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ABSTRACT. The aim of this paper is to explore the complex and symplec-
tic geometries of vector bundle manifolds. We will construct an almost
complex structure on total spaces of vector bundles, endowed with a
complex structure, over an almost complex base. Then we give necessary
and sufficient conditions for its integrability. Meanwhile, we accomplish a
symplectic version of this construction. We construct almost symplectic
structures on vector bundle manifolds and we characterize those which
are symplectic on the total space. Finally, we apply the constructions to
the case of tangent bundles and Whitney sums. In particular, we obtain
an infinite family of non-compact flat K&hler manifolds.

Keywords: (almost) complex structure, symplectic structure, Kéhler
manifold, vector bundle, spherically symmetric metric.

INTRODUCTION

The Riemannian geometry of vector bundles has been deeply studied in various
contexts. For example, many geometers have worked on the geometry of tangent
bundles, starting with a systematic study of the Sasaki metric, and then introducing
other metrics. An essential step in the topic was the classification of ‘natural’
Riemannian metrics on tangent bundles which has been accomplished using jets
and natural differential operators, see [24] for details. This classification has lead
to the huge class of g-natural metrics on tangent bundles. For details, we refer the
reader to [1, 2, 3] and the references therein. Further, many Riemannian metrics
on tangent bundles were generalized to vector bundles e.g. the Sasaki metric (cf.
[22]), the Cheeger-Gromoll metric and generalized Cheeger-Gromoll metrics (cf.
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[12]). Recently, R. Albuquerque introduced a class of Riemannian metrics on vector
bundle manifolds, namely the class of Spherically symmetric metrics (cf. [8]). For
a profound study of different aspects of this class of metrics, we refer the reader to
4, 5, 8].

Nevertheless, little attention was given to complex and symplectic geometry of
vector bundle manifolds. In the context of tangent bundles, using the decomposition
of the tangent space to the tangent bundle, P. Dombrowski introduced an almost
complex structure on tangent bundles to affine manifolds (cf. [18]). This almost
complex structure is integrable if and only if the base is flat. In order to overcome
the flatness, many generalizations of Dombrowski’s structure have been introduced.
For instance, R. Aguilar introduced isotropic almost complex structures on open sets
of TM (ct. [7]), that he called isotropic almost complex structure. Their integrability
have been studied in [7, 11]. In another context, M. I. Munteanu introduced another
class of almost complex structures on tangent bundles and studied their integrability
[30]. Other constructions were accomplished by M. Tahara, L. Vanhecke and Y.
Watanabe in [36] and V. Oproiu in [31]. It is noteworthy that all of these construc-
tions are limited only to the case of tangent bundles. On the other hand, it is
well known that the cotangent bundle admits a natural symplectic structure which
stems from the Liouville 1-form (cf. [9, 32]).

The class of vector bundle manifolds constitutes a large and interesting class of
manifolds. Dombrowski’s construction cannot be directly generalized. Nevertheless,
when the base manifold is an almost complex manifold and the vector bundle
possesses complex structures on fibers, one can construct almost complex structures
on the total spaces. A symplectic version of those construction is also possible.
More precisely, assume a vector bundle is endowed with a complex structure on
fibers and the base manifold is endowed with an almost complex structure. Then,
using the decomposition of the tangent spaces of the total space provided by the
connection, we construct from the previous data an almost complex structure .J*
(resp. an almost symplectic form Q* when the base is almost symplectic) which is
compatible with spherically symmetric metrics (cf. [8]). Surprisingly, it turns out
that the constructed almost complex structure and almost symplectic structure
are associated to each other via the Sasaki metric ([1, 22, 34]). We will derive the
necessary and sufficient conditions for both the integrability of J° and closedness
of Q%. In particular, we give necessary and sufficient conditions for the total space
to be a Kahler manifold. In fact, based on a classification of compact flat Kéhler
manifolds of dimensions four and six, our constructions will allow us to give a whole
new family of non-compact flat Kdhler manifolds.

As direct applications to the constructions performed so far, we will explore the
complex geometry of the Whitney sums of vector bundles, and in particular the
complex geometry of tangent bundles of second order. Further, we study the case
of the tangent bundle of a Kihler manifold and finally, we focus on the symplectic
geometry of the tangent bundle of the cotangent bundle of a Riemannian manifold.

All geometric objects are smooth and smooth will always mean differentiable of
class C*°. All manifolds are assumed to be connected.

1. PRELIMINARIES

Let (E,m, M) be a K-vector bundle over an even dimensional manifold (unless
otherwise stated, all dimensions are real), with K = R or C. If E is a real vector
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bundle, then a complez structure on E is a section J € I'(End(E)) with J? = —Idg,
where End(F) is the vector bundle of endomorphisms of F and Idg is the identity
of the vector bundle E (cf. [32]). On the other hand, a symplectic structure on a
vector bundle F is a section of E* ® E* (i.e. Q € I'(E* ® E*)) such that Q, is a
symplectic form on F,, for all x € M, that is Q, : E, x E, — R is a non-degenerate
skew-symmetric bilinear form. In this case (F,2) is said to be a symplectic vector
bundle (cf. [27, 32]).

