
S e⃝MR ISSN 1813-3304

ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Òîì 20, � 1, ñòð. 514�523 (2023) ÓÄÊ 519.114,517.581

DOI 10.33048/semi.2023.20.031 MSC 05A10,11B65

ON BINOMIAL COEFFICIENTS

OF REAL ARGUMENTS

T.I. FEDORYAEVA

Abstract. As is well-known, a generalization of the classical concept of
the factorial n! for a real number x ∈ R is the value of Euler's gamma
function Γ(1+x). In this connection, the notion of a binomial coe�cient
naturally arose for admissible values of the real arguments.

We prove by elementary means a number of properties of binomial
coe�cients

(
r
α

)
of real arguments r, α ∈ R such as analogs of unimodality,

symmetry, Pascal's triangle, etc. for classical binomial coe�cients. The
asymptotic behavior of such generalized binomial coe�cients of a special
form is established.

Keywords: factorial, binomial coe�cient, gamma function, real binomial
coe�cient.

Introduction

We study binomial coe�cients of real arguments. The aim of the investigation
is to obtain by elementary methods analogs of the basic properties well known
for the classic binomial coe�cients. Such properties are of independent interest
and, in addition, can simplify the work with binomial coe�cients of the form

(
n
m

)
with integer non-negative arguments n and m, given essentially by real values with
rounding to an integer (when, for example, �oor and ceiling functions for a real
number are used, etc.). So, for example, the properties of unimodality and symmetry
allow passing from such binomial coe�cients

(
n
m

)
, 0 ≤ m ≤ n to "close" real

binomial coe�cients of the form
(
r
α

)
, α ∈ (−1, r+1) and vice versa (see, for example,

Proposition 1 and subsequent comments). This approach simpli�es the evaluation
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of expressions with discrete binomial coe�cients with integer arguments of the
speci�ed form.

Note that the binomial coe�cients of the form
(
r
n

)
, where r ∈ R and n ∈ N, can

be de�ned in the standard way as(
r

n

)
=

r(r − 1)(r − 2) · · · (r − n+ 1)

n!
.

This approach was discussed in [5], where numerous identities for such binomial
coe�cients are given. In [4], D. Fowler studied the graph of the function

(
r
α

)
of two

real variables r and α, various slices of this graph were constructed using a computer
and their analysis was carried out. It is also indicated there an explicit expression for
the binomial coe�cient

(
n
α

)
, where n is a non-negative integer, through elementary

functions (see Proposition 3 in Section 2). On the basis of this representation,
St.T. Smith investigated the binomial coe�cients of the form

(
n
z

)
with complex

variable z ∈ C and �xed natural number n ∈ N, a number of properties of such a
function of complex argument z is established in [7]. In particular, the derivatives
of the �rst and second orders are calculated, and for the real argument z, increasing
and decreasing intervals, zeros of the function, etc are found. It is also noted there
the nontriviality of the function investigation

(
n
α

)
of real variable α exactly on the

interval α ∈ (−1, n+1), in contrast to the domain outside this interval. In particular,
the increasing and decreasing of this function was established rather di�cult.

In this paper we prove by elementary means a number of properties of the
binomial coe�cients

(
r
α

)
of real arguments r, α ∈ R, α ∈ (−1, r+1) (analogs of the

properties of unimodality, symmetry, Pascal's triangle, etc. for discrete binomial
coe�cients), which may be useful in further research (see, for example, [2]).

1. Preliminary information

The article uses the generally accepted concepts and notation of real analysis
[3], as well as the standard concepts of combinatorial analysis [5]. Denote by (a, b)
the open real interval between the numbers a, b ∈ R, o(1) is an in�nitesimal function
in a neighborhood of ∞, n! is the factorial of non-negative integer n, i.e. n! =
n(n − 1) · · · 2 · 1, and wherein we de�ne 0! = 1,

(
n
m

)
, where 0 ≤ m ≤ n, is the

(standard) binomial coe�cient (with non-negative integer arguments n, m ), i.e.(
n

m

)
=

n!

m!(n−m)!
.

