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LAGUERRE EXPANSIONS OF C-REGULARIZED SEMIGROUPS
FUNCTIONS

Y. BAJJOU, A. BLALI, AND A. EL AMRANI

ABSTRACT. The aim of this paper is to approximate the exponentially
bounded C—regularized semigroups function by the Laguerre series, recal-
ling the notions and the results used.
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1. INTRODUCTION AND PRELIMINARIES

The series expansion of Laguerre orthogonal polynomials have been an important
tool in mathematical physics, in problems involving the integration of Helmholtz’s
equation in prabolic coordinates, in the theory of the Hydrogen atom, in the theory
of propagation of electomagnetic waves along transmission lines terminated by a
lumped inductance [8]. The study of sufficient conditions for the convergence of
Laguerre series has been the subject of numerous works, for more details see [14],
[3], [13], [8] and [2].

In 2014, Abadias and Miana studied in their article [1] the Laguerre expansion
of Cy-semigroups and Resolvent Operators. In this work we will be interested in
Laguerre expansion of C-regularized semigroups function, starting with reminding
the notations, concepts and results used.

Throughout this paper E denotes a non-trivial complex Banach space, §(F, F)
denotes the set of all applications from E to another Banach space F, B(F) denotes
the space of all bounded linear operators from E into itself, and L}, .(FE) the set of all
f € (R, E) locally integrable. For a closed linear operator A on E, D(A), R(A) and
p(A) denote its domain, range and resolvent set, respectively. D(A) equipped with
the graph norm || = ||p(4y=|| = ||z + || Az ||z becomes a Banach space. Throughout
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this paper, C € B(FE) will be an injective operator. The C-resolvent set of A,
denoted by pc(A), is defined by pc(A) :={A € C| R(C) C R(\[ — A) and A —
Ais injective} and if A € pc(A) then we denote by Ro(\, A) = (M — A)~1C the
C —resolvent.

1.1. Laguerre functions and Laguerre expansions on Banach spaces. For
all n € N, and arbitrary real @ > —1 the classical Laguerre polynomial is defined
by Rodrigues formula:
—Q mn
(Vo €R) buale) =L 10 (emramre)

®n,a is a polynomial with the degree n, the same parity as n, whose highest
monomial degree is (G2l 1)
following condition of orthogonahty wiht respect to gamma density z — z%e
on [0, +ool:

2" and have real coefficients. Furthemore, they verify the
—x

F'n+a+1)

n! ’

d)n,a(x)Qsm,a(x)xaeiajdx = 5n,m
R+
where 4, ,,, is the Kronecker delta. We also have recurrence relations, differential
equations and the estimates:
(1) (Vz € RT) (3, >0) (3no €N) (Vn > np),| dnalz) |< cen?.

For more details of the classical theory of orthogonal polynomials see [8], [14], [3],
[13], [1] and [2].
The Laguerre functions on R™ are defined by:

n! a _=z
T as) meldrre s =
1 o 2
x
nll(n+a+1) dxn™

‘Pn,tX(gj) =
(2)

(e7"amte),

(¢n.a)nen is an orthonormal basis in the Hilbert space L?(R™) and satisfies some
recurrence relations, equalities and inequalities. For more details see [14], [3], [1], [13]
and [2].

For n € N and arbitrary real o > —1, we denote by v, o, the function on RT

defined by:
(3) ' , o
(Vz € RT) by q(z) = i e P olx) =

( n+ae—7;>

T(n+a+1) C(n+a+1)dan ’
¥, o satisfies recurrence relations and differential equations, for example:
(4) (V (n m) € NQ) 11) m) = ¢n+m a—m-
And the following useful inequality:
¢
(5) (Vn 2 1) H wma ||1§

For more details see [1] and [§].
The most important property of the family (1 o)nen is that if f: RT — E be

a differentiable function such that f0+°° e~tte || f(t) ||* dt < +oo, then the series

Z cn(f)¢n,a(t) converges pointwise to f on R, where
neN
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Cn(f) = 0+OO '(/)n,a(t)f(t)dt.
For more details see [8], [3] and [13].

