α1, ε1+ε2, α3, ..., αn−1, αn) for l = 2, andH ∼= G(2, ..., n)
in Case b). It is clear that H ∼= Dn−1(K)×B1(K) for l = 3, Dn−2(K)×B2(K) for l = 5,
D2(K) × Bn−2(K) for l = 2, and Bn−1(K) in Case b). We can assume that x ∈ H. If
x satis�es the condition a) for several values of l, we choose any of them. Recall that
D3(K) ∼= A3(K) and D2(K) ∼= A1(K)× A1(K). To describe the block structure of φ(x),
we use Lemma 30, results of Item II in Section 4, Lemma 21, and Theorem 3.

I.IV. Let G = Dn(K) and x have a block of odd size in the standard realization of G.
In this item l is a minimal size of such block. Then l ≤ 7. We use Lemma 7 taking for H
the subgroups from that lemma isomorphic to Bn−1(K) for l = 1, Bn−2(K)×B1(K) for
l = 3, Bn−3(K)×B2(K) for l = 5, and B3(K)×B3(K) for l = 7.

I.V. Let G = D6(K) and J(x) ∈ {(62), (42, 22), (26)}. Set H1 = G(1, 2, ..., 5) and
H2 = G(1, ..., 4, 6). Using the facts on the unipotent conjugacy classes in Dn(K) whose
representatives have only blocks of even sizes in the standard realization mentioned at the
beginning of this section, we can assume that x ∈ H1 or x ∈ H2.

Set Ω1
i = {µ ∈ Λ(M)|µ = ω−iα6−

5∑
j=1

ajαj}, U1
i = ⟨Mµ|µ ∈ Ω1

i ⟩, Ω2
i = {µ ∈ Λ(M)|µ =

ω − iα5 −
6∑

j=1,j ̸=5

ajαj}, U2
i = ⟨Mµ|µ ∈ Ω2

i ⟩, m1 = X−6v, and m2 = X−5X−4X−6v. It

is well known that M is self-dual. One easily observes that M |H1 = U1
0 ⊕ U1

1 ⊕ U1
2 ⊕ U1

3

and M |H2 = U2
0 ⊕ U2

1 ⊕ U2
2 . Theorem 1 and Lemma 11 imply that U1

0
∼= U1

3
∼= M(0),

U1
2
∼= (U1

1 )
∗, U2

0
∼= (U2

2 )
∗ ∼= M(ω5), and U

2
2
∼= M(ω1). By Lemma 6, m1 ̸= 0. It is clear

that m1 is �xed by Xi for i ̸= 6. Applying Lemma 12 in the G(4, 5, 6)-module generated by
the vector v, we conclude that the vector m2 ̸= 0 and is �xed by X4 and X6. It is obvious
that this vector is �xed by the subgroups Xj for j < 4. Hence U1

1 has a composition
factor with highest weight ω(m1)|H1 = ω4 and U2

1 has a composition factor with highest
weight ω(m2)|H2 = ω3. Dimensional arguments yields that U1

1
∼= M(ω4), U

1
2
∼= M(ω2),

and U2
1
∼= M(ω3). Now we can use the results of Item IV of Section 4 to determine the

block structure of φ(x).
I.VI. Let G = B6(K) and J(x) = (62, 1). Set H = G(α1, ..., α5, ε5 + ε6). Then H ∼=

D6(K) and we can assume that x ∈ H. It is well known that M |H ∼=M(ωn)⊕M(ωn−1).
Indeed, let N1 (N2) be the sum of all weight subspaces of M whose weights have the
form {(±ε1 ± ...± ε6)/2} with an even (odd) number of minuses. It is easy to see that N1

and N2 are H-modules and to determine their highest weights. Then we use dimensional
arguments. We apply the results of Item I.IX to determine the block structure of φ(x).
It does not matter which of the two classes of unipotent elements of D6(K) with the
same J(x) is considered since the restrictionM |H is the direct sum of di�erent semispinor
representations.

For the representations φ(ωn) the problem is solved in all cases. So the problem is
solved for groups Bn(K) with n > 3 and Dn(K) with n > 4.

II. Some representations of the groups B3(K) and D4(K)
Now consider the remaining representations for the groups B3(K) and D4(K).
Let G = B3(K). Observe that the order of a regular unipotent element is equal to p

only for p ≥ 7 and an element x with J(x) = (5, 12) has order p for p > 3. The arguments
in Item I imply that we can assume that ω ̸∈ {2ω1, ω2, ω3}. Recall that σx(ω3) < p for
any element x of order p and hence M(ω3)|Ax is a tilting module. By Lemma 14, M |Ax
is a tilting module in the following cases:
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ω = 2ω3, p ≥ 3 (λ1 = λ2 = ω3);
ω = ω1 + ω3, p ̸= 7 (λ1 = ω1, λ2 = ω3);
ω = 3ω1, p ̸= 7 (λ1 = 2ω1, λ2 = ω1)
(here λ1 and λ2 are the weights from Lemma 14). One easily observes that

σy(ω) = 6a1 + 10a2 + 6a3 for ω = a1ω1 + a2ω2 + a3ω3. Using the arguments of Section 3,
we can suppose that for a regular element Xα = X1 + 2X2 + 3X3 and X−α = 6X−1 +
5X−2 + 4X−3. The arguments above yield that for such element it remains to consider
only the cases where p = 7 and ω = ω1 + ω3 or 3ω1.

II.I. Let ω = ω1 +ω3 and p = 7. Then dimφ = 40 and σy(ω) = 12. One easily observes
that dimM12 = 1, dimM10 = 2, and dimM8 = 3. Set λ = ω − α1 − α2 − α3,

Λ6 = {ω − α1 − α2 − α3, ω − α2 − 2α3};
Λ4 = {ω − 2α1 − α2 − α3, ω − α1 − α2 − 2α3, ω − α1 − 2α2 − α3};
Λ2 = {ω − 2α1 − α2 − 2α3, ω − 2α1 − 2α2 − α3, ω − α1 − α2 − 3α3,

ω − α1 − 2α2 − 2α3};
Λ0 = {ω − 2α1 − 2α2 − 2α3, ω − α1 − 2α2 − 3α3},
Σ = {ω − α1 − α2 − 2α3, ω − α1 − 2α2 − 2α3, ω − 2α1 − 2α2 − 2α3,

ω − α1 − 2α2 − 3α3}.

Then λ = ω3. It is not di�cult to verify that Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {0, 2, 4, 6}.
By [13, Part 2, � 8, Proposition 8.19], the maximal submodule in V (ω) is isomorphic to
M(λ). Using Freudenthal's formula for the weights of the module V (ω), one can show that
dimMλ = 2. One easily observes that dimMµ = 2 for µ ∈ Σ as µ lies in the same W -orbit
with λ. The remaining weights from Λ6 ∪Λ4 ∪Λ2 have multiplicity 1 since they lie in the
same W -orbit with ω. Therefore dimM6 = 3, dimM4 = 4, dimM2 = 5, and dimM0 = 4.
This implies that I(My) = {M(12),M(10),M(8), 2M(4), 2M(2)}. By Lemma 27, My

∼=
M(12) ⊕ N1 ⊕ N2 where I(N1) = {M(10), 2M(2)} and I(N2) = {M(8), 2M(4)}. Show
that N1

∼= T (10) and N2
∼= T (8).

