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Ïðåäñòàâëåíî À.Å. Ìàìîíòîâûì

Abstract: In this paper, we study the problem on small motions
and normal oscillations of a homogeneous mixture of several viscous
compressible �uids �lling a bounded domain of three-dimensional
space with an in�nitely smooth boundary. The boundary condition
of slippage without shear stresses is considered. It is proved that
the essential spectrum of the problem is a �nite set of segments
located on the real axis. The discrete spectrum lies on the real
axis, with the possible exception of a �nite number of complex
conjugate eigenvalues. The spectrum of the problem contains a
subsequence of eigenvalues with a limit point at in�nity and a
power-law asymptotic distribution. The asymptotic behavior of
solutions to the evolution problem is studied.

Keywords: mixture of �uids, compressible viscous �uid, spectral
problem, essential spectrum, discrete spectrum, solution asympto-
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1 Ââåäåíèå

1.1. Ôîðìóëèðîâêà íåëèíåéíîé äèíàìè÷åñêîé çàäà÷è. Ïóñòü

îãðàíè÷åííàÿ îáëàñòü Ω ⊂ R3 ñ áåñêîíå÷íî ãëàäêîé ãðàíèöåé ∂Ω çà-
ïîëíåíà ãîìîãåííîé ñìåñüþ íåñêîëüêèõ âÿçêèõ ñæèìàåìûõ æèäêîñòåé.
Ââåä¼ì ñèñòåìó êîîðäèíàò Ox1x2x3 òàê, ÷òî îñü Ox3 íàïðàâëåíà ïðîòèâ
äåéñòâèÿ ñèëû òÿæåñòè, à íà÷àëî êîîðäèíàò íàõîäèòñÿ âíóòðè îáëàñòè
Ω. Îáîçíà÷èì ÷åðåç n åäèíè÷íûé âåêòîð, íîðìàëüíûé ê ãðàíèöå ∂Ω è
íàïðàâëåííûé âíå îáëàñòè Ω.
Áàðîòðîïíîå äâèæåíèå ñìåñè n ⩾ 2 æèäêîñòåé îïèñûâàåòñÿ ñëåäóþ-

ùåé ñèñòåìîé óðàâíåíèé1:

Ri
∂ui

∂t
+Ri(ui · ∇)ui = div

(
− PiI3 +

n∑
j=1

σij(uj)
)
+

n∑
j=1

aij(uj − ui)+RiFi,

∂Ri

∂t
+ div(Riui) = 0, (t, x) ∈ [0,+∞)× Ω, i = 1, . . . , n, (1)

ãäå ui = ui(t, x) =
(
ui1(t, x);ui2(t, x);ui3(t, x)

)τ
(x = (x1;x2;x3) ∈ Ω)� ïî-

ëå ñêîðîñòåé i-é êîìïîíåíòû ñìåñè (ñèìâîëîì τ îáîçíà÷åíà îïåðàöèÿ
òðàíñïîíèðîâàíèÿ), Ri = Ri(t, x) � ïëîòíîñòü, Pi = Pi(t, x) � äàâëåíèå,
aij = aji ⩾ 0� êîýôôèöèåíòû, îòâå÷àþùèå çà èíòåíñèâíîñòü îáìåíà èì-
ïóëüñîì ìåæäó ñîñòàâëÿþùèìè ñìåñè, Fi = Fi(t, x) � èçâåñòíûå ïîëÿ
âíåøíèõ ìàññîâûõ ñèë. Òåíçîðû íàïðÿæåíèé Ti è òåíçîðû âÿçêèõ íà-
ïðÿæåíèé Si îïðåäåëÿþòñÿ ðàâåíñòâàìè2:

Ti := −PiI3 + Si, Si :=
n∑

j=1

σij(uj), σij(u) := λijtr e(u)I3 + 2µije(u),

(2)
ãäå I3 � åäèíè÷íàÿ ìàòðèöà â R3, µij , λij � êîýôôèöèåíòû ìàòðèö âÿç-
êîñòåé M := {µij}ni,j=1, Λ := {λij}ni,j=1. Ìàòðèöû âÿçêîñòåé ïîä÷èíåíû
ñëåäóþùèì óñëîâèÿì:

M > 0, 2M+ 3Λ > 0. (3)

Ïðåäïîëîæèì, ÷òî äàâëåíèå â êàæäîé êîìïîíåíòå ñìåñè ïðîïîðöèî-
íàëüíî ïëîòíîñòè:

Pi = ciRi, ci > 0, (t, x) ∈ [0,+∞)× Ω, i = 1, . . . , n. (4)

1 Ïóñòü A, B � ìàòðèöû, äåéñòâóþùèå â Rm. Ïîëîæèì divA :=

m∑
i=1

ei

m∑
j=1

∂Aij

∂xj
,

îïðåäåëèì îïåðàöèþ A :B := tr(AτB) =

m∑
i,j=1

AijBij .

2 Äëÿ âåêòîðíîãî ïîëÿ u = (u1;u2;u3)
τ îïðåäåëèì íàáîð êîýôôèöèåíòîâ

elk(u) :=
1

2

(
∂ul

∂xk
+

∂uk

∂xl

)
(l, k = 1, 2, 3) òåíçîðà ñêîðîñòåé äåôîðìàöèé e(u). ×åðåç

tr e(u) :=
3∑

s=1

ess(u) ≡ divu îáîçíà÷èì ñëåä ìàòðèöû e(u).
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Ëèíåàðèçîâàííàÿ îòíîñèòåëüíî ñîñòîÿíèÿ ïîêîÿ ñèñòåìà (1) áóäåò ðàñ-
ñìàòðèâàòüñÿ ñ ãðàíè÷íûìè óñëîâèÿìè íåïðîòåêàíèÿ äëÿ êàæäîé êîì-
ïîíåíòû ñìåñè è íóëåâûìè êàñàòåëüíûìè íàïðÿæåíèÿìè:

ui · n = 0, (Tin)× n = 0, (t, x) ∈ [0,+∞)× ∂Ω, i = 1, . . . , n, (5)

ãäå ñèìâîë × îçíà÷àåò âåêòîðíîå ïðîèçâåäåíèå. Â äàëüíåéøåì ãðàíè÷-
íîå óñëîâèå (5) ñ ó÷¼òîì (2) áóäåò ïåðåïèñàíî â áîëåå óäîáíîé äëÿ âû-
÷èñëåíèé ôîðìå.
Ñèñòåìà óðàâíåíèé (1) � îäèí èç ìíîãèõ âàðèàíòîâ îïèñàíèÿ äâè-

æåíèÿ ìíîãîêîìïîíåíòíûõ æèäêîñòíûõ ñìåñåé è ìîäåëèðóåò äâèæåíèÿ
ãîìîãåííîé ñìåñè âÿçêèõ ñæèìàåìûõ æèäêîñòåé, ìíîãîñêîðîñòíàÿ ìî-
äåëü (ïîäðîáíîñòè ñì. â [49, 52, 40, 43]). Â ÷àñòíîñòè, ýòî îçíà÷àåò, ÷òî
â êàæäîé òî÷êå ïðîñòðàíñòâà ïðèñóòñòâóþò âñå êîìïîíåíòû ñìåñè, êî-
òîðûå íàõîäÿòñÿ â îäíîé ôàçå, íî èìåþò êàæäàÿ ñâîþ ëîêàëüíóþ ñêî-
ðîñòü äâèæåíèÿ; âçàèìîäåéñòâèå ìåæäó êîìïîíåíòàìè îñóùåñòâëÿåòñÿ
÷åðåç îáìåí èìïóëüñîì è âÿçêîå òðåíèå. Ïðè ýòîì ó÷åò ìåæêîìïîíåíò-
íîãî âÿçêîãî òðåíèÿ ïîñðåäñòâîì ðàññìîòðåíèÿ íåäèàãîíàëüíûõ ìàòðèö
âÿçêîñòåé M è Λ â (2) âî ìíîãîì îïðåäåëÿåò ñïåöèôèêó èññëåäóåìîé
ìîäåëè äèíàìèêè ñìåñåé. Îòìåòèì, ÷òî åñëè ìàòðèöû âÿçêîñòåé M è
Λ äèàãîíàëüíû è â (1) âñå aij = 0, òî ìû áóäåì èìåòü äåëî ñ n íåçàâè-
ñèìûìè ñèñòåìàìè óðàâíåíèé Íàâüå�Ñòîêñà äëÿ êàæäîé êîìïîíåíòû è
ÿñíî, ÷òî â ýòîì ñëó÷àå âñå ðåçóëüòàòû, ïîëó÷åííûå äëÿ èçîòåðìè÷åñêèõ
óðàâíåíèé Íàâüå�Ñòîêñà ïðÿìî ïåðåíîñÿòñÿ íà ìíîãîêîìïîíåíòíûé ñëó-
÷àé ñ äèàãîíàëüíûìè ìàòðèöàìè âÿçêîñòåé. Åñëè æå ìàòðèöû M è Λ
íå äèàãîíàëüíû, òî â êàæäîì i-îì óðàâíåíèè (11) ïðèñóòñòâóþò ñòàð-
øèå ïðîèçâîäíûå îò ïîëåé ñêîðîñòåé âñåõ êîìïîíåíò ñìåñè è, â ýòîì
ñëó÷àå, ñîîòâåòñòâóþùåãî ïåðåíîñà òåîðèè óðàâíåíèé Íàâüå�Ñòîêñà íà
ìíîãîêîìïîíåíòíûé ñëó÷àé ìû óæå îæèäàòü íå ìîæåì. Íåîáõîäèìî ðàç-
ðàáàòûâàòü ïðèíöèïèàëüíî íîâûå ìåòîäû è ïîäõîäû äëÿ èññëåäîâàíèÿ
óðàâíåíèé äèíàìèêè ñìåñåé ñ íåäèàãîíàëüíûìè ìàòðèöàìè âÿçêîñòåé.
Ìàòåìàòè÷åñêîå èññëåäîâàíèå ìíîãîñêîðîñòíûõ ìîäåëåé äâèæåíèÿ

ìíîãîêîìïîíåíòíûõ ñðåä c íåäèàãîíàëüíûìè ìàòðèöàìè âÿçêîñòåé íà-
÷àëîñü îòíîñèòåëüíî íåäàâíî. Îäíîé èç ïåðâûõ ðàáîò, â êîòîðîé áûëè
ïîëó÷åíû ðåçóëüòàòû î ðàçðåøèìîñòè â ìíîãîìåðíîì ñëó÷àå, ÿâëÿåòñÿ
ðàáîòà J. Frehse, S.Goj è J.M�alek [25]. Â äàííîé ðàáîòå äîêàçàíà ðàç-
ðåøèìîñòü çàäà÷è Êîøè äëÿ ñèñòåìû áåç êîíâåêòèâíûõ ÷ëåíîâ â ñëó-
÷àå îáùåé çàâèñèìîñòè äàâëåíèé îò ïëîòíîñòåé êîìïîíåíò. Â [26] ýòè-
ìè æå àâòîðàìè ïîëó÷åí ðåçóëüòàò î åäèíñòâåííîñòè ñëàáûõ ðåøåíèé
çàäà÷è Êîøè ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ, ÷òî ìàññîâûå ñè-
ëû è ÷ëåíû, ó÷èòûâàþùèå îáìåí èìïóëüñîì ìåæäó ðàçëè÷íûìè êîì-
ïîíåíòàìè ðàâíû íóëþ. Â ðàáîòå J. Frehse è W.Weigant [27] äîêàçà-
íî ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ êðàåâîé çà-
äà÷è äëÿ êâàçèñòàöèîíàðíîé ñèñòåìû áåç êîíâåêòèâíûõ ñëàãàåìûõ ñî
ñïåöèàëüíûìè ãðàíè÷íûìè óñëîâèÿìè. Ðåçóëüòàòû î ñóùåñòâîâàíèè ðå-
øåíèé ñ ó÷åòîì êîíâåêòèâíûõ ñëàãàåìûõ, íî â ñïåöèôè÷åñêîì ñëó÷àå
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òðåóãîëüíûõ ìàòðèö âÿçêîñòåé, ïîëó÷åíû Í.À.Êó÷åð, À.Å.Ìàìîíòîâûì
è Ä.À.Ïðîêóäèíûì äëÿ ìíîãîñêîðîñòíîé ìíîãîòåìïåðàòóðíîé ñòàöèî-
íàðíîé ìîäåëè áåç ó÷åòà äèññèïàòèâíûõ ñëàãàåìûõ â óðàâíåíèÿõ ýíåð-
ãèè â ðàáîòå [37], À.Å.Ìàìîíòîâûì è Ä.À.Ïðîêóäèíûì äëÿ ìíîãîñêî-
ðîñòíîé îäíîòåìïåðàòóðíîé ñòàöèîíàðíîé ìîäåëè ñ ó÷åòîì äèññèïàòèâ-
íûõ ñëàãàåìûõ â óðàâíåíèè ýíåðãèè â [41]. Ðåçóëüòàòû äëÿ ñìåæíûõ
ìíîãîìåðíûõ ìîäåëåé ïîëó÷åíû â [15, 16, 17, 18, 21, 28, 48, 63]. Ïðî-
ñòåéøèå ïîòîêè ìíîãîêîìïîíåíòíûõ ñðåä ñ íåäèàãîíàëüíûìè ìàòðèöà-
ìè âÿçêîñòåé (òå÷åíèå Ïóàçåéëÿ, òå÷åíèå Êóýòòà è äð.) ðàññìîòðåíû
â [5, 6, 7, 8, 9, 10, 11, 47]. ×èñëåííîìó èññëåäîâàíèþ çàäà÷ äèíàìèêè
ìíîãîêîìïîíåíòíûõ ñðåä ñ íåäèàãîíàëüíûìè ìàòðèöàìè âÿçêîñòåé ïî-
ñâÿùåíû ðàáîòû [1, 12, 39, 55, 58]. Ñïåêòðàëüíûé àíàëèç îäíîé ëèíåéíîé
ìîäåëè ñ êëàññè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè ïðîâåäåí â [62].
Öåëü äàííîé ðàáîòû � èññëåäîâàíèå çàäà÷è î íîðìàëüíûõ êîëåáà-

íèÿõ ëèíåàðèçîâàííîé îòíîñèòåëüíî ñîñòîÿíèÿ ïîêîÿ ñèñòåìû (1)�(5),
èññëåäîâàíèå ýâîëþöèîííîé çàäà÷è, â ÷àñòíîñòè, ïîëó÷åíèå àñèìïòîòè-
÷åñêèõ ôîðìóë äëÿ ðåøåíèÿ â ñëó÷àå âíåøíèõ íàãðóçîê ñïåöèàëüíîãî
âèäà. Îñíîâíûå ðåçóëüòàòû èçëîæåíû â òåîðåìàõ 1 è 2.