1.2. C-regularized semigroup. A family of operators (T'(t)):>0 in B(E) is called
exponentially bounded C'—regularized semigroup or exponentially bounded C-semi-
group on FE, if

(1) T(t+s)C=T@H)T(s) forallt,seRT.

(2) T(0) = C.

(3) The function ¢ — T'(t)z is continuous on R* for any z € F.

(4) (BM >0) (Jw>0): || T() |< Me*t, for all t > 0 (exponentially

bounded condition).
Its generator W is defined by

T _
D(W) = {30 € E: lim M)z = Cw exists in R(C) }
s—0t S
and . .
(Vz € D(W)) Wz =C"' lim (s)z — Cx
s—0+ S

In all that follows, (T'(t))i>0 C B(FE) is exponentially bounded C—regularized
semigroup on F with generator (W, D(W)) such that

(6) @AM >0) Gw>0): (V> 0) | T(t) [I< Me-.
We present some known facts about C'—semigroup and its generator, which will be
used in the sequel (see [7], [5], [6], [7], [9], [10], [11], [12], [15] and [16] for more
details):
e By the property 1, we conclude that T'(t)T(s) = T(s)T'(¢t) for all ¢,s > 0,
this means that T'(t)x € D(W) and WT'(t)z = T(t)Wz, for all t > 0 and
x € D(W).
. fot T(s)xds € D(W) and Wfo s)zds = T(t)x — Cx for every x € FE
and ¢t > 0, which implies that for each x € D(W), wu:=T()x is of class
CY(R*, E) and solves the Abstract Cauchy problem

((ACP(W,x,O)l){ Z/((ot)):gjf(t)’ t e Rt

1 t+h
e lim E/ T(s)xds = T(t)x for all z € FE and t > 0, this means that W
t

is a closed linear operator with R(C) C D(W).
e The C'—resolvent operator Rc (A, W) is analytic in the C'—resolvent set
pc(W) and

dr
(7) e
o W=C"WC, (w,+00) C pc(W) and Re(\, W)z = O+°O e MT(t)zdt for
A>wand z € E. For every A >wandn € N, R(C) C D(AM[—W)~") and

1 oo
m / tnileiAtT(t)Z'dt,
n — Jo

—(Re(\ W) = (=1)"n!(M — W)™""1C for all n € N.

8) (M —W)™"Ca =

which implies
(9) [ (A=w)" (M =W)""C [|< M.
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e Let & > 0 and A > 0. We have f0+°° to~le=Mat = F/{S) and the family
of operators (e “'T'(t))¢>o is uniformly bounded C'—semigroup with the
generator W — wl. Then we can define the fractional power of C-resolvent
operator(see [5] for more details) as below :

(10) +o00
M—-(W-=wl)) *Cz=(A+w)I[-W) *Cz := ﬁ/o to te M@t (1) dt,

for all x € E. With a simple verification, (Al — (W —wI))~*C is bounded
linear operator.

2. MAIN RESULTS

Theorem 1. Let (T'(t));cr+ be an exponentially bounded C'—semigroup in a Banach
space E with generator (W, D(W)), q € N such that ¢ > 2 and a > —1. Then

(1) For anyn € N and x € E, we have
+oo
| naltle T e)adt = (I = W) (@ + DI - W)
0

(2) For x € D(W), we have :
400
o (a)(t>0) T(t)r =Y (w[-W)"((w+)I-W) "1, o (t)Ca.
n=0
e (b) For each t > O there is ng € N such that for all integer n with
n > ng and x € D(W1?), we have

| T — e Y (Wl = W)™ ((w+ DI = W) """ Cagpo(t) | <

m=0

Ctag | (W —wl)iz |
- :

<

q_
n2
where ¢t o.q 15 a constant which depends only ont > 0, o and q.