A real vector bundle admits a complex vector bundle structure if and only if it
admits a complex structure (cf. [32]). Indeed, given a complex structure J on a real
vector bundle E, the multiplication defined by (a + ib).e = ae + bJe, for e € E and
a+1ib € C, confers to E the structure of a complex vector bundle. Conversely, given
a complex vector bundle, the multiplication by the complex unit ¢ induces on the
real underlying vector bundle a complex structure (cf. [32]).

Complex structures and symplectic structures on vector bundles are equivalent.
Indeed, if Q2 is a symplectic structure on a vector bundle, then there exists a fiber
metric h on E compatible with € in the sense that the bundle isomorphism £ — E*
defined by e — Q(e,.) is an isometry with respect to the dual metric to h, hence a
complex structure is defined through h(Jgo,d) = Q(o, ), for 0,6 € T'(E). Further,
this complex structure satisfies the following properties

i) Q(Jgo, Jgd) = Q(o,9). In this case, we say that Jg and Q are compatible,
and
ii) h(Jgo, Jgd) = h(o,0). We say also that Jg and h are compatible.

We shall refer to this complex structure as the complex structure associated with Q.
Conversely, given a complex structure Jg on E, there exist a metric fiber h which
is compatible with Jg, this gives a symplectic structure ), defined by Q(o,0) =
h(Jgo,d), which is compatible with h and Jg and said to be associated with Jg.
For more details, see [32, 27].

Let (E, Jg) be a vector bundle endowed with a complex structure, a compatible
fiber metric and the associated symplectic structure 2. Define H, : £, x E, — C
by H(X,Y) = Q(X,JgY) + iQ(X,Y), for X,Y € T.E. For every e € E, the
complex bilinear form H, is a Hermitian inner product, hence H is said to be a
Hermitian metric on E and (E, H) is said to be a Hermitian vector bundle.

If E =TM is the tangent bundle to M, then a complex structure Jy; on T'M
is said to be an almost complezx structure on M. In this case (M, Jy) is said to
be an almost complex manifold. The dimension of an almost complex manifold is
necessarily even. Further, an almost complex structure induces a natural orientation
of the underlying manifold. Accordingly, a symplectic structure on T'M is a non-
degenerate 2-form w on M, and in this case w is said to be an almost symplectic
structure on M ; furthermore, if w is closed, then w is said to be a sympletic structure
and (M,w) is said to be a symplectic manifold.

If (M,g) is a Riemannian manifold and Jjs is an almost complex structure on
it, then Jy; is said to be compatible with g if it satisfies

(1) g(JIu X, IuY) = g(X,Y),

for all XY € T,M, x € M. In this case the triple (M, g, Jys) is said to be an
almost Hermitian manifold. This compatibility is the same as the compatibility in
the sense of fiber metrics and complex structures on vector bundles.



1298 M.T.K. ABBASSI, R. EL MASDOURI, AND I. LAKRINI

Every complex manifold has a natural almost complex structure. Indeed, let M
be a complex manifold and m its complex dimension. Identify C™ with R?™, and
let (U,27), with j = 1,...,m, a coordinate system, which yields real coordinates
(27,17) such that z/ = 29 +iy’. In this chart, consider the field of endomorphisms
defined by Jy; : % — aiyj and Jy : % — —%. Thus, J is an almost complex
structure. An almost complex structure Jy; on a 2m-dimensional real manifold M
is said to be integrable if Jy; is induced by a, necessarily unique, complex structure.

The classical Newlander-Nirenberg theorem gives a tensorial characterization of
integrable almost complex structures. Indeed, for vector fields X, Y € X(M), let

(2) N(X,Y) = [X,Y] JrJM[JMX,Y} + JM[X, JMY] — [JMX, JMY],

be the Nijenhuis tensor of an almost complex structure Jy,. Then, Jy, is integrable
if and only if N vanishes identically (cf. [20]). An almost Hermitian manifold with
an integrable complex structure is called a Hermitian manifold.

Let (M, g, Jar) be an almost Hermitian manifold, then we have the 2-form defined
by

(3) w(X,Y) =g(JuX,Y)

for all vectors X, Y € TMX)Y € T,M, x € M. The 2-form w is called the
fundamental form. If the form w is closed, that is a symplectic form on M, then
(M, g,Jy) is said to be an almost Kéhler manifold, and if Jy; is integrable, then
(M, g, Jy) is a Kahler manifold.

2. CONSTRUCTIONS

Consider a real vector bundle (E, w, M) of rank k, over an n-dimensional manifold,
endowed with:

(i) A fiber metric h,
(ii) A complex structure Jg compatible with h in the sense that

he(JE(e1), Jr(e2)) = ha(e1, e2),

for all e1,e0 € E, and z € M,
(iii) A connection V which is compatible with h i.e. Vh = 0.