1.2. Ëèíåàðèçàöèÿ äèíàìè÷åñêîé çàäà÷è. Ïðåäïîëîæèì, ÷òî ðàñ-
ñìàòðèâàåìàÿ ñèñòåìà íàõîäèòñÿ â ðàâíîâåñèè, òî åñòü ui = 0, Fi = −ge3
(i = 1, . . . , n), ãäå g � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ. Èç (1) è (4) íàéä¼ì,
÷òî ñòàöèîíàðíûå ïëîòíîñòè ρi0 â êîìïîíåíòàõ ñìåñè ðàñïðåäåëåíû ïî
ñëåäóþùåìó çàêîíó ρi0 = ρi0(0) exp(−gc−1

i x3), ãäå ρi0(0) � ñòàöèîíàðíàÿ
ïëîòíîñòü i-é êîìïîíåíòû ñìåñè â íà÷àëå êîîðäèíàò.
Áóäåì ñ÷èòàòü, ÷òîRi(t, x) = ρi0(x3) + ρ̃i(t, x), Fi(t, x) = −ge3 + fi(t, x),

ãäå ρ̃i � òàê íàçûâàåìàÿ äèíàìè÷åñêàÿ ïëîòíîñòü, fi � ìàëîå ïîëå âíåø-
íèõ ìàññîâûõ ñèë, íàëîæåííîå íà ãðàâèòàöèîííîå ïîëå. Ïðåäïîëàãàÿ,
÷òî ui, ρ̃i, fi � ìàëûå îäíîãî ïîðÿäêà ìàëîñòè, è ó÷èòûâàÿ

ci∇ρ̃i + ρ̃ige3
ρi0

=
ciρi0∇ρ̃i − ciρ̃i∇ρi0

ρ2i0
= ∇

(
ciρ̃i
ρi0

)
,

ïðèä¼ì ê ëèíåàðèçîâàííîé ñèñòåìå:

∂ui

∂t
= −∇

(
ciρ̃i
ρi0

)
+

1

ρi0
div

n∑
j=1

σij(uj) +
1

ρi0

n∑
j=1

aij(uj − ui) + fi,

∂ρ̃i
∂t

= −div(ρi0ui), (t, x) ∈ [0,+∞)× Ω, i = 1, . . . , n.

(6)

2 Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

Îñóùåñòâèì â ñèñòåìå (6) çàìåíó c
1/2
i ρ

−1/2
i0 ρ̃i(t, x) =: ρi(t, x) ñ öåëüþ

å¼ ñèììåòðèçàöèè. Â ðåçóëüòàòå ñ ó÷¼òîì (2) ïîëó÷èì îñíîâíóþ ñèñòåìó
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óðàâíåíèé:

∂ui

∂t
= −∇

(
c
1/2
i ρi

ρ
1/2
i0

)
− 1

ρi0

n∑
j=1

Lijuj +
1

ρi0

n∑
j=1

aij(uj − ui) + fi,

∂ρi
∂t

= −
c
1/2
i

ρ
1/2
i0

div(ρi0ui), (t, x) ∈ [0,+∞)× Ω, i = 1, . . . , n,

(7)

ãäå Lij := −µij∆− (µij + λij)∇div � äèôôåðåíöèàëüíûå îïåðàòîðû òåî-
ðèè óïðóãîñòè. Ê ñèñòåìå (7) äîáàâèì íà÷àëüíûå óñëîâèÿ:

ui(0, x) = u0
i (x), ρi(0, x) = ρ0i (x), i = 1, . . . , n. (8)

Äàëåå ñèñòåìà (7) ñ ãðàíè÷íûìè óñëîâèÿìè (5) è íà÷àëüíûìè óñëîâè-
ÿìè (8) áóäåò òðàêòîâàòüñÿ â âèäå çàäà÷è Êîøè ñ çàìêíóòûì îïåðàòîðîì
A â íåêîòîðîì ãèëüáåðòîâîì ïðîñòðàíñòâå H:

dξ

dt
= −Aξ + F(t), ξ(0) = ξ0. (9)

Ðàçûñêèâàÿ ðåøåíèÿ îäíîðîäíîãî (F(t) ≡ 0) óðàâíåíèÿ èç (9) â âèäå
ξ(t) = exp(−λt)ξ, ãäå λ � ñïåêòðàëüíûé ïàðàìåòð, ξ � àìïëèòóäíûé
ýëåìåíò, ïðèä¼ì ê ñëåäóþùåé ñïåêòðàëüíîé çàäà÷å:

Aξ = λξ, ξ ∈ D(A) ⊂ H. (10)

Ïðè èññëåäîâàíèè çàäà÷ (9), (10) áóäåì ïðåäïîëàãàòü, ÷òî ãðàíèöà ∂Ω
îáëàñòè Ω íå ÿâëÿåòñÿ ïîâåðõíîñòüþ âðàùåíèÿ. Ýòî óñëîâèå ïðèçâàíî
íåñêîëüêî óïðîñòèòü âû÷èñëåíèÿ.

Îïðåäåëåíèå 1. Ñóùåñòâåííûì ñïåêòðîì çàìêíóòîãî îïåðàòîðà A
íàçûâàåòñÿ ìíîæåñòâî

σess(A) :=
{
λ ∈ C : îïåðàòîð A− λI íå ÿâëÿåòñÿ ôðåäãîëüìîâûì

}
.

Ïîëîæèì Φ := {δijciρi0(x3)}ni,j=1, R := {δijρi0(x3)}ni,j=1.

Òåîðåìà 1. Ñïåêòð σ(A) îïåðàòîðà A ðàñïîëîæåí íà äåéñòâèòåëü-
íîé ïîëîæèòåëüíîé ïîëóîñè çà èñêëþ÷åíèåì, áûòü ìîæåò, êîíå÷íîãî
÷èñëà êîìïëåêñíî ñîïðÿæ¼ííûõ ñîáñòâåííûõ çíà÷åíèé êîíå÷íîé àëãåá-
ðàè÷åñêîé êðàòíîñòè, à

σess(A) =
{
λ ∈ C : det

(
λ(2M+Λ)−Φ

)
= 0, x ∈ Ω

}
.

Ìíîæåñòâî σ(A) \ σess(A) ñîñòîèò èç èçîëèðîâàííûõ ñîáñòâåííûõ
çíà÷åíèé êîíå÷íîé àëãåáðàè÷åñêîé êðàòíîñòè è ñîäåðæèò ïîäïîñëåäî-
âàòåëüíîñòü ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì

λ
(∞)
k (A) = C−2/3k2/3(1 + o(1)), k −→ ∞,

C :=
1

6π2

∫
Ω

(
tr
(
R−1/2(2M+Λ)R−1/2

)−3/2
+ 2tr

(
R−1/2MR−1/2

)−3/2
)
dΩ.
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Çàìå÷àíèå 1. Èç óñëîâèé (3) ñëåäóåò, ÷òî 2M+Λ > 0. Îòñþäà è
èç Φ > 0 òåïåðü âèäíî, ÷òî ìíîæåñòâî σess(A) ïðåäñòàâëÿåò ñîáîé
îáúåäèíåíèå n îòðåçêîâ, ðàñïîëîæåííûõ íà ïîëîæèòåëüíîé ïîëóîñè.

Çàìå÷àíèå 2. Èç òåîðåìû 1 ñëåäóåò, ÷òî â îäíîðîäíîé ñèñòåìå (7)
ñóùåñòâóåò íå áîëåå êîíå÷íîãî ÷èñëà îñöèëëèðóþùèõ ñîáñòâåííûõ êî-
ëåáàíèé, âñå îñòàëüíûå ñîáñòâåííûå êîëåáàíèÿ ÿâëÿþòñÿ àïåðèîäè÷å-
ñêè çàòóõàþùèìè.
Â òåðìèíàõ íîðì îïåðàòîðîâ, êîòîðûå áóäóò ââåäåíû äàëåå, ìîæ-

íî ñôîðìóëèðîâàòü óñëîâèå, äîñòàòî÷íîå äëÿ îòñóòñòâèÿ îñöèëëè-
ðóþùèõ ñîáñòâåííûõ êîëåáàíèé. Â èñõîäíûõ òåðìèíàõ ôîðìóëèðîâêà
ýòîãî óñëîâèÿ âåñüìà ãðîìîçäêà, îäíàêî ñâîäèòñÿ ê òîìó, ÷òî íèæíèå
ãðàíè ìàòðèö âÿçêîñòåé M è 2M+ 3Λ, ñîâïàäàþùèå ñ íàèìåíüøèìè
ñîáñòâåííûìè çíà÷åíèÿìè ýòèõ ìàòðèö, "äîñòàòî÷íî áîëüøèå".

Â ñëó÷àå n = 1 ñ íåêîòîðûìè èçìåíåíèÿìè ñïåêòðàëüíàÿ çàäà÷à äëÿ
ñèñòåìû óðàâíåíèé (6) ñ ãðàíè÷íûìè óñëîâèÿìè ïðèëèïàíèÿ ëèáî ñ
óñëîâèÿìè íóëåâûõ íàïðÿæåíèé íà ãðàíèöå èññëåäîâàíà â [51]. Ïðè ýòîì
èññëåäîâàíèå îïèðàëîñü íà ðåçóëüòàòû ðàáîòû [31], â êîòîðîé áåñêîíå÷-
íàÿ äèôôåðåíöèðóåìîñòü ãðàíèöû ∂Ω ñóùåñòâåííà. Íàñòîÿùàÿ ðàáî-
òà ñëåäóåò òîìó æå ïëàíó. Îòìåòèì, ÷òî â [23] ñ èñïîëüçîâàíèåì ðå-
çóëüòàòîâ ðàáîòû [4] èññëåäîâàí ñóùåñòâåííûé ñïåêòð ëèíåàðèçîâàííî-
ãî îïåðàòîðà Íàâüå�Ñòîêñà â îãðàíè÷åííîé îáëàñòè Ω ⊂ Rm (m ⩾ 2) ñ
C2-ãëàäêîé ãðàíèöåé. Ïðè ýòîì òåõíèêà ïñåâäî-äèôôåðåíöèàëüíûõ îïå-
ðàòîðîâ íå ïðèìåíÿëàñü.
×åðåç L2(Ω) è L2(Ω) áóäåì îáîçíà÷àòü ïðîñòðàíñòâà âåêòîðíûõ è

ñêàëÿðíûõ ôóíêöèé, ñóììèðóåìûõ ñ êâàäðàòàìè ïî îáëàñòè Ω, ÷åðåç
W1

2(Ω), W
2
2(Ω) è W 1

2 (Ω) � ïðîñòðàíñòâà Ñîáîëåâà âåêòîðíûõ è ñêàëÿð-
íûõ ôóíêöèé ñî ñòàíäàðòíûìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè è íîðìàìè,
à R+ := [0,+∞).
Â ñëåäóþùåì îïðåäåëåíèè äëÿ êðàòêîñòè áóäåì ïîíèìàòü ïîëÿ ui è

ôóíêöèè ρi (i = 1, . . . , n) èç (7) êàê ôóíêöèè îäíîé ïåðåìåííîé t ñî çíà-
÷åíèÿìè â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ L2(Ω) è L2(Ω) ñîîòâåòñòâåííî.