Proof.

Throughout the proof, « is an arbitrary real such that o > —1.

(1) Let n € N and z € E. The function ¢ — 1, ()T (¢)z is continuous on R
and integrable in the sens of Bochner. Put I := O+oo Un.o(t) (eI T(t))2dt,
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then
I = +mwn,a(t)(e—‘“tT(t))xdt
0

o e e T
- T(n+a+1) ), dtr A “

1 dn_l n+a —t —wt [e%)
B F(n+a+l)([dtn—1(t+e e T(0)lg™ ~

o0 qn—1 - d .
7/0 dt”—l(t e )%(e T(t))xdt)

din—1

-t (o - /0 AT ety — wI)(e“’tT(t))xdt>

F'n+a+1)

—1 o0 dn—l et o
" Tltatl) ((W_“I)/O gt eT) (e T(t))xdt)

+oo
= ()W —wI)" (M /0 (t”+ae_t)(e_“’tT(t))xdt>

+oo

= (wl-W)" <r<n+1a+1) /O (t<n+a+1>1et)(eth(t))xdt>
= (W[ -W)"(I— (W —wl) " Cx
= (W -W)"((w+1)I-W) " 1Cx

(2) Let x € D(W).

1005

e (a) Let’s remember that e=“O)7T(.)z: Rt — E is in C*(R*, E) and

—+oo —+oo
/ e Y | eI T () || dt < / e 1 || et () |12 « ||* dt
0 0

IN

400
M? |z |2 / e tt¥dt
0

< +o0.

Now, we apply the most important properties of (¢, o )nen to get the

series Z en(e7OT()2)hal.), where
neN
+o0o
en((eVT())2) = ; Un.a(t)(e™ T(t))xdt
= (wl—=W)"((w+ 1) -W) "> 1Cg

converges pointwise to e~“()T(.)z for t € R*. Therefore

Tt)x = (e “'T(t)z)
+oo
ety (Wl = W)™ (w+ DI = W) Cadp alt).
n=0

e (b) Let t > 0 and ¢ € N such that ¢ > 2.
)2 =1, we have

Since lim (
n—+00 N — ¢

")t <o

(EINl € N) (Vn > max(Q+ ]-le))v (n —q
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. . 1 .
The Riemann series E —— is convergent, hence

mger (M =02

m:zn:—i-l (m—q)? e (£-1)(n—gq)s?
We have
1 1 1 1
E-Dm—gf ' "7 G -Dnit
thus
S oL_o1 1

(3N2 €N) (Vn > mazx(qg+1,N1,N2)), Y

m=n-+1
By (1),
(AN €N) (3 >0): (Vo> maz(Ni, No, N3, g+ 1)) | dnalt) |< cn?.

Put ng = maxz (N1, N2, N3, q + 1), then for n > ng and z € D(W?)

J = o Y. (t) (e 1T (t))xdt
0

too g
— /0 quq(Qpnfqyqu(t))(e*“’tT(t))xdt (according to (4))

di-1
o

e dq—l d —wt
_/O w(wn—q,aﬁ-q(ﬂ)%(e T(t))xdt

(ot (D) T(0)a]5™ —

“+o00 dqfl —wt
- 0- /0 =t Un—g.atq() (W = wl) (e T(t))zdt

+oo jq—1
= Weeh) [ S s )Tt

tee dq—l —wt

= @I=W) [ S ) T
+oo

— @I [ g (BTt

0
= o wn,q’aJrq(t)(e_‘“tT(t))(wI — W)9zdt.
0
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So
+oo
I (ol =W)" (w4 )T = W) 0o | = [ () T (@)t |

+oo
I /O (Un—g.atq(t)(e” T (1) (W — wl)zdt ||

“+o0
< /0 | Yn—giatq(t) | [ 7T () || dt || (W —wI)?a |
< W —wh) | M || Yn—gatq |
< (W —wl)iz | _ Cota _ (according to (5)).