To denote asymptotic equality of real-valued functions f(x) and g(x) as x → ∞, we
use the notation f(x) ∼ g(x), which by de�nition means that f(x) = g(x)(1+r(x))
in some neighborhood of ∞, where r(x) = o(1), or, equivalently (for functions
positive in some neighborhood of ∞)

lim
x→∞

f(x)

g(x)
= 1.

The standard approach is considered, according to which the concept of factorial
for non-negative integers extends to real (and even complex) numbers by the gamma
function Γ(α). We will use its de�nition in the following Euler-Gauss form [3, p.
393�394, 812]
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Γ(α) = lim
n→∞

(n− 1)!nα

α(α+ 1)(α+ 2) · · · (α+ n− 1)
, α ∈ R \ {0,−1,−2, . . .}, (1)

such a limit exists for any speci�ed value of α (see, for example, [6] or [3, p. 393]).
In view of the problem statement, we do not consider extensions of the gamma
function outside its standard domain of de�nition. Note that when de�ning the
gamma function in the form of the Euler integral of the second kind

Γ(α) =

∫ ∞

0

xα−1e−xdx,

converging for α > 0, we obtain an equivalent de�nition on the interval (0,∞) [3, p.
811]. The gamma function Γ(α) is continuous and has continuous derivatives of all
orders on (0,∞), has no real roots, and it is positive on (0,∞). For any non-negative
integer n the following equality holds

Γ(1 + n) = n! , (2)

moreover, the next reduction formula is valid [3, p. 394]

Γ(1 + α) = αΓ(α), α ∈ R \ {0,−1,−2, . . .}. (3)

In addition, the series expansion of sinπα and (1) imply the following re�ection
formula (see, for example, [3, 6])

Γ(α) Γ(1− α) =
π

sinπα
, α ∈ R \ {0,±1,±2, . . .}. (4)

As a generalization of the discrete binomial coe�cient
(
n
m

)
, the binomial coe�cient

of real arguments is de�ned as follows (see, for example, [1] or [4])(
r

α

)
=

Γ(1 + r)

Γ(1 + α)Γ(1 + r − α)
. (5)

Note that if r ∈ (−1,+∞) and α ∈ (−1, r + 1), the binomial coe�cient
(
r
α

)
is

de�ned correctly by the equality (5).

2. Binomial coefficients
(
r
α

)
for r, α ∈ R

Theorem 1 (properties of the binomial coe�cient of real arguments). Let r ∈
(−1,+∞) and α ∈ (−1, r + 1). Then

(i)
(
r
α

)
> 0,

(
r
0

)
= 1 and

(
r
r

)
= 1;

(ii)
(
0
α

)
=

{
1 if α = 0,
sinπα
πα if α ̸= 0 and α ∈ (−1, 1);

(iii)
(

r
r−α

)
=

(
r
α

)
;

(iv)
(
r
α

)
=

(
r−1
α−1

)
+
(
r−1
α

)
if r ∈ (0,+∞) and α ∈ (0, r);

(v)
(
r
α

)
=

(
r

α+1

)
α+1
r−α if r ∈ (−1,+∞) and α ∈ (−1, r);

(vi)
(
r
α

)
=

(
r−1
α

)
r

r−α if r ∈ (0,+∞) and α ∈ (−1, r);

(vii) binomial coe�cient ϕ(α)=
(
r
α

)
is strictly increasing on the interval (−1, r

2 ]
and strictly decreasing on the interval [ r2 , r + 1);
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(viii) binomial coe�cient Ξ(r) =
(
r
α

)
is strictly increasing for α > 0, strictly

decreasing for −1 < α < 0 and Ξ(r)≡ 1 if α = 0.

Proof. Statement (i) follows from the relations (2), (5).
Prove of (ii). If α = 0, the required equality follows from (i). Further, we assume

that α ̸= 0. Using the relations (2)�(5), we obtain(
0

α

)
=

Γ(1)

Γ(1 + α)Γ(1− α)
=

1

αΓ(α)Γ(1− α)
=

sinπα

πα
.