Îïðåäåëåíèå 2. Ïîëÿ ui ∈ C1(R+;L2(Ω)) ∩ C(R+;W
2
2(Ω)) (i = 1, n), è

ôóíêöèè ρi ∈ C1(R+;L2(Ω)) ∩ C(R+;W
1
2 (Ω)) (i = 1, . . . , n), íàçûâàþòñÿ

ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (7), (5), (8), åñëè âûïîëíåíû íà÷àëü-
íûå óñëîâèÿ (8), âûïîëíåíû óðàâíåíèÿ (7) è ãðàíè÷íûå óñëîâèÿ (5) ïðè
âñåõ t ∈ R+.

Òåîðåìà 2. 1) Ïóñòü u0
j ∈ W2

2(Ω)
3 è óäîâëåòâîðÿþò ãðàíè÷íûì óñëî-

âèÿì (5), ρ0j ∈ W 1
2 (Ω) (j = 1, . . . , n), à ïîëÿ fj (j = 1, . . . , n) ëîêàëüíî

ã¼ëüäåðîâû, òî åñòü äëÿ ëþáîãî T ⩾ 0 ñóùåñòâóþò ïîëîæèòåëüíûå

3 Â ôîðìóëèðîâêå òåîðåìû èñïîëüçîâàí èíäåêñ j, ïîñêîëüêó ÷åðåç i îáîçíà÷åíà
ìíèìàÿ åäèíèöà.
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êîíñòàíòû K(T ) > 0, k(T ) ∈ (0, 1] òàêèå, ÷òî

∥fj(t)− fj(s)∥L2(Ω) ⩽ K(T )|t− s|k(T ) ∀ 0 ⩽ t, s ⩽ T, j = 1, . . . , n.

Òîãäà íà÷àëüíî-êðàåâàÿ çàäà÷à (7), (5), (8) èìååò åäèíñòâåííîå ðå-
øåíèå â ñìûñëå îïðåäåëåíèÿ 2.
2) Ïóñòü äîïîëíèòåëüíî ïîëÿ fj (j = 1, . . . , n) èìåþò ñëåäóþùèé âèä:

fj(t) =
m∑
k=0

e−iσktfj,k, fj,k ∈ L2(Ω), σ0 = 0, 0 ̸= σk ∈ R, k = 1, . . . ,m.

Òîãäà ñóùåñòâóåò ω > 0 è òàêàÿ êîíñòàíòà N > 0, çàâèñÿùàÿ îò
íà÷àëüíûõ äàííûõ è íîðì ïîëåé fj,k, ÷òî ïðè âñåõ t ∈ R+ áóäåò âûïîë-
íåíî íåðàâåíñòâî

n∑
j=1

(∥∥∥uj(t)−
m∑
k=0

e−iσktuj,k

∥∥∥2 + ∥∥∥ρj(t)− m∑
k=0

e−iσktρj,k

∥∥∥2) ⩽ Ne−2ωt,

ãäå ïîëÿ uj,k è ôóíêöèè ρj,k (j = 1, . . . , n) ïðè êàæäîì k = 0, . . . ,m ÿâ-
ëÿþòñÿ ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è:

1

ρj0

n∑
l=1

Ljlul,k +∇
(
c
1/2
j ρj,k

ρ
1/2
j0

)
− 1

ρj0

n∑
l=1

ajl(ul,k − uj,k)− iσkuj,k = fj,k,

c
1/2
j

ρ
1/2
j0

div(ρj0uj,k)− iσkρj,k = 0, x ∈ Ω, j = 1, . . . , n,

uj,k · n = 0, (Tjn)× n = 0, x ∈ ∂Ω, j = 1, . . . , n.

3 Îïåðàòîðíàÿ ôîðìóëèðîâêà çàäà÷è

3.1. Îñíîâíûå ïðîñòðàíñòâà è âñïîìîãàòåëüíûå îïåðàòîðû. Ââå-
ä¼ì âåêòîðíîå ãèëüáåðòîâî ïðîñòðàíñòâî ñ âåñîì L2(Ω, ρj0) (j = 1, . . . , n)
ñî ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé:

(u,v)L2(Ω,ρj0) :=

∫
Ω

ρj0(x3)u(x)·v(x) dΩ, ∥u∥2L2(Ω,ρj0)
=

∫
Ω

ρj0(x3)|u(x)|2 dΩ,

à òàêæå ïîäïðîñòðàíñòâî ãèëüáåðòîâà ïðîñòðàíñòâà L2(Ω) åäèíè÷íîé
êîðàçìåðíîñòè:

L2,ρj0(Ω) :=
{
f ∈ L2(Ω) : (f, ρ

1/2
j0 )L2(Ω) = 0

}
, j = 1, . . . , n.

Ââåä¼ì îñíîâíîå ãèëüáåðòîâî ïðîñòðàíñòâî H := H1 ⊕H2 ñ åñòåñòâåí-
íî îïðåäåë¼ííûì íà í¼ì ñêàëÿðíûì ïðîèçâåäåíèåì è ñîîòâåòñòâóþùåé
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íîðìîé, ãäå

H1 :=
n⊕

j=1

L2(Ω, ρj0) =
{
u := (u1; . . . ;un)

τ : uj ∈ L2(Ω, ρj0), j = 1, . . . , n
}
,

H2 :=
n⊕

j=1

L2,ρj0(Ω) =
{
ρ := (ρ1; . . . ; ρn)

τ : ρj ∈ L2,ρj0(Ω), j = 1, . . . , n
}
.

Çàìåòèì, ÷òî èç (2), â ñèëó î÷åâèäíîãî ðàâåíñòâà I3n× n = 0, ñëåäóåò

(Tin)×n=
(
−PiI3+

n∑
j=1

(
λijtr e(uj)I3+2µije(uj)

))
n×n=2

n∑
j=1

µije(uj)n×n

äëÿ ëþáîãî x ∈ ∂Ω (i = 1, . . . , n). Îáîçíà÷èì ÷åðåç τs (s = 1, 2) åäèíè÷-
íûå âåêòîðû, êàñàòåëüíûå ê ïîâåðõíîñòè ∂Ω è îðòîãîíàëüíûå ìåæäó
ñîáîé. Òîãäà ñ ó÷¼òîì ñêàçàííîãî âûøå ãðàíè÷íûå óñëîâèÿ (5) äëÿ çà-
äà÷è (7) ìîæíî ïåðåïèñàòü â ñëåäóþùåé ýêâèâàëåíòíîé ôîðìå:

ui · n = 0, 2

n∑
j=1

µije(uj)n · τs = 0, x ∈ ∂Ω, s = 1, 2, i = 1, . . . , n.

(11)
Ââåä¼ì òåïåðü, ó÷èòûâàÿ (5) è (11), îïåðàòîð L : D(L) ⊂ H1 −→ H1

ïî ñëåäóþùåìó çàêîíó:

Lu :=

(
1

ρ10

n∑
j=1

L1juj ; . . . ;
1

ρn0

n∑
j=1

Lnjuj

)τ

, (12)

D(L) :=
{
u ∈ H1 : ui ∈ W2

2(Ω), ui · n = 0 (x ∈ ∂Ω),

2
n∑

j=1

µije(uj)n · τs = 0 (x ∈ ∂Ω), s = 1, 2, i = 1, . . . , n
}
.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (3) è ãðàíèöà ∂Ω íå ÿâëÿåòñÿ
ïîâåðõíîñòüþ âðàùåíèÿ. Òîãäà îïåðàòîð L ñàìîñîïðÿæ¼í è ïîëîæè-
òåëüíî îïðåäåë¼í â H1, L

−1 ∈ S∞(H1)
4. Ýíåðãåòè÷åñêîå ïðîñòðàíñòâî

HL îïåðàòîðà L âûðàæàåòñÿ ïî ñëåäóþùåé ôîðìóëå:

HL = D(L1/2) =
n⊕

j=1

{
uj ∈ W1

2(Ω) : uj · n = 0 (x ∈ ∂Ω)
}
.

4 ×åðåç S∞(H1,H2) îáîçíà÷åí êëàññ ëèíåéíûõ êîìïàêòíûõ îïåðàòîðîâ, äåéñòâó-
þùèõ èç H1 â H2, S∞(H) := S∞(H,H).
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Äîêàçàòåëüñòâî. Ðàññìîòðèì íà HL ⊂ H1 ïîëóòîðàëèíåéíóþ ôîðìó

L(u,v) :=

∫
Ω

n∑
i,j=1

(
λijtr e(uj)tr e(vi) + 2µije(uj) :e(vi)

)
dΩ ≡

≡
n∑

i=1

∫
Ω

n∑
j=1

σij(uj) :e(vi) dΩ. (13)

Ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèé (3) (ïëîòíî îïðåäåë¼ííàÿ)
êâàäðàòè÷íàÿ ôîðìà L(·, ·) ïîëîæèòåëüíî îïðåäåëåíà â H1 è çàìêíóòà
(ñì. [33, ãë.VI, � 1, ï. 3]). Äëÿ ýòîãî ïðîâåä¼ì âñïîìîãàòåëüíûå âû÷èñëå-
íèÿ.
Ââåä¼ì îáîçíà÷åíèÿ

K :=
{
Kij ≡ K(λij , µij)

}n

i,j=1
, ξ :=

(
ξ1; ξ2, . . . ; ξn

)τ
, (14)

Kij :=


λij + 2µij λij λij 0 0 0

λij λij + 2µij λij 0 0 0
λij λij λij + 2µij 0 0 0
0 0 0 2µij 0 0
0 0 0 0 2µij 0
0 0 0 0 0 2µij

 ,

ξj :=
(
e11(uj); e22(uj); e33(uj);

√
2e12(uj);

√
2e13(uj);

√
2e23(uj)

)τ
,

è âû÷èñëèì êâàäðàòè÷íóþ ôîðìó ñèììåòðè÷íîé (6n× 6n)-ìàòðèöû K:(
Kξ, ξ

)
=

n∑
i,j=1

(
Kijξj , ξi

)
=

=
n∑

i,j=1





λijtr e(uj) + 2µije11(uj)
λijtr e(uj) + 2µije22(uj)
λijtr e(uj) + 2µije33(uj)

2
√
2µije12(uj)

2
√
2µije13(uj)

2
√
2µije23(uj)

 ,



e11(ui)
e22(ui)
e33(ui)√
2e12(ui)√
2e13(ui)√
2e23(ui)




=

n∑
i,j=1

(
λijtr e(uj)tr e(ui) + 2µij

3∑
k=1

ekk(uj)ekk(ui)+

+ 4µij

(
e12(uj)e12(ui) + e13(uj)e13(ui) + e23(uj)e23(ui)

))
=

n∑
i,j=1

(
λijtr e(uj)tr e(ui) + 2µije(uj) :e(ui)

)
=

n∑
i,j=1

(
λijtr e(uj)I3 + 2µije(uj)

)
:e(ui) =

n∑
i=1

( n∑
j=1

σij(uj) :e(ui)

)
.

(15)
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Òàêèì îáðàçîì,

(
Kξ, ξ

)
=

n∑
i,j=1

((
λij +

2

3
µij

)
tr e(uj)I3 + 2µij

(
e(uj)−

1

3
tr e(uj)I3

))
:e(ui)

=

n∑
i,j=1

((
λij +

2

3
µij

)
tr e(uj)tr e(ui)+

+ 2µij

(
e(uj)−

1

3
tr e(uj)I3

)
:
(
e(ui)−

1

3
tr e(ui)I3

))
=

n∑
i,j=1

(
λij +

2

3
µij

)
tr e(uj)tr e(ui)+

+ 2
3∑

l,k=1

( n∑
i,j=1

µij

(
elk(uj)−

δlk
3

tr e(uj)
)(

elk(ui)−
δlk
3

tr e(ui)
))

.

Èç (3) ñëåäóåò, ÷òî ìàòðèöà K íåîòðèöàòåëüíà. Äîïóñòèì, ÷òî(
Kξ, ξ

)
=0. Îáîçíà÷èì ÷åðåç γ(M) > 0, γ(Λ+ 2/3M) > 0 íèæíèå ãðàíè

ñîîòâåòñòâåííî ìàòðèö M è Λ+ 2/3M, è íàéä¼ì èç ïîñëåäíåãî ñîîòíî-
øåíèÿ, ÷òî

(
Kξ, ξ

)
⩾γ

(
Λ+

2

3
M

) n∑
j=1

∣∣tr e(uj)
∣∣2+2

3∑
l,k=1

γ(M)

n∑
j=1

∣∣∣elk(uj)−
δlk
3

tr e(uj)
∣∣∣2.

Îòñþäà èìååì tr e(uj) = 0 äëÿ êàæäîãî j = 1, . . . , n, òî åñòü elk(uj) = 0
(l, k = 1, 2, 3, j = 1, . . . , n), à çíà÷èò, ξ = 0. Òàêèì îáðàçîì, ñóùåñòâóåò
òàêàÿ êîíñòàíòà γ(K) > 0, ÷òî

(
Kξ, ξ

)
⩾ γ(K)

(
ξ, ξ

)
äëÿ ëþáîãî ξ ∈ C6n.

