S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKHUE U3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 20, N 1, cmp. 514-523 (2023) VK 519.114,517.581
DOI 10.33048/semi.2023.20.031 MSC 05A10,11B65

ON BINOMIAL COEFFICIENTS
OF REAL ARGUMENTS

T.I. FEDORYAEVA

ABSTRACT. As is well-known, a generalization of the classical concept of
the factorial n! for a real number x € R is the value of Euler’s gamma
function I'(1 + z). In this connection, the notion of a binomial coefficient
naturally arose for admissible values of the real arguments.

We prove by elementary means a number of properties of binomial
coefficients (;) of real arguments r, a € R such as analogs of unimodality,
symmetry, Pascal’s triangle, etc. for classical binomial coefficients. The
asymptotic behavior of such generalized binomial coefficients of a special
form is established.

Keywords: factorial, binomial coefficient, gamma function, real binomial
coefficient.

INTRODUCTION

We study binomial coefficients of real arguments. The aim of the investigation
is to obtain by elementary methods analogs of the basic properties well known
for the classic binomial coefficients. Such properties are of independent interest
and, in addition, can simplify the work with binomial coefficients of the form (;‘L)
with integer non-negative arguments n and m, given essentially by real values with
rounding to an integer (when, for example, floor and ceiling functions for a real
number are used, etc.). So, for example, the properties of unimodality and symmetry
allow passing from such binomial coefficients (TZ), 0 < m < n to "close" real
binomial coefficients of the form (2), a € (—1,r+1) and vice versa (see, for example,
Proposition 1 and subsequent comments). This approach simplifies the evaluation
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of expressions with discrete binomial coefficients with integer arguments of the
specified form.

Note that the binomial coefficients of the form (2), where r € R and n € N, can
be defined in the standard way as

<r) =D =2 (r—n+1)

n n!

This approach was discussed in [5], where numerous identities for such binomial
coefficients are given. In [4], D. Fowler studied the graph of the function (7) of two
real variables r and «, various slices of this graph were constructed using a computer
and their analysis was carried out. It is also indicated there an explicit expression for
the binomial coefficient (2), where n is a non-negative integer, through elementary
functions (see Proposition 3 in Section 2). On the basis of this representation,
St.T. Smith investigated the binomial coefficients of the form () with complex
variable z € C and fixed natural number n € N, a number of properties of such a
function of complex argument z is established in [7]. In particular, the derivatives
of the first and second orders are calculated, and for the real argument z, increasing
and decreasing intervals, zeros of the function, etc are found. It is also noted there
the nontriviality of the function investigation (”') of real variable a exactly on the
interval a € (—1,n+1), in contrast to the domain outside this interval. In particular,
the increasing and decreasing of this function was established rather difficult.

In this paper we prove by elementary means a number of properties of the
binomial coefficients (") of real arguments r, « € R, a € (—=1,r+1) (analogs of the
properties of unimodality, symmetry, Pascal’s triangle, etc. for discrete binomial
coefficients), which may be useful in further research (see, for example, [2]).

1. PRELIMINARY INFORMATION

The article uses the generally accepted concepts and notation of real analysis
[3], as well as the standard concepts of combinatorial analysis [5]. Denote by (a,b)
the open real interval between the numbers a, b € R, o(1) is an infinitesimal function
in a neighborhood of oo, n! is the factorial of non-negative integer n, i.e. n! =
n(n —1)---2 -1, and wherein we define 0! = 1, (:1), where 0 < m < n, is the
(standard) binomial coefficient (with non-negative integer arguments n, m ), i.e.

() = =

To denote asymptotic equality of real-valued functions f(z) and g(x) as z — oo, we
use the notation f(x) ~ g(z), which by definition means that f(z) = g(z)(1+r(z))
in some neighborhood of co, where r(z) = o(1), or, equivalently (for functions
positive in some neighborhood of o)

lim M:1.

a—o0 g(x)

The standard approach is considered, according to which the concept of factorial
for non-negative integers extends to real (and even complex) numbers by the gamma
function T'(«). We will use its definition in the following Euler-Gauss form [3, p.
393-394, 812]
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Ry (n—1)!n* L
F(a)_nh—{goa(a+1)(a+2)~~~(a+nfl)’QER\{O’ 1,-2,...}, (1)

such a limit exists for any specified value of « (see, for example, [6] or [3, p. 393]).
In view of the problem statement, we do not consider extensions of the gamma
function outside its standard domain of definition. Note that when defining the
gamma function in the form of the Fuler integral of the second kind

