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Abstract. This paper considers the inverse problem of identi�cation of
the �nite initial condition of the Cauchy problem for the homogeneous
heat conduction equation using the �rst kind linear Fredholm integral
equation. Its discretization is carried out with the help of the quadrature
rectangular formula. For the numerical realization of the obtained system
of linear algebraic equations with almost complete, symmetric, positively
determined, ill-conditioned matrix it is proposed to use the method of
conjugate gradients. Examples of reconstruction of smooth, nonsmooth
and discontinuous initial conditions in one- and two-dimensional cases,
including the introduction of ¾noise¿, characteristic of rede�nition condi-
tions of inverse problems, are given.

Keywords: retrospective inverse heat conduction problem, Poisson inte-
gral, �rst kind Fredholm integral equation, system of linear equations
with ill-conditioned matrix, method of conjugate gradients.

1. Ââåäåíèå

Îáðàòíûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè èìåþò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â íàóêå è òåõíèêå. Îíè, êàê ïðà-
âèëî, íå îòíîñÿòñÿ ê êëàññó êîððåêòíî ïîñòàâëåííûõ çàäà÷. Òèïè÷íûìè äëÿ
íèõ ÿâëÿþòñÿ íååäèíñòâåííîñòü ðåøåíèÿ è íàðóøåíèå òðåáîâàíèÿ íåïðåðûâ-
íîé çàâèñèìîñòè ðåøåíèÿ îò âõîäíûõ äàííûõ. Ñ òî÷êè çðåíèÿ ïðèëîæåíèé
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heat conduction problem using the Poisson integral.
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àêòóàëüíîé ÿâëÿåòñÿ ðàçðàáîòêà ýôôåêòèâíûõ âû÷èñëèòåëüíûõ ìåòîäîâ ðå-
øåíèÿ îáðàòíûõ çàäà÷, îíè âîñòðåáîâàíû ôèçèêàìè, ãåîëîãàìè, áèîëîãàìè è
ìåäèêàìè. Íåóäèâèòåëüíî, ÷òî ïðè òàêîì øèðîêîì íàáîðå ïðèëîæåíèé òåîðèÿ
îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ñ ìîìåíòà ñâîåãî ïîÿâëåíèÿ ñòàëà îäíîé èç
íàèáîëåå ñòðåìèòåëüíî ðàçâèâàþùèõñÿ ðàçäåëîâ ñîâðåìåííîé âû÷èñëèòåëüíîé
è ïðèêëàäíîé ìàòåìàòèêè. Ìíîãî÷èñëåííûå ïóáëèêàöèè ïî âîïðîñàì òåîðåòè-
÷åñêîãî èññëåäîâàíèÿ êîððåêòíîñòè, óñëîâíîé êîððåêòíîñòè, ðàçðàáîòêè ýô-
ôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ è àêòóàëüíûå ïðèëîæåíèÿ îáðàòíûõ
çàäà÷ â íàóêå è òåõíèêå îáîáùåíû â ìîíîãðàôèÿõ [1] � [12]. Îòìåòèì òàêæå ñòà-
òüþ Ñ.È.Êàáàíèõèíà [13], â êîòîðîé ïðèâåäåí îáçîð ñîâðåìåííûõ ÷èñëåííûõ
ìåòîäîâ ðåøåíèÿ îáðàòíûõ çàäà÷, â òîì ÷èñëå ãðàäèåíòíûõ, ñòîõàñòè÷åñêèõ
àëãîðèòìîâ, ïðèìåíåíèå ãåíåòè÷åñêèõ àëãîðèòìîâ è íåéðîííûõ ñåòåé.

Ïðèâåäåì êðàòêèé îáçîð èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ äèñêðåòíûõ àíà-
ëîãîâ îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Â ñòàòüÿõ ïðîô.
Êàáàíèõèíà Ñ.È., Áàêàíîâà Ã.Á. [14] � [15] ïðåäëîæåí îïòèìèçàöèîííûé èòå-
ðàöèîííûé ìåòîä ðåøåíèÿ äèñêðåòíîé îáðàòíîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ è äîêàçàíî, ÷òî ôóíêöèîíàë íåâÿçêè äèñêðåòíîé îáðàòíîé çàäà÷è
èìååò åäèíñòâåííóþ ñòàöèîíàðíóþ òî÷êó, ñîâïàäàþùóþ ñ ðåøåíèåì îáðàòíîé
çàäà÷è. Ïðîô. À.Ë.Êàð÷åâñêèì â ðàáîòå [16] äîêàçàíî, ÷òî íåëèíåéíûé ôóíê-
öèîíàë íåâÿçêè êîíå÷íî-ðàçíîñòíîãî àíàëîãà êîýôôèöèåíòíîé îáðàòíîé çàäà-
÷è èìååò åäèíñòâåííóþ òî÷êó ãëîáàëüíîãî ìèíèìóìà, ïîëó÷åíà îöåíêà ñêîðî-
ñòè ñõîäèìîñòè ê ðåøåíèþ èñõîäíîé îáðàòíîé çàäà÷è.

Îñîáîå ìåñòî â îáðàòíûõ çàäà÷àõ òåïëîïåðåäà÷è çàíèìàåò ðåòðîñïåêòèâíàÿ
îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ íà÷àëüíîãî óñëîâèÿ u(x, 0) ïî çàäàííîìó ðàñïðå-
äåëåíèþ òåìïåðàòóðû òåëà â ôèíàëüíûé ìîìåíò âðåìåíè u(x, T ). Â ðàáîòå [17]
ïðåäëîæåí èòåðàöèîííûé ìåòîä ÷èñëåííîé ðåàëèçàöèè êîíå÷íî-ðàçíîñòíîãî
àíàëîãà ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è òåïëîïðîâîäíîñòè. Â íåé íà êàæäîé
èòåðàöèè ðåøàåòñÿ äèñêðåòíûé àíàëîã êîððåêòíîé ïðÿìîé çàäà÷è òåïëîïðî-
âîäíîñòè. Â ðàáîòå [18] ïðåäëîæåí è òåîðåòè÷åñêè îáîñíîâàí èòåðàöèîííûé
ìåòîä ãðàíè÷íûõ ýëåìåíòîâ. Äëÿ ÷èñëåííîãî ðåøåíèÿ ðåòðîñïåêòèâíîé îáðàò-
íîé çàäà÷è äëÿ óðàâíåíèÿ Áþðãåðñà â ðàáîòå [19] ïðåäëîæåí âàðèàöèîííûé
ìåòîä, ïîçâîëÿþùèé ñâåñòè èñõîäíóþ çàäà÷ó ê ñåðèè ïðÿìûõ, ñëåäîâàòåëü-
íî, êîððåêòíûõ çàäà÷. Áåññåòî÷íàÿ ÷èñëåííàÿ ñõåìà ðåøåíèÿ îáðàòíîé çàäà÷è
òåïëîïðîâîäíîñòè ïðåäëîæåíà â ñòàòüå [20]. Â íåé ìåòîä ÷èñëåííîãî ðåøåíèÿ
áàçèðóåòñÿ íà èñïîëüçîâàíèè â êà÷åñòâå áàçèñíîé ôóíêöèè ôóíäàìåíòàëüíî-
ãî ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè. ×èñëåííàÿ ðåàëèçàöèÿ ïîëó÷åííîé
ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïëîõî îáóñëîâëåííîé ìàòðè-
öåé ïðîâåäåíà ñ ïîìîùüþ ñòàíäàðòíîãî ìåòîäà ðåãóëÿðèçàöèè À.Í.Òèõîíîâà.
Â ñòàòüå [21] ïðåäëîæåí èòåðàöèîííûé àëãîðèòì óñòîé÷èâîé èäåíòèôèêàöèè
êàê íà÷àëüíîãî óñëîâèÿ, òàê è ñòàöèîíàðíîãî èñòî÷íèêà, îñíîâàííûé íà ïîñëå-
äîâàòåëüíîì ðåøåíèè ïðÿìûõ çàäà÷ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè, êîòîðûå
ðåøàþòñÿ íà êàæäîé èòåðàöèè ñ èñïîëüçîâàíèåì ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ.
Â ñòàòüå [22] ïðåäñòàâëåíî ñðàâíåíèå ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ðåòðîñïåê-
òèâíîé îáðàòíîé çàäà÷è äëÿ íåëèíåéíîé ýâîëþöèîííîé ñðåäû.