Note that if α ∈ (−1, r + 1), then r − α ∈ (−1, r + 1). Therefore, the binomial
coe�cient

(
r

r−α

)
is de�ned and the required equality from (iii) is satis�ed due to

(5). It is also easy to prove combinatorial identities (iv), (v), (vi) from (3) and (5).
Prove of statement (vii). Let α, β ∈ (−1, r + 1). From (1) we obtain

Γ(1 + α) Γ(1 + r − α) = lim
n→∞

(n− 1)! (n− 1)!n2+r∏n
i=1 (α+ i)(r − α+ i)

.

Hence,

ϕ(α)

ϕ(β)
=

Γ(1 + β) Γ(1 + r − β)

Γ(1 + α) Γ(1 + r − α)
= lim

n→∞

n∏
i=1

δi(α, β), where (6)

δi(α, β) =
(α+ i)(r − α+ i)

(β + i)(r − β + i)
.

Note that δi(α, β) > 0 for every α, β ∈ (−1, r + 1) and i = 1, . . . , n. It is also easy
to prove that

δi(α, β) ≥ 1 ⇔ f(α) ≥ f(β), (7)

where f(x) = −x2 + xr and parabola f(x) is strictly increasing on (−∞, r
2 ] as well

as strictly decreasing on [ r2 ,+∞). Moreover, it is directly established that

δ1(α, β) = 1 + ε(α, β), where ε(α, β) =
(r − α− β)(α− β)

(β + 1)(r − β + 1)
. (8)

Let −1 < β < α ≤ r
2 . Then f(α) > f(β) and ε(α, β) > 0. By virtue of (7), we

have δi(α, β) ≥ 1 for every i = 1, . . . , n. Hence, from (6) and (8) we obtain

ϕ(α)

ϕ(β)
≥ δ1(α, β) = 1 + ε(α, β) > 1.

Similarly, if r
2 ≤ β < α < r + 1, then f(α) < f(β) and ε(α, β) < 0. Therefore,

0 < δi(α, β) < 1, i = 1, . . . , n and

ϕ(α)

ϕ(β)
≤ δ1(α, β) = 1 + ε(α, β) < 1.

Prove of statement (viii). In view of statement (i), we can assume that α ̸= 0. Let
r < r′. Note that 1+r+ i > 0, 1+r′+ i > 0 and α/(1+r+ i) < 1, α/(1+r′+ i) < 1
for every i ≥ 0. From (1) we obtain

Γ(1 + r)

Γ(1 + r − α)
=

(
1− α

1 + r

)
lim

n→∞
nα

n−1∏
i=1

(
1− α

1 + r + i

)
.

Hence, Γ(1+r)/Γ(1+r−α) < Γ(1+r′)/Γ(1+r′−α) for α > 0 (and the reverse strict
inequality holds for α < 0). In view of (5), we conclude Ξ(r) < Ξ(r′) (respectively
Ξ(r) > Ξ(r′) for α < 0). □
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Note that the monotonicity properties (vii) and (viii) of Theorem 1 can also be
justi�ed by an alternative method based on the broader apparatus of the Theory
of the gamma function, when properties of digamma and trigamma functions are
applied (the author is grateful to the referee who suggested this approach). Let us
give the necessary de�nitions and properties of these functions (see, for example,
handbook [1]).

The digamma functionΨ(α) is de�ned as the logarithmic derivative of the gamma
function Γ(α), i.e.

Ψ(α) = (ln Γ(α))′ =
Γ′(α)

Γ(α)
, α > 0. (9)

The digamma function Ψ(α) is de�ned on (0,∞) and is di�erentiable everywhere.
Its derivative is called the trigamma function and denoted by Ψ1(α). Thus,

Ψ1(α) = Ψ′(α) = (ln Γ(α))(2), α > 0. (10)

The trigamma function has a known representation as the sum of the following
series:

Ψ1(α) =

∞∑
n=0

1

(α+ n)2
, α > 0.

Hence, Ψ1(α) is positive and the digamma function Ψ(α) is strictly increasing on
(0,∞) due to (10).