Set m10 = 2X−1v+ 3X−3v and m8 = X−2X−3v+ 5X−2X−1v. One can directly verify
that m10 ∈ InvM10, m8 ∈ InvM8, and the vectors X4

−αm10 and X2
−αm8 have nonzero

weight components X3
−3X−2X−1v and X

2
−1X−2X−3v, respectively. It is clear that m10 ∈

N1 and m8 ∈ N2. As the modules N1 and N2 are self-dual, Lemma 29 yields that N1
∼=

T (10) and N2
∼= T (8).

II.II. Let ω = 3ω1 and p = 7. Then dimφ = 77 and σy(ω) = 18. One easily observes
that dimM18 = 1, dimM16 = 1, and dimM14 = 2. Set

Λ12 = {ω − 3α1, ω − 2α1 − α2, ω − α1 − α2 − α3};
Λ10 = {ω − 3α1 − α2, ω − 2α1 − α2 − α3, ω − 2α1 − 2α2, ω − α1 − α2 − 2α3};
Λ8 = {ω − 3α1 − α2 − α3, ω − 3α1 − 2α2, ω − 2α1 − α2 − 2α3,

ω − 2α1 − 2α2 − α3, ω − α1 − 2α2 − 2α3};
Λ6 = {ω − 3α1 − α2 − 2α3, ω − 3α1 − 2α2 − α3, ω − 3α1 − 3α2, ω − 2α1 − 2α2 − 2α3};

Λ4 = {ω − 3α1 − 2α2 − 2α3, ω − 3α1 − 3α2 − α3, ω − 2α1 − 2α2 − 3α3,

ω − 2α1 − 3α2 − 2α3};
Λ2 = {ω − 4α1 − 2α2 − 2α3, ω − 3α1 − 2α2 − 3α3, ω − 3α1 − 3α2 − 2α3,

ω − 2α1 − 2α2 − 4α3, ω − 2α1 − 3α2 − 3α3};
Λ0 = {ω − 4α1 − 3α2 − 2α3, ω − 3α1 − 2α2 − 4α3, ω − 3α1 − 3α2 − 3α3,

ω − 3α1 − 4α2 − 2α3, ω − 2α1 − 3α2 − 4α3};
Σ = {λ ∈ Λ(M)|λ = ω − xα1 − yα2}, δ = ω − α1 − α2 − α3, µ = ω − 2α1 − α2 − α3,

τ = ω−2α1−2α2−2α3, and η = ω−3α1−3α2−3α3 = 0. It is not di�cult to conclude that
Mi = ⟨Mλ|λ ∈ Λi⟩ for i ∈ {0, 2, 4, ..., 12}. It follows from [18, Table 6.23] that the module
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V (ω) is irreducible. One easily deduces that dimMδ = dimMµ = 1. Using Freudenthal's
formula, we can show that dimMτ = dimMη = 3. Theorem 1 implies that dimMσ = 1 for
σ ∈ Σ since all the weight subspaces of the A2(K)-module M(3ω1) are one-dimensional.
It is easy to see that dimMθ = 3 for θ = ω − 3α1 − 2α2 − 2α3 or ω − 3α1 − 3α2 − 2α3

as θ lies in the same W -orbit with τ . All other weights ν ∈ Λ10 ∪ ... ∪ Λ0 lie in the same
W -orbit with weights from Σ, δ, or µ, hence dimMν = 1. Now it is not di�cult to show
that dimM12 = 3, dimM10 = 4, dimM8 = 5, dimM6 = 6, dimM4 = 6, dimM2 = 7, and
dimM0 = 7. Then

I(My) = {M(18),M(14), 2M(12),M(10), 2M(8),M(6),M(4), 2M(2),M(0)}.

Proposition 8 and Lemma 27 yield that My = N1 ⊕ N2 ⊕ N3 ⊕ M(6) where I(N1) =
{M(18), 2M(8),M(4)}, I(N2) = {M(14), 2M(12),M(0)}, and I(N3) = {M(10), 2M(2)}.
Show that N1

∼= T (18), N2
∼= T (14), and I(N3) ∼= T (10).

Set u = X−2X
2
−3X−2X−1v. Then Lemmas 12 and 6 imply that u ̸= 0. One can

directly verify that X5
−αv has a weight component 6u and that the vectors X3

−3X
2
−2X

2
−1v,

X−2X
2
−1X

2
−3X−2X−1v, and X

2
−1X−2X

2
−3X−2X−1v are linearly independent. Now

Lemma 28 forces that KAyv ∼= V (18). Set N1 = N1/KAyv. It is clear that I(N1) =
{M(8),M(4)}. Lemmas 12 and 6 imply thatX2

−2X−1X
2
−3X−2X−1v = X2

−2X−1v(3, 1, 1) ̸=
0. Now so we easily conclude that the vectors

X3
−3X

2
−2X

2
−1v, X−2X

2
−1X

2
−3X−2X−1v, X

2
−1X−2X

2
−3X−2X−1v,

X−3X
3
−2X

3
−1v, X

3
−3X

2
−2X

2
−1v, X

2
−2X−1X

2
−3X−2X−1v

form a basis of M4. Using this basis, we can show that InvM4 = 0. Therefore the module
N1 has no submodules isomorphic to M(4). As N1 is self-dual, there are no such factor

modules in N1 and in N1. Lemma 23 yields that N1
∼= V (8) and N1 has a �ltration by

Weyl modules. By Remark 4, N1 is a tilting module. Knowing I(N1), we conclude that
N1

∼= T (18).
Set m14 = 3X2

−1v +X−2X−1v, u1 = X−2X
3
−1X−2X

2
−3X−2X−1v,

u2 = X2
−2X

2
−1X

2
−3X−2X−1v, and u3 = X−2X

4
−3X

2
−2X

2
−1v. One can directly verify that

m14 ∈ InvM14 and the vectors X3
−3X

3
−2X

3
−1v, X−1X−2X

3
−3X

2
−2X

2
−1v, and

X−2X
3
−3X

2
−2X

3
−1v are linearly independent. It is clear that m14 ∈ N2. Since X

3
−1v ̸= 0,

then X−αm14 ̸= 0. Then by Lemma 28, KAym14
∼= V (14). Set N2 = N2/KAym14.

It is clear that I(N2) = {M(12),M(0)}. It is not di�cult to check that X2X
3
1X2u1 =

c1v(3, 1, 1), X
2
1X

2
2u2 = c2v(3, 1, 1), and X2u3 = c3v(3, 1, 2) where c1, c2, c3 ∈ K∗.

Therefore ui ̸= 0 by Lemma 12. Now one easily observes that the vectors

X3
−3X

3
−2X

3
−1v,X−1X−2X

3
−3X

2
−2X

2
−1v,X−2X

3
−3X

2
−2X

3
−1v,X

4
−3X

2
−2X

3
−1v, u1, u2, u3

form a basis of M0. Using this basis, we can show that InvM0 = 0. As N2 is self-dual,
using Lemma 23 and Remark 4 and arguing as above for the analysis of the modules N1

and N1, we conclude that N2 has no factor modules isomorphic to M(0), N2
∼= V (12),

N2 has a �ltration by Weyl modules and is a tilting module. Then it is easy to see that
N2

∼= T (14).
Set m10 = 2X2

−2X
2
−1v+X−3X−2X

2
−1v+ 4X2

−3X−2X−1v and w = X−2X
3
−3X

2
−2X

2
−1v.

By Lemma 6, X2w = X3
−3X

2
−2X

2
−1v ̸= 0. One can directly verify that m10 ∈ InvM10

and the vector X4
−αm10 has a weight component 4w. It is clear that m10 ∈ N3. As N3 is

self-dual, Lemma 29 forces that N3
∼= T (10).