Â ðàáîòå [23] ïðåäëîæåí ìîäèôèöèðîâàííûé ìåòîä ðåãóëÿðèçàöèè À.Í. Òè-
õîíîâà, â êîòîðîé ïðåäñòàâëåíû ïðàâèëà àïîñòåðèîðíîãî âûáîðà ïàðàìåòðà
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ðåãóëÿðèçàöèè. Â ðàáîòå [24] äèñêðåòèçàöèÿ îáðàòíîé çàäà÷è äëÿ ïàðàáîëè÷å-
ñêîãî óðàâíåíèÿ âûïîëíÿåòñÿ ïî ðàçíîñòíîé ñõåìå ñ íåïîëîæèòåëüíûì âåñî-
âûì ìíîæèòåëåì, à â [25], ïðåäëîæåí ÷èñëåííûé ìåòîä ðåøåíèÿ ðåòðîñïåêòèâ-
íîé îáðàòíîé çàäà÷è äëÿ ìíîãîìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïîìîùüþ
ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ.

Â [26] èçó÷àåòñÿ àëãîðèòì ðåãóëÿðèçàöèè ïðèáëèæåííîãî ðåøåíèÿ èíòå-
ãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà. Ðåøåíèå ïðÿìîé çàäà÷è Êîøè
äëÿ îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè çàäàåòñÿ â âèäå èíòåãðàëüíîé
ôîðìóëû Ïóàññîíà (èíòåãðàëà Ïóàññîíà). Ðåòðîñïåêòèâíóþ îáðàòíóþ çàäà-
÷ó òåïëîïðîâîäíîñòè â ñëó÷àå çàäàíèÿ ôèíàëüíîãî óñëîâèÿ â âèäå ôèíèòíîé
ôóíêöèè ñ ïîìîùüþ èíòåãðàëà Ïóàññîíà ìîæíî ñâåñòè ê èíòåãðàëüíîìó óðàâ-
íåíèþ Ôðåäãîëüìà 1-ãî ðîäà [4], [6]. Äèñêðåòíûé àíàëîã èíòåãðàëüíîãî óðàâ-
íåíèÿ, ïîëó÷åííûé ñ ïîìîùüþ òîé èëè èíîé êóáàòóðíîé ôîðìóëû, ïðèâîäèò ê
ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïîëíîé ìàòðèöåé. Ïðè èçìåëü-
÷åíèè ñåòêè ìàòðèöà áûñòðî ñòàíîâèòñÿ ïëîõî îáóñëîâëåííîé (ñèíãóëÿðíîé), è
ïîýòîìó ïðÿìûå ìåòîäû ðàáîòàþò òîëüêî íà äîñòàòî÷íî êðóïíîé ñåòêå. Àâòîðû
â ðàáîòå [27] äëÿ îáõîäà ýòîé ñèòóàöèè, âîñïîëüçîâàâøèñü âûñîêîé òî÷íîñòüþ
êâàäðàòóðíîé ôîðìóëû äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëà äàæå íà
äîñòàòî÷íî ãðóáîé ñåòêå, ïðåäëîæèëè ìåòîä ìíîãîêðàòíîãî ïðèìåíåíèÿ êâàä-
ðàòóðíîé ôîðìóëû íà ìíîæåñòâå êðóïíûõ ñåòîê, êàæäàÿ èç êîòîðûõ ðåøàåòñÿ
ïðÿìûì ìåòîäîì ñ ïîñëåäóþùèì îáúåäèíåíèåì ðåçóëüòàòîâ.

Â äàííîé ðàáîòå âìåñòî ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è òåïëîïðîâîäíî-
ñòè ðàññìàòðèâàåòñÿ ýêâèâàëåíòíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà ïåð-
âîãî ðîäà ê êîòîðîé ïðèâîäèò èíòåãðàë Ïóàññîíà. Äëÿ ÷èñëåííîé ðåàëèçà-
öèè åå äèñêðåòíîãî àíàëîãà, ïîëó÷åííîãî ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû
ïðÿìîóãîëüíèêîâ, ïðåäëàãàåòñÿ èñïîëüçîâàòü èòåðàöèîííûé ìåòîä ñîïðÿæåí-
íûõ ãðàäèåíòîâ. Íà êàæäîé èòåðàöèè ïî ÿâíîé ôîðìóëå îïðåäåëÿåòñÿ ðåøåíèå
äèñêðåòíîãî àíàëîãà èíòåãðàëà Ïóàññîíà. Ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëè-
òåëüíîãî ýêñïåðèìåíòà íà ìîäåëüíûõ îäíîìåðíûõ è äâóìåðíûõ çàäà÷àõ, â òîì
÷èñëå ïðè íàëè÷èè âîçìóùåíèÿ ôèíàëüíîãî óñëîâèÿ.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ðåòðîñïåêòèâíóþ îáðàòíóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè, çàïèñàííóþ â áåçðàçìåðíûõ ïåðåìåííûõ

(1)
∂u

∂t
=

p∑
α=1

∂2u

∂x2
α

, x ∈ Rp, 0 ⩽ t < T.

Äëÿ îïðåäåëåíèÿ åäèíñòâåííîãî ðåøåíèÿ èñêîìîé ôóíêöèè çàäàíî çíà÷åíèå
èñêîìîé ôóíêöèè â ôèíàëüíûé ìîìåíò âðåìåíè

(2) u(x, T ) = φ(x), x∈Ω.