Denote by RF the curvature of V and by K the connection map (the connector)
associated with V (cf. [18, 25, 32]). Denote by €2 the symplectic structure associated
to Jg given by Q(0,d) = h(Jgo,d), for all 0,6 € T'(E). Further, assume that M is
endowed with an almost complex structure Jys (we shall use the abbreviation a.c.s)
and a Riemannian metric ¢ such that the triple (M, g, Jys) is an almost Hermitian
manifold and denote by V* the Levi-Civita connection of (M,g) and by R its
curvature tensor.

Denote by H (resp. V) the horizontal (resp. vertical) subbundle. At each point
e € F, the tangent space T, FE splits as

(4) T.E=He® Ve,

where H, = ker(K.) (resp. V. = ker((m.)e) is the horizontal (resp. wvertical)
subspace. Further, the tangent bundle of F splits as

TE=HoV.
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The elements of H (resp. V) are said to be horizontal (resp. vertical) vectors.
Analogously, a vector field is said to be horizontal (resp. vertical) if it lies completely
in H (resp. V).

If X e T,M, with x € M, then for every e € E, there exist a unique horizontal
vector X" € H,., with m, X = X, called the horizontal lift of X at e. Accordingly,
for every vector field X € X(M), there exists a unique horizontal vector field X",
which is 7-related to X, called the horizontal lift of X.

For + € M and e,u € 7 !(z), set Yeu(t) = e + tu with t € (—¢,¢), then
Yeu(t) € m1(x), for any [t| < e. Then, the vertical lift of u at e is the vertical
vector given by uy = v, ,(0). Analogously, sections of E can be lifted. Indeed, if o
is a section of F. its wvertical lift is the vertical vector field ¥ defined by

o’(e) = a(m(e))e,

where o(7(e))? is the vertical lift of o(m(e)) at e.

Finally the splitting in (4) induces a decomposition of vectors. In fact, for all
X eT.E, X = XH + XV, where X € H, (resp. XV € V,) is the horizontal (resp.
vertical) component of X. This induces a decomposition of vector fields; indeed, if
X € X(E), then there exist a horizontal vector field X and a vertical vector filed
XV such that X = X7 + XV,

We shall define almost complex structures on F which are motivated by the
form of some Riemannian metrics on vector bundle manifolds. The Sasaki metric
(cf. [22]) on vector bundles is the Riemannian metric on E defined by

(5) Gz(X’ Y) = Gn(e) (7T*X, 7T*Y) + hﬂ'(e) (KeXa KeY)a

for every e € E and X,Y € T.E. This metric is a generalization of the classical
Sasaki metric on tangent bundles of Riemannian manifolds. We refer the reader to
[1, 2, 18, 23] for more details. Many generalizations were considered e.g. Cheeger-
Gromoll metric and the generalized Cheeger-Gromoll metric (cf. [1, 2, 29, 12]).
Recently, R. Albuquerque introduced the class of metrics defined as follows

(6) G*(X,Y) = e gy ((dm)e(X), (dm)e(Y)) + €72 hae (Ke(X), Ke(Y)),

for all e € E and X,Y € T.E, with ¢1, @2 are smooth scalar functions on F
depending only on the norm r = h(e,e) and smooth at » = 0 on the right as
well as all their successive derivatives. He called such metrics spherically symmetric
metrics. We refer the reader to [4, 5, 6, 8] for more details on this class of metrics.

Motivated by the previous considerations, one can define the following tensors.
For each e € E, consider the tensor defined as follows

(7) JEX) = (Jar(me (X)) + (Jp(K.X))?,

for all X € T.E.
Obviously, the mapping J° is a (1,1)-tensor field on E. The tensor field J* is
completely characterized by

J(X") = (Ju X",
®) { T = (Jpo)":

for all X € X(M) and o € T'(E).

Remark 1. The previous construction may be generalized as follows: consider two
functions 1 and @2 smooth on (0,400) and at zero on the right as well as all their
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successive derivatives, and set
(9) JE(X) = 21O (Jar(ma (X)) ! + €720 (I (K. X)L

fore € E, X € T.E and r = h(e,e). Of course, for o1 = pa = 0, J% = J*.
Analogously, J*° is a (1,1)-tensor field on E. Moreover, (JSS)2 = —Idrg if and
only if 1 = 2 = 0.

Lemma 1. Let E be a vector bundle as before, then J° is an a.c.s on FE and
(E,G**,J°) is an almost Hermitian manifold.

Proof. For e € E and X € T.E, we have

(J2(X) = J* (Ja (e (X)) + (T (K. X))2)

€

(ar (I (e (X ))) + (s (Jp(K.(X)))
)e

= —m(X); - K(X
=X,

v

hence J*® is an a.c.s. It remains to check the compatibility of J* with spherically
symmetric metrics. Let e € F and X,Y € T, E, then

G2 (X, T2Y)
= G2 (X)) + (B (X)L (I (. (V) + (Je(KY)))
= 62“’1(7')%(6)(]1\4@ (X)), Jar(ma(Y))) + €222 (Jp (K (X)), Jo(Ke(Y)))

) g o) (ma(X), ma (V) + 2220 (Ko (X), Ko (Y))
= GZS(X,Y).

h

O

Remark 2. One may try to enlarge the class of metrics on the total space. One of
the possible choices is to consider a class of metrics which generalizes at the same
time spherically symmetric metrics and the generalized Cheeger-Gromoll metrics
(cf. [8, 12]). Precisely, we can consider the class of metrics given by

G=G"+[¢a¢

where G*° is a spherically symmetric metric with weights ©1,p2, f : E — R is
a smooth function such that f + 2?2 > 0, with ¢ : E — TE is the tautological
vertical vector field on E defined by £, = e¥. The b’ is taken w.r.t h. For more
details on this class of metrics, see [8]. Unfortunately, this class of metrics fails to
be compatible with J*.