Ïîñëåäíåå ñîîòíîøåíèå ñ ó÷¼òîì (14), (15) ïåðåïèøåì ñëåäóþùèì îáðà-
çîì:

n∑
i=1

( n∑
j=1

σij(uj) :e(ui)

)
⩾ γ(K)

n∑
i=1

e(ui) :e(ui). (16)

Ïîñêîëüêó ãðàíèöà ∂Ω íå ÿâëÿåòñÿ ïîâåðõíîñòüþ âðàùåíèÿ, ïðîñòðàí-
ñòâà

{
uj ∈ W1

2(Ω) : uj · n = 0 (x ∈ ∂Ω)
}
íå ñîäåðæàò æ¼ñòêèå ïåðåìå-

ùåíèÿ. Ñëåäîâàòåëüíî, äëÿ ýëåìåíòîâ ýòèõ ïðîñòðàíñòâ ñïðàâåäëèâî
âòîðîå íåðàâåíñòâî Êîðíà (ñì. [50, ãë. I, � 2, ï. 2.2, òåîðåìà 2.5]). Èç (13)�
(16) è âòîðîãî íåðàâåíñòâà Êîðíà íàéä¼ì, ÷òî

C∥u∥2⊕n
j=1 W

1
2(Ω) ⩾ L(u,u) ⩾ γ(K)C−2

K ∥u∥2⊕n
j=1 W

1
2(Ω) ∀ u ∈ HL.

Çäåñü CK � êîíñòàíòà èç âòîðîãî íåðàâåíñòâà Êîðíà, C � íåêîòîðàÿ ïî-
ëîæèòåëüíàÿ êîíñòàíòà. Èç ïîëó÷åííûõ íåðàâåíñòâ ñëåäóåò, ÷òî ïëîòíî
îïðåäåë¼ííàÿ êâàäðàòè÷íàÿ ôîðìà L(·, ·) ïîëîæèòåëüíî îïðåäåëåíà âH1

è çàìêíóòà (ñì. [33, ãë.VI, � 1, ï. 3]). Ïî ïåðâîé òåîðåìå î ïðåäñòàâëåíèè
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(ñì. [33, ãë.VI, � 2, òåîðåìà 2.1]) ñóùåñòâóåò åäèíñòâåííûé ñàìîñîïðÿ-
æ¼ííûé ïîëîæèòåëüíî îïðåäåë¼ííûé îïåðàòîð L òàêîé, ÷òî

L(u,v) = (Lu,v)H1 ∀u ∈ D(L), v ∈ HL,

D(L) =
{
u ∈ HL : ∃w ∈ H1 : L(u,v) = (w,v)H1 ∀v ∈ HL

}
.

Ïðåäïîëîæèì, ÷òî ýëåìåíò u ∈ HL äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåì â îáëàñòè Ω, òîãäà ñ èñïîëüçîâàíèåì òîæäåñòâà Áýòòè (ñì. [53,
ãë. 24, ôîðìóëà (24.22)]) íàéä¼ì (ñì. (2)), ÷òî äëÿ ëþáîãî v ∈ HL

(Lu,v)H1 = L(u,v) =
n∑

i,j=1

∫
Ω

Lijuj · vi dΩ+
n∑

i=1

∫
∂Ω

n∑
j=1

σij(uj)n · vi dS

=

n∑
i,j=1

∫
Ω

Lijuj · vi dΩ+

n∑
i=1

∫
∂Ω

n∑
j=1

(
λijtr e(uj)n · vi + 2µije(uj)n · vi

)
dS

=
n∑

i,j=1

∫
Ω

Lijuj · vi dΩ+
n∑

i=1

∫
∂Ω

2
n∑

j=1

µije(uj)n ·
(
τ1(τ1 · vi) + τ2(τ2 · vi)

)
dS.

(17)

Äëÿ ýëåìåíòîâ v ∈ HL, ñîñòîÿùèõ èç ôèíèòíûõ ïîëåé, îòñþäà íàé-
ä¼ì, ÷òî

(Lu,v)H1 =
n∑

i,j=1

∫
Ω

Lijuj · vi dΩ =
n∑

i=1

( 1

ρi0

n∑
j=1

Lijuj ,vi

)
L2(Ω,ρi0)

.

Îòñþäà ñëåäóåò ôîðìóëà äëÿ Lu (ñì. (12)), ïîñêîëüêó ìíîæåñòâî ýëå-
ìåíòîâ èç HL, ñîñòîÿùèõ èç ôèíèòíûõ ïîëåé, ïëîòíî â H1. Ïîäñòàâëÿÿ
âûðàæåíèå äëÿ Lu â (17), ïðèõîäèì ê ðàâåíñòâó

n∑
i=1

∫
∂Ω

2
n∑

j=1

µije(uj)n ·
(
τ1(τ1 · vi) + τ2(τ2 · vi)

)
dS = 0.

Äëÿ ýëåìåíòîâ v ∈ HL âèäà v = (0; . . . ;vi; . . . ;0)
τ îòñþäà íàéä¼ì, ÷òî

2

n∑
j=1

µije(uj)n · τs = 0 (x ∈ ∂Ω), s = 1, 2, i = 1, . . . , n.

Òàêèì îáðàçîì, äâàæäû äèôôåðåíöèðóåìîå ðåøåíèå u îïåðàòîðíîãî
óðàâíåíèÿ L1u = w ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è

1

ρi0

n∑
j=1

Lijuj = wi, x ∈ Ω, i = 1, . . . , n,

ui · n = 0, 2
n∑

j=1

µije(uj)n · τs = 0, x ∈ ∂Ω, s = 1, 2, i = 1, . . . , n.

Ýëåìåíò u ∈ D(L) � ýòî â òî÷íîñòè îáîáù¼ííîå ðåøåíèå (ñì. [53, ãë. 11,
îïðåäåëåíèå 11.1]) óêàçàííîé êðàåâîé çàäà÷è ïðèwi ∈ L2(Ω, ρi0) (i = 1, n).
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Èç òåîðåìû îá àïðèîðíûõ îöåíêàõ (î íîðìàëüíîé ðàçðåøèìîñòè) (ñì. [54,
òåîðåìà 2.2]) ñëåäóåò ôîðìóëà äëÿ D(L) (ñì. (12)). Îáîñíîâàíèå âîçìîæ-
íîñòè ïðèìåíåíèÿ óêàçàííîé òåîðåìû îá àïðèîðíûõ îöåíêàõ òðåáóåò
âåñüìà ãðîìîçäêèõ âû÷èñëåíèé. Çäåñü, êàê è â ëåììå 4, ýòè âû÷èñëåíèÿ
îïóùåíû, äàëåå â ïóíêòå 4.2 â áîëåå ñëîæíîé ñèòóàöèè áóäóò ïðîâåäåíû
àíàëîãè÷íûå âû÷èñëåíèÿ.
Êîìïàêòíîñòü îïåðàòîðà L−1 ñëåäóåò èç êîìïàêòíîñòè âëîæåíèÿ ýíåð-

ãåòè÷åñêîãî ïðîñòðàíñòâà HL îïåðàòîðà L â îñíîâíîå ïðîñòðàíñòâî H1.
Ëåììà äîêàçàíà. □

Ââåä¼ì îïåðàòîð T : H1 −→ H1 ïî ñëåäóþùåìó çàêîíó:

Tu :=

(
− 1

ρ10

n∑
j=1

a1j(uj−u1); . . . ;−
1

ρn0

n∑
j=1

anj(uj−un)

)τ

, D(T ) := H1.

(18)

Ëåììà 2. Îïåðàòîð T îãðàíè÷åí è íåîòðèöàòåëåí â H1.

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî aij = aji ⩾ 0 (i, j = 1, . . . , n). Îòñþäà
èìååì

∥Tu∥2H1
=

n∑
i=1

∥∥∥− 1

ρi0

n∑
j=1

aij(uj − ui)
∥∥∥2
L2(Ω,ρi0)

=

n∑
i=1

∥∥∥ n∑
j=1

aij(uj − ui)
∥∥∥2
L2(Ω)

⩽
n∑

i=1

( n∑
j=1

aij

(
∥uj∥L2(Ω) + ∥ui∥L2(Ω)

))2

⩽ n

n∑
i,j=1

a2ij

(
∥uj∥L2(Ω) + ∥ui∥L2(Ω)

)2

⩽ 4n2max
i,j

{a2ij}
n∑

j=1

∥uj∥2L2(Ω) ⩽
4n2maxi,j{a2ij}

minj minx∈Ω ρj0(x3)
∥u∥2H1

∀u ∈ H1,

òî åñòü îïåðàòîð T îãðàíè÷åí âH1: T ∈ L(H1)
5. Äàëåå äëÿ ëþáîãî u ∈ H1

èìååì

(Tu,u)H1 = −
n∑

i,j=1

aij(uj − ui,ui)L2(Ω)

= −
∑
i>j

aij(uj − ui,ui)L2(Ω) −
∑
i<j

aij(uj − ui,ui)L2(Ω)

= −
∑
i>j

aij(uj − ui,ui)L2(Ω) −
∑
j<i

aji(ui − uj ,uj)L2(Ω)

5 ×åðåç L(H1,H2) îáîçíà÷åíà àëãåáðà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåé-
ñòâóþùèõ èç H1 â H2, L(H) := L(H,H).
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=
∑
i>j

aij∥uj − ui∥2L2(Ω) ⩾ 0,

òî åñòü îïåðàòîð T ñàìîñîïðÿæ¼í è íåîòðèöàòåëåí â H1. □

Ââåä¼ì îïåðàòîð B : D(B) ⊂ H1 −→ H2 ïî ñëåäóþùåìó çàêîíó:

Bu :=

(
− c

1/2
1

ρ
1/2
10

div(ρ10u1); . . . ;−
c
1/2
n

ρ
1/2
n0

div(ρn0un)

)τ

, (19)

D(B) :=

n⊕
j=1

{
uj ∈ L2(Ω) : div(ρj0uj) ∈ L2(Ω), uj · n = 0 (x ∈ ∂Ω)

}
.

Ëåììà 3. Ñîïðÿæ¼ííûé îïåðàòîð B∗ : D(B∗) ⊂ H2 −→ H1 èìååò âèä

B∗ρ =

(
∇
(
c
1/2
1 ρ1

ρ
1/2
10

)
; . . . ;∇

(
c
1/2
n ρn

ρ
1/2
n0

))τ

, D(B∗) :=

n⊕
j=1

{
W 1

2 (Ω)∩L2,ρj0(Ω)
}
.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ñîïðÿæ¼ííîãî îïåðàòîðà èìååì

D(B∗) =
{
ρ ∈ H2 : ∃ η ∈ H2 : (Bu, ρ)H2 = (u, η)H1 ∀u ∈ D(B)

}
,

à çíà÷èò, ρ ∈
⊕n

j=1

{
W 1

2 (Ω) ∩ L2,ρj0(Ω)
}
= D(B∗). Îòñþäà òåïåðü ñëåäó-

åò, ÷òî

(Bu,ρ)H2 =

=
n∑

j=1

(
−

c
1/2
j

ρ
1/2
j0

div(ρj0uj), ρj

)
L2,ρj0

(Ω)
= −

n∑
j=1

∫
Ω

c
1/2
j ρj

ρ
1/2
j0

div(ρj0uj) dΩ

= −
n∑

j=1

∫
∂Ω

c
1/2
j ρ

1/2
j0 ρj(uj · n) dS +

n∑
j=1

∫
Ω

ρj0uj · ∇
(
c
1/2
j ρj

ρ
1/2
j0

)
dΩ

=
n∑

j=1

(
uj ,∇

(
c
1/2
j ρj

ρ
1/2
j0

))
L2(Ω,ρj0)

= (u, B∗ρ)H1 ∀u ∈ D(B), ρ ∈ D(B∗).

Ëåììà äîêàçàíà. □

Ëåììà 4. B∗BL−1 ∈ L(H1).

Äîêàçàòåëüñòâî. Ðàññìîòðèì êðàåâóþ çàäà÷ó
n∑

j=1

Lijuj = wi, x ∈ Ω, i = 1, . . . , n,

ui · n = gi, 2

n∑
j=1

µije(uj)n · τs = hs,i, x ∈ ∂Ω, s = 1, 2, i = 1, . . . , n

è îáîçíà÷èì ÷åðåç L è B ñîîòâåòñòâóþùèé ìàòðè÷íûé äèôôåðåíöèàëü-
íûé îïåðàòîð è ìàòðèöó ãðàíè÷íûõ óñëîâèé.
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Ìîæíî ïðîâåðèòü, ÷òî ìàòðè÷íîå äèôôåðåíöèàëüíîå âûðàæåíèå L
îïðåäåëÿåò íåâûðîæäåííóþ ïðàâèëüíî ýëëèïòè÷åñêóþ ïî Äóãëèñó�Íè-
ðåíáåðãó ñèñòåìó, à ãðàíè÷íîå óñëîâèå B óäîâëåòâîðÿåò óñëîâèþ äîïîë-
íèòåëüíîñòè (ñì. [57, ñ. 379], [54]). Ñîîòâåòñòâóþùèå âû÷èñëåíèÿ, êàê
è â ëåììå 1, çäåñü îïóùåíû. Èç òåîðåìû î íîðìàëüíîé ðàçðåøèìîñòè
(ñì. [54, òåîðåìà 2.2]) ñëåäóåò, ÷òî ñóùåñòâóþò êîíñòàíòû C1 > 0, C2 > 0,
íå çàâèñÿùèå îò u, òàêèå, ÷òî

C1∥u∥2⊕n
j=1W

2
2(Ω) ⩽ ∥Lu∥2⊕n

j=1L2(Ω) ⩽ C2∥u∥2⊕n
j=1W

2
2(Ω) ∀u ∈ W̃2

2(Ω,B),
(20)

ãäå

W̃2
2(Ω,B) :=

{
u ∈ H1 : uj ∈ W2

2(Ω), Bu = 0 (x ∈ ∂Ω)
}
= D(L),

∥uj∥2W2
2(Ω) :=

3∑
l=1

(
∥ujl∥2L2(Ω) +

∑
|α|=2

∥Dαujl∥2L2(Ω)

)
, j = 1, . . . , n.