II.III. Let x be not regular. By the results of Item I and the arguments at the beginning
of Item II, it su�ces to consider the following cases:
1) ω = ω1 + ω3, p = 7;
2) ω = ω1 + ω2, p = 3;
3) ω = ω2 + ω3, p = 5;
4) ω = 3ω1, p = 7.
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Let J(x) ∈ {(5, 12), (3, 14), (22, 13)}. Set H = G(2, 3). It is clear that H ∼= B2(K). We
can assume that x ∈ H. Show that the module M |H is completely reducible, except the
case where p = 7 and ω = 3ω1. If M |H is completely reducible, then to determine the
block structure of x on M , we use the results of Item I of Section 5, taking into account
that B2(K) ∼= C2(K). Below in this item Ωi = {λ ∈ Λ(M)|λ = ω − iα1 − xα2 − yα3},
Ui = ⟨Mλ|λ ∈ Ωi⟩, i(M) is the maximal i for which Ωi ̸= ∅, and µ0 = ω|H. Theorem 1
and Lemma 11 yield that U0

∼= Ui(M)
∼=M(µ0) and Ui(M)−j ∼= U∗

j .
II.III.1) Let ω = ω1 +ω3 and p = 7. Then dimφ = 40 and µ0 = ω2. It is not di�cult to

show that i(M) = 3. Set v1 = X−1v and µ1 = ω(v1)|H. Then µ1 = ω1+ω2. By Lemma 12,
v1 ̸= 0. It is clear that the vector v1 is �xed by X2 and X3. This forces that the H-module
U1 has a composition factor M(µ1).

II.III.2) Let ω = ω1+ω2 and p = 3. Then dimφ = 63 and µ0 = ω1. One easily concludes
that i(M) = 4. Set v1 = X−1v, v2 = X2

−1X−2v, and µi = ω(vi)|H, i = 1, 2. One easily
observes that µ1 = 2ω1 and µ2 = ω1 + 2ω2. By Lemma 12, the vectors v1 and v2 ̸= 0
and are �xed by X2 and X3. This implies that the H-modules Ui have composition factors
M(µi) for i = 1, 2.

II.III.3) Let ω = ω2 + ω3 and p = 5. Then dimφ = 64 and µ0 = ω1 + ω2. One easily
concludes that i(M) = 3. Set v1 = X−1X−2v and µ1 = ω(v1)|H. It is not di�cult to
observe that µ1 = 3ω2. Using Lemma 12 and arguing as in Item II.III.2), we get that the
H-module U1 has a composition factor M(µ1).

Taking into account the dimension ofM and the composition factors of the H-modules
Ui found above, we conclude that in all the cases from Items II.III.1)�II.III.3) the modules
Ui are irreducible. Hence the restriction M |H is completely reducible.

II.III.4) Let ω = 3ω1 and p = 7. One easily observes that σx(ω) ≥ p only for J(x) =
(5, 12). Recall that dimφ = 77 and M(ω) ∼= V (ω). So the weight multiplicities of M can
be found with the use of Freudenthal's formula, several of them, are already found in
Item II.II. Knowing these multiplicities, we determine the block structure of φ(x) when
σx(ω) < p.

Let J(x) = (5, 12). As indicated at the end of Section 3, there exist a subgroup A ⊂ H
and a homomorphism σ : Λ(H) → Z such that A ∼= A1(K), x ∈ A, σ(αi) = 2 for i = 2 or
3, and σ is induced by the restriction of weights from a maximal torus in H to a maximal
torus in A. In this item α is the positive root of A, Xα and X−α are the root operators
of the Lie algebra of this group. Using the formulae from Item I of Section 5, we can
assume that Xα = X2 + X3 and X−α = 3X−2 + 4X−3. Set Ω+

i = {λ ∈ Ωi|σ(λ) ≥ 0}
and Ui,j = ⟨Mλ|λ ∈ Ωi, σ(λ) = j⟩. It is not di�cult to show that i(M) = 6. Hence
U0

∼= U6
∼=M(0), U5

∼= U∗
1 , and U4

∼= U∗
2 . One easily observes that

Ω1 ={ω − α1, ω − α1 − α2, ω − α1 − α2 − α3, ω − α1 − α2 − 3α3,

ω − α1 − 2α2 − 2α3};

Ω+
2 ={ω − 2α1, ω − 2α1 − α2, ω − 2α1 − 2α2, ω − 2α1 − α2 − α3,

ω − 2α1 − α2 − 2α3, ω − 2α1 − 2α2 − α3, ω − 2α1 − 2α2 − 2α3};

Ω+
3 ={ω − 3α1, ω − 3α1 − α2, ω − 3α1 − 2α2, ω − 3α1 − α2 − α3,

ω − 3α1 − α2 − 2α3, ω − 3α1 − 2α2 − α3, ω − 3α1 − 3α2, ω − 3α1 − 2α2 − 2α3,

ω − 3α1 − 3α2 − α3, ω − 3α1 − 2α2 − 3α3, ω − 3α1 − 3α2 − 2α3,

ω − 3α1 − 2α2 − 4α3, ω − 3α1 − 3α2 − 3α3, ω − 3α1 − 4α2 − 2α3}.

The dimensions of the weight subspacesMµ with µ ∈ Ω1∪Ω+
2 ∪Ω+

3 are found in Item II.II.
Using this, it is not di�cult to show that dimU1 = 5, dimU2,8 = 1, dimU2,6 = 1,
dimU2,4 = 2, dimU2,2 = 2, dimU2,0 = 3, dimU3,12 = 1, dimU3,10 = 1, dimU3,8 = 2,
dimU3,6 = 3, dimU3,4 = 4, dimU3,2 = 4, and dimU3,0 = 5.

Set w = X−1v. Lemma 6 implies that w ̸= 0. It is clear that the vector w is �xed by
X2 and X3 and that ω(w)|H = ω1. This yields that the H-module U1 has a composition
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factor F ∼= M(ω1). Since dimU1 = dimF , we conclude that the modules U1 and U5 are
irreducible. So the block structure of x on the module U0 ⊕ U1 ⊕ U5 ⊕ U6 is clear.

The arguments above imply that I(U2|A) = {M(8), 2M(4),M(0)} and
I(U3|A) = {M(12),M(8),M(6), 2M(4), 2M(0)}. By Lemma 27, U2|A ∼= N ⊕M(0) and
U3|A ∼= N1 ⊕ N2 ⊕M(6) where I(N) = {M(8), 2M(4)}, I(N1) = {M(12), 2M(0)} and
I(N2) = {M(8), 2M(4)}. Since U4

∼= U∗
2 , we have U4|A ∼= N ′ ⊕M(0) where N ′ ∼= N∗.