A symplectic version of the previous construction is possible for a symplectic
vector bundle with an almost symplectic base. Indeed, assume now that the base
manifold is endowed with an almost symplectic form w and that Q is a symplectic
structure on F. For e € E and X € T FE, define

(10) (X, Y) = wr(e) (X, mY) + QK X, K.Y).
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It is clear that Q° is a non-degenerate 2-form on E. Hence (E, ) is an almost
symplectic manifold. This almost symplectic form is totally characterized by

QXM Y =w(X,Y),
(11) Q3 (X" ov) =0,
Q2 (c,0%) = Q(0,9);

for all X,Y € X(M) and 0, € T'(E).

3. INTEGRABILITY OF J*

Since we are dealing with tensors, we will make a suitable choice of vector fields
which will simplify our computations. In fact, we will compute the components of
the Nijenhuis tensor using horizontal lifts of vector fields on the base and vertical
lifts of sections of E.

Let 7*R? denote the curvature of the pullback connection 7*V which is a
connection on the pullback vector bundle 7* E. We shall use the notation RS(.,.) =
7*R¥(.,.)¢. The vector bundle 7* E is naturally isomorphic to the vertical subbundle
of E (cf. [19, 32]), then RE(.,.) gives vertical vector fields.

The Lie brackets of the different types of vector fields (cf. [8, 19, 22]) are given
by:

Lemma 2. Let X,Y € X(M) and 0,6 € I'(E), then

(1) [XhaYh] = [Xa Y}h 7RE(Xh7Yh);
(2) [Xhao—v] = (DXU)U;
3) [0v,6°] = 0.

We shall denote by N?® the Nijenhuis tensor of J*, then:

Proposition 1. Let X,Y € X(M) and 0,5 € T'(E), then we have

(12) N*(X" vh) = N(X, V)" - (RE(X, Y). + JeRE (I X,Y).

Y TeRE(X, JnY). — JeRE (Ju X, JMY).)U,
(13) Ns(Xh7o"U) = (VXO'+ JE(VJMXU) + JE(V)(JEO') — thfx(JEU)) R
(14) N°®(0",0") = 0,

where N is the Nijenhuis tensor of Jy.
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Proof. By virtue of Proposition 2 and equations (8), we have:
N (XM Yhy = (X" yh) 4+ g xh vy i)+ gs(xh, gyt - (e xh gy

[
= [Xh»Yh] + Js[(JMX) Y TP XR (T Y )] = (T XD, (TarY )]

— I ([T X, I Y] = RE(Te X)™, (T Y)™))

(X, Y]" = RE(X", VM)

+ (Im[In X, Y = (JeRE(JuX,Y).)")

+ (I [X, I Y] = (JeRE(X, Ty Y).)"

— (T[T X, T Y — (JTeRE(Ju X, InY).)"

= N(X, V) — (RE(X, Y). + JeRE(JyX,Y). + JeRE(X, JafY).

(

J(1

T (X, Tu Y] = RE(X", (T Y)"))
J(1

(

— o~

— JeRP(JuX, JMY).)U,
N* (X" 0") = [X" 0]+ J°[J° X", 0] + TP (X", Jo0¥] = [J° X", J%0")
= (Vx0)" + 7 ((Varx0)") + 7 ((VaTz0)") = (Vs (Jpo))”
= (Vx0)" + (J6(Vi,x0)) + (T6(VxTr0)) = (Vaux(Jpo))"
= (Vo + J5 (Vo x0) + Jp(Vx T50) = Vi x(J50) )

NS(O'U75U) — [O,U75U] + Js[Jst7§v] + JS[O_U7J86U] _ [JSJU,JS(Sv]
[07,8%]) + J*[(Jgo)", 8% + J*[0", (JEd) "] — [(Jro) ", (JEd)"]

O

Now, we consider the integrability problem of the almost complex structure J*.
We shall analyse the expressions of the Nijenhuis tensor in order to find necessary
and sufficient conditions for the integrability of J®. The complex structure Jg is
said to be parallel if

Vx(JEO') = JE(V)(U)7
for all X € X(M) and o € T'(E). The above condition is nothing but parallelism of

Jg € T'(End(E)) with respect to the connection on End(E) (or E* ® E) induced
from the connection V.

Example 1. If (M, g,.J) is a Kihler manifold, then we have VM .J = 0 where VM
is the Levi-Civita connection of (M, g).

Proposition 2. Assume that Jg is parallel. Then J° is integrable if and only if
the following hold

(1) Jpr is integrable,
(2) p(X,Y) =0,
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where
p(X,Y) = RE(X,Y). +JgRY(Jy X,Y). + JueRE(X, JpY). — JgRE (Ju X, JuY).,
for all XY € X(M).