Â çàäà÷å Êîøè (1) � (2) ïîäëåæèò îïðåäåëåíèþ íà÷àëüíîå óñëîâèå u(x, 0) =
f(x), x∈Ω. Îòìåòèì, ÷òî óðàâíåíèå (1) èìååò àíàëèòè÷åñêîå ðåøåíèå, êîòî-
ðîå â äàëüíåéøåì ïîíàäîáèòñÿ äëÿ îöåíêè òî÷íîñòè ïîëó÷åííîãî ÷èñëåííîãî
ðåøåíèÿ

(3) u(x, t) =
1√

(β + 4t)p
e−

∥x∥2
β+4t , β > 0, x ∈ Rp, 0 ⩽ t ⩽ T.
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Ïóñòü Ω ∈ Rp ïðåäñòàâëÿåò ñîáîé p-ìåðíûé êóá,

Ω = {x |x = (x1, . . . , xp) , 0 < xα < L, α = 1, . . . , p}.
Ïðåäïîëîæèì, ÷òî ôèíàëüíîå óñëîâèå φ(x) ÿâëÿåòñÿ ôèíèòíîé, îòëè÷íîé îò

íóëÿ â íåêîòîðîé ïîäîáëàñòè Ω ⊂ Rp. Ðåøåíèå ïðÿìîé çàäà÷è äëÿ îäíîðîäíîãî
ïàðàáîëè÷åñêîãî óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì u(x, 0) = f(x) çàäàåòñÿ
â âèäå èíòåãðàëà Ïóàññîíà

(4) φ(x) =
1

(2
√
πT )p

∫
Ω

e−
∥y−x∥2

4T f(y)dy, x∈Ω.

Çäåñü T > 0 � ôèíàëüíîå âðåìÿ.
Â p � ìåðíîì êóáå Ω ââåäåì êóáè÷åñêóþ ñåòêó ω ñ øàãîì h

ω =

p∏
α=1

ωα, ωα = {xαi = −L+ iαh, iα = 0, 1, . . . , n; h = 2L/n}.

Åñëè ðàññìàòðèâàåìàÿ çàäà÷à íå èìååò àíàëèòè÷åñêîãî ðåøåíèÿ, òî äëÿ ïðè-
áëèæåííîãî îïðåäåëåíèÿ ôèíàëüíîãî ðåøåíèÿ ñëåäóåò èñïîëüçîâàòü äèñêðåò-
íûé àíàëîã èíòåãðàëà Ïóàññîíà (4) â óçëàõ äîñòàòî÷íî ïîäðîáíîé ñåòêè

(5) φ(xj) =
hp

(2
√
πT )p

∑
yi∈ω

e−
∥xi−yj∥

2

4T f(yi), xj ∈ ω.

Ïî êóáàòóðíîé ôîðìóëå (5) ìîæíî ñ íåîáõîäèìîé òî÷íîñòüþ, äîñòàòî÷íî
áûñòðî, íàõîäèòü ïðèáëèæåííîå ðåøåíèå ïðÿìîé çàäà÷è Êîøè ñ çàäàííûì íà-
÷àëüíûì óñëîâèåì f(x), x ∈ ω â ìîìåíò âðåìåíè T > 0 íà ïðîñòðàíñòâåííîé
ñåòêå ω. Âû÷èñëèòåëüíûé ïðîöåññ ÿâëÿåòñÿ óñòîé÷èâûì, à ïîëó÷åííîå ÷èñëåí-
íîå ðåøåíèå èìååò äîñòàòî÷íî âûñîêóþ òî÷íîñòü äàæå íà ãðóáûõ ñåòêàõ.

Â ñëó÷àå ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è (1) � (2), êîãäà ïî çàäàííîìó
ôèíàëüíîìó óñëîâèþ φ(x), x ∈ ω ïîäëåæèò îïðåäåëåíèþ íà÷àëüíîå óñëîâèå
f(x), x ∈ ω, äëÿ îïðåäåëåíèÿ íà÷àëüíîãî óñëîâèÿ f(x), x ∈ ω ïîëó÷àåì èíòå-
ãðàëüíîå óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà :

(6)
1

(2
√
πT )p

∫
Ω

e−
∥y−x∥2

4T f(y)dy = φ(x), x∈Ω.

Ñëåäîâàòåëüíî, äèñêðåòíûé àíàëîã ðàññìàòðèâàåìîé îáðàòíîé çàäà÷è äëÿ
îïðåäåëåíèÿ ñåòî÷íîãî àíàëîãà íà÷àëüíîãî óñëîâèÿ â óçëàõ ïðîñòðàíñòâåííîé
ñåòêè ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ ñëåäóþùåé ñèñòåìû ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé:

(7)
∑
yi∈ω

e−
∥xi−yj∥

2

4T f(yi) = gφ(xj), xj ∈ ω.

ãäå g =
(
2
√
πT/h

)p

.

Ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (7) ïåðåïèøåì â âåêòîðíî-
ìàòðè÷íîé ôîðìå

(8) aijφi = gfj , j = 0, 1, . . . , N, N = (n+ 1)p.

Çäåñü èñïîëüçîâàíû îáîçíà÷åíèÿ

aij = e−sij , i = 0, ..., N, fj = f(yj), j = 0, ..., N,
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ãäå

sij =
1

4T

p∑
α=1

(yαj − xαi)
2, j =

p∑
α=1

(n+ 1)α−1jα, i =

p∑
α=1

(n+ 1)α−1iα.

Ïîñòðîåííàÿ òàêèì îáðàçîì ìàòðèöà A c ýëåìåíòàìè aij , i = 0, ..., N ; j =
0, ..., N ÿâëÿåòñÿ êâàäðàòíîé, ïî÷òè ïëîòíîé, ñèììåòðè÷íîé, âñå åå ýëåìåí-
òû íåîòðèöàòåëüíûå, ýëåìåíòû ñòîÿùèå íà ãëàâíîé äèàãîíàëè ðàâíû åäèíèöå,
îñòàëüíûå ýëåìåíòû ïî ìåðå óäàëåíèÿ îò ãëàâíîé äèàãîíàëè óáûâàþò ïî ýêñïî-
íåíöèàëüíîìó çàêîíó. Áîëåå òîãî, ìàòðèöà A íà ðåøåíèè ñèñòåìû óðàâíåíèé
(8) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé. Ñëåäóåò îòìåòèòü, ÷òî îíà íå îá-
ëàäàåò ñâîéñòâîì äèàãîíàëüíîãî ïðåîáëàäàíèÿ, âñëåäñòâèå ÷åãî îïðåäåëèòåëü
ìàòðèöû äàæå íà äîñòàòî÷íî ãðóáûõ ñåòêàõ ìîæåò îáðàòèòüñÿ â íóëü.