I‘(a):/ e %dx,
0

converging for o > 0, we obtain an equivalent definition on the interval (0, c0) [3, p.
811]. The gamma function I'(«) is continuous and has continuous derivatives of all
orders on (0, o), has no real roots, and it is positive on (0, 00). For any non-negative
integer n the following equality holds

P(14n) = nl, 2)
moreover, the next reduction formula is valid [3, p. 394]
I'l+a)=al(a), a e R\ {0,-1,-2,...}. (3)

In addition, the series expansion of sinwa and (1) imply the following reflection
formula (see, for example, [3,6])

T(a)T(1 - a) = Smﬁm ,aeR\{0,+1,+2,...}. (4)

As a generalization of the discrete binomial coefficient (7’;), the binomial coefficient
of real arguments is defined as follows (see, for example, [1] or [4])

™\ _ I'(1+r)
(O‘> B F(lﬂLOZ)F(lJrr—a) ’ (5)

Note that if r € (=1,+00) and a € (—1,7 + 1), the binomial coefficient () is
defined correctly by the equality (5).

2. BINOMIAL COEFFICIENTS (;) FOR 7, a € R

Theorem 1 (properties of the binomial coefficient of real arguments). Let r €
(—=1,400) and o € (=1, +1). Then

@) (&) >0, () =1 and (1) = 1;

) 1 if a =0,

(i) (o) = { sinta it o £ 0 and o € (—1,1);
i) (,”,) = (0);
iv) (7)) =(071)

+ (Tgl) if 7 € (0,+00) and a € (0,7);
V) (2) = (ail) f‘jolt if r € (=1,400) and o € (—1,7);

vi) (7”) = (7‘—1) ' ifr e (0,4+00) and a € (—1,7);

(vii) binomial coefficient ¢(a)= (1) is strictly increasing on the interval (—1, %]
and strictly decreasing on the interval [5,r + 1);
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(viil) binomial coefficient Z(r) = (]) is strictly increasing for o > 0, strictly
decreasing for —1 < a <0 and Z(r)=1 if a = 0.
Proof. Statement (i) follows from the relations (2), (5).

Prove of (ii). If & = 0, the required equality follows from (i). Further, we assume
that a # 0. Using the relations (2)—(5), we obtain

<0> (1) 1 sinma

a) N1+ a)'(1-a) - al()T(1 — ) T ra
Note that if & € (—1,7 + 1), then r — a € (—1,7 + 1). Therefore, the binomial
coefficient (Tja) is defined and the required equality from (iii) is satisfied due to
(5). It is also easy to prove combinatorial identities (iv), (v), (vi) from (3) and (5).
Prove of statement (vii). Let «, 8 € (—1,7 4+ 1). From (1) we obtain

L (n—1D!(n—1)n2*t"
F(lJra)r(leria)7nh%H;oH?:1(a+i)(r—a+i)'

Hence,

(@ LU+AHTA+r=F5) _ ) ﬁ 5i(a, B), where (6)

¢
o(B) TA+a)T(14+r—a)
(a+i)(r—a+1i)
(572 Oé,ﬁ = . N
@)= Grie—5+1
Note that J;(«, 8) > 0 for every a, § € (—1,r+ 1) and i = 1,...,n. It is also easy
to prove that

where f(z) = —2? + 2r and parabola f(x) is strictly increasing on (—oco, 5] as well
as strictly decreasing on [g,+0c). Moreover, it is directly established that
(r—a-p)(a—p)

01(a, B) =1+ ¢e(a, 5), where e(a, 5) = GIOr-B+1 (8)

Let =1 < 8 < a < §. Then f(a) > f(B) and £(a, 3) > 0. By virtue of (7), we
have d;(«, ) > 1 for every i = 1,...,n. Hence, from (6) and (8) we obtain
ZE;? >6(a,8) =1+¢(a,8) > 1.

Similarly, if £ < 8 < o <7+ 1, then f(a) < f(8) and £(e, 3) < 0. Therefore,
0<di(a,8)<1,i=1,...,n and
P(e)

o) <&(a,8)=1+¢(a,B) < 1.