(n—q)"*
On the other hand, we are looking to estimate the quantity

+o0
e Y (Wl = W)™ (w + DI = W)™ Cagy o) —
m=0

(11) .
= (W =W)™(w+ DI = W) " Cagpma(t) || -
=0
We have
+oo
1) < Y e @l = W)™ (w+ DI = W) Cadp a(t) |
m=n+1
+oo

< et T WI =W (w+ DI =W)"" 70 || | dmal(t) |

m=n-+1

+oo Cort

< e | (W —wl)iz || ——cym?

m:zn:+1 (m - q)%

+oo m%
< W —whiz || eecary Y., —r
m=n+1 (m - q) 2
< | (W= wl)iz || de f (m—gf _m*
= - -+ a+tgq a
' qm:n—i—l ( Q) ;r (m - q)z
< W=l ey S0 P 0E
B e m=n+1 ( Q)QTH miq
+oo 1

< W —wliz || ce - x2
< I( )iz || ¢ a+qm§+1 =)t
R U ) R —"
= t q (% _ 1) n%_lu

where
n

I Ttz — ey (Wl = W)™ (w+ 1) I = W) "7 Cagpa (t) <
m=0

< Gl |V =) |

= n%71




1008 Y. BAJJOU, A. BLALI, AND A. EL AMRANI

Theorem 2. Let (T(t));er+ be an ezponentially bounded C'—semigroup in Banach
space E with generator (W, D(W)) and o € R.

(1) Forx € E, a >0 and n € N, we have

+oo n

+oo
0

W67 T(S)I’dS

0

(2) For x € E and a > 1, we have

+oo +oo ghe—ws
Re(t,W —wlzx = Z (/ (T(s)xds) ¢Pn.al(t), forall t > 0.
0

s+ 1)n+(x+1

Proof.

(1) Let x € E, >0 and n € N.
For all t > 0, t +w € pc(W), so the function ¢t — Ro(t, W — wl) =
Rc(t 4w, W) is analytic in RY.
In the other hand, by equation (9), we know that || Re(t + w, W) ||< %
for all ¢ > 0, so

+o0 +oo
/0 | na(RC(EW — D) | di = / | a(®) Il (Rt W — wi)a || de

+o0 M
n: —tix
— e 't n.a(t) | dt
/0 ftarne | fmald]

n!M oo
e EEE— e t) | dt
e ] T 0w

< +oo.

IN
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Put H:=T(n+a+1) [ ¢, () Ro(t, W — wl)zdt, then

+oo
H = I(n+a+1) Un.o(t)Ro(t, W — wl)xdt
0

+oo dm
_ / (e Ro(t, W — wl)adt
0
dnfl

= [dt”—l (e " T Ro(t, W — wl)z] ™

=0

+o0 dn—1 s d
B /0 dtn—l(e ¢ )%(RC(t,W—WI)x)dt

dn*2 o d )
= g (T (Rt W —wha)l5™ +
o [T A2 & W
e [ e ) G R W

+oo dm
= (—1)”/ eftt"“"dt—n(Rc(t, W —wl)x)dt (integtration by parts)
0

+oo
= (—1)”/ e~ ttmre (=) nl((t + w)I — W) " Cxdt
0
+0o0 too
= / e_tt”+a(n!)—/ s"e e WS (s)xdsdt
0 0

“+oo “+oo
= / s"eT T (s)x (/ t”+aetet5dt> ds (Fubini’'s Theorem)
0 0

“+o0 “+o0
= / s"eT T (s)x (/ t"+°‘e_(s+1)tdt) ds
0 0

= /+OO steT T (s)x (/0+<>0 ( ute —u_du > ds (u=(s+1)t)