Proof. The parallelism of Jg implies that N*(X" o) = 0. Indeed, for o € T'(E)
and X € X(M), we have

Vxo+Jg(Viuxo) + Je(VxJeo) = Vi, x(Jeo)
=Vxo+V,xJgo— (VX{T) —Viux(Jgo)=0.

Hence, J° is integrable if and only if N*(X" Y") = 0, for all X,Y € X(M).
Equivalently, J* is integrable if and only if the following hold

e N(X,Y)=0,
o RE(X,Y)+JpRE(JuX,Y). +JgRE(X, JyY).—JeRP (Jyu X, JyY). =0,
for all X|Y € X(M). O

Proposition 3. If J° is integrable, then the following hold:

(1) Jar is integrable,

(2) RE(X,JpY) = RE(JyX,Y), for all X,Y € X(M).
In particular, if the connection V is flat and Jg is parallel, then J?® is integrable if
and only if Jys is integrable.

Proof. Let X,Y € X(M) and 0,0 € T'(FE), then equation (12) implies that
N(X,Y) =0, and

(RE(X, Y). + JERE(JMX, Y). + JERE(X, JuY). — JERE(JMX, JMY)-> =0.
Taking Y = Jy X, one gets
(15) (RE(X, JarX). + JRE(Ja X, X).) = 0,
for all X € X(M), which implies that RF(X,Jy/X) = 0 for all X € X(M). We
deduce, taking X + Y instead of X into (15), that

R¥(X,JuY) =R (JuX.,Y),

for all X,Y € X(M). As matter of fact, if V is flat and Jg is parallel, then J* is
integrable if and only if Jj/ is integrable. ]

4. WHEN ° 1S CLOSED?
Proposition 4. Let X,Y € X(M) and 0,0 € I'(E), then the exterior differential
of Q° is completely determined by:
(16) dQs(Xh yh zM = dw(X,Y, Z),
( ) dQs(va(va’Yv) = 0,
(18) (X" Y" o) = Q(RS(XM VM), oY),
(19) (X" ov v"h) = - (R&(X",Y"),0v),
(20) d*(o”, X" Y") = Q(RY(XM VM), oY),
(21) dQ (XM, 6%, 6v) = X".Q(0,0) — QDxo,8) + Q(Dxd,0),
(22) dQ*(o¥, X", ") = —X".Q(0,8) - Q(Dxo0,6) + QDxd,0),
(23) dQs(0,6%, X" = —X".0(0,8) — Q(Dxo0,68) + QDx4,0);
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for all XY, Z € X(M) and 0,6,y € I'(E).
Proof. For all X', Y’ Z' € X(E), we have
(24)
A (XY, 2 =X'.Q(Y',Z)-Y' QX" Z")+ Z'.Q* (X", Y') - Q*([ X', Y], Z)
+ QS([X/a Z/]a Y/) - QS([Ylv Z/]v X/)
Putting X' = X", Y/ =Y" and Z' = Z", we obtain
dQs (X" Yh zM = X" w(Y, Z) - Y w(X, Z) + Z"w(X,Y) - Q([X, Y]"
- Rg(Xha Yh)a Zh) + Qs([X7 Z]h - RE(X}L) Zh)7Yh) - QS([K Z]h
- Rg(yh>Zh)aXh>
= Xw(Y,Z) - Yw(X,Z)+ Zw(X,Y) — w([X,Y], 2)
+w([X, 2, Y) —w([Y, Z], X)
— dw(X,Y, Z),
since R¢(X", Z") is a vertical vector field, for every X,Y € X(M). On the other
hand, taking X' = ¢, Y’ = ¢¥ and Z’ = " into (24), we get
dQ°(o,8",77) = a”.Q%(0,y) — 6".Q%(c”,7") + v*.Q° (0", 6")
—Q%([0",0"],7") + Q%([0",7°],6") = Q*([6",7"], 0")
=0".Qd,7) — 6".Q(0,7) —v".(0,9)
= 07
since §2(d,7) is a function on M, so all its derivatives in the direction of vertical

vectors vanish. Similarly, putting X’ = X", Y’ = Y" and Z’' = ¢V into (24), we
obtain

dQS (XM Y ov) = XM (Y oY) = Y".Q(X", 6Y) + 0¥ w(X,Y)
— (X, Y] = RE(XM, VM), 0%) + Q¥ ((Dxo)', Y") — Q*((Dyo)’, X")
= Q8 (RE(XM, YY), o).
In the same way, we have
dQs (X" o, Y —Q(RE(X, VM), 0v)
dQs(o”, X" Y") = Q(R&(XM YM),0Y).