Show that N ∼= N ′ ∼= N2
∼= T (8) and N1

∼= T (12).
Set m1 = X2

−1v, m2 = X3
−1X−2X

2
−3X−2X−1v, u = X2

−3X−2X−1v, and Γ = G(1, 2).
Show that X2

−2mi ̸= 0 for i = 1, 2. By Lemma 12, X2
−2m1 and u ̸= 0 and the vector u

is �xed by X1 and X2. Therefore it generates an indecomposable Γ-module with highest
weight ω(u)|Γ. One easily observes that m2 coincides with the vector u(1, 2, 1) constructed
in this module. Applying Lemma 12 once again, we conclude that the vector m2 ̸= 0 and
is �xed by X2. Since ⟨ω(m2), α2⟩ = 2, then by Lemma 6, X2

−2m2 ̸= 0. This yields that
X2

−αmi ̸= 0 for i = 1, 2. Obviously, m1 ∈ U2,8 and m2 ∈ U4,8. Hence m1 ∈ N , m2 ∈ N ′.
By Lemma 28, KAm1

∼= KAm2
∼= V (8). As N ⊕N ′ is self-dual, Lemma 24 implies that

N ∼= N ′ ∼= T (8).
Set m3 = X3

−1v and m4 = X−3X−2X
3
−1v + 6X2

−2X
3
−1v. One can directly verify that

m4 ∈ InvU3,8 and the vectors X6
−αm3 and X2

−αm4 have nonzero weight components
2X3

−2X
2
−3X−2X

3
−1v and 4X−3X

3
−2X

3
−1v, respectively (we use Lemma 6 several times to

show that these components are nonzero). It is clear that m3 ∈ N1 and m4 ∈ N2. As N1

and N2 are self-dual, Lemma 29 forces that N1
∼= T (12) and N2

∼= T (8).
II.IV. Let J(x) = {(32, 1), (3, 22)}. Then σx(ω) < p for p = 7 and ω = ω1 + ω3

or 3ω1. Recall that M(ω) ∼= V (ω)/M(ω3) for p = 7 and ω = ω1 + ω3 and that the
module V (3ω1) is irreducible for p = 7. Taking into account that the weight subspaces
of the module M(ω3) are one-dimensional and using Freudenthal's formula, we can �nd
the weight multiplicities of M in these two cases. Several of them are already found in
Items II.I. and II.II. Knowing these multiplicities, we �nd the irreducible components of
M |Ax. Now it remains to consider the following cases:
1) ω = ω1 + ω2, p = 3;
2) ω = ω2 + ω3, p = 5.

Let J(x) = (3, 22). Set H = G(1, 3). It is clear that H ∼= A1(K) × A1(K) and we can
assume that x is a regular unipotent element of H. The arguments at the end of Section 3
imply that there exist a subgroup A ⊂ H and a homomorphism σ : Λ(H) → Z such that
A ∼= A1(K), x ∈ A, σ(αi) = 2 for i = 1, 3, and σ is induced by the restriction of weights
from a maximal torus in H to a maximal torus in A. Recall that the set Λ(H) can be
identi�ed in the standard way with the set Z×Z. One easily observes that σ((a, b)) = a+b.
Below in this item α is the positive root of A, Xα and X−α are the root operators of its
Lie algebra. Obviously, we can assume that Xα = X1 +X3 and X−α = X−1 +X−3.

1) Let ω = ω1 + ω2 and p = 3. Then dimφ = 63. Set Ωi = {λ ∈ Λ(M)|λ = ω − aα1 −
iα2 − bα3} and Ui = ⟨Mµ|µ ∈ Ωi⟩. We de�ne the parameter i(M), the set Ω+

i and the
subspaces Ui,j , as in Item II.III. It is not di�cult to show that i(M) = 6. Corollary 4 and
Lemma 11 imply that U0

∼= U6
∼= M((1, 0)), U5

∼= U∗
1 , U4

∼= U∗
2 , and the H-module U3 is

self-dual. One easily observes that

Ω1 = {ω − aα1 − α2 − bα3|0 ≤ a, b ≤ 2},

Ω+
2 = {ω − α1 − 2α2, ω − 2α1 − 2α2, ω − 2α2 − 2α3,

ω − α1 − 2α2 − α3, ω − 2α1 − 2α2 − α3, ω − α1 − 2α2 − 2α3},

Ω+
3 = {ω − 2α1 − 3α2 − α3, ω − α1 − 3α2 − 2α3, ω − 2α1 − 3α2 − 2α3,

ω − α1 − 3α2 − 3α3, ω − 3α1 − 3α2 − 2α3, ω − 2α1 − 3α2 − 3α3, ω − α1 − 3α2 − 4α3}.

Set Σ = {λ ∈ Λ(M)|λ = ω − b1α1 − b2α2 − b3α3|b1b3 = 0}, µ = ω − α1 − α2 − α3,
ν = ω − α1 − 2α2 − 2α3, and τ = ω − 2α1 − 3α2 − 3α3 = 0. As the weight subspaces of
the C2(K)-module M(ω2) are one-dimensional, Theorem 1 and Proposition 4 yield that
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dimMσ = 1 for σ ∈ Σ. Using the Jantzen �ltration [13, Part 2, � 8, Proposition 8.19],
we can check that the module V (ω) has three composition factors: M(2ω3), M(ω1), and
M(ω). Taking into account the irreducibility of the modules V (µ) for µ ∈ {2ω3, ω1} and
applying Freudenthal's formula, we can show that dimMµ = dimMτ = 1 and dimMν = 2.
The weight δ = ω − 2α1 − 3α2 − 2α3 lies in the same W -orbit with ν, hence dimMδ =
2. All other weights θ ∈ Ω1 ∪ Ω+

2 ∪ Ω+
3 lie in the same W -orbit with weights from Σ

or µ, therefore dimMθ = 1. Now one easily deduces that dimU1 = 9, dimU2,5 = 1,
dimU2,3 = 3, dimU2,1 = 3, dimU3,4 = 2, dimU3,2 = 3, and dimU3,0 = 3. Set u = X−2v
and η = ω(u)|H. It is clear that η = (2, 2). By Lemma 6, u ̸= 0. Obviously, the vector
u is �xed by X1 and X3. So the H-module U1 has a composition factor M(η). Since
dimM(η) = dimU1, we get that U1

∼= U5
∼=M(η). To determine the block structure of x

on the module U0 ⊕ U1 ⊕ U5 ⊕ U6, we use Lemma 21 and Theorem 3.
The arguments above imply that I(U2|A) = {M(5), 2M(3), 2M(1)} and

I(U3|A) = {2M(4),M(2), 2M(0)}. By Proposition 8 and Lemma 27, U1|A ∼= M(5) ⊕N1

and U3|A ∼= N2 ⊕M(2) where I(N1) = {2M(3), 2M(1)} and I(N2) = {2M(4), 2M(0)}.
Show that N1

∼= T (3)⊕M(3) and N2
∼= T (4)⊕M(4).

Set m2 = X−2X
2
−3X−2X−1v +X−3X−2X−3X−1X−2v and

m3 = X−2X−1,3X−2X
2
−3X−2v + X−2X−1X−3,3X

2
−2X−1v + 2X−2X−3,4X

2
−2X−1v. One

can directly verify that X−αXαm2 and X−αXαm3 have nonzero weight components
X−3,3X

2
−2X−1v and X−1X−2X−3,4X

2
−2X−1v, respectively, and X

2
αm2 = 0. This implies

that there exist vectorsm′
2 ∈ N1 andm

′
3 ∈ N2 such that X−αXαm

′
2 = X−αXαm2 ̸= 0 and

X−αXαm
′
3 = X−αXαm3 ̸= 0. By Lemma 25, N1

∼= T (3)⊕M(3) and N2
∼= T (4)⊕M(4).