Prove of statement (viii). In view of statement (i), we can assume that o # 0. Let
r <r'.Notethat 1+r+4>0,14+7"+i>0and a/(1+r+i) <1, a/(1+r'+i) <1
for every ¢ > 0. From (1) we obtain

n—1
I(l+r) e ) e
TN (e e T,
I(l+r—a) ( 117/ nboe” };[1 1+7r+1

Hence, I'(147)/T'(1+r—a) < T'(1+7") /T(1+r'—a) for @ > 0 (and the reverse strict
inequality holds for o < 0). In view of (5), we conclude Z(r) < Z(r’) (respectively
Z(r) > E(r") for a < 0). O
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Note that the monotonicity properties (vii) and (viii) of Theorem 1 can also be
justified by an alternative method based on the broader apparatus of the Theory
of the gamma function, when properties of digamma and trigamma functions are
applied (the author is grateful to the referee who suggested this approach). Let us
give the necessary definitions and properties of these functions (see, for example,
handbook [1]).

The digamma function ¥ («) is defined as the logarithmic derivative of the gamma
function I'(«), i.e.

()

G
The digamma function ¥(«) is defined on (0, 00) and is differentiable everywhere.
Its derivative is called the trigamma function and denoted by ¥y (a). Thus,

Uy (o) =¥ (a) = (InD(a)?, a > 0. (10)

U(a) = (InT'(a)) , a>0. (9)

The trigamma function has a known representation as the sum of the following
series:

— 1
n=0

Hence, Uy () is positive and the digamma function ¥(«) is strictly increasing on
(0,00) due to (10).

Using the definition of the binomial coefficient (5) for r € (—1,00), @ € (=1,7+1)
and equality (9), calculate the derivative of the function ®(«):

’ 1 ! /
' (a) = F(1+7")(r(1+r—a) ' F(1+a)>
_ 4r—a) ['(1+0)
— F(1+r)((r(1+r—a))2F(1+a) F(1+T_a)(F(1+a))2) (11)

(O‘> (\11(1 tr—a)—0(1 +a)).

r
Note that
l4r—a>l+asa<r/2

and equality is achieved only if o = r/2. Now property (vii) of Theorem 1 follows
from Theorem 1(i), the relation (11) and the increase of the digamma function

U (a).
Similarly, we calculate
— B 1 L(l+r) V/
=) = F(1+a).(1“(1+r—a))
B 1 , Pl+nrT'1+r—a)
B 1"1+cu)I‘(1—&-r—04)(F (147 = F(l+r—a) )
- (;) \Il(lJrr)—\Il(lJrrfa)).
Note that

1+4r>14r—a<s<a>0

and equality is achieved only if & = 0. Now property (viii) of Theorem 1 obviously
holds.
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The following proposition gives an example of applications of the unimodality
and symmetry properties from Theorem 1, when in the asymptotic evaluation of
binomial coefficients with non-negative integer arguments, given using rounding
functions, we can pass to "close" binomial coefficients of real arguments, and vice
versa.

Proposition 1. Let n be a positive integer and 0 < a < 1 Then

(i) 4
a n n n
_ < < ;
l—a+nt <na) - (Lnaj) - (na)
(ii) if « = 1/2, then
(o) = ( 0)=(3)
L+t 25t ) = \15)) ~\3)
(iii) if 1/2 < a < 1, then for every n > 5= the following inequalities hold

(1) < (VZ;J) < ()

Proof Let 0 < o < 1/2 and n > 2 a Note that 0 < [na] < na < |na] +1 <
% < n. Now, using statements (v) and (vii) of Theorem 1, we obtain

(1) = )
(imet) = () 1) et 2 )7 = ) 7 e

Using the inequalities 25+ < |2] < 2, statements (vi) and (vii) of Theorem 1,
it is also easy to prove (ii).