Çäåñü è äàëåå äî êîíöà äîêàçàòåëüñòâà ëåììû íîðìà â ïðîñòðàíñòâå
W2

2(Ω) ââîäèòñÿ, êàê îïèñàíî âûøå. Ñèìâîë Dα êàê îáû÷íî îáîçíà÷àåò
ñìåøàííóþ ïðîèçâîäíóþ ïîðÿäêà α, ãäå α ñîîòâåòñòâóþùèé ìóëüòèèí-
äåêñ. Äàëåå, èç íåðàâåíñòâà Ýðëèíãà�Íèðåíáåðãà (ñì. [13, c. 33]) ñëåäóåò,
÷òî ñóùåñòâóåò êîíñòàíòà C3 > 0, íå çàâèñÿùàÿ îò uj , òàêàÿ, ÷òî∥∥∥∂ujl
∂xk

∥∥∥2
L2(Ω)

⩽ C3∥uj∥2W2
2(Ω) ∀uj ∈ W2

2(Ω), l, k = 1, 2, 3, j = 1, . . . , n.

(21)

Ïóñòü òåïåðü u ∈ D(L) = W̃2
2(Ω,B). Èç (20), (21), (19) è ëåììû 3 ïî-

ëó÷èì

∥B∗Bu∥2H1
=

n∑
j=1

∫
Ω

∣∣∣∣−∇
(

cj
ρj0(x3)

div
(
ρj0(x3)uj

))∣∣∣∣2 dΩ
⩽ C4

n∑
j=1

∥uj∥2W2
2(Ω) = C4∥u∥2⊕n

j=1W
2
2(Ω)

⩽ C4C
−1
1 ∥Lu∥2⊕n

j=1L2(Ω) ⩽ C4C
−1
1 max

j=1,n, x∈Ω
ρj0(x3)∥Lu∥2H1

,

ãäå C4 > 0 íå çàâèñèò îò u. Îòñþäà ïîñëå çàìåíû Lu = v, v ∈ H1 ñëåäóåò
òðåáóåìîå óòâåðæäåíèå. □

Ââåä¼ì îïåðàòîð A := L+ T (ñì. (12), (18)). Èç ëåìì 1, 2 è îïðåäåëå-

íèÿ îïåðàòîðàB (ñì. (19)) ñëåäóåò, ÷òîD(A) ⊂ D(A1/2) = D(L1/2) ⊂ D(B).
Îïåðàòîð B çàìûêàåì, òàê êàê îïåðàòîð B∗ ïëîòíî îïðåäåë¼í (ñì. [33,

ãë.V, � 3, ï. 1] è ëåììó 3). Ñëåäîâàòåëüíî, îïåðàòîðû BA−1/2 è BA−1

îãðàíè÷åííî äåéñòâóþò èç ïðîñòðàíñòâà H1 â ïðîñòðàíñòâî H2:

Q := BA−1/2 ∈ L(H1,H2), BA−1 ∈ L(H1,H2). (22)
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Ëåììà 5. Îïåðàòîð A−1/2B∗ çàìûêàåì, ïðè÷åì

A−1/2B∗ = Q∗, Q∗|D(B∗) = A−1/2B∗.

Àíàëîãè÷íûå óòâåðæäåíèÿ âåðíû è äëÿ îïåðàòîðà A−1B∗.

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ Q∗ ∈ L(H2,H1), èìååì

(Qu, ρ)H2 = (u, A−1/2B∗ρ)H1 = (u, Q∗ρ)H1 ∀u ∈ H1, ρ ∈ D(B∗).

Îòñþäà ñëåäóåò Q∗|D(B∗) = A−1/2B∗. Òàêèì îáðàçîì, îïåðàòîð A−1/2B∗

îãðàíè÷åí íà D(B∗) è ðàñøèðÿåòñÿ ïî íåïðåðûâíîñòè (ìîæíî ñ÷èòàòü,
÷òî çàìûêàåòñÿ) äî îãðàíè÷åííîãî îïåðàòîðà Q∗. □

3.2. Îïåðàòîðíàÿ ôîðìóëèðîâêà çàäà÷è. Íàøà öåëü � çàïèñàòü
ìàêñèìàëüíóþ L2-ðåàëèçàöèþ îïåðàòîðà ñèñòåìû (7) â âèäå îïåðàòîð-
íîé áëîê-ìàòðèöû ñ èñïîëüçîâàíèåì ââåä¼ííûõ â (12), (18), (19), (22)
îïåðàòîðîâ. Ñóæåíèå ìàêñèìàëüíîé L2-ðåàëèçàöèè îïåðàòîðà ñèñòåìû
(7) íà ëèíåàë D(A)⊕D(B∗) ñ èñïîëüçîâàíèåì ââåä¼ííûõ îïåðàòîðîâ
ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

A0 :=

(
A B∗

−B 0

)
, D(A0) = D(A)⊕D(B∗) ⊂ H. (23)

Ïîêàæåì, ÷òî îïåðàòîð A0 çàìûêàåì è çàìûêàíèå A0 åñòü ìàêñèìàëü-
íûé àêêðåòèâíûé îïåðàòîð, òî åñòü äðóãèõ çàìêíóòûõ àêêðåòèâíûõ ðàñ-
øèðåíèé ó îïåðàòîðàA0 íåò. Ýòî îçíà÷àåò, ÷òî ìíîæåñòâî D(A0) ÿâëÿåò-
ñÿ ò.í. ÿäðîì (ñì. [33, ãë. III, � 5, ï. 3]) äëÿ ìàêñèìàëüíîé L2-ðåàëèçàöèè
îïåðàòîðà ñèñòåìû (7). Òàêèì îáðàçîì, îïåðàòîð A0 è áóäåò ìàêñè-
ìàëüíîé L2-ðåàëèçàöèåé îïåðàòîðà ñèñòåìû (7). Ïîäîáíûå ïîñòðîåíèÿ
äëÿ îïåðàòîðíûõ áëîêîâ ïðîâîäèëèñü â ðàáîòàõ À.À.Øêàëèêîâà [4, 46],
Í.Ä.Êîïà÷åâñêîãî è Ò.ß.Àçèçîâà [3], è äð.

Ëåììà 6. Îïåðàòîð A0 çàìûêàåì è A0 =: A � çàìêíóòûé ìàêñèìàëü-
íûé àêêðåòèâíûé îïåðàòîð, ïðåäñòàâèìûé â âèäå îäíîé èç ñëåäóþùèõ
äâóõ ôàêòîðèçàöèé:

A :=

(
A1/2 0
0 I

)(
I Q∗

−Q 0

)(
A1/2 0
0 I

)
≡

≡
(

I 0

−QA−1/2 I

)(
A 0
0 QQ∗

)(
I A−1/2Q∗

0 I

)
, (24)

D(A) :=
{
ξ = (u; ρ)τ ∈ H = H1 ⊕H2 : u+A−1/2Q∗ρ ∈ D(A)

}
.

Äîêàçàòåëüñòâî. 1) Îïåðàòîð A0, î÷åâèäíî, ïëîòíî îïðåäåë¼í. Äàëåå,
ëåãêî ïðîâåðèòü, ÷òî

Re(A0ξ, ξ)H = ∥A1/2u∥2H1
⩾ 0 ∀ ξ ∈ D(A0),

ò.å. îïåðàòîð A0 àêêðåòèâåí, à çíà÷èò, çàìûêàåì (ñì. [36, ãë. I, � 4, ï. 2]).
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Ïîñòðîèì çàìûêàíèå A0, èñïîëüçóÿ âêëþ÷åíèå D(A) ⊂ D(B). Ïóñòü

ξn := (un; ρn)
τ ∈ D(A0), ξn −→ ξ := (u; ρ)τ , A0ξn −→ ξ0 := (u0; ρ0)

τ .
(25)

Îòñþäà èìååì un +A−1B∗ρn ∈ D(A) è

un +A−1B∗ρn = un + (BA−1)∗ρn −→ u+ (BA−1)∗ρ,

A(un +A−1B∗ρn) −→ u0.

Îïåðàòîð A ñàìîñîïðÿæ¼í, à çíà÷èò, çàìêíóò, ïîýòîìó èìååì âêëþ÷åíèå
u+ (BA−1)∗ρ ∈ D(A) è ðàâåíñòâî A(u+ (BA−1)∗ρ) = u0.
Äàëåå, èç (25) ñëåäóåò, ÷òî un ∈ D(A) ⊂ D(B), un −→ u, −Bun −→ ρ0.

Íî îïåðàòîð B, êàê îòìå÷åíî âûøå, çàìûêàåì, à çíà÷èò, u ∈ D(B) è
−Bu = ρ0.
Òàêèì îáðàçîì, ξ ∈ D(A0) è A0ξ = ξ0, ãäå

A0

(
u
ρ

)
=

(
A(u+ (BA−1)∗ρ)

−Bu

)
,

D(A0) =
{
ξ = (u; ρ)τ ∈ H : u ∈ D(B), u+ (BA−1)∗ρ ∈ D(A)

}
.

Èñïîëüçóåì òåïåðü âêëþ÷åíèå D(A1/2) ⊂ D(B) (ñì. ëåììó 1 è (19)).

Îòñþäà ñëåäóåò ðàâåíñòâî (BA−1)∗ = (BA−1/2A−1/2)∗ = A−1/2(BA−1/2)∗

= A−1/2Q∗. Òåïåðü èç âêëþ÷åíèÿ u+ (BA−1)∗ρ = u+A−1/2Q∗ρ ∈ D(A)

⊂ D(A1/2) è ôàêòà, ÷òî D(A1/2) ëèíåàë, ñëåäóåò, ÷òî u ∈ D(A1/2) ⊂ D(B)
⊂ D(B). Òàêèì îáðàçîì, óñëîâèå u ∈ D(B) â îïèñàíèè ìíîæåñòâà D(A0)

ìîæíî îïóñòèòü, à âûðàæåíèå Bu çàïèñàòü â âèäå Bu = (BA−1/2)A1/2u

= QA1/2u. Èç ïðîâåä¼ííûõ ðàññóæäåíèé òåïåðü ïîëó÷èì, ÷òî

A0

(
u
ρ

)
=

(
A(u+A−1/2Q∗ρ)

−QA1/2u

)
,

D(A0) =
{
ξ = (u; ρ)τ ∈ H = H1 ⊕H2 : u+A−1/2Q∗ρ ∈ D(A)

}
.

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ìîæíî óáåäèòüñÿ, ÷òî ìíîæåñòâî
D(A) â (24) ÿâëÿåòñÿ åñòåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ äëÿ êàæäîé
ôàêòîðèçàöèè, îáå ôàêòîðèçàöèè îïðåäåëÿþò îäèí è òîò æå îïåðàòîð
A è A = A0.
2) Äîêàæåì, ÷òî çàìêíóòûé àêêðåòèâíûé îïåðàòîð A ìàêñèìàëåí.