Finally, we get
dQS (X" 0v,67) = X".Q% (07, 6Y) — aV.Q(X",6%) — 6°.Q5 (X", V)
—Q([X",07],0) + Q°([X",6Y],07) — Q([07,6Y], X™)
= X"Q0(0,8) — Q(Dxo0,6) + QDx6,0).
In the same way we obtain
dQ*(o¥, X", ") = —X".Q(0,8) - Q(Dxo,6) + QUDxd,0)
dQs(0,6%, X" = —X".Q(0,8) — Q(Dxo0,68) + QDx4,0).
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Next, we prove that 2° is in fact the almost symplectic form associated to
(E,G*,J%) provided the compatibility between Jg (resp. Jys) and Q (resp. w).
Indeed, we have

Proposition 5. Assume that Jg (resp. Jyr) is compatible with Q (resp. w), then
G(J°Z, W) =Q°(Z, W),
for all ZZW € X(E).
Proof. Let X, Y € X(M) and 0,6 € I'(E), then
G XM Y = G ((JuX)", Y") = g(JuX,Y) = w(X,Y) = Q5 (X", Y,
G*(J°0",8") = G*((Jgo)",6") = h(Jgo,0) = Q(0,6) = Q°(c”,6").
O

Remark 3. We have proved in Lemma 1 that the triple (E,G**,J*) is an almost
Hermitian manifold. Denote by Q2°° the almost symplectic form associated with this
triple, Q°° generalizes Q7.

When a vector bundle with a connection is endowed with a fiber metric, a
complex structure and a symplectic structure such that the triple is pairwise compa-
tible, if any two of them are parallel, then so is the third (cf. [27, 32]). So, assume
that F is endowed with the symplectic structure 2 associated to Jg and h, then
the parallelism of Jg implies that of 2.

Theorem 1. Assume that the complex structure Jg is parallel and let w be an
almost symplectic on M. Then (E,Q?%) is a symplectic manifold if and only if the
following conditions hold:

(i) w is a symplectic form,

(ii) V is flat.

Proof. If Qf is a symplectic form, then by virtue of (16) of Proposition 4, we
conclude that w is symplectic. Further, equation (18) implies that R¢ = 0, and
hence V is flat.

Conversely, if w is symplectic and V is flat, then all the components of d2° vanish
except for (21), (22) and (23). On the other hand, the parallelism of Jg implies that
of 2, and hence

)(.Q(O’7 5) = Q(VxO', 5) + Q(U, VX(5)7

which implies at once that Q° is closed. O

Corollary 1. Assume V is flat, then (E,G*,J?) is a Kdihler manifold if and only
if (M,g,Jum) is a Kdhler manifold.

Remark 4. The construction of Q° may be accomplished for any symplectic vector
bundle with an almost symplectic base manifold and endowed with a connection V
without any reference to complex structures. In this case, if the symplectic structure
Q is parallel, then the manifold (E,Q®) is a symplectic manifold if and only if the
base manifold is symplectic and the connection is flat.

It has been shown that, in the case of flat connections, (F,G?) is flat if and
only if (M, g) is flat (cf. [4]). In conclusion, considering a vector bundle E, over
a Kéahler manifold, endowed with a fiber metric, a compatible flat connection and
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a compatible parallel complex structure, then the manifold (E,G*,J®) is a non-
flat (unless the base is flat) Kéhler manifold. This will allow the construction of a
very wide class of new Ké&hler manifolds out of the old ones. Furthermore, if the
base is not a K&hler manifold, then one gets new examples of complex manifolds,
Hermitian manifolds and symplectic manifolds depending on the initial data.

5. APPLICATIONS

5.1. Whitney sums of vector bundles. Given a vector bundle F over an almost
complex manifold (M, Jys) such that F is endowed with a fiber metric h and a
compatible connection V. The Whitney sum (F & E, 7% M) possesses a natural
complex structure defined by

(25) JE@E(U,5) = (—(570'),

for 0,0 € T'(E) (cf. [32]).

Thus the manifold £ & E may be endowed with the almost complex structure
given by
(26) J(2) = (TumeZ)"® + (JpepK®2)"®

for all Z € T{c, ,)(E @ E) and (e1,e2) € E @ E, where K% is the connection map
of the connection naturally induced on F @ E from V, which we denote by V.
Further, v&® (resp. h®) denotes the vertical lift to E & E (resp. horizontal lift with
respect to V). This almost complex structure can be expressed in a more precise
manner, but we need first to prove the following preparatory lemmas. First of all,
the connection V® gives the splitting

Tiey,ex)(EDE) = (Hey X Hey) © (Vey X Vey)s
for all (e1,e2) € EQE.
Lemma 3. Given 0,6 € T'(E) and X € X(M), then
(0,8)"® = (0¥, 6°)
XM= (X", X",

where X" (resp oV and 6V) is the horizontal lift of X with respect to V (resp. are
the vertical lifts of sections of E).

Proof. Let X € X(M), then (X", X") is horizontal with respect to V& and 7®-
related to X, hence X"® = (X" X"). On the other hand, if 0,6 € I'(E), then
(0,0): M — E ® F is a section of E @ E. Thus

dt\ e1v6a) + tlota(en). B(n(er))

(0,0)"®(e1, e0) = ((

|t 0(61 —|—t0’ )62—|—t(5( ( )))
)
5)

( (61 5”(62))

= (0",0")(e1, €2).
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Thus, the almost complex structure .J is totally determined by the following

{ J(X"®) = (IuX)", (I X)M)
J((0,6)%?) = (=Y, 0Y).