0 s+1)”+ae s+1

+oo " +oo N
— 7OJST n+ao 7ud d
/0 7(8 T Tynrar e (s)x (/0 U e u> s

+oo n
= | G T o+ s

n

+o0 s
- T 1 e (s)ad
(n+a+ )/0 (8+1)n+a+1e (s)zds,

hence the result.
(2) Let x € E and a > 1.
The function ¢t — Re(t, W —wl)z = Ro(t + w, W)z is differentiable in
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* i) C *
R (because it’s analytic in RY ), and

+o0 too
/ et | Ro(t W —wl)z |2 dt = / et || (t+ W) — W)L |12 dt
0 0

“+o0 M2
< / to‘e*tﬁ—2 | 2 || dt (equation (9))
0

+oo
< M?|x|? / t*2e~tat
0

= M?|z|?T(a—1) (because a > 1)

< +oo.
Thus, the series Z en(Re (o, W—wl)x)dn, o converges pointwise to Re (., W—

neN
wl)xz on RY, where
+oo
en (Re (W W —wl)z) = Yo (t) Ro (6, W — wl) zdt

0

“+o0 n
= / (_’_Sﬁef‘”sT(s)zds (according to Theorem 2(1)) .
0 S n+o

Therefore,

(Vt >0) Ro(t,W —wlz = ((t+w)l—W) 1Cz =

+oo +o0 " —ws
=2 (/0 MT(S)de) Pnalt).
n=0

Example 1. Let m : R — R~ be an even measurable function. In the Banach space
LY(R), we consider the family T := (T(t))i>0 C F(L'(R)) defined by ¥t > 0, T(t) :
LYR) — LY(R), f — T#)(f) : R = R,s — T(t)(f)(s) = e*™) f(—s). Clearly,
(T(t))t>0 C B(LY(R)). If we put T(0) = C, then the family of operators (T(t))t>0
is uniformly bounded C-regularized semigroup with generator (W, D(W)) defined by

W:DW)={feL'R)/ m.fecL'R)}— L*R), f—W(f)=m.f.
Theorem 1 gives for f € D(W) and s,t € RT :

+o00
TH)(f)(s) = ey (Wl =W)"((w+ DI =W) " C(f)(8)dn.alt)
n=0
+oo
= Y (0 T W0+ I — W) () () bna(t)
n=0
“+o0
= D (=m(s)"(L=m(s) "I O(f)($)dnalt).
n=0

“+o0
So T(t)(f) = Y dna(t)(=m)" (L —m) " *71O(f).
n=0

Theorem 2 gives

n

+oo +o00 s
ReWIN0 =3 ([ ppmmarne™ s ) COOGmalo)

n=0
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lir
k+—+oc0
with the norm || (k) ken ||oo= max | 1 | becomes a Banach space. For each n € N,
€

Example 2. The space X = ¢y = {(xk)keN e CY tq n = 0}, equipped

+o0
let e, = (On,k)ken be an element of X. Since for allx = (zx)ken € X, = Zxkek,
k=0
we have X = span{e,/n € N}. Considering the family of operators (T(t))i>0
defined by:

+00 iy
forallt e RY, forallxz | = Zxk.ek eX, Tlt)x = Z eikzta:kek.
k=0 k=0

(T'(t))e>0 is a unifomly bounded Cy—semigroup (|| T'(t) |< 1) with generator (W, D(W))

such that D(W) = {z = (21)ren € X/(K?zk)ren € X} and (Vo € D(W)) Wz =
“+o0
Z —k*xyer. Theorem 1 gives for x = (x1)reny € D(W) and for all t € RT :
k=0
+oo
T(t)(x) = > (wl—=W)"((w+ 1) = W) (2)dnalt)
n=0
“+o0o
= YO T=W) (0 4+ )T = W)™ (2)dn.alt)
n=0
400
= Z(an(l + k2)7n7a71mk)k€N¢n,a(t)
n=0
“+o00 +o0o
— Z Z (14 k) e dn.alt).

n=0 k=0
Theorem 2 gives

S _k2s
RC(t,W){E = Z Z (/0 W@ k ‘ds) ,Tkekd)n’a(t).

n=0 k=0
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