Àêêðåòèâíîñòü îïåðàòîðà A ñëåäóåò èç àêêðåòèâíîñòè A0, îäíàêî ìîæåò
áûòü ïðîâåðåíà è íåïîñðåäñòâåííî. Äåéñòâèòåëüíî, åñëè ξ=(u; ρ)τ ∈D(A),

òî u ∈ D(A1/2). Îòñþäà è èç ôàêòîðèçàöèè (24) ñ ñèììåòðè÷íûìè êðàé-

íèìè ñîìíîæèòåëÿìè íàéä¼ì, ÷òî Re(Aξ, ξ)H = ∥A1/2u∥2H1
⩾ 0 äëÿ ëþ-

áîãî ξ ∈ D(A), à çíà÷èò, îïåðàòîð A àêêðåòèâåí. Äëÿ äîêàçàòåëüñòâà
ìàêñèìàëüíîñòè îïåðàòîðà A äîñòàòî÷íî óñòàíîâèòü (ñì. [36, ãë. I, � 4,
ï. 2, òåîðåìà 4.3]), ÷òî îïåðàòîð A èìååò îòðèöàòåëüíûå ðåãóëÿðíûå òî÷-
êè: ρ(A) ∩ {λ < 0} ≠ ∅. Çäåñü ρ(A) � ðåçîëüâåíòíîå ìíîæåñòâî îïåðà-
òîðà A.
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Äåéñòâèòåëüíî, ïðè λ ̸= 0 íåïîñðåäñòâåííî ïðîâåðÿåòñÿ (ñì. (28)), ÷òî

A− λI =

(
A1/2 0
0 I

)(
I −λ−1Q∗

0 I

)(
I − λA−1 − λ−1Q∗Q 0

0 −λI

)
×

×
(

I 0
λ−1Q I

)(
A1/2 0
0 I

)
. (26)

Ââåä¼ì îïåðàòîð-ôóíêöèþ L(λ) := I − λA−1 − λ−1Q∗Q. Ïðè λ < 0 (îãðà-
íè÷åííûé) îïåðàòîð L(λ) ñàìîñîïðÿæ¼í è ïîëîæèòåëüíî îïðåäåë¼í, î÷å-
âèäíî, à çíà÷èò, ñóùåñòâóåò, îãðàíè÷åí è çàäàí íà âñ¼ì ïðîñòðàíñòâå H1

îïåðàòîð L−1(λ): L−1(λ) ∈ L(H1). Èç ïîñëåäíåé ôàêòîðèçàöèè ïðè λ < 0
òîãäà íàéä¼ì, ÷òî ñóùåñòâóåò

(A− λI)−1 =

(
A−1/2 0
−λ−1Q I

)(
L−1(λ) 0

0 −λ−1I

)(
A−1/2 λ−1Q∗

0 I

)
(27)

=

(
A−1/2L−1(λ)A−1/2 λ−1A−1/2L−1(λ)Q∗

−λ−1QL−1(λ)A−1/2 −λ−1I − λ−2QL−1(λ)Q∗

)
∈ L(H),

L(λ) = I − λA−1 − λ−1Q∗Q,

à çíà÷èò, {λ < 0} ⊂ ρ(A). □

Òàêèì îáðàçîì, íà÷àëüíî êðàåâóþ çàäà÷ó (7), (5), (8) ìîæíî çàïè-
ñàòü â âèäå çàäà÷è Êîøè (9) ñ çàìêíóòûì ìàêñèìàëüíûì àêêðåòèâíûì
îïåðàòîðîì A.

Çàìå÷àíèå 3. Ôîðìóëà (27) ïðè âñåõ λ /∈ σ(L(λ)) ∪ {0}, ãäå σ(L(λ)) �
ñïåêòð îïåðàòîð-ôóíêöèè L(λ), äà¼ò ïðåäñòàâëåíèå äëÿ ðåçîëüâåíòû
îïåðàòîðà A. Èç (27), â ÷àñòíîñòè, ñëåäóåò, ÷òî σ(A)\{0} ⊂ σ(L(λ)).
Áîëåå òîãî, èç ôàêòîðèçàöèè (26) è òåîðåìû î ïðîèçâåäåíèè ôðåä-
ãîëüìîâûõ îïåðàòîðîâ (ñì. [29, ãë.XVII, � 3, òåîðåìà 3.1]) ñëåäóåò, ÷òî
σess(A) ⊂ σess(L(λ)). Ìîæíî äîêàçàòü, ÷òî σess(A) = σess(L(λ)), îäíà-
êî äàëåå ýòîò ôàêò íå ïîíàäîáèòñÿ.

Çàìå÷àíèå 4. Ïðèâåä¼ì íåîáõîäèìûå äëÿ äàëüíåéøåãî ôàêòîðèçàöèè
Øóðà�Ôðîáåíèóñà îïåðàòîðíûõ áëîêîâ ñ îãðàíè÷åííûìè îïåðàòîðíû-
ìè êîýôôèöèåíòàìè (ñì. [56, ãë. 1, � 1.6, ïðåäëîæåíèå 1.6.2]). Ïóñòü
E1, E2 � áàíàõîâû ïðîñòðàíñòâà. Ïóñòü Akl ∈ L(El, Ek) (k, l = 1, 2),
A−1

22 ∈ L(E2), D1 := A11 −A12A
−1
22 A21. Åñëè D−1

1 ∈ L(E1), òî ñóùåñòâó-
åò è îãðàíè÷åí(

A11 A12

A21 A22

)−1

=

((
I A12A

−1
22

0 I

)(
D1 0
0 A22

)(
I 0

A−1
22 A21 I

))−1

=

(
D−1

1 −D−1
1 A12A

−1
22

−A−1
22 A21D

−1
1 A−1

22 +A−1
22 A21D

−1
1 A12A

−1
22

)
∈ L(E1 × E2). (28)
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Ïóñòü A−1
11 ∈ L(E1), D2 := A22 −A21A

−1
11 A12. Åñëè D−1

2 ∈ L(E2), òî
ñóùåñòâóåò è îãðàíè÷åí(

A11 A12

A21 A22

)−1

=

((
I 0

A21A
−1
11 I

)(
A11 0
0 D2

)(
I A−1

11 A12

0 I

))−1

=

(
A−1

11 +A−1
11 A12D

−1
2 A21A

−1
11 −A−1

11 A12D
−1
2

−D−1
2 A21A

−1
11 D−1

2

)
∈ L(E1 × E2). (29)

4 Çàäà÷à î ñïåêòðå îïåðàòîðà A

4.1. Îïðåäåëåíèå ëîêàëüíûõ êîîðäèíàò è ýëëèïòè÷åñêîé êðà-

åâîé çàäà÷è. Ïðèâåä¼ì íåîáõîäèìûå îïðåäåëåíèÿ è ôàêòû èç òåîðèè
ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ (ñì. [54, 57, 34, 35]), íåîáõîäèìûå äëÿ èñ-
ñëåäîâàíèÿ ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà A. Ðàññìîòðèì ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ íå âûøå âòîðîãî
ïîðÿäêà

L(x,D)v(x) = f(x), x ∈ Ω, (30)

ãäå x = (x1;x2;x3) ∈ Ω, D := (−i ∂
∂x1

;−i ∂
∂x2

;−i ∂
∂x3

), v(x) := (v1(x); . . . ;

vm(x))τ , f(x) := (f1(x); . . . ; fm(x))τ . Ïóñòü L(x, ξ), ξ := (ξ1; ξ2; ξ3)
τ � ïî-

ëèíîìèàëüíàÿ ìàòðèöà, ïîëó÷àåìàÿ èç (30) çàìåíîé ñèìâîëà D íà ξ. Áó-
äåì ñ÷èòàòü äàëåå, ÷òî (30) îïðåäåëÿåò íåâûðîæäåííóþ ñèñòåìó Äóãëèñà�
Íèðåíáåðãà (ñì. [57, ñ. 375], à òàêæå [54]).

Îïðåäåëåíèå 3. (ñì. [57, ñ. 376]) Îïåðàòîð L(x,D) íàçûâàåòñÿ ýëëèï-
òè÷åñêèì â çàìêíóòîé îáëàñòè Ω, åñëè π detL(x, ξ) ̸= 0 äëÿ ëþáîãî
x ∈ Ω è ëþáîãî ξ ∈ R3 \ {0}, ãäå ñèìâîë π îáîçíà÷àåò ñòàðøóþ îäíî-
ðîäíóþ ÷àñòü ìíîãî÷ëåíà.

Èçâåñòíî, ÷òî π detL(x, ξ) = detπL(x, ξ), ãäå πL � ãëàâíàÿ ÷àñòü ìàò-
ðèöû L. Î âûäåëåíèè ãëàâíîé ÷àñòè ñèñòåìû Äóãëèñà�Íèðåíáåðãà ñì.
â [57, ñ. 377].
Âîçüì¼ì ïðîèçâîëüíóþ òî÷êó z0 ∈ ∂Ω è ââåä¼ì, ñëåäóÿ [34, 35], â

îêðåñòíîñòè ýòîé òî÷êè ñëåäóþùóþ ëîêàëüíóþ ñèñòåìó êîîðäèíàò. Ïóñòü
ëîêàëüíî ãðàíèöà ∂Ω çàäà¼òñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíê-
öèÿìè zi = zi(y1, y2) (i = 1, 2, 3) ïàðàìåòðîâ y1, y2, êîòîðûå âûáèðàþòñÿ
òàê, ÷òî yi = const åñòü ëèíèè êðèâèçíû. Â âåêòîðíîé çàïèñè z = z(y′),
ãäå y′ := (y1; y2). Îáîçíà÷èì ÷åðåç N(y′) âíóòðåííþþ åäèíè÷íóþ íîð-
ìàëü ê ∂Ω. Â îêðåñòíîñòè ãðàíèöû ∂Ω ââåä¼ì êîîðäèíàòû y1, y2, y3, ãäå
y3 � ðàññòîÿíèå îò òî÷êè x äî ∂Ω. Òîãäà x = z(y′) + y3N(y′). Ïðè ýòîì
íóìåðàöèÿ y1, y2 çàäà¼òñÿ òàê, ÷òîáû íàïðàâëåíèå âåêòîðíîãî ïðîèçâåäå-
íèÿ ∂z/∂y1 × ∂z/∂y2 ñîâïàäàëî ñ íîðìàëüþ N(y′), à íà÷àëî êîîðäèíàò
íàõîäèòñÿ â òî÷êå z0. Ïóñòü Ei(y

′) (i = 1, 2) � êîýôôèöèåíòû ïåðâîé
êâàäðàòè÷íîé ôîðìû ïîâåðõíîñòè ∂Ω, òîãäà ∂z/∂yi · ∂z/∂yj = Ei(y

′)δij ,

ãäå δij � ñèìâîë Êðîíåêåðà. Ïóñòü τs := E
−1/2
s (y′)∂z/∂ys (s = 1, 2) � åäè-

íè÷íûå âåêòîðû, êàñàòåëüíûå ê ãðàíèöå ∂Ω. Òîãäà τ τi τj = δij (i, j = 1, 2),
τ τs N = N ττs = 0 (s = 1, 2).
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Ðàññìîòðèì òåïåðü ñèñòåìó ãðàíè÷íûõ óñëîâèé

B(x,D)v(x) = g(x), x ∈ ∂Ω, (31)

ãäå B(x,D) � (r ×m)-ìàòðèöà, ñîñòàâëåííàÿ èç ëèíåéíûõ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ íå âûøå ïåðâîãî ïîðÿäêà. Ïåðåïèøåì îïåðàòîðû
êðàåâîé çàäà÷è (30), (31) âî ââåä¼ííîé âûøå ëîêàëüíîé ñèñòåìå êîîðäè-
íàò è ðàññìîòðèì ãëàâíûå ÷àñòè ýòèõ îïåðàòîðîâ:

πL
(
y,−i

∂

∂y

)
=πL

(
y,−i

∂

∂y′
,−i

∂

∂y3

)
, πB

(
y,−i

∂

∂y

)
=πB

(
y,−i

∂

∂y′
,−i

∂

∂y3

)
.

Îïðåäåëåíèå 4. (ñì. [57, ñ. 380], à òàêæå [34, ñ. 12]) Êðàåâàÿ çàäà÷à (30),
(31) íàçûâàåòñÿ ýëëèïòè÷åñêîé, åñëè âûïîëíåíî îïðåäåëåíèå 3 è óñëîâèå
Øàïèðî�Ëîïàòèíñêîãî:

rank

∫
γ+

πB(0, ξ′, ξ3)
(
πL(0, ξ′, ξ3)

)−1(
Im, ξ3Im

)
dξ3 = r

äëÿ ëþáîãî ξ′ ∈ R2 \ {0}. Çäåñü Im � åäèíè÷íàÿ ìàòðèöà â Rm, à ÷åðåç(
Im, ξ3Im

)
îáîçíà÷åíà ñîñòàâíàÿ (m× 2m)-ìàòðèöà; γ+ � ñïðÿìëÿå-

ìûé êîíòóð â âåðõíåé ξ3-ïîëóïëîñêîñòè, îáõîäÿùèé â ïîëîæèòåëü-
íîì íàïðàâëåíèè âñå ξ3-êîðíè óðàâíåíèÿ detπL(0, ξ′, ξ3) = 0, ëåæàùèå
â âåðõíåé ïîëóïëîñêîñòè.

Äëÿ ïðîâåðêè óñëîâèÿØàïèðî�Ëîïàòèíñêîãî ïîíàäîáÿòñÿ òàêæå ñëå-
äóþùèå ëåììû è îáîçíà÷åíèÿ èç [34].

Ëåììà 7. (ñì. [34, ñ. 14]) Â ïîñòðîåííîé âûøå ëîêàëüíîé ñèñòåìå êî-
îðäèíàò îïåðàòîðû ∂/∂xi ïðèíèìàþò âèä

∂

∂xi
=

2∑
j=1

(
1−Kjy3

)−1
E−1

j (y′)
∂zi
∂yj

∂

∂yj
+Ni

∂

∂y3
,

ãäå Kj (j = 1, 2) � ãëàâíûå êðèâèçíû ïîâåðõíîñòè ∂Ω.

Ââåä¼ì íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü

β := (β1;β2;β3)
τ , βl :=

2∑
j=1

E−1
j (y′)

∂zl
∂yj

ξj (l = 1, 2, 3), α := β + ξ3N,

(32)

òîãäà βτN = 0,N τβ = 0,N τN = 1, ïîñêîëüêó β = E
−1/2
1 ξ1τ1 + E

−1/2
2 ξ2τ2.