2) Let ω = ω2 + ω3 and p = 5. Then dimφ = 64. Using the notation Ωi, Ω
+
i , Ui, Ui,j ,

i(M), and Σ from the previous item, one easily observes that i(M) = 6. By Corollary 4
and Lemma 11, U0

∼= U6
∼=M((0, 1)), U5

∼= U∗
1 , and U4

∼= U∗
2 . One easily checks that

Ω1 = {ω − aα1 − α2 − bα3|0 ≤ a ≤ 1, 0 ≤ b ≤ 3},

Ω+
2 = {ω − 2α2 − α3, ω − 2α2 − 2α3, ω − α1 − 2α2 − α3,

ω − α1 − 2α2 − 2α3, ω − 2α1 − 2α2 − α3, ω − 2α2 − 3α3},

Ω+
3 = {ω − α1 − 3α2 − 2α3, ω − 3α2 − 3α3, ω − 2α1 − 3α2 − 2α3,

ω − α1 − 3α2 − 3α3, ω − 3α2 − 4α3, ω − 2α1 − 3α2 − 3α3, ω − α1 − 3α2 − 4α3}.

Set µ = ω1 +ω3, ν = ω−α1 −α2 −α3, and η = ω−α1 − 2α2 − 2α3. Recall that all weight
subspaces of the A2(K)-module M(ω2) are one-dimensional. Now Theorems 1 and 4 yield
that dimMσ = 1 for σ ∈ Σ. Using the Jantzen �ltration [13, Part 2, � 8, Proposition 8.19],
we get that the maximal submodule in V (ω) is isomorphic toM(ω1+ω3) and V (ω1+ω3) is
irreducible. Applying Freudenthal's formula, we can show that dimMν = 1 and dimMη =
2. One easily observes that dimMτ = 2 for τ ∈ {ω − α1 − 3α2 − 3α3, ω − 2α1 − 3α2 −
3α3, ω − α1 − 3α2 − 4α3} since τ lies in the same W -orbit with η. All other weights
δ ∈ Ω1 ∪ Ω+

2 ∪ Ω+
3 lie in the same W -orbit with weights from Σ or ν, hence dimMδ = 1.

Now one easily concludes that dimU1 = 8, dimU2,5 = 1, dimU2,3 = 2, dimU2,1 = 4,
dimU3,4 = 2, dimU3,2 = 4, and dimU3,0 = 4. Arguing as for the analysis of the A-module
U1 in the previous item, we can show that U1

∼= U5
∼= M((1, 3)). To determine the block

structure of x on the module U0 ⊕ U1 ⊕ U5 ⊕ U6, we use Lemma 21 and Theorem 3.
The arguments above imply that I(U2|A) = {M(5), 2M(3), 2M(1)} and I(U3|A) =

{2M(4), 2M(2)}. By Lemma 27, U3|A ∼= 2M(4) ⊕ 2M(2) and U2|A ∼= N ⊕ 2M(1) where
I(N) = {M(5), 2M(3)}. As U4

∼= U∗
2 , we have U4

∼= N ′ ⊕ 2M(1) where N ′ ∼= N∗. Set
m2 = X2

−2X−3v, w = X3
−3X−2v, m4 = X3

−2X−1w, and Γ = G(1, 2). It is clear that
m2 ∈ N and m4 ∈ N ′. By Lemma 12, m2 and w ̸= 0 and the vector w is �xed by
X1 and X2. Therefore w generates an indecomposable Γ-module S with highest weight
ω(w)|Γ. One easily observes that m4 coincides with the vector w(2, 1, 1) constructed in
the module S. Applying Lemma 12 to S, we deduce that the vector m4 ̸= 0 and is �xed
by X1. One easily observes that ⟨ω(m4), α1⟩ = 2. By Lemma 6, X−1m2 and X−1m4 ̸= 0.
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Hence X−αmi ̸= 0 for i = 2 or 4. By Lemma 28, KAm2
∼= KAm4

∼= V (5). As the module
N ⊕N ′ is self-dual, now Lemma 24 yields that N ∼= N ′ ∼= T (5).

Let J(x) = (32, 1). Set H = G(1, 2). It is clear that H ∼= A2(K) and we can assume
that x ∈ H. Let Ωi = {λ ∈ Λ(M)|λ = ω − aα1 − bα2 − iα3} and Ui = ⟨Mµ|µ ∈ Ωi⟩.
We de�ne the parameter i(M) as above. Show that in both cases being considered the
H-modules Ui are irreducible.

1) Let ω = ω1 + ω2 and p = 3. Then i(M) = 6. Set ν0 = ω, ν1 = ω − α2 − α3,
ν2 = ω− α2 − 2α3, ν3 = ω− α1 − 2α2 − 3α3, and µi = νi|H. It is clear that µi = ω1 + ω2

for i = 0 and 3, µ1 = 2ω1, and µ2 = 2ω1 + ω2.
2) Let ω = ω2+ω3 and p = 5. Then i(M) = 7. Set ν0 = ω, ν1 = ω−α3, ν2 = ω−α2−2α3,

ν3 = ω − α2 − 3α3, and µi = νi|H. We have µ0 = ω2, µ1 = 2ω2, µ2 = ω1 + ω2, and
µ3 = ω1 + 2ω2.

Corollary 4 and Lemma 11 imply that in Case 1) U0
∼= U6

∼= M(µ0), U5
∼= U∗

1 , and
U4

∼= U∗
2 , in Case 2) U0

∼= U7
∼= M(µ0), U6

∼= U∗
1 , U5

∼= U∗
2 , and U4

∼= U∗
3 . In both cases

one easily concludes that νi ∈ Ωi and νi + kαj ̸∈ Λ(M) for j = 1, 2 and k > 0. This
yields that the H-modules Ui have composition factorsM(µi) for the values of i indicated
above. Knowing the dimensions of the modules M and M(µi), we can show that in both
cases all modules Ui are irreducible. To determine the block structure of φ(x), we use the
results of Item I of Section 4.

So for G = Bn(K) all possibilities have been considered.
II.V. Let G = D4(K). The arguments above imply that it su�ces to consider the

representations with highest weights 2ω4, ω1+ω4, and ω3+ω4. Recall that σx(ω4) < p for
any element x of order p. Therefore by Lemma 14, M |Ax is a tilting module for ω = 2ω4.

Lemma 33. The following formulae hold:

M(ω1)⊗M(ω4) =M(ω1 + ω4)⊕M(ω3);

M(ω3)⊗M(ω4) =M(ω3 + ω4)⊕M(ω1).

Proof. Let ω = ω1 + ω4 and λ = ω3. It is clear that λ = ω − α1 − α2 − α4. Set N =
M(ω1) ⊗M(ω4). One easily observes that dimNλ = 4 and dimM(ω)λ ≤ 3. This implies
that N has a composition factor isomorphic to M(λ). The dimension arguments show
that N has exactly two composition factors: M(ω) and M(λ). Since the modules V (ω)
and V (λ) are irreducible, Lemma 3 forces that N =M(ω)⊕M(λ).
Similar arguments are used to proof the second equality.

To determine the block structure of x on M(ω) for ω = ω1 + ω4 or ω3 + ω4, we apply
Lemma 33, Theorem 3, and the results of Item I.

Now all p-restricted representations of the classical groups in odd characteristic whose
dimensions ≤ 100 have been considered.
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Appendix

TABLES: THE BLOCK STRUCTURE OF THE IMAGES

OF UNIPOTENT ELEMENTS OF SIMPLE ORDER IN

SOME IRREDUCIBLE MODULAR REPRESENTATIONS

OF CLASSICAL GROUPS

The tables below show the block structure of the images of unipotent elements in p-
restricted irreducible representations of the classical algebraic groups whose dimensions
are smaller than 100. If two representations can be obtained from each other with the help
of a group automorphism, we indicate only one of them.