Using the de�nition of the binomial coe�cient (5) for r ∈ (−1,∞), α ∈ (−1, r+1)
and equality (9), calculate the derivative of the function Φ(α):

Φ′(α) = Γ(1 + r)
( 1

Γ(1 + r − α)
· 1

Γ(1 + α)

)′

= Γ(1 + r)
( Γ′(1 + r − α)

(Γ(1 + r − α))2Γ(1 + α)
− Γ′(1 + α)

Γ(1 + r − α)(Γ(1 + α))2

)
(11)

=

(
α

r

)(
Ψ(1 + r − α)−Ψ(1 + α)

)
.

Note that

1 + r − α ≥ 1 + α ⇔ α ≤ r/2

and equality is achieved only if α = r/2. Now property (vii) of Theorem 1 follows
from Theorem 1(i), the relation (11) and the increase of the digamma function
Ψ(α).

Similarly, we calculate

Ξ′(r) =
1

Γ(1 + α)
·
( Γ(1 + r)

Γ(1 + r − α)

)′

=
1

Γ(1 + α)Γ(1 + r − α)

(
Γ ′(1 + r)− Γ(1 + r)Γ ′(1 + r − α)

Γ(1 + r − α)

)
=

(
r

α

)(
Ψ(1 + r)−Ψ(1 + r − α)

)
.

Note that

1 + r ≥ 1 + r − α ⇔ α ≥ 0

and equality is achieved only if α = 0. Now property (viii) of Theorem 1 obviously
holds.
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The following proposition gives an example of applications of the unimodality
and symmetry properties from Theorem 1, when in the asymptotic evaluation of
binomial coe�cients with non-negative integer arguments, given using rounding
functions, we can pass to "close" binomial coe�cients of real arguments, and vice
versa.

Proposition 1. Let n be a positive integer and 0 < α < 1. Then
(i) if 0 < α < 1/2, then for every n ≥ 2

1−2α the following inequalities hold

α

1− α+ n−1

(
n

nα

)
≤

(
n

⌊nα⌋

)
≤

(
n

nα

)
;

(ii) if α = 1/2, then

2

1 + n−1

(
n− 1
n−1
2

)
≤

(
n

⌊n
2 ⌋

)
≤

(
n
n
2

)
;

(iii) if 1/2 < α < 1, then for every n ≥ 2
2α−1 the following inequalities hold(

n

nα

)
≤

(
n

⌊nα⌋

)
≤ α+ n−1

1− α

(
n

nα

)
.

Proof. Let 0 < α < 1/2 and n ≥ 2
1−2α . Note that 0 ≤ ⌊nα⌋ ≤ nα ≤ ⌊nα⌋ + 1 ≤

n
2 < n. Now, using statements (v) and (vii) of Theorem 1, we obtain(

n

⌊nα⌋

)
≤

(
n

nα

)
,

(
n

⌊nα⌋

)
=

(
n

⌊nα⌋+ 1

)
⌊nα⌋+ 1

n− ⌊nα⌋
≥

(
n

nα

)
nα

n− nα+ 1
=

(
n

nα

)
α

1− α+ n−1
.

Using the inequalities n−1
2 ≤ ⌊n

2 ⌋ ≤ n
2 , statements (vi) and (vii) of Theorem 1,

it is also easy to prove (ii).
Let 1/2 < α < 1 and n ≥ 2

2α−1 . Note that 0 ≤ n − ⌊nα⌋ − 1 ≤ n(1 − α) ≤
n− ⌊nα⌋ ≤ n

2 . Now, using statements (iii), (v) and (vii) of Theorem 1, we obtain(
n

⌊nα⌋

)
=

(
n

n− ⌊nα⌋

)
≥

(
n

n(1− α)

)
=

(
n

nα

)
,

(
n

⌊nα⌋

)
=

(
n

n− ⌊nα⌋

)
=

(
n

n− ⌊nα⌋ − 1

)
n− (n− ⌊nα⌋) + 1

n− ⌊nα⌋

≤
(

n

n(1− α)

)
nα+ 1

n− nα
=

(
n

nα

)
α+ n−1

1− α
.