N 20 40 100 200 500
Det(A) 3.950e−52 −3.123e−317 � � �
Cond(A) 2.899e+9 3.332e+18 3.126e+18 1.990e+19 6.895e+19

Òàáëèöà 1. Îïðåäåëèòåëü è ÷èñëî îáóñëîâëåííîñòè ìàòðèöû
A äëÿ ðàçíûõ çíà÷åíèé ÷èñëà íåèçâåñòíûõ N .

Â òàáëèöå 1 ïðåäñòàâëåíû îïðåäåëèòåëü Det(A) è ÷èñëî îáóñëîâëåííîñòè
Cond(A) ìàòðèöû A, ïîëó÷åííûå ïðè äèñêðåòèçàöèè èíòåãðàëüíîãî óðàâíå-
íèÿ Ôðåäãîëüìà ïåðâîãî ðîäà (6), ýêâèâàëåíòíîãî ðåòðîñïåêòèâíîé îáðàòíîé
çàäà÷å äëÿ îäíîìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ (1) � (2) íà ðàçíûõ ïðî-
ñòðàíñòâåííûõ ñåòêàõ, ò.å. â çàâèñèìîñòè îò êîëè÷åñòâà ðàçáèåíèé îáëàñòè
îïðåäåëåíèÿ çàäà÷è N . Èç òàáëèöû âèäíî, ÷òî ïðè N > 40, ïðÿìûå ìåòîäû
ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íå ðàáîòàþò, ïîñêîëüêó
îïðåäåëèòåëü ìàòðèöû A îáðàùàåòñÿ â ìàøèííûé íóëü. Äëÿ ðåøåíèÿ ñèñòåìû
óðàâíåíèé ñ ìàòðèöåé, ÷èñëî îáóñëîâëåííîñòè êîòîðîé ÷ðåçâû÷àéíî âåëèêî, à
îïðåäåëèòåëü ðàâåí ìàøèííîìó íóëþ, öåëåñîîáðàçíî èñïîëüçîâàòü ìåòîä ñî-
ïðÿæåííûõ ãðàäèåíòîâ. Ïðèâåäåííûå íèæå ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñ-
ïåðèìåíòà ïîäòâåðäèëè ñïðàâåäëèâîñòü äàííîãî óòâåðæäåíèÿ.

Ïîñêîëüêó íà ïðàêòèêå ðåøåíèÿ ïðèêëàäíûõ îáðàòíûõ çàäà÷, èìååì äåëî
ñ ðåçóëüòàòàìè èçìåðåíèÿ çíà÷åíèÿ äîïîëíèòåëüíîãî óñëîâèÿ, òî âñëåäñòâèå
ïîãðåøíîñòè èçìåðèòåëüíûõ ïðèáîðîâ (ñåíñîðîâ), äîïîëíèòåëüíîå óñëîâèå çà-
äàåòñÿ ñ íåêîòîðîé ïîãðåøíîñòüþ. Ðåòðîñïåêòèâíàÿ îáðàòíàÿ çàäà÷à òåïëî-
ïðîâîäíîñòè íå èñêëþ÷åíèå, ïîýòîìó ââåäåì âîçìóùåíèå çàäàâàåìîãî çíà÷å-
íèÿ ðåøåíèÿ â ôèíàëüíûé ìîìåíò âðåìåíè ñ ïîìîùüþ ãåíåðàòîðà ñëó÷àéíûõ
÷èñåë.

Èñêóññòâåííîå çàøóìëåíèå ôèíàëüíîãî óñëîâèÿ îñóùåñòâèì ñ ïîìîùüþ ñëå-
äóþùåé ôóíêöèè

(9) φ̃(x) = φ(x) + σ · rand(−0.5, 0.5), x ∈ ω,

ãäå σ = 0, 01 � àìïëèòóäà çàäàâàåìîé îøèáêè ãåíåðàòîðà ñëó÷àéíûõ ÷èñåë
rand(−0.5, 0.5), ðàâíîìåðíî ðàñïðåäåëåííûõ íà èíòåðâàëå (−0.5, 0.5).

Â îäíîìåðíîì ñëó÷àå äëÿ ñãëàæèâàíèÿ çàøóìëåííîãî ôèíàëüíîãî óñëî-
âèÿ â êîíå÷íûé ìîìåíò âðåìåíè φ(x) öåëåñîîáðàçíî ïîëüçîâàòüñÿ ôèëüòðîì
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Ñàâèöêîãî-Ãîëåÿ [28], îñóùåñòâëÿþùèì ïîëèíîìèàëüíóþ àïïðîêñèìàöèþ âõîä-
íîãî ñèãíàëà ïîñòðîåííûì ñ ïîìîùüþ ìåòîäà íàèìåíüøèõ êâàäðàòîâ

(10) φ(x) = savgolfilter(φ̃(x), n,m), x ∈ ω.

Â äâóìåðíîì ñëó÷àå äëÿ ñãëàæèâàíèÿ çàøóìëåííîãî ôèíàëüíîãî óñëîâèÿ,
èñïîëüçóåì äâóìåðíûé àíàëîã ôèëüòðà Ñàâèöêîãî-Ãîëåÿ, ïðåäëîæåííûé â ðà-
áîòå B.Gorbi ñ ñîàâòîðàìè [29] è ðåàëèçîâàííûé â ñâîáîäíîé áèáëèîòåêå ïðî-
ãðàìì [30]
(11)
φ(x) = sgolay2.SGolayF ilter2(window_size = n, poly_order = m)(φ̃(x)), x ∈ ω.

Â ôîðìóëàõ (10) � (11) ïàðàìåòð n � çàäàåò êîëè÷åñòâî òî÷åê â îêðåñòíî-
ñòè ñîîòâåòñòâóþùåãî óçëà ñåòêè, èñïîëüçóåìûõ ïðè ñãëàæèâàíèè ïîëèíîìîì
ïîðÿäêà m.

3. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ìîäåëüíûõ
îäíîìåðíûõ ðåòðîñïåêòèâíûõ îáðàòíûõ çàäà÷

Ñòåïåíü ýôôåêòèâíîñòè ïðåäëîæåííîãî èòåðàöèîííîãî ìåòîäà ðåøåíèÿ îä-
íîìåðíîé ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè ïðîâåðèì íà òðåõ ìîäåëüíûõ çàäà÷àõ.