Let 1/2 < o < 1 and n > 52<. Note that 0 < n — [na) —1 < n(l —a) <
n — [na < 5. Now, using statements (iii), (v) and (vii) of Theorem 1, we obtain

(o)~ )= G )= ()
(n —TnaJ) - <n - L:aj - 1) — (Z: &2? =
(n(ln a)> et (;;) 0‘1%”:

Corollary 1. Let n be a positive integer, o« € R does not depend onn and 0 < a <
1. Then the following equality is valid as n tends to infinity

(1mag) = (o) o0

\ \/

A/~
3
~
|

[na]

O
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Proof. The case « # 1/2 follows directly from statements (i) and (iii) of Proposition
1. Let o« = 1/2. From Proposition 2, which has been proved below independently,
as n — oo we obtain

(5)~ 7

2 <n—1> 2"
L+nt\ ot ™2

Now the required asymptotic relation follows from Proposition 1(ii). O

Therefore,

The approach outlined in the proof of Proposition 1 is similarly applicable to
estimates of classical binomial coefficients of the form

(vten)

and the like, where u(x) and v(z) are the rounding functions |z], [z], and f(z),
g(z) are real-valued functions of a real argument z. Moreover, for the binomial
coefficients of real arguments arising here, it is often possible to easily find an
asymptotics in a fairly simple form.

Proposition 2. Let r take real values, a € R does not depend onr and 0 < a < 1.
Then the following asymptotic equality is valid as r tends to infinity

(2) ~Vamanmar (5" ()" o

Proof. For r > 0 the functions I'(1+7r), I'(14+ra), I'(1+r—ra) are defined correctly
and positive. By virtue of (5), we have

T I(1+r)
= . (13)
ro Frl+ra)T(1+7r—ra)
For the gamma function, the following generalized Stirling formula is valid (see, for
example, [3]):

Frl+z)~ 27rx(£)‘ as r — 0o.
e

In view of the condition 0 < a < 1, we have ra — oo and r — ra — oo as r tends
to infinity. Now, using the generalized Stirling formula, we obtain by equivalent
transformations the asymptotic equality (12) from (13) . O

Corollary 2. Let r take non-negative integer values, « € R does not depend on r
and 0 < a < 1. Then the asymptotic equality (12) is valid as r tends to infinity.

Proof. Let g(r) be the function on the right side of the asymptotic equality (12) and
f(r) = ()/g(r). Then lim, , f(r) = 1 by Proposition 2. Non-negative integers
n form an infinitesimal subsequence of the values of real variable r. Therefore, the
existing limit value of function f(r) of the real argument as r — oo is preserved for
function f(n) of the non-negative integer argument as n — oo. O

Corollary 3. Let g > 1,0 < A < g+ 1 and q,A do not depend on n. Then the
following asymptotic equality is valid as n — oo

n q+1 A, _ati-A
n ~ (q+1)"A7 @ (g+1 - A) T ",
(MA) V2rA(g+1-A)n
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Proof. 1t follows directly from Corollary 2. O

Using Proposition 2, in the next lemma the asymptotic behavior of the following
function is established

h(n) = (q>”< nn )q_qilA, where g > 1and 0 < A <g+1.
g+1 PR EAY

Lemma 1. Let ¢ > 1,0 < A < g+ 1 and q,A do not depend on n. Then the
following properties are fulfilled

n
@UA:QM%MW:G%);
(i) if 0 < A < g+ 1, then the following asymptotic equality is valid as n — oo

h(n) ~ g+1 B (14)
NNCES NV

_a _ati-
where ep, ¢ = qA” T (g+ 1 — A)” T

_a
q T
moreover, a, q does not depend onn, 0 <ea ¢ <lifAF#1landea =11 A=1;
n
(m)UA:q+Ltmnhmy:G%).

Proof. Statements (i), (iii) follow directly from the definition of the function h(n).
Therefore, we assume that 0 < A < ¢+ 1. From the definition of the function h(n)
and Corollary 3, we obtain the asymptotic equality (14).

Since 0 < A < ¢+ 1 and ¢ > 1, we have a4 > 0. Consider the functions

f(@) =27 (g +1— o) 7 ¢ and g(x) = In f(z)
on the interval (0,q + 1). Note that

q )
EAq= Trs = - 15
(N TVNIRTIN 19)
Hence, en,q = 1 if A = 1. Therefore, we further assume that A # 1. Let us
investigate monotonicity intervals of the function f(x). It is directly calculated