□

Ñorollary 1. Let n be a positive integer, α ∈ R does not depend on n and 0 < α <
1. Then the following equality is valid as n tends to in�nity(

n

⌊nα⌋

)
=

(
n

nα

)
Θ(1).
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Proof. The case α ̸= 1/2 follows directly from statements (i) and (iii) of Proposition
1. Let α = 1/2. From Proposition 2, which has been proved below independently,
as n → ∞ we obtain (

n
n
2

)
∼ 2n√

πn/2
.

Therefore,
2

1 + n−1

(
n− 1
n−1
2

)
∼ 2n√

πn/2
.

Now the required asymptotic relation follows from Proposition 1(ii). □

The approach outlined in the proof of Proposition 1 is similarly applicable to
estimates of classical binomial coe�cients of the form(

µ(f(x))

ν(g(x))

)
and the like, where µ(x) and ν(x) are the rounding functions ⌊x⌋, ⌈x⌉, and f(x),
g(x) are real-valued functions of a real argument x. Moreover, for the binomial
coe�cients of real arguments arising here, it is often possible to easily �nd an
asymptotics in a fairly simple form.

Proposition 2. Let r take real values, α ∈ R does not depend on r and 0 < α < 1.
Then the following asymptotic equality is valid as r tends to in�nity(

r

rα

)
∼

√
1

2πα(1− α)r

( 1

α

)αr ( 1

1− α

)(1−α)r

. (12)

Proof. For r > 0 the functions Γ(1+r), Γ(1+rα), Γ(1+r−rα) are de�ned correctly
and positive. By virtue of (5), we have(

r

rα

)
=

Γ(1 + r)

Γ(1 + rα) Γ(1 + r − rα)
. (13)

For the gamma function, the following generalized Stirling formula is valid (see, for
example, [3]):

Γ(1 + x) ∼
√
2πx

(x
e

)x

as x → ∞.

In view of the condition 0 < α < 1, we have rα → ∞ and r − rα → ∞ as r tends
to in�nity. Now, using the generalized Stirling formula, we obtain by equivalent
transformations the asymptotic equality (12) from (13) . □

Ñorollary 2. Let r take non-negative integer values, α ∈ R does not depend on r
and 0 < α < 1. Then the asymptotic equality (12) is valid as r tends to in�nity.

Proof. Let g(r) be the function on the right side of the asymptotic equality (12) and
f(r) =

(
r
rα

)
/g(r). Then limr→∞ f(r) = 1 by Proposition 2. Non-negative integers

n form an in�nitesimal subsequence of the values of real variable r. Therefore, the
existing limit value of function f(r) of the real argument as r → ∞ is preserved for
function f(n) of the non-negative integer argument as n → ∞. □

Ñorollary 3. Let q ≥ 1, 0 < ∆ < q + 1 and q,∆ do not depend on n. Then the
following asymptotic equality is valid as n → ∞(

n
n

q+1∆

)
∼ q + 1√

2π∆(q + 1−∆)n
(q + 1)n∆− ∆

q+1n(q + 1−∆)−
q+1−∆

q+1 n .
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Proof. It follows directly from Corollary 2. □

Using Proposition 2, in the next lemma the asymptotic behavior of the following
function is established

h(n) =
( q

q + 1

)n
(

n
n

q+1∆

)
q−

n
q+1∆, where q ≥ 1 and 0 ≤ ∆ ≤ q + 1.

Lemma 1. Let q ≥ 1, 0 ≤ ∆ ≤ q + 1 and q,∆ do not depend on n. Then the
following properties are ful�lled

(i) if ∆ = 0, then h(n) =
(

q
q+1

)n

;

(ii) if 0 < ∆ < q + 1, then the following asymptotic equality is valid as n → ∞

h(n) ∼ q + 1√
2π∆(q + 1−∆)

εn∆, q√
n
, (14)

where ε∆, q = q∆− ∆
q+1 (q + 1−∆)−

q+1−∆
q+1 q−

∆
q+1 ;

moreover, ε∆, q does not depend on n, 0 < ε∆, q < 1 if ∆ ̸= 1 and ε∆, q = 1 if ∆ = 1;

(iii) if ∆ = q + 1, then h(n) =
(

1
q+1

)n

.