In what follows if x ∈ GL(n,K) is a unipotent element having k1 Jordan blocks of
dimension d1, k2 blocks of dimension d2, ..., kt blocks of dimension dt with d1 > d2 >
... > dt and k1d1 + k2d2 + ...+ ktdt = n, we write J(x) = (dk11 , ..., dktt ). In the tables n is
the dimension and ω is the highest weight of a representation φ, J(x) is determined by
the standard realization of a group.

Table 1. G = A2(K)

n ω p J(φ(x)) for J(x) = (3) J(φ(x)) for J(x) = (2, 1)

6 2ω1 3 (32) (3, 2, 1)
> 3 (5, 1)

7 ω1 + ω2 3 (32, 1) (3, 22)

8 ω1 + ω2 ≥ 5 (5,3) (3, 22, 1)

10 3ω1 5 (52) (4,3,2,1)
> 6 (7,3)

15 4ω1 5 (53) (5,4,3,2,1)
7 (72, 1)

≥ 11 (9,5,1)

15 2ω1 + ω2 3 (35) (34, 2, 1)
5 (53) (4, 32, 22, 1)

≥ 7 (7, 5, 3)

18 3ω1 + ω2 5 (53, 3) (5, 42, 3, 2)

19 2ω1 + 2ω2 5 (53, 3, 1) (5, 42, 32)

21 5ω1 7 (73) (6,5,4,3,2,1)
≥ 11 (11,7,3)

24 3ω1 + ω2 7 (73, 3) (5, 42, 32, 22, 1)
≥ 11 (9,7,5,3)

27 2ω1 + 2ω2 3 (39) (39)
7 (73, 5, 1) (5, 42, 33, 22,1)

≥ 11 (9, 7, 52, 1)

28 6ω1 7 (74) (7,6,5,4,3,2,1)
11 (112, 5, 1)

≥ 13 (13,9,5,1)

33 5ω1 + ω2 7 (74, 5) (7, 62, 5, 4, 3, 2)

35 4ω1 + ω2 5 (57) (54, 4, 32, 22, 1)
7 (75) (6, 52, 42, 32, 22, 1)

≥ 11 (11,9,7,5,3)
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Table 1 continued

n ω p J(φ(x)) for J(x) = (3) J(φ(x)) for J(x) = (2, 1)

36 7ω1 11 (113, 3) (8,7,6,5,4,3,2,1)
13 (132, 7, 3)

≥ 17 (15,11,7,3)

36 4ω1 + 2ω2 7 (74, 5, 3) (7, 62, 52, 4, 3)

37 3ω1 + 3ω2 7 (74, 5, 3, 1) (7, 62, 52, 42)

39 3ω1 + 2ω2 5 (57, 3, 1) (54, 42, 33, 2)

42 3ω1 + 2ω2 7 (76) (6, 52, 43, 33, 22, 1)
≥ 11 (11, 9, 72, 5, 3)

45 8ω1 11 (114, 1) (9,8,7,6,5,4,3,2,1)
13 (133, 5, 1)

≥ 17 (17,13,9,5,1)

48 5ω1 + ω2 11 (113, 7, 5, 3) (7, 62, 52, 42, 32, 22, 1)
≥ 13 (13,11,9,7,5,3)

55 9ω1 11 (115) (10, 9, 8, 7, 6, 5, 4, 3, 2, 1)
13 (134, 3)
17 (172, 11, 7, 3)

≥ 19 (19, 15, 11, 7, 3)

60 4ω1 + 2ω2 5 (512) (59, 4, 32, 22, 1)
11 (113, 9, 7, 52, 1) (7, 62, 53, 43, 33, 22, 1)

≥ 13 (13, 11, 92, 7, 52, 1)

63 6ω1 + ω2 7 (79) (74, 6, 52, 42, 32, 22, 1)
11 (115, 5, 3) (8, 72, 62, 52, 42, 32, 22, 1)
13 (133, 9, 7, 5, 3)

≥ 17 (15, 13, 11, 9, 7, 5, 3)

63 3ω1 + 3ω2 5 (512, 3) (59, 42, 32, 22)

64 3ω1 + 3ω2 11 (113, 9, 72, 5, 3) (7, 62, 53, 44, 33, 22, 1)
≥ 13 (13, 11, 92, 72, 5, 3)

66 10ω1 11 (116) (11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1)
13 (135, 1)
17 (173, 9, 5, 1)
19 (192, 13, 9, 5, 1)

≥ 23 (21, 17, 13, 9, 5, 1)

71 5ω1 + 2ω2 7 (79, 5, 3) (74, 62, 53, 42, 32, 2)

75 9ω1 + ω2 11 (116, 9) (11, 102, 9, 8, 7, 6, 5, 4, 3, 2)

75 4ω1 + 3ω2 7 (79, 5, 32, 1) (74, 62, 54, 43, 3)

78 11ω1 13 (136) (12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1)
17 (174, 7, 3)
19 (193, 11, 7, 3)

≥ 23 (23, 19, 15, 11, 7, 3)

80 7ω1 + ω2 11 (117, 3) (9, 82, 72, 62, 52, 42, 32, 22, 1)
13 (135, 7, 5, 3)

≥ 17 (17, 15, 13, 11, 9, 7, 5, 3)

81 5ω1 + 2ω2 11 (116, 7, 5, 3) (8, 72, 63, 53, 43, 33, 22, 1)
13 (133, 11, 9, 72, 5, 3)

≥ 17 (15, 13, 112, 9, 72, 5, 3)

82 8ω1 + 2ω2 11 (116, 9, 7) (11, 102, 92, 8, 7, 6, 5, 4, 3)

87 7ω1 + 3ω2 11 (116, 9, 7, 5) (11, 102, 92, 82, 7, 6, 5, 4)
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Table 1 continued

n ω p J(φ(x)) for J(x) = (3) J(φ(x)) for J(x) = (2, 1)

90 4ω1 + 3ω2 5 (518) (516, 4, 3, 2, 1)
11 (116, 9, 7, 5, 3) (8, 72, 63, 54, 44, 33, 22, 1)
13 (133, 11, 92, 72, 5, 3)

≥ 17 (15, 13, 112, 92, 72, 5, 3)

90 6ω1 + 4ω2 11 (116, 9, 7, 5, 3) (11, 102, 92, 82, 72, 6, 5)

91 12ω1 13 (137) (13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1)
17 (175, 5, 1)
19 (194, 9, 5, 1)
23 (232, 17, 13, 9, 5, 1)

≥ 29 (25, 21, 17, 13, 9, 5, 1)

91 5ω1 + 5ω2 11 (116, 9, 7, 5, 3, 1) (11, 102, 92, 82, 72, 62)

99 8ω1 + ω2 11 (119) (10, 92, 82, 72, 62, 52, 42, 32, 22, 1)
13 (137, 5, 3)
17 (173, 13, 11, 9, 7, 5, 3)

≥ 19 (19, 17, 15, 13, 11, 9, 7, 5, 3)
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Table 17. G = C2(K)

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (4) for J(x) = (22) for J(x) = (2, 12)

5 ω2 3 - (3, 12) (22, 1)
≥ 5 (5)

10 2ω1 3 - (33, 1) (3, 22, 13)
5 (52)

≥ 7 (7, 3)

12 ω1 + ω2 5 (52, 2) (42, 22) (32, 23)