The complex structure Jgg g is compatible with h @ h. Furthermore, parallelism
also holds. More precisely we have the following:

Lemma 4. The complex structure Jpgr is parallel with respect to V.
Proof. Let 0,5 € I'(E), then

(VO Jger)(0,0) = V¥(Jper(0,0) — Jear(V¥(0,0))
= V®(—57 O‘) - JE@E(VO', V6)
=(=Vé,Vo) - (=Vé,Vo)
=0.

O

Thus by virtue of Proposition 3, the almost complex structure is integrable if
and only if the following hold:

(1) Jar is integrable;
(2) pP(X,Y) = 0, for all X,Y € X(M), where p® is the 2-form given in
Proposition 2 with respect to V.

If E = T?M is the second tangent bundle of a Riemannian manifold M with Levi-
Civita connection V. Then we have
¢: T°M — TMeTM
zZ = ((2) = (m, K)(2),

is a vector bundle isomorphism, where K is the connection map of V and 7, is
the canonical projection of the tangent bundle TM of M (cf. [32]), hence T?M is
endowed with an almost complex structure which is integrable if and only if the
corresponding almost complex structure on 7'M & T'M is integrable.

5.2. An infinite family of examples. The tangent bundles to almost Hermitian
manifolds constitute a wide class of examples of vector bundles with a complex
structure, hence the constructions made above apply naturally, which yields new
almost complex structures on the tangent bundle manifolds. More precisely, let
(M, g, Jp) be an almost Hermitian manifold, then Jy; gives rise to complex structu-
res on fibers defined by

(27) J(X) = (JumX)" + (JuE(X))"

for all X € T(;,,)TM and (z,u) € TM. By virtue of Lemma 1, the tensor field J
is an almost complex structure on T'M. Denote by V the Levi-Civita connection of
g. If Jps is parallel (w.r.t V), that is the connection V is almost complex (cf. [26]),
then by virtue of Proposition 2, the almost complex structure J is integrable if and
only if

(i) Jas is integrable,
(il) p(X,Y) =0, for all X,Y € X(M);
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where p is the 2-form defined in Proposition 2. Condition (ii) is equivalent to (M, g)
being flat. Indeed, since Jys is V-parallel we have R(Jy X, JpY) = R(X,Y), hence
condition (iz) together with Proposition 3 give the following

R(JuX,Y)=R(X,JuY) = R(JuX,J3,Y) = —R(JyX,Y),

which implies at once that R = 0, whence (M,g) is flat. Consequently, J is
integrable if and only if (M, g, Jy) is a flat Hermiatian manifold. Furthermore,
if we endow T'M with the symplectic form Q° constructed in the previous section
from w, where w is the fundamental 2-form of (M,g, Jas), then (TM,Q°) is a
symplectic manifold if and only if (M,w) is a flat symplectic manifold. All at all,
the triple (TM,G*,J®) is a flat K&hler manifold if and only if (M, g,J) is a flat
Ké&hler manifold.

Using tangent bundles, Whitney sums and the classification of compact flat
Kahler manifolds in dimensions four and six, one can construct infinite families
of examples of non-compact flat Kéhler manifolds. Indeed, using Corollary 1, one
can construct infinitely many examples of flat K&dhler manifolds using a classification
of four and six dimensional compact flat Kihler manifolds performed in [17]. The
classification of compact flat Riemannian manifolds is a classical subject in Rieman-
nian geometry, see for examples [13, 14, 15, 16] and the references therein. This leads
to a classification of compact flat K&dhler manifolds of dimensions four and six.

Let M,, = O(n) x R™ be the group of rigid motions of R"”. A rigid motion
(m,v) € M,, acts on R™ by

(m,v).x = mx + v, forz € R".

Denote by r : M,, — O(n) (the rotational part) (resp. ¢ : M,, — R" (the
translational part)) the natural projections. Following the notations in [16], if 7 is
a subgroup of M,,, we denote by m N R™ the set of pure translations (i.e. the set
of element (m,v) € m, with m = I,,). The subgroup 7 is said to be torsion free if
a € 7 and of = (I,0) implies that o = (I,0) ((I,0) is the identity element of M,,).
In this terminology, the subgroup = NR™ is a torsion-free abelian normal subgroup
of .

Denote by A, = GL,(R) x R™ the group of affine motions. A subgroup 7 of M,
is said to be irreducible if t(amra~!) spans R”, for all a € A,. A crystallographic
subgroup of M,, is a discrete irreducible subgroup of M,,. A crystallographic sub-
group which is torsion-free is called a Bieberbach subgroup of M,,. For a detailed
exposition and a discussion of the relevance of these notions, we refer to [16].
Bieberbach proved three fundamental theorems on crystallographic subgroups of
M.,,. The first theorem assert that if 7 is a crystallographic subgroup of M,,, then

(i) m#NR™ is a free abelian group on n generators which are linearly independent
translations,
(ii) r(m) is finite;
where 7(7) is the rotational parts of elements in 7, which is isomorphic to 7 /(7NR").
For the other two theorems as well as related results, we refer to [16]. Furthermore,
if 7 is a crystallographic subgroup of M,,, then the sequence

(28) 0—7NR" — 71— r(r) —1,

is exact. The algebraic analogues of those groups have been introduced, see [16].
A crystallographic group is a group which contains a finitely generated maximal
abelian torsion-free subgroup of finite index. A Bieberbach group is a crystallographic
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group which is itself torsion-free (cf. [16]). Hence, for a crystallographic group ,
there is a sequence

(29) 0—N—>7—o—1,

where ® is a finite group and N is a finitely generated maximal abelian torsion-free
subgroup of 7. For such a triple of groups, 7 is called an extension of ® by N.