Proof. Statements (i), (iii) follow directly from the de�nition of the function h(n).
Therefore, we assume that 0 < ∆ < q + 1. From the de�nition of the function h(n)
and Corollary 3, we obtain the asymptotic equality (14).

Since 0 < ∆ < q + 1 and q ≥ 1, we have ε∆, q > 0. Consider the functions

f(x) = x
x

q+1 (q + 1− x)
q+1−x
q+1 q

x
q+1 and g(x) = ln f(x)

on the interval (0, q + 1). Note that

ε∆, q =
q

f(∆)
=

f(1)

f(∆)
. (15)

Hence, ε∆, q = 1 if ∆ = 1. Therefore, we further assume that ∆ ̸= 1. Let us
investigate monotonicity intervals of the function f(x). It is directly calculated

g′(x) =
1

q + 1
ln

qx

q + 1− x
.

Note that g′(x) < 0 on (0, 1), g′(1) = 0 and g′(x) > 0 on (1, q + 1). Therefore,
function g(x) strictly decreases on (0, 1] and strictly increases on [1, q+1). Function
f(x) behaves similarly on the interval (0, q + 1). Therefore, if 0 < ∆ < 1 or 1 <
∆ < q + 1, then f(∆) > f(1). Hence, ε∆, q < 1 due to the equality (15). □

Ñorollary 4. Let n be a positive integer, q ≥ 1, 0 < ∆ < q + 1 and q,∆ do not
depend on n. Then the following equality is valid as n tends to in�nity( q

q + 1

)n
(

n

⌊ n
q+1∆⌋

)
q−

n
q+1∆ =

εn∆, q√
n

Θ(1).

Proof. It follows directly from Corollary 1 and Lemma 1. □
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The outlined approaches (Theorem 1, Corollary 1, Proposition 2, Lemma 1, and
Corollary 4) also made it possible to fairly easily investigate the asymptotic behavior
of expressions of the form ( q

q + 1

)n
⌊ n
q+1∆⌋∑
s=0

(
n

s

)
q−s

as n tends to in�nity, where q ≥ 1 and 0 < ∆ < 1 do not depend on integer n. Such
bounded sums of weighted classical binomial coe�cients arose in the asymptotic
study of the number of central vertices of almost all n-vertex graphs of given
diameter (see [2] for more details).

Further, as noted in [4], in the case of binomial coe�cients of the form
(
n
α

)
when

n is a non-negative integer, the binomial coe�cient is explicitly expressed in terms
of elementary functions. The following proposition formalizes this statement and
its justi�cation is based on the properties of the gamma function and binomial
coe�cients of real arguments.

Proposition 3 [4]. Let n be a non-negative integer and real number α ∈ (−1, n+1).
Then the following equality is valid

(
n

α

)
=


sinπα
πα if n = 0 and α ̸= 0,

n!
(n−α)(n−1−α)···(1−α)

sinπα
πα if n ≥ 1 and α /∈ {0, 1, . . . , n},

n!
α!(n−α)! if α ∈ {0, 1, . . . , n}.

Proof. The required equality is proved in Theorem 1 for n = 0, and for α ∈
{0, 1, . . . , n} it follows from the property of the gamma function (2). Let now n ≥ 1
and α /∈ {0, 1, . . . , n}. Suppose that n − i − α ∈ {0,−1,−2, . . .} for some i ∈ N
and 0 ≤ i ≤ n − 1. Then α − (n − i) ∈ {0, 1, 2, . . .}. Hence, α ∈ N and therefore
α ∈ {0, 1, . . . , n}, got a contradiction. Thus, n − i − α /∈ {0,−1,−2, . . .} for every
i = 0, 1, . . . , n− 1. By virtue of the reduction formula (3), we have

Γ(1 + n− α) = (n− α)Γ(n− α) = . . . =

n−1∏
i=0

(n− i− α)Γ(1− α).

Since α ∈ R \ {0,±1,±2, . . .}, from (3)�(5) we obtain the required expression for
the binomial coe�cient

(
n
α

)
. □

In conclusion, the author is grateful to the Referee for careful reading of the
article and useful suggestions.
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