1 qx
"(x) = In .
9@ =l ST
Note that ¢’(z) < 0 on (0,1), ¢’(1) = 0 and ¢'(xz) > 0 on (1,q + 1). Therefore,
function g(z) strictly decreases on (0, 1] and strictly increases on [1, ¢+ 1). Function

f(z) behaves similarly on the interval (0,q + 1). Therefore, if 0 < A < lorl <
A < g+1,then f(A) > f(1). Hence, ea, 4 < 1 due to the equality (15). O

Corollary 4. Let n be a positive integer, ¢ > 1, 0 < A < ¢+ 1 and q,A do not
depend on n. Then the following equality is valid as n tends to infinity

_n_
q+1

Proof. Tt follows directly from Corollary 1 and Lemma 1. (]



522 T.I. FEDORYAEVA

The outlined approaches (Theorem 1, Corollary 1, Proposition 2, Lemma 1, and
Corollary 4) also made it possible to fairly easily investigate the asymptotic behavior

of expressions of the form
q ) n n s
) % (s

as n tends to infinity, where ¢ > 1 and 0 < A < 1 do not depend on integer n. Such
bounded sums of weighted classical binomial coefficients arose in the asymptotic
study of the number of central vertices of almost all n-vertex graphs of given
diameter (see [2] for more details).

Further, as noted in [4], in the case of binomial coefficients of the form (") when
n is a non-negative integer, the binomial coefficient is explicitly expressed in terms
of elementary functions. The following proposition formalizes this statement and
its justification is based on the properties of the gamma function and binomial
coefficients of real arguments.

Proposition 3 [4]. Letn be a non-negative integer and real number o € (—1,n+1).
Then the following equality is valid

sin oy ifn=0 and o #0,
n n! sin To :
= ifn>1and o 0,1,...,n},
<Oé> (n—a‘)(n—l—a)---(l—a) To f = ¢ { }
m ZfozG{O,l,...,n}.
Proof. The required equality is proved in Theorem 1 for n = 0, and for a €

{0,1,...,n} it follows from the property of the gamma function (2). Let now n > 1
and o ¢ {0,1,...,n}. Suppose that n —i — a € {0,—1,—2,...} for some i € N
and 0 < ¢ <n—1. Then o — (n—1i) € {0,1,2,...}. Hence, @ € N and therefore
a € {0,1,...,n}, got a contradiction. Thus, n —i — a ¢ {0,—1,—2,...} for every

1=0,1,...,n — 1. By virtue of the reduction formula (3), we have
n—1
Il4+n—a)=mn-a)ln-a)=...= [[(n—i-a)T(1-a)
i=0
Since o € R\ {0,£1,+2,...}, from (3)—(5) we obtain the required expression for
the binomial coefficient (Z) O

In conclusion, the author is grateful to the Referee for careful reading of the
article and useful suggestions.

REFERENCES

[1] M. Abramowitz (ed), I.A. Stegun (ed), Handbook of mathematical functions with formulas,
graphs, and mathematical tables, John Wiley & Sons, New York etc., 1972. Zbl 0543.33001

[2] T.I. Fedoryaeva, Logarithmic asymptotic of the number of central vertices of almost all n-
vertez graphs of diameter k, Sib. Electron. Mat. Izv., 19:2 (2022), 747—761.

[3] G.M. Fikhtengol’ts, Course of Differential and Integral Calculus Volume 2, Fizmatlit, Moscow,
2003. (1965, Zbl 0132.03401)

[4] D. Fowler, The binomial coefficient function, Am. Math. Mon., 103:1 (1996), 1-17. Zbl
0857.05003

[5] R.L. Graham, D.E. Knuth, O. Patashnik, Concrete mathematics: a foundation for computer
science, Addison-Wesley, Amsterdam, 1994. Zbl 0836.00001



ON BINOMIAL COEFFICIENTS OF REAL ARGUMENTS 523

[6] J.L.W.V. Jensen and T.H. Gronwall, An elementary exposition of the theory of the Gamma
function, Annals of Math. (2), 17:3 (1916), 124-166. JFM 46.0563.02

[7] St.T. Smith, The binomial coefficient (;L) for arbitrary x, Online J. Anal. Comb., 15 (2020),
Article 7. Zbl 1468.11069

Tariana IvanovNa FEDORYAEVA

SOBOLEV INSTITUTE OF M ATHEMATICS,
PR. KoPTYUGA, 4,

630090, NovosIBIRSK, Russia

Email address: fti@math.nsc.ru