The geometric relevance comes from the fact that every compact flat Riemannian
manifold M is isometric to one of the form R"™ /7 where 7 is a discrete irreducible
and torsion-free subgroup of M,,. Further, the fundamental group of M is given by
m1(M) = 7 and the holonomy of M is isomorphic to =/(m NR™) (cf. [13, 16, 38]).
Furthermore, in [10], L. Auslander and M. Kuranishi proved that every Bieberbach
group is the fundamental group of a compact flat Riemannian manifold (cf. [10]).

On the other hand it has been proved that a compact Riemannian manifold is
flat if and only if its holonomy group is finite. Further, every finite group ® is the
holonomy of a compact flat Riemannian manifold. Such a manifold is said to be
a ®-manifold (cf. [13]). Hence Bieberbach groups were classified by picking up a
finite group, which is the holonomy, and classify all the extensions by some finitely
generated maximal abelian torsion-free subgroup. Which leads to a classification of
compact flat Riemannian manifolds. For a detailed study of the classification, we
refer to [16].

Moreover, it has been proved that every finite group is the holonomy of a compact
flat Kéhler manifold (cf. [21]), hence one can choose among its extensions those
that correspond to fundamental groups of compact flat Kahler manifolds (cf. [21]).
So, based on results from finite group theory and their integral representations as
well as the classification of Bieberbach groups, K. Dekimpe, M. Halend fa and
A. Szczepanski have given a classification of compact flat K&hler manifolds of
dimensions four and six. Precisely, they have proved that there exist exactly eight
Ké&hler manifolds of dimension four. We denote the collection of those manifolds by
C4. Further, they proved that there exist exactly 173 six dimensional compact flat
Kahler manifolds. We denote their collection by Cg. For more details, see [17].

Now, let (M, g, J) be a four (resp. six) dimensional compact flat K&hler manifold
belonging to the collection C4 (resp. Cg). Then, by virtue of Corollary 1, the triple
(TM,G?,J?) is a flat Kahler manifold with twice the dimension of M, hence a
collection of eight and twelve dimensional flat Kéhler manifolds.

An infinite family of flat K&hler manifolds can be constructed from tangent
bundles and the direct sum operation. For the sake of simplicity, denote the vector
bundle TM @ ... ® TM (k times) by k(TM). Endow k(TM) with the connection,
denoted by V¥, induced from the Levi-Civita connection V on M. Since (M, g)
is flat, then V* is flat. Denote by Jrumery the canonical complex structure on
TM @TM (which is also 2(T'M)), then by virtue of Corollary 1, the triple (T'M &
TM,G?*,J?) is a non-compact flat Kihler manifold of dimension 3n, where n is the
dimension of M. By induction, this construction can be carried on. More precisely,
the vector bundle 2" (T M) — M possesses a canonical complex structure since the
total space is the direct sum of two copies of 20"~ (T M). Thus, by Corollary 1, the
triple (2™(TM), G*, J?), with G*® (resp. J*®) is the Sasaki metric (resp. the complex
structure) on 2™(TM), is a non-compact flat Kahler manifold. Hence infinitely
many examples of flat K&hler manifolds with dimension (2™ 4 1)n, where n is the
dimension of M.
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Consequently, we have constructed infinitely many examples of non-compact flat
Kahler manifolds of dimensions of the form (2™ + 1)n, with m > 0 and n = 4, 6.

5.3. The tangent bundle to the cotangent bundle. Let (M, g) be a Rieman-
nian manifold with V* is its Levi-Civita connection, and let T* M be its cotangent
bundle. Denote by # the Liouville 1-form on T*M and w = —df the canonical
symplectic structure induced by #. The constructions made before applies in a
direct manner to the vector bundle 7 : T(T*M) — T*M as follows. Assume that
G is a Riemannian metric on T*M which is compatible with w in the sense that
u — w(u,.) are isometries with respect to the dual metric and denote by V the
Levi-Civita connection of G, set

(ZW) =w(mZ, 7 W)+ w(KZ,KW),

where Z, W € T(T*M) and K is the connection map of V. The 2-form ° is an
almost complex structure on T*M which is integrable if and only if the following
hold:

(i) V is flat,

(ii) w is parallel.
It is noteworthy that there is a very wide class of metrics on T*M which can be
constructed ‘naturally’ from g (cf. [28, 33, 35, 37]). For our purposes, it suffices to

chose one among them which is compatible with the canonical symplectic structure
on T*M.
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