Ïîëîæèì |ξ′|2 := |β|2, òîãäà |ξ′|2 := βτβ = E−1
1 ξ21 + E−1

2 ξ22 . Â ëîêàëüíîé
ñèñòåìå êîîðäèíàò ïîä ñèìâîëîì |ξ|2 áóäåì ïîíèìàòü ñëåäóþùåå âûðà-
æåíèå |ξ|2 := |ξ′|2 + ξ23 = ατα.

Ëåììà 8. (ñì. [34, ñ. 15]) Âî ââåä¼ííîé âûøå ëîêàëüíîé ñèñòåìå êîîð-
äèíàò ïðè y3 = 0 èìåþò ìåñòî ñëåäóþùèå ôîðìóëû äëÿ ãëàâíûõ ñèì-
âîëîâ:

σ0

( ∂

∂xl

)
= iαl, σ0(∇) = iα, σ0(div) = iατ , σ0(∆) = −|ξ|2 = −

(
|ξ′|2+ξ23

)
.
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Ëåììà 9. (ñì. [34, ñ. 16]) Ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû äëÿ êîíòóð-
íûõ èíòåãðàëîâ, â êîòîðûõ êîíòóð èíòåãðèðîâàíèÿ ëåæèò â âåðõíåé
ξ3-ïîëóïëîñêîñòè è â ïîëîæèòåëüíîì íàïðàâëåíèè îêðóæàåò òî÷êó
ξ3 = i|ξ′|:∫
γ+

dξ3
|ξ|2

=
π

|ξ′|
,

∫
γ+

ξ3 dξ3
|ξ|2

= πi,

∫
γ+

ξ23 dξ3
|ξ|2

= −π|ξ′|,
∫
γ+

dξ3
|ξ|4

=
π

2|ξ′|3
,

∫
γ+

ξ3 dξ3
|ξ|4

= 0,

∫
γ+

ξ23 dξ3
|ξ|4

=
π

2|ξ′|
,

∫
γ+

ξ33 dξ3
|ξ|4

= πi, |ξ|2 = |ξ′|2 + ξ23 .

4.2. Î ñóùåñòâåííîì è äèñêðåòíîì ñïåêòðå îïåðàòîðà A. Íà-
ïîìíèì (ñì. îïðåäåëåíèå 1), ÷òî ñóùåñòâåííûé ñïåêòð îïåðàòîðà A ñî-
ñòîèò èç òåõ òî÷åê λ ∈ C, äëÿ êîòîðûõ îïåðàòîð A− λI íå ÿâëÿåòñÿ
ôðåäãîëüìîâûì. Âûïèøåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, ïî-
ðîæäàþùèõ ñïåêòðàëüíóþ çàäà÷ó (A− λI)ξ = 0:

1

ρi0

n∑
j=1

Lijuj +∇
(
c
1/2
i ρi

ρ
1/2
i0

)
− 1

ρi0

n∑
j=1

aij(uj − ui)− λui = 0,

c
1/2
i

ρ
1/2
i0

div(ρi0ui)− λρi = 0, x ∈ Ω, i = 1, . . . , n.

(33)

Ìîæíî ïðîâåðèòü, ÷òî ñèñòåìà èç (33) ñîñòàâëÿåò íåâûðîæäåííóþ ñè-
ñòåìó Äóãëèñà�Íèðåíáåðãà (ñì. [57, ñ. 375], à òàêæå [54]). Èç ðàáîòû [31]
ñëåäóåò, ÷òî îïåðàòîð A− λI ôðåäãîëüìîâ òîãäà è òîëüêî òîãäà, êîãäà
ñîîòâåòñòâóþùàÿ êðàåâàÿ çàäà÷à ÿâëÿåòñÿ ýëëèïòè÷åñêîé.
Âûäåëèì èç ñèñòåìû (33) ãëàâíóþ ÷àñòü:

n∑
j=1

Lijuj + c
1/2
i ρ

1/2
i0 ∇ρi = 0,

c
1/2
i ρ

1/2
i0 divui − λρi = 0, x ∈ Ω, i = 1, . . . , n.

(34)

Âûäåëèì èç ãðàíè÷íûõ óñëîâèé (5) (ñ ó÷¼òîì (11)) ãëàâíóþ ÷àñòü:

ui · n = 0, 2
n∑

j=1

µije(uj)n · τs = 0, x ∈ ∂Ω, s = 1, 2, i = 1, . . . , n.

(35)

Îáîçíà÷èì ÷åðåç Lλ(x,D) ìàòðè÷íûé äèôôåðåíöèàëüíûé îïåðàòîð
ñèñòåìû óðàâíåíèé (33) � ýòî (4n× 4n)-ìàòðèöà; à ÷åðåç B(x,D) ìàòðè-
öó, îòâå÷àþùóþ ãðàíè÷íûì óñëîâèÿì � ýòî (3n× 4n)-ìàòðèöà. Â ýòîì
ñëó÷àå ãëàâíàÿ ÷àñòü πLλ(x,D) îïåðàòîðà Lλ(x,D) îïðåäåëÿåòñÿ ñèñòå-
ìîé (34), à πB(x,D) = B(x,D), ãäå B(x,D) îïðåäåëÿåòñÿ ãðàíè÷íûìè
óñëîâèÿìè (35).
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Òàêèì îáðàçîì, ñóùåñòâåííûé ñïåêòð èññëåäóåìîãî îïåðàòîðà A áó-
äåò ñîñòîÿòü èç òåõ òî÷åê λ ∈ C, â êîòîðûõ íàðóøàåòñÿ ýëëèïòè÷íîñòü
êðàåâîé çàäà÷è (34)�(35).

Ëåììà 10. Äèôôåðåíöèàëüíûé îïåðàòîð Lλ(x,D) ýëëèïòè÷åí â çà-
ìêíóòîé îáëàñòè Ω ⊂ R3 ïðè λ /∈ ΛE, ãäå

ΛE =
{
λ ∈ C : det

(
λ(2M+Λ)−Φ

)
= 0, x ∈ Ω

}
.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ãëàâíûé ñèìâîë σ0(Lλ(x,D)) = πLλ(x, ξ),
ãäå ξ = (ξ1; ξ2; ξ3)

τ , ñèñòåìû (33), îïðåäåëÿåìûé ñèñòåìîé (34):

πLλ(x, ξ) =

(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ Φ1/2 ⊗ iξ

Φ1/2 ⊗ iξτ −λIn

)
, (36)

ãäå M = {µij}ni,j=1, Λ = {λij}ni,j=1, Φ = diag(c1ρ10(x3), . . . , cnρn0(x3)) �
ìàòðèöû âÿçêîñòåé è ïëîòíîñòåé. Çäåñü è äàëåå çíàê ⊗ îçíà÷àåò òåí-
çîðíîå (êðîíåêåðîâñêîå) ïðîèçâåäåíèå ìàòðèö. Îñíîâíûå ñâîéñòâà òåí-
çîðíîãî ïðîèçâåäåíèÿ ìîæíî íàéòè â [38, ãë. 8, ï. 8.2].
Îáîçíà÷èì

πLλ(x, ξ) =

(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ Φ1/2 ⊗ iξ

Φ1/2 ⊗ iξτ −λIn

)
=:

(
A11 A12

A21 A22

)
(37)

è ïðèìåíèì ôàêòîðèçàöèþ (29) ïðèE1=C3n,E2=Cn. Ñ ó÷¼òîì ξτξ= |ξ|2
íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ïðîâåðÿåòñÿ (ñì. (3) è çàìå÷àíèå 1),
÷òî

A−1
11 =

(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ

)−1

=
1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1(M+Λ)M−1 ⊗ ξξτ

)
.

Îòñþäà ñëåäóåò, ÷òî

A22−A21A
−1
11 A12 =

= −λIn −Φ1/2 ⊗ iξτ ·
(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ

)−1
·Φ1/2 ⊗ iξ

= Φ1/2M−1Φ1/2 −Φ1/2(2M+Λ)−1(M+Λ)M−1Φ1/2 − λIn

= Φ1/2
(
In − (2M+Λ)−1(M+Λ)

)
M−1Φ1/2 − λIn

= Φ1/2(2M+Λ)−1
(
(2M+Λ)− (M+Λ)

)
M−1Φ1/2 − λIn

= Φ1/2(2M+Λ)−1Φ1/2 − λIn = Φ1/2(2M+Λ)−1I2Φ
−1/2. (38)

Çäåñü è äàëåå äëÿ ñîêðàùåíèÿ çàïèñè îáîçíà÷åíî

Ij := Φ− λ(jM+Λ), j = 1, 2, 3. (39)

Îáîçíà÷èì ÷åðåç Γξ := (|ξ|−1ξ,a⊥,b⊥) ìàòðèöó, ñîñòàâëåííóþ èç âåê-

òîð-ñòîëáöîâ |ξ|−1ξ, a⊥, b⊥ (|a⊥| = |b⊥| = 1), ãäå a⊥, b⊥ îðòîãîíàëüíû ξ
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è ìåæäó ñîáîé. Íåïîñðåäñòâåííîé ïðîâåðêîé äîêàçûâàþòñÿ ñëåäóþùèå
ôîðìóëû:

Γτ
ξΓξ = I3, Γτ

ξ ξ = (|ξ|; 0; 0)τ =: |ξ|e1, Γτ
ξ ξξ

τΓξ = diag(|ξ|2, 0, 0) =: |ξ|2P1.
(40)

Îáîçíà÷èì Sξ := In ⊗ Γξ, òîãäà S
τ
ξSξ = In ⊗ I3 = I3n. Èç (29), (37), (38),

(40) è òåîðåìû Ëàïëàñà î âû÷èñëåíèè îïðåäåëèòåëåé òåïåðü íàéä¼ì, ÷òî
(ñì. îïðåäåëåíèå 3)

π detLλ(x, ξ) = detπLλ(x, ξ) =

= det

(
I 0

A21A
−1
11 I

)(
A11 0
0 A22 −A21A

−1
11 A12

)(
I A−1

11 A12

0 I

)
= det

(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ 03n×n

0n×3n Φ1/2(2M+Λ)−1I2Φ
−1/2

)
= det Sτξ

(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ

)
Sξ · det(2M+Λ)−1 · det I2

= det
(
M⊗ |ξ|2Γτ

ξΓξ + (M+Λ)⊗ Γτ
ξ ξξ

τΓξ

)
· det(2M+Λ)−1 · det I2

= det
(
M⊗ |ξ|2I3 + (M+Λ)⊗ |ξ|2P1

)
· det(2M+Λ)−1 · det I2

=
(
|ξ|2

)3n · det(2M+Λ) · det2M · det(2M+Λ)−1 · det I2
= (−1)n|ξ|6n · det2M · det

(
λ(2M+Λ)−Φ

)
̸= 0 (41)

äëÿ ëþáîãî x ∈ Ω è ξ ∈ R3 \ {0}, åñëè òîëüêî λ /∈ ΛE . □

Ëåììà 11. Çàäà÷à (33), (5) ýëëèïòè÷íà ïðè λ /∈ ΛE.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî îòìåòèì, ÷òî åñëè λ ∈ ΛE , òî ïî ëåì-
ìå 10 îïåðàòîð Lλ(x,D) òåðÿåò ýëëèïòè÷íîñòü è, ñëåäîâàòåëüíî, çàäà-
÷à (33), (5) íå ÿâëÿåòñÿ ýëëèïòè÷åñêîé (ñì. îïðåäåëåíèå 4). Òàêèì îá-
ðàçîì, äàëåå ñ÷èòàåì, ÷òî λ /∈ ΛE . Äàëüíåéøåå äîêàçàòåëüñòâî ðàçîáü¼ì
íà íåñêîëüêî øàãîâ.
1) Çàôèêñèðóåì z0 ∈ ∂Ω è ââåä¼ì â îêðåñòíîñòè ýòîé òî÷êè ëîêàëü-

íóþ ñèñòåìó êîîðäèíàò, êàê îïèñàíî â ïðåäûäóùåì ïóíêòå. Ïåðåïèøåì
îïåðàòîðíóþ ìàòðèöó ñèñòåìû (33) â ëîêàëüíîé ñèñòåìå êîîðäèíàò è
âûäåëèì èç íå¼ ãëàâíóþ ÷àñòü. Ýòà ãëàâíàÿ ÷àñòü ïðåäñòàâëÿåò ñîáîé
îïåðàòîðíóþ ìàòðèöó ñèñòåìû (34), çàïèñàííóþ â ëîêàëüíîé ñèñòåìå êî-
îðäèíàò. Ãëàâíûé ñèìâîë ïîñëåäíåé ñèñòåìû èìååò âèä (36) ñ çàìåíîé ξ
íà α (ñì. (32) è ëåììó 8). Ïðè ýòîì detπLλ(0, ξ

′, ξ3) âû÷èñëÿåòñÿ ïî ôîð-
ìóëå (41) ñ çàìåíîé |ξ|2 íà ατα = ξ′2 + ξ23 . Óðàâíåíèå detπLλ(0, ξ

′, ξ3) = 0
èìååò 3n-êðàòíûå ξ3-êîðíè ξ3 = ±i|ξ′|.
2) Íàéä¼ì âûðàæåíèå äëÿ ìàòðèöû

(
πLλ(0, ξ

′, ξ3)
)−1

â îïðåäåëåíèè 4.