Ìîäåëüíàÿ çàäà÷à 1: Áóäåì îïðåäåëÿòü ÷èñëåííîå ðåøåíèå ðåòðîñïåêòèâ-
íîé îáðàòíîé çàäà÷è (1) � (2) ïîñðåäñòâîì ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâ-
íåíèé (8) � äèñêðåòíîãî àíàëîãà èíòåãðàëüíîãî óðàâíåíèÿ (7), ÿâëÿþùåãîñÿ
ýêâèâàëåíòíîé ïîñòàíîâêîé çàäà÷è (1) � (2). Äëÿ ÷èñëåííîé ðåàëèçàöèè ñèñòå-
ìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (7) ñ ñèììåòðè÷íîé è ïîëîæèòåëüíî
îïðåäåëåííîé ìàòðèöåé A èñïîëüçóåì èòåðàöèîííûé ìåòîä ñîïðÿæåííûõ ãðà-
äèåíòîâ.

Èòàê, èùåì ðåøåíèå ñëåäóþùåé ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è

(12)
∂u

∂t
=

∂2u

∂x2
, −L ⩽ x ⩽ L, 0 ⩽ t < T,

(13) u(x, T ) = φ(x), −L ⩽ x ⩽ L,

ãäå ôèíàëüíîå óñëîâèå çàäàíî â âèäå ôèíèòíîé ôóíêöèè

(14) φ(x) =
1√

1 + 4T
e−

x2

1+4T ⩾ 0, −L ⩽ x ⩽ L.

Ðåòðîñïåêòèâíàÿ îáðàòíàÿ çàäà÷à òåïëîïðîâîäíîñòè (12) � (14) èìååò òî÷íîå
àíàëèòè÷åñêîå ðåøåíèå, çàäàâàåìîå ôîðìóëîé (3) ïðè β = 1. Ñëåäîâàòåëüíî,
èñêîìîå íà÷àëüíîå óñëîâèå çàäàåòñÿ ôîðìóëîé

u(x, 0) = f(x) = e−x2

⩾ 0, −L ⩽ x ⩽ L.

×èñëåííûå ðàñ÷åòû ïðîâîäèëèñü ïðè L = 6, T = 1, N = 120. Íà ðèñ. 1 ïðåä-
ñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïî âîññòàíîâëåíèþ ãëàä-
êîãî íà÷àëüíîãî óñëîâèÿ f(x) ñ ïîìîùüþ èòåðàöèîííîãî ìåòîäà ñîïðÿæåííûõ
ãðàäèåíòîâ. Íà ðèñ.1A ïîêàçàíî îòêëîíåíèå ÷èñëåííîãî ðåøåíèÿ, âû÷èñëåí-
íîãî ïî ÿâíîé ôîðìóëå (5), îò òî÷íîãî àíàëèòè÷åñêîãî ðåøåíèÿ â ôèíàëüíûé
ìîìåíò âðåìåíè t = T :

R =
∥yJ − φ∥

∥φ∥
.
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Ðèñ. 1. Âîññòàíîâëåíèå ãëàäêîãî íà÷àëüíîãî óñëîâèÿ

Íà ðèñ.1Â ïðèâåäåíû: 1 � ãðàôèê òî÷íîãî íà÷àëüíîãî óñëîâèÿ f(x), 2 � ãðà-
ôèê òî÷íîãî ôèíàëüíîãî óñëîâèÿ φ(x) â ìîìåíò âðåìåíè T , 3 � ãðàôèê âîñ-
ñòàíîâëåííîãî íà÷àëüíîãî óñëîâèÿ, 4 � ãðàôèê ïîãðåøíîñòè èäåíòèôèêàöèè
íà÷àëüíîãî óñëîâèÿ z = y − u0. Íà ðèñ.1Ñ ïðåäñòàâëåíû òå æå ãðàôèêè ñ òîé
ëèøü ðàçíèöåé, ÷òî íà ãðàôèêå 3 � ïðèâåäåíî âîññòàíîâëåííîå íà÷àëüíîå óñëî-
âèå â ñëó÷àå, êîãäà çàøóìëåííîå ôèíàëüíîå óñëîâèå φ(x) ïîëó÷åíî ñ ïîìîùüþ
ôîðìóëû (9) ñ ñðåäíåêâàäðàòè÷åñêèì îòêëîíåíèåì σ = 0.01. Àíàëîãè÷íî íà
ðèñ.1D ïðåäñòàâëåíû òå æå ãðàôèêè, ãäå 3 � ãðàôèê âîññòàíîâëåííîãî íà÷àëü-
íîãî óñëîâèÿ, ïîëó÷åííîå ïðè çàøóìëåííîì ôèíàëüíîì óñëîâèè è ñãëàæåííîå
ñ ïîìîùüþ ôèëüòðà Ñàâèöêîãî-Ãîëåÿ (10) c ïàðàìåòðàìè n = 25, m = 4.

Äèñêðåòíûé àíàëîã ôèíàëüíîãî óñëîâèÿ îïðåäåëåí ñ ÷ðåçâû÷àéíî âûñîêîé
òî÷íîñòüþ, õîòÿ ñåòêà áûëà íåäîñòàòî÷íî ïîäðîáíîé N = 120. Âñëåäñòâèå ýòî-
ãî òî÷íîñòü âîññòàíîâëåíèÿ íà÷àëüíîãî óñëîâèÿ òàêæå äîñòàòî÷íî âûñîêàÿ,
÷åì áîëüøå èòåðàöèé, òåì âûøå òî÷íîñòü. Íà ýòîì ïðèìåðå ìû îãðàíè÷èëèñü
70 èòåðàöèÿìè. Ïðè ââîäå âîçìóùåíèÿ ôèíàëüíîãî óñëîâèÿ ñ ïîìîùüþ ôîð-
ìóëû (10) ñ äîñòàòî÷íî áîëüøèì σ = 0.01 âîññòàíîâëåííàÿ ôóíêöèÿ îæèäàåìî
ñèëüíî èñêàæàåòñÿ. Ïðèìåíåíèå ôèëüòðà Ñàâèöêîãî-Ãîëåÿ íà âîçìóùåííóþ
ôèíàëüíóþ ôóíêöèþ ñóùåñòâåííî ïîâûñèëî òî÷íîñòü âîññòàíîâëåíèÿ íà÷àëü-
íîãî óñëîâèÿ. Â ÷èñëåííûõ ðàñ÷åòàõ ñ çàøóìëåííûìè ôèíàëüíûìè óñëîâèÿìè
èòåðàöèè ïðîäîëæàëèñü äî òåõ ïîð, ïîêà íåâÿçêà èòåðàöèîííîãî ïðîöåññà óáû-
âàåò ìîíîòîííî. Ïîëó÷èëàñü òàê, ÷òî â îáåèõ ñëó÷àÿõ ïðîâåäåíî ïî 5 èòåðàöèé.
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Ìîäåëüíàÿ çàäà÷à 2. Áóäåì èäåíòèôèöèðîâàòü íà÷àëüíîå óñëîâèå f(x),
ïðåäñòàâëÿþùåå ñîáîé íåãëàäêóþ ôóíêöèþ ñ òðåìÿ òî÷êàìè ðàçðûâà ïåðâîé
ïðîèçâîäíîé x = −L/3, x = 0 è x = L/3:

(15) f(x) =


0, ïðè x ∈ [−L,−L/3) ∪ (L/3, L],

1 + 3x/L, ïðè − L/3 < x < 0

1− 3x/L, ïðè 0 < x < L/3
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Ðèñ. 2. Âîññòàíîâëåíèå íåãëàäêîãî íà÷àëüíîãî óñëîâèÿ

Ðàñ÷åòû ïðîâîäèëèñü ïðè L = 6, T = 1, N = 120. Íà ðèñ. 2 ïðåäñòàâëå-
íû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïî âîññòàíîâëåíèþ íåãëàäêîãî
íà÷àëüíîãî óñëîâèÿ f(x), çàäàííîãî ïî ôîðìóëå (15). Äàííàÿ çàäà÷à íå èìååò
òî÷íîãî àíàëèòè÷åñêîãî ðåøåíèÿ. ×èñëåííàÿ ðåàëèçàöèÿ èíòåãðàëà Ïóàññîíà
ïî êâàäðàòóðíîé ôîðìóëå (5) ÿâëÿåòñÿ êîððåêòíîé çàäà÷åé, ïîýòîìó òî÷íîñòü
îïðåäåëåíèÿ ôèíàëüíîãî óñëîâèÿ ðàñòåò ïî ìåðå èçìåëü÷åíèÿ ñåòêè. Çà ýòàëîí-
íîå ôèíàëüíîå óñëîâèå âîçüìåì ðåøåíèå, ïîëó÷åííîå íà ñåòêå ñ ìèíèìàëüíûì
øàãîì. Íà ðèñ. 2A ïîêàçàíà ðàçíèöà âû÷èñëåííûõ ïî ôîðìóëå (5) ôèíàëüíûõ
óñëîâèé íà êðóïíîé è íà áîëåå ìåëêîé ñåòêå N = 120 è N = 240. Îáðàòíóþ çà-
äà÷ó áóäåì ðåøàòü íà ñåòêå ñ N = 120. Íà ðèñ.2Â ïðèâåäåíû: 1 � ãðàôèê çàäàí-
íîãî íåãëàäêîãî íà÷àëüíîãî óñëîâèÿ f(x), 2 � ãðàôèê ôèíàëüíîãî óñëîâèÿ φ(x)
â ìîìåíò âðåìåíè T íà ñåòêå ñ N = 240, 3 � ãðàôèê âîññòàíîâëåííîãî íà÷àëüíî-
ãî óñëîâèÿ, 4 � ïîãðåøíîñòü èäåíòèôèêàöèè íà÷àëüíîãî óñëîâèÿ z = y−u0. Íà
ðèñ.2Ñ ïðåäñòàâëåíû ãðàôèêè âîññòàíîâëåííîãî íåãëàäêîãî íà÷àëüíîãî óñëî-
âèÿ è ïîãðåøíîñòü èäåíòèôèêàöèè, âû÷èñëåííûõ ïðè çàäàíèè çàøóìëåííîãî
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ôèíàëüíîãî óñëîâèÿ φ̃(x) ñ àìïëèòóäîé çàäàâàåìîãî øóìà σ = 0.01. Ãðàôèêè 3
è 4 íà ðèñ.2D, ñîîòâåòñòâåííî, âîññòàíîâëåííîãî íà÷àëüíîãî óñëîâèÿ è ïîãðåø-
íîñòè èäåíòèôèêàöèè â ñëó÷àå êîãäà çàøóìëåííîå ôèíàëüíîå óñëîâèå φ(x) ñ
âîçìóùåíèåì ñãëàæåíî ñ ïîìîùüþ ôèëüòðà Ñàâèöêîãî-Ãîëåÿ ñ n = 25,m = 4.

Èç ïðåäñòàâëåííûõ ðåçóëüòàòîâ ñ÷åòà âèäíî, ÷òî ðàçíèöà ðåøåíèÿ â ôè-
íàëüíûé ìîìåíò âðåìåíè íà âûáðàííûõ ñåòêàõ èìååò ïîðÿäîê R = 10−4. Íàè-
áîëüøàÿ îøèáêà îïðåäåëåíèÿ ôèíàëüíîãî óñëîâèÿ íàõîäèòñÿ â öåíòðå îáëàñòè
îïðåäåëåíèÿ çàäà÷è. Âûõîä èç èòåðàöèîííîãî ïðîöåññà âîññòàíîâëåíèÿ íà÷àëü-
íîãî óñëîâèÿ îñóùåñòâëåíî íà 70�îé èòåðàöèè. Èç ðèñ.2D âèäíî, ÷òî òî÷íîñòü
âîññòàíîâëåíèÿ ïðèåìëåìàÿ. Ââåäåííîå äîñòàòî÷íî îùóòèìîå ñëó÷àéíîå âîç-
ìóùåíèå ôèíàëüíîãî óñëîâèÿ îæèäàåìî ñèëüíî âëèÿåò íà èäåíòèôèêàöèþ íà-
÷àëüíîãî óñëîâèÿ, êîòîðîå èìååò ñèëüíî îñöèëëèðóþùèé õàðàêòåð, äàåò îøèá-
êó ïîðÿäêà ±0.3. Ôèëüòð Ñàâèöêîãî-Ãîëåÿ óëó÷øàåò ðåçóëüòàò êàðäèíàëüíî,
ïîëó÷àåòñÿ ñèëüíî ñãëàæåííîå íà÷àëüíîå óñëîâèå è ìàêñèìàëüíîå îòêëîíåíèå
îò èñêîìîãî íà÷àëüíîãî óñëîâèÿ èìååò âåëè÷èíó íå ïðåâûøàþùóþ ±0.1.

Ìîäåëüíàÿ çàäà÷à 3. Ðàññìîòðèì â êà÷åñòâå èñêîìîãî íà÷àëüíîãî óñëîâèÿ
ðàçðûâíóþ ôóíêöèþ ñ äâóìÿ òî÷êàìè ðàçðûâà ïðè x = −L/3 è L/3:

(16) f(x) =

{
0, ïðè x ∈ [−L,−L/3] ∪ [L/3, L],

1, ïðè − L/3 < x < L/3.
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Ðèñ. 3. Âîññòàíîâëåíèå ðàçðûâíîãî íà÷àëüíîãî óñëîâèÿ
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Ðàñ÷åòû ïðîâîäèëèñü ïðè L = 6, T = 1, N = 120. Íà ðèñ.3 ïðåäñòàâëåíû
ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïî âîññòàíîâëåíèþ ðàçðûâíîãî íà-
÷àëüíîãî óñëîâèÿ îáðàòíîé çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ (12). Îíà
íå èìååò àíàëèòè÷åñêîãî ðåøåíèÿ. Ïîýòîìó äëÿ çàäàíèÿ ýòàëîííîãî ôèíàëüíî-
ãî óñëîâèÿ φ(x), ñîîòâåòñòâóþùåãî íà÷àëüíîìó óñëîâèþ (16) ðåøàåì ïðÿìóþ
çàäà÷ó äëÿ óðàâíåíèÿ (12) ñ íà÷àëüíûì óñëîâèåì (16) íà áîëåå ìåëêîé ñåòêå
N = 240. Íà ðèñ.3A ïîêàçàíà ðàçíèöà ðåøåíèé ïðÿìîé çàäà÷è, ïîëó÷åííûõ
ñ ïîìîùüþ äèñêðåòíîãî àíàëîãà èíòåãðàëà Ïóàññîíà (5) íà êðóïíîé ñåòêå ñ
N = 120 è íà áîëåå ìåëêîé ñåòêå ñ N = 240. Íà ðèñ.3Â 1 � ïðèâåäåíû ãðàôèêè
âîññòàíîâëåííîãî ðàçðûâíîãî íà÷àëüíîãî óñëîâèÿ f(x), 2 � ãðàôèê ôèíàëüíîãî
óñëîâèÿ φ(x) â ìîìåíò âðåìåíè T , 3 � âîññòàíîâëåííîå íà÷àëüíîå óñëîâèå. Ëè-
íèÿ 4 � ïîãðåøíîñòü èäåíòèôèêàöèè íà÷àëüíîãî óñëîâèÿ z = y0−f . Íà ðèñ.3Ñ
ïðåäñòàâëåíû òå æå ãðàôèêè, çäåñü 3 � âîññòàíîâëåííîå íà÷àëüíîå óñëîâèå â
ñëó÷àå, êîãäà óñëîâèå ïåðåîïðåäåëåíèÿ φ(x) çàäàíî ñ âîçìóùåíèåì σ = 0.01.
Íà ðèñ.3D ïðåäñòàâëåíû àíàëîãè÷íûå ãðàôèêè, ïðè ýòîì ãðàôèê 3 � âîññòà-
íîâëåííîå íà÷àëüíîå óñëîâèå êîãäà ôèíàëüíîå óñëîâèå ñ ¾øóìîì¿ ïðîïóùåíî
÷åðåç ôèëüòð Ñàâèöêîãî-Ãîëåÿ n = 25,m = 4.

Äëÿ îöåíêè òî÷íîñòè âîññòàíîâëåíèÿ ðàçðûâíîãî íà÷àëüíîãî óñëîâèÿ ïðîâå-
ëè âû÷èñëåíèå íà ðàçíûõ ñåòêàõ ñ N = 120 è N = 240, îíà îêàçàëàñü âåëè÷èíîé
ïîðÿäêà 10−3, ïîýòîìó çà ýòàëîííîå ôèíàëüíîå óñëîâèå áåðåì ðåøåíèå, ïîëó-
÷åííîå íà ñåòêå ñ N = 240. Çà ñ÷åò ââåäåíèÿ âîçìóùåíèÿ ïîëó÷àåòñÿ ñèëü-
íî îñöèëëèðóþùåå íà÷àëüíîå óñëîâèå, à ââåäåíèå ôèëüòðà Ñàâèöêîãî-Ãîëåÿ
äàåò ñãëàæåííîå è íå ñèëüíî îñöèëëèðóþùåå íà÷àëüíîå óñëîâèå. Îòìåòèì,
÷òî èñïîëüçîâàíèå ïîäðîáíûõ ñåòîê íå ïðèâîäèò ê ñóùåñòâåííîìó óëó÷øåíèþ
òî÷íîñòè âîññòàíîâëåíèÿ ðàçðûâíîãî íà÷àëüíîãî óñëîâèÿ, ïîñêîëüêó â òî÷êàõ
ðàçðûâà òî÷íîñòü âîññòàíîâëåíèÿ ðàçðûâíîãî íà÷àëüíîãî óñëîâèÿ íåâîçìîæíî
óëó÷øèòü.

4. ×èñëåííàÿ àïðîáàöèÿ èòåðàöèîííîãî ìåòîäà
íà äâóõ äâóìåðíûõ ìîäåëüíûõ çàäà÷àõ

Ïðîâåäåì àïðîáàöèþ ïðåäëîæåííîãî èòåðàöèîííîãî ìåòîäà ÷èñëåííîãî âîñ-
ñòàíîâëåíèÿ íà÷àëüíîãî óñëîâèÿ ñ ïîìîùüþ ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ
(8) íà äâóõ äâóìåðíûõ ìîäåëüíûõ çàäà÷àõ (17) � (20).

Ìîäåëüíàÿ çàäà÷à 4. Ïðèâåäåì ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè ïðåä-
ëîæåííîãî èòåðàöèîííîãî ìåòîäà ðåøåíèÿ ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è
íà ïðèìåðå äâóìåðíîé çàäà÷è ñ ãëàäêèì íà÷àëüíûì óñëîâèåì

(17)
∂u

∂t
=

∂2u

∂x2
+

∂2u

∂y2
, −l ⩽ x ⩽ l, −l ⩽ y ⩽ l, 0 ⩽ t < T,

(18) φ(x, y) =
1√

1 + 4T
e−

x2+y2

1+4T , −l ⩽ x ⩽ l, −l ⩽ y ⩽ l.

Ðåòðîñïåêòèâíàÿ îáðàòíàÿ çàäà÷à (17) � (18) èìååò òî÷íîå àíàëèòè÷åñêîå
ðåøåíèå

(19) u(x, y, t) =
1√

1 + 4t
e−

x2+y2

1+4T .

Íà ðèñ.4 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîé èäåíòèôèêàöèè ãëàäêîãî íà-
÷àëüíîãî óñëîâèÿ íà ïðèìåðå ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è (17) � (18).
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Ðèñ. 4. Âîññòàíîâëåíèå ãëàäêîãî íà÷àëüíîãî óñëîâèÿ

Ðàñ÷åòû ïðîâîäèëèñü ïðè N = 40; L = 6; T = 1. Âûáðàëè êâàäðàòíóþ ïðî-
ñòðàíñòâåííóþ ñåòêó xi = −L+ ih, yi = ih, i = 0, 1, . . . , N, h = 2L/N .