13 2ω2 5 (52, 3) (5, 32, 12) (33, 22)

14 2ω2 3 - (34, 12) (33, 22, 1)
7 (72) (5, 32, 13)

≥ 11 (9, 5)

16 ω1 + ω2 3 - (34, 22) (32, 24, 12)
7 (72, 2) (42, 24)

≥ 11 (8, 6, 2)

20 3ω1 5 (54) (44, 22) (4, 32, 23, 14)
7 (72, 6)

≥ 11 (10, 6, 4)

24 ω1 + 2ω2 7 (72, 6, 4) (62, 42, 22) (43, 34)

25 3ω2 7 (73, 3, 1) (7, 52, 32, 12) (44, 33)

25 2ω1 + ω2 3 - (38, 1) (37, 22)

30 3ω2 5 (56) (54, 32, 14) (44, 33, 22, 1)
11 (112, 7, 1) (7, 52, 33, 14)

≥ 13 (13, 9, 7, 1)

35 2ω1 + ω2 5 (57) (53, 36, 12) (42, 34, 26, 13)
7 (75)

≥ 11 (11, 9, 7, 5, 3)

35 4ω1 5 (57) (55, 33, 1) (5, 42, 33, 24, 15)
7 (75)
11 (112, 7, 5, 1)

≥ 13 (13, 9, 7, 5, 1)

40 ω1 + 2ω2 3 - (312, 22) (312, 2, 12)
5 (58) (54, 42, 26) (43, 36, 24, 12)
11 (112, 8, 6, 4) (62, 44, 26)

≥ 13 (12, 10, 8, 6, 4)

44 3ω1 + ω2 7 (76, 2) (64, 44, 22) (52, 43, 34, 25)

52 3ω1 + ω2 5 (510, 2) (58, 42, 22) (52, 44, 34, 25, 14)

54 4ω2 7 (77, 5) (74, 52, 34, 14) (55, 44, 33, 22)

55 4ω2 5 (511) (59, 32, 14) (55, 44, 33, 22, 1)
11 (115) (9, 72, 53, 34, 15)
13 (133, 11, 5)

≥ 17 (17, 13, 11, 9, 5)

56 5ω1 7 (78) (66, 44, 22) (6, 52, 43, 34, 25, 16)
11 (114, 8, 4)
13 (132, 12, 8, 6, 4)

≥ 17 (16, 12, 10, 8, 6, 4)

60 ω1 + 4ω2 11 (114, 8, 6, 2) (102, 82, 62, 42, 22) (65, 56)

61 5ω2 11 (114, 9, 5, 3) (11, 92, 72, 52, 32, 12) (66, 55)

64 3ω1 + ω2 11 (114, 8, 6, 4, 2) (64, 48, 24) (52, 44, 36, 28, 14)
13 (132, 10, 82, 6, 4, 2)

≥ 17 (14, 12, 10, 82, 6, 4, 2)

68 2ω1 + 2ω2 5 (513, 3) (511, 34, 1) (53, 46, 36, 24, 13)

71 2ω1 + 2ω2 7 (79, 5, 3) (73, 56, 36, 12) (53, 46, 38, 24)

76 ω1 + 3ω2 7 (710, 4, 2) (74, 62, 46, 26) (54, 48, 36, 23)

80 ω1 + 3ω2 5 (516) (512, 42, 26) (54, 48, 36, 24, 12)
11 (116, 10, 4) (82, 64, 46, 28)
13 (134, 10, 8, 6, 4)

≥ 17 (16, 14, 12, 102, 8, 6, 4)

81 2ω1 + 2ω2 3 - (327) (327)
11 (116, 7, 5, 3) (73, 56, 39, 13) (53, 46, 39, 26, 13)
13 (133, 11, 9, 72, 5, 3)

≥ 17 (15, 13, 112, 9, 72, 5, 3)

84 ω1 + 5ω2 13 (134, 12, 10, 6, 4) (122, 102, 82, 62, 42, 22) (76, 67)
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Table 17. G = C2(K)

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (4) for J(x) = (22) for J(x) = (2, 12)

84 6ω1 7 (712) (77, 55, 33, 1) (7, 62, 53, 44, 35, 26, 17)
11 (117, 7)
13 (135, 9, 7, 3)
17 (172, 13, 11, 9, 72, 3)

≥ 19 (19, 15, 13, 11, 9, 72, 3)

85 6ω2 13 (135, 9, 7, 3, 1) (13, 112, 92, 72, 52, 32, 12) (77, 66)

86 2ω1 + 3ω2 5 (517, 1) (515, 33, 12) (513, 42, 33, 22)

91 5ω2 7 (713) (79, 52, 34, 16) (66, 55, 44, 33, 22, 1)
13 (137) (11, 92, 73, 54, 35, 16)
17 (173, 15, 11, 9, 5)
19 (192, 15, 13, 11, 9, 5)

≥ 23 (21, 17, 15, 13, 11, 9, 5)

Table 18. G = C3(K)

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (6) for J(x) = (4, 2) for J(x) = (4, 12)

14 ω2 5 - (52, 3, 1) (5, 42, 1)
7 (72)

≥ 11 (9, 5)

14 ω3 5 - (52, 4) (52, 4)
7 (72) (6, 42)

≥ 11 (10, 4)

21 2ω1 5 - (53, 32) (52, 42, 13)
7 (73) (7, 5, 33) (7, 42, 3, 13)

≥ 11 (11, 7, 3)

56 3ω1 5 - (510, 4, 2) (58, 43, 14)
7 (78) (74, 62, 43, 22) (74, 6, 43, 32, 14)
11 (114, 8, 4) (10, 8, 63, 44, 22) (10, 72, 6, 44, 32, 14)
13 (132, 12, 8, 6, 4)

≥ 17 (16, 12, 10, 8, 6, 4)

58 ω1 + ω2 7 (78, 2) (74, 62, 43, 23) (74, 52, 43, 32, 2)

62 ω2 + ω3 5 - (510, 42, 22) (510, 32, 23)

63 2ω3 5 - (511, 32, 12) (510, 33, 22)

64 ω1 + ω2 5 - (512, 22) (510, 43, 12)
11 (114, 8, 6, 4, 2) (82, 64, 44, 24) (8, 72, 6, 52, 44, 32, 2, 12)
13 (132, 10, 82, 6, 4, 2)

≥ 17 (14, 12, 10, 82, 6, 4, 2)

70 ω1 + ω3 5 - (514) (514)
7 (710) (76, 53, 34, 1) (75, 54, 42, 3, 22)
11 (115, 7, 5, 3) (9, 74, 54, 34, 1) (82, 7, 62, 54, 42, 3, 22)
13 (133, 9, 72, 5, 3)

≥ 17 (15, 13, 11, 9, 72, 5, 3)

84 2ω3 7 (712) (711, 32, 1) (711, 3, 22)
11 (117, 7) (11, 92, 75, 52, 33, 1) (93, 82, 7, 62, 53, 3, 22)
13 (135, 9, 7, 3)
17 (172, 13, 11, 9, 72, 3)

≥ 19 (19, 15, 13, 11, 9, 72, 3)

89 2ω2 7 (712, 5) (79, 53, 33, 12) (79, 5, 42, 33, 22)

90 2ω2 5 - (518) (518)
11 (117, 7, 5, 1) (93, 73, 56, 33, 13) (9, 82, 73, 62, 52, 42, 33, 22, 1)
13 (134, 11, 9, 7, 52, 1)