Íà ðèñ.4A ïðèâåäåí ãðàôèê èñêîìîãî òî÷íîãî íà÷àëüíîãî f(x, y). Íà ðèñ.4Â
ïðåäñòàâëåí ãðàôèê âîññòàíîâëåííîãî íà÷àëüíîãî óñëîâèÿ. Íà ðèñ.4Ñ ïðèâå-
äåí ãðàôèê âîññòàíîâëåííîãî íà÷àëüíîãî óñëîâèÿ ïðè ââåäåíèè èñêóññòâåííîãî
âîçìóùåíèÿ (11) ñ σ = 0.01 â ôèíàëüíîå óñëîâèå φ(x, y). Íà ðèñ. 4D ïðåäñòàâ-
ëåíî âîññòàíîâëåííîå íà÷àëüíîå óñëîâèå â ñëó÷àå, êîãäà óñëîâèå âîçìóùåííî-
ãî ôèíàëüíîãî óñëîâèÿ ñãëàæåíî ñ ïîìîùüþ äâóìåðíîãî ôèëüòðà Ñàâèöêîãî-
Ãîëåÿ [29] c ïàðàìåòðàìè n = 9, m = 4. Òàê êàê çàäà÷à ñ òàêèì íà÷àëüíûì
óñëîâèåì èìååò àíàëèòè÷åñêîå ðåøåíèå èìååì âîçìîæíîñòü èñïîëüçîâàòü òî÷-
íîå ôèíàëüíîå óñëîâèå äëÿ âîññòàíîâëåíèÿ íà÷àëüíîãî óñëîâèÿ è ñðàâíåíèÿ
ðåçóëüòàòîâ.

Ìîäåëüíàÿ çàäà÷à 5. Ïðîâåäåì âû÷èñëèòåëüíûé ýêñïåðèìåíò ïî èòåðà-
öèîííîìó âîññòàíîâëåíèþ ðàçðûâíîãî íà÷àëüíîãî óñëîâèÿ äëÿ äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (17), èìåþùåãî ôîðìó òîëñòîñòåííîãî öèëèíäðà åäèíè÷íîé
âûñîòû ñ âíóòðåííèì è âíåøíèìè ðàäèóñàìè 2 è 4, ñîîòâåòñòâåííî

(20) u(x, 0) = f(x) =

{
1, ïðè 4 < x2 + y2 < 16,

0, â îñòàëüíûõ ñëó÷àÿõ.

Íà ðèñ.5 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî âîññòàíîâëåíèÿ ðàçðûâíî-
ãî íà÷àëüíîãî óñëîâèÿ, çàäàííîãî ïî ôîðìóëå (20). Çàäà÷à íå èìååò òî÷íî-
ãî àíàëèòè÷åñêîãî ðåøåíèÿ. Ïîýòîìó äëÿ îöåíêè òî÷íîñòè ôèíàëüíîãî óñëî-
âèÿ ðàñ÷åòû ïðÿìîé çàäà÷è (17), (20) ïðîâîäèëèñü íà ìåëêîé è êðóïíîé ñåò-
êàõ ñ N = 32, 64; L = 8, T = 1. Ïðîñòðàíñòâåííàÿ ñåòêà êâàäðàòíàÿ xi =
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−L + ih, yi = ih, i = 0, 1, . . . , N, h = 2L/N . Ìàêñèìóì ðàçíîñòè ðåçóëüòàòîâ
íà ìåëêîé è êðóïíîé ñåòêàõ ïîëó÷èëîñü ïîðÿäêà 0.001 âñëåäñòâèå ýòîãî â êà-
÷åñòâå ôèíàëüíîãî óñëîâèÿ âûáðàíî ðåøåíèå ïðè N = 64, êàê áîëåå òî÷íîå.
Íà ðèñ.5A ïîêàçàíî èñêîìîå íà÷àëüíîå óñëîâèå. Íà ðèñ.5Â ïðèâåäåí ãðàôèê
âîññòàíîâëåííîãî íà÷àëüíîãî óñëîâèÿ. Íà ðèñ.5Ñ ïðåäñòàâëåí ãðàôèê âîññòà-
íîâëåíèÿ êîãäà ôèíàëüíîå óñëîâèå φ(x, y) çàøóìëåíî ñ ïîìîùüþ ôîðìóëû
(9) ñ àìïëèòóäîé çàäàâàåìîãî âîçìóùåíèÿ σ = 0.01. Íà ðèñ.5D ïðåäñòàâëåí
ãðàôèê âîññòàíîâëåíèÿ íà÷àëüíîãî óñëîâèÿ â ñëó÷àå, êîãäà ôèíàëüíîå óñëî-
âèå φ̃(x, y) çàäàííîå ñ èñêóññòâåííûì ¾øóìîì¿ σ = 0.01 ñãëàæåíî ñ ïîìîùüþ
äâóìåðíîãî ôèëüòðà Ñàâèöêîãî-Ãîëåÿ (11) ñ ïàðàìåòðàìè n = 9, m = 4.

Èñêîìàÿ íà÷àëüíàÿ ôóíêöèÿ âèä êîòîðîé òîëñòîñòåííûé öèëèíäð ÿâëÿåòñÿ
äîñòàòî÷íî ñëîæíîé äëÿ âîññòàíîâëåíèÿ, òåì íå ìåíåå àëãîðèòì ñïðàâèëñÿ ñ
äîñòàòî÷íîé òî÷íîñòüþ. Îòìåòèì, ÷òî çàøóìëåíèå ôèíàëüíîãî óñëîâèÿ âíîñèò
ñèëüíûå îñöèëëÿöèè â âîññòàíàâëèâàåìîå íà÷àëüíîå óñëîâèå. Ñ íèìè äîñòàòî÷-
íî õîðîøî ñïðàâëÿåòñÿ ôèëüòð Ñàâèöêîãî-Ãîëåÿ.

6. Çàêëþ÷åíèå

Ïðåäëîæåíî èòåðàöèîííîå ðåøåíèå ðåòðîñïåêòèâíîé îáðàòíîé çàäà÷è òåï-
ëîïðîâîäíîñòè, çàêëþ÷àþùååñÿ â ÷èñëåííîé ðåàëèçàöèè äèñêðåòíîãî àíàëîãà
ýêâèâàëåíòíîãî èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà ñ ïîìîùüþ
èòåðàöèîííîãî ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ. Ïðîâåäåííûå ðàñ÷åòû íà ìî-
äåëüíûõ ïðèìåðàõ ïîêàçàëè èõ âûñîêóþ òî÷íîñòü è âû÷èñëèòåëüíóþ ýôôåê-
òèâíîñòü. Ìåòîä ïîçâîëÿåò âîññòàíàâëèâàòü íå òîëüêî ãëàäêèå, íî è íåãëàä-
êèå è äàæå ðàçðûâíûå ôèíèòíûå íà÷àëüíûå óñëîâèÿ. Îí äîñòàòî÷íî õîðîøî
ðàáîòàåò ïðè íåòî÷íîì çàäàíèè ôèíàëüíîãî óñëîâèÿ. Ñëåäóåò îòìåòèòü, ÷òî
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ïðèìåíåíèå ôèëüòðà Ñàâèöêîãî-Ãîëåÿ ñóùåñòâåííî ïîâûøàåò òî÷íîñòü âîñ-
ñòàíîâëåíèÿ íà÷àëüíîãî óñëîâèÿ.
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