≥ 17 (17, 132, 11, 92, 7, 52, 1)
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Table 18 continued

n ω p J(φ(x)) J(φ(x)) J(φ(x)) for J(φ(x)) for
for J(x) = (32) for J(x) = (23) J(x) = (22, 12) J(x) = (2, 14)

13 ω2 3 (34, 1) (33, 14) (3, 24, 12) (24, 15)

14 ω2 ≥ 5 (5, 33) (33, 15) (3, 24, 13) (24, 16)

14 ω3 3 (34, 12) (32, 24) (32, 22, 14) (25, 14)
≥ 5 (52, 14) (4, 25)

21 2ω1 3 (37) (36, 13) (33, 24, 14) (3, 24, 110)
≥ 5 (53, 3, 13)

50 ω1 + ω2 3 (314, 18) (314, 24) (310, 28, 14) (34, 211, 116)

56 3ω1 5 (510, 32) (410, 28) (44, 36, 28, 16) (4, 34, 210, 120)
≥ 7 (74, 52, 36)

57 ω1 + ω3 3 (319) (318, 13) (314, 24, 17) (35, 216, 110)

58 ω1 + ω2 7 (72, 56, 34, 12) (48, 213) (42, 38, 210, 16) (34, 215, 116)

62 ω2 + ω3 5 (510, 34) (56, 44, 28) (52, 46, 34, 26, 14) (312, 213)

63 2ω3 5 (511, 3, 15) (57, 38, 14) (53, 44, 36, 24, 16) (313, 212)

64 ω1 + ω2 5 (510, 34, 12) (48, 216) (42, 38, 212, 18) (34, 216, 120)
≥ 11 (72, 56, 36, 12)

70 ω1 + ω3 5 (511, 35) (53, 315, 110) (44, 37, 212, 19) (35, 220, 115)
≥ 7 (74, 53, 39)

84 2ω3 3 (327, 13) (327, 13) (323, 24, 17) (314, 216, 110)
7 (77, 55, 110) (7, 55, 315, 17) (53, 44, 39, 28, 110)

≥ 11 (93, 7, 58, 110)

89 2ω2 7 (75, 58, 33, 15) (56, 315, 114) (5, 44, 312, 212, 18) (310, 220, 119)

90 2ω2 3 (330) (327, 19) (322, 28, 18) (310, 220, 120)
5 (517, 15) (56, 315, 115) (5, 44, 312, 212, 19)

≥ 11 (9, 73, 59, 33, 16)

Table 19. G = C4(K)

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (8) for J(x) = (6, 2) for J(x) = (6, 12)

27 ω2 7 - (73, 5, 1) (72, 62, 1)
11 (112, 5) (9, 7, 52, 1) (9, 62, 5, 1)

≥ 13 (13, 9, 5)

36 2ω1 7 - (74, 5, 3) (73, 62, 13)
11 (113, 3) (11, 72, 5, 32) (11, 7, 62, 3, 13)
13 (132, 7, 3)

≥ 17 (15, 11, 7, 3)

42 ω4 7 - (76) (76)
11 (113, 9) (11, 92, 52, 3) (102, 9, 5, 42)
13 (132, 11, 5)

≥ 17 (17, 11, 9, 5)

48 ω3 7 - (76, 6) (76, 6)
11 (114, 4) (102, 8, 62, 42) (10, 92, 6, 52, 4)
13 (132, 12, 6, 4)

≥ 17 (16, 12, 10, 6, 4)
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Table 19 continued

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (42) for J(x) = (4, 22) for J(x) = (4, 2, 12)

27 ω2 5 (55, 12) (53, 33, 13) (52, 42, 3, 22, 12)
≥ 7 (7, 53, 3, 12)

36 2ω1 5 (57, 1) (54, 35, 1) (53, 42, 32, 22, 13)
≥ 7 (73, 5, 33, 1) (7, 52, 36, 1) (62, 52, 44, 3, 1)

42 ω4 5 (58, 12) (57, 32, 1) (56, 42, 3, 1)
7 (74, 5, 32, 13) (7, 5, 42, 33, 22, 13) (7, 55, 33, 1)

≥ 11 (9, 72, 52, 32, 13)

48 ω3 5 (58, 42) (56, 43, 23) (56, 42, 32, 2, 12)
7 (74, 44, 22) (63, 46, 23) (6, 54, 43, 32, 2, 12)

≥ 11 (82, 62, 44, 22)

Table 19 continued

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (4, 14) for J(x) = (32, 2) for J(x) = (32, 12)

27 ω2 3 - (39) (39)
≥ 5 (5, 44, 16) (5, 42, 33, 22, 1) (5, 37, 1)

36 2ω1 3 - (312) (311, 13)
5 (52, 44, 110) (53, 42, 32, 22, 13) (53, 35, 16)

≥ 7 (7, 44, 3, 110)

40 ω3 3 - (312, 2, 12) (312, 14)

41 ω4 3 - (312, 22, 1) (312, 15)

42 ω4 5 (55, 44, 1) (55, 33, 24) (55, 33, 18)
≥ 7 (62, 5, 42, 33, 24)

48 ω3 5 (54, 46, 14) (54, 43, 32, 23, 14) (54, 38, 14)
≥ 7 (6, 52, 44, 32, 23, 14)

Table 19 continued

n ω p J(φ(x)) J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (24) for J(x) = (23, 12) for J(x) = (22, 14) for J(x) = (2, 16)

27 ω2 ≥ 3 (36, 19) (33, 26, 16) (3, 28, 18) (26, 115)

36 2ω1 ≥ 3 (310, 16) (36, 26, 16) (33, 28, 111) (3, 26, 121)

40 ω3 3 (38, 28) (38, 24, 18) (34, 210, 18) (213, 114)

41 ω4 3 (311, 18) (37, 28, 14) (35, 28, 110) (214, 113)

42 ω4 ≥ 5 (5, 39, 110) (42, 33, 210, 15) (35, 28, 111) (214, 114)

48 ω3 ≥ 5 (44, 216) (4, 36, 28, 110) (34, 212, 112) (214, 120)
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Table 20. G = C5(K)

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (10) for J(x) = (8, 2) for J(x) = (8, 12)

44 ω2 11 (114) (112, 9, 7, 5, 1) (112, 82, 5, 1)
13 (133, 5) (13, 92, 7, 5, 1) (13, 9, 82, 5, 1)

≥ 17 (17, 13, 9, 5)

55 2ω1 11 (115) (113, 9, 7, 32) (113, 82, 3, 13)
13 (134, 3) (132, 9, 72, 32) (132, 82, 7, 3, 13)
17 (172, 11, 7, 3) (15, 11, 9, 72, 32) (15, 11, 82, 7, 3, 13)

≥ 19 (19, 15, 11, 7, 3)

Table 20 continued

n ω p J(φ(x)) J(φ(x)) J(φ(x))
for J(x) = (6, 4) for J(x) = (6, 22) for J(x) = (6, 2, 12)

44 ω2 7 (75, 5, 3, 1) (74, 52, 3, 13) (73, 62, 5, 22, 12)
≥ 11 (92, 7, 53, 3, 1) (9, 72, 53, 3, 13) (9, 7, 62, 52, 22, 12)

55 2ω1 7 (77, 32) (75, 52, 33, 1) (74, 62, 5, 3, 22, 13)
≥ 11 (11, 9, 73, 5, 33) (11, 73, 52, 34, 1) (11, 72, 62, 5, 32, 22, 13)
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