Äàëåå äëÿ êðàòêîñòè ïîëîæèì ξ′2 + ξ23 =: |ξ|2. Îáîçíà÷èì

πLλ(0, ξ
′, ξ3)=

(
M⊗ |ξ|2I3 + (M+Λ)⊗ αατ Φ1/2 ⊗ iα

Φ1/2 ⊗ iατ −λIn

)
=:

(
A11 A12

A21 A22

)
(42)
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è íàéä¼ì ìàòðèöó, îáðàòíóþ ê πLλ(0, ξ
′, ξ3), ñ ïîìîùüþ (29) ïðèE1 = C3n,

E2 = Cn. Ñ ó÷¼òîì ατα = βτβ + ξ23 = ξ′2 + ξ23 = |ξ|2 (ñì. (32)) íåïîñðåä-
ñòâåííûìè âû÷èñëåíèÿìè ïðîâåðÿåòñÿ (ñì. (3) è çàìå÷àíèå 1), ÷òî

A−1
11 =

(
M⊗ |ξ|2I3 + (M+Λ)⊗ αατ

)−1

=
1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1(M+Λ)M−1 ⊗ αατ

)
. (43)

Îòñþäà ñëåäóåò (ñì. àíàëîãè÷íûå âû÷èñëåíèÿ â (38)), ÷òî

D−1
2 = (A22 −A21A

−1
11 A12)

−1 =
(
Φ1/2(2M+Λ)−1I2Φ

−1/2
)−1

= Φ1/2I−1
2 (2M+Λ)Φ−1/2 ⊗ I1. (44)

Èç (42)�(44) ñ ó÷¼òîì (39) èìååì

A−1
11 +A−1

11 A12D
−1
2 A21A

−1
11 =

= A−1
11 +A−1

11 ·Φ1/2 ⊗ iα ·Φ1/2I−1
2 (2M+Λ)Φ−1/2 ⊗ I1 ·Φ1/2 ⊗ iατ ·A−1

11

= A−1
11 −A−1

11 ·ΦI−1
2 (2M+Λ)⊗ αατ×

× 1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1(M+Λ)M−1 ⊗ αατ

)
= A−1

11 −A−1
11 · 1

|ξ|2
ΦI−1

2 ⊗ αατ

= A−1
11 − 1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1(M+Λ)M−1 ⊗ αατ

)
×

× 1

|ξ|2
ΦI−1

2 ⊗ αατ

= A−1
11 − 1

|ξ|4
(2M+Λ)−1ΦI−1

2 ⊗ αατ

=
1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1(M+Λ)M−1 ⊗ αατ

)
−

− 1

|ξ|4
(2M+Λ)−1ΦI−1

2 ⊗ αατ

=
1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1

(
(M+Λ)M−1 +ΦI−1

2

)
⊗ αατ

)
=

1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1

(
(M+Λ)M−1+

+
(
Φ− λ(2M+Λ) + λ(2M+Λ)

)
I−1
2

)
⊗ αατ

)
=

1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1

(
(M+Λ)M−1 + In+

+ λ(2M+Λ)I−1
2

)
⊗ αατ

)
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=
1

|ξ|4
(
M−1 ⊗ |ξ|2I3 −

(
M−1 + λI−1

2

)
⊗ αατ

)
=

1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − I−1

2 I1M
−1 ⊗ αατ

)
, (45)

−A11A12D
−1
2 = − 1

|ξ|4
(
M−1 ⊗ |ξ|2I3 − (2M+Λ)−1(M+Λ)M−1 ⊗ αατ

)
×

×Φ1/2 ⊗ iα ·Φ1/2I−1
2 (2M+Λ)Φ−1/2 ⊗ I1

= − i

|ξ|2
(
M−1 − (2M+Λ)−1(M+Λ)M−1

)
ΦI−1

2 (2M+Λ)Φ−1/2 ⊗ α

= − i

|ξ|2
(2M+Λ)−1ΦI−1

2 (2M+Λ)Φ−1/2 ⊗ α

= − i

|ξ|2
(
Φ1/2(2M+Λ)−1I2Φ

−1(2M+Λ)
)−1

⊗ α

= − i

|ξ|2
(
Φ1/2 − λΦ−1/2(2M+Λ)

)−1 ⊗ α = − i

|ξ|2
I−1
2 Φ1/2 ⊗ α. (46)

Èç ôàêòîðèçàöèè (29) è ôîðìóë (45)�(46) òåïåðü ñìîæåì íàéòè íåîá-

õîäèìûå äëÿ âû÷èñëåíèé ÷àñòè ìàòðèöû
(
πLλ(0, ξ

′, ξ3)
)−1

.
3) Ïåðåïèøåì îïåðàòîð ãðàíè÷íûõ óñëîâèé (5) âî ââåä¼ííîé âûøå ëî-

êàëüíîé ñèñòåìå êîîðäèíàò è ðàññìîòðèì åãî ãëàâíóþ ÷àñòü. Ýòà ãëàâ-
íàÿ ÷àñòü ïðåäñòàâëÿåò ñîáîé îïåðàòîðíóþ ìàòðèöó ãðàíè÷íûõ óñëî-
âèé (35), çàïèñàííóþ â ëîêàëüíîé ñèñòåìå êîîðäèíàò.
Çàìåòèì, ÷òî ÷àñòü ãðàíè÷íûõ óñëîâèé (35) ìîæåò áûòü ïåðåïèñàíà

â ñëåäóþùåé ôîðìå:

0 = 2
n∑

j=1

µije(uj)n · τs =
n∑

j=1

2µijτ
τ
s e(uj)n

=
n∑

j=1

2µijτ
τ
s

e11(uj) e12(uj) e13(uj)
e21(uj) e22(uj) e23(uj)
e31(uj) e32(uj) e33(uj)

n1

n2

n3


=

n∑
j=1

µijτ
τ
s

∇uj1 · n+ ∂
∂x1

uj · n
∇uj2 · n+ ∂

∂x2
uj · n

∇uj3 · n+ ∂
∂x3

uj · n


=

n∑
j=1

µijτ
τ
s

n1
∂

∂x1
+ n · ∇ n2

∂
∂x1

n3
∂

∂x1

n1
∂

∂x2
n2

∂
∂x2

+ n · ∇ n3
∂

∂x2

n1
∂

∂x3
n2

∂
∂x3

n3
∂

∂x3
+ n · ∇


uj1
uj2
uj3


=

n∑
j=1

µijτ
τ
s

{
nk

∂

∂xl
+ δlkn · ∇

}3

l,k=1
uj , s = 1, 2, i = 1, . . . , n. (47)

Âî ââåä¼ííîé âûøå ëîêàëüíîé ñèñòåìå êîîðäèíàò ïðè y3 = 0 ñ èñ-
ïîëüçîâàíèåì ëåììû 8 âûïèøåì ãëàâíûå ñèìâîëû äèôôåðåíöèàëüíûõ
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îïåðàòîðîâ èç (47):

σ0

(
µijτ

τ
s

{
Nk

∂

∂xl
+ δlkN · ∇

}3

l,k=1

)
= µijτ

τ
s

{
iNkαl + iδlkN · α

}3

l,k=1

= µijτ
τ
s

{
iNkαl + iδlk(β

τ + ξ3N
τ )N

}3

l,k=1

= µijiτ
τ
s (αN

τ + ξ3I3), s = 1, 2, i, j = 1, . . . , n. (48)

Ñ ó÷¼òîì (47)�(48) îïåðàòîðíàÿ ìàòðèöà ãðàíè÷íûõ óñëîâèé (35) çà-
ïèøåòñÿ â ëîêàëüíîé ñèñòåìå êîîðäèíàò ñëåäóþùèì îáðàçîì:

πB(0, ξ′, ξ3) =

M⊗ iτ τ1 (αN
τ + ξ3I3) 0n

M⊗ iτ τ2 (αN
τ + ξ3I3) 0n

In ⊗N τ 0n

 . (49)

4) Èç îïðåäåëåíèÿ 4, ñ ó÷¼òîì (49), ïðåäñòàâëåíèÿ (42), ôàêòîðèçà-
öèè (29) è ôîðìóë (45)�(46), òåïåðü ñëåäóåò, ÷òî äëÿ äîêàçàòåëüñòâà
ýëëèïòè÷íîñòè çàäà÷è (33), (5) òðåáóåòñÿ ïîêàçàòü, ÷òî ðàíã ñëåäóþùåé
ìàòðèöû ðàâåí 3n:∫

γ+

πB(0, ξ′, ξ3)
(
πLλ(0, ξ

′, ξ3)
)−1(

I4n, ξ3I4n
)
dξ3 (50)

=

∫
γ+

M⊗ iτ τ1 (αN
τ + ξ3I3) 0n

M⊗ iτ τ2 (αN
τ + ξ3I3) 0n

In ⊗N τ 0n

×

×
(
A−1

11 +A−1
11 A12D

−1
2 A21A

−1
11 −A11A12D

−1
2

∗n×3n ∗n×n

)(
I4n, ξ3I4n

)
dξ3.

Çäåñü γ+ � ñïðÿìëÿåìûé êîíòóð â âåðõíåé ξ3-ïîëóïëîñêîñòè, îáõîäÿ-
ùèé â ïîëîæèòåëüíîì íàïðàâëåíèè òî÷êó ξ3 = i|ξ′|, à ñèìâîëàìè ∗n×3n,
∗n×n îáîçíà÷åíû íåñóùåñòâåííûå äëÿ äàëüíåéøèõ âû÷èñëåíèé ìàòðèöû
ñîîòâåòñòâóþùèõ ðàçìåðîâ.
Îáîçíà÷èì ÷åðåç M ìàòðèöó, ñîñòàâëåííóþ èç 3n ñòðîê è ïåðâûõ 4n

ñòîëáöîâ ìàòðèöû (50). Åñëè ðàíã ìàòðèöû M áóäåò ðàâåí 3n, òî è
ðàíã ìàòðèöû (50), î÷åâèäíî, áóäåò òàêèì æå. Íàéä¼ì ñîñòàâëÿþùèå
ìàòðèöû M ñ èñïîëüçîâàíèåì âñïîìîãàòåëüíûõ âû÷èñëåíèé (ñì. (32)):

τ τs α =E−1/2
s ξs, τ τs αα

τ = E−1/2
s ξs(β

τ + ξ3N
τ ), s = 1, 2,

N τα = ξ3, N ταατ = ξ3β
τ + ξ23N

τ .
(51)

Îòñþäà, èç ôîðìóë (45)�(46) è ëåììû 9 èìååì ñ ó÷¼òîì (39)∫
γ+

M⊗ iτ τs (αN
τ + ξ3I3) ·

(
A−1

11 +A−1
11 A12D

−1
2 A21A

−1
11

)
dξ3

=

∫
γ+

M⊗ iτ τs (αN
τ + ξ3I3) ·

1

|ξ|4
(
M−1 ⊗ |ξ|2I3 −M−1I1I

−1
2 ⊗ αατ

)
dξ3
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=

∫
γ+

i

(
In ⊗

(
1

|ξ|2
E−1/2

s ξsN
τ +

ξ3
|ξ|2

τ τs

)
−

− I1I
−1
2 ⊗ 2E−1/2

s ξs

(
ξ3
|ξ|4

βτ +
ξ23
|ξ|4

N τ

))
dξ3

= i

(
In ⊗

(
π

|ξ′|
E−1/2

s ξsN
τ + πiτ τs

)
− I1I

−1
2 ⊗ π

|ξ′|
E−1/2

s ξsN
τ

)
= i

(
In ⊗ πiτ τs − λMI−1

2 ⊗ π

|ξ′|
E−1/2

s ξsN
τ

)
, s = 1, 2, (52)

∫
γ+

In ⊗N τ ·
(
A−1

11 +A−1
11 A12D

−1
2 A21A

−1
11

)
dξ3 =

=

∫
γ+

In ⊗N τ · 1

|ξ|4
(
M−1 ⊗ |ξ|2I3 −M−1I1I

−1
2 ⊗ αατ

)
dξ3 =

=

∫
γ+

(
M−1 ⊗ 1

|ξ|2
N τ −M−1I1I

−1
2 ⊗

(
ξ3
|ξ|4

βτ +
ξ23
|ξ|4

N τ

))
dξ3 =

= M−1 ⊗ π

|ξ′|
N τ −M−1I1I

−1
2 ⊗ π

2|ξ′|
N τ =

1

2
M−1I3I

−1
2 ⊗ π

|ξ′|
N τ , (53)

∫
γ+

M⊗ iτ τs (αN
τ + ξ3I3) ·

(
−A11A12D

−1
2

)
dξ3

=

∫
γ+

M⊗ iτ τs (αN
τ + ξ3I3) ·

−i

|ξ|2
I−1
2 Φ1/2 ⊗ αdξ3

= 2MI−1
2 Φ1/2E−1/2

s ξs

∫
γ+

ξ3
|ξ|2

dξ3 = 2πiMI−1
2 Φ1/2E−1/2

s ξs, s = 1, 2,

(54)∫
γ+

In ⊗N τ ·
(
−A11A12D

−1
2

)
dξ3 =

∫
γ+

In ⊗N τ · −i

|ξ|2
I−1
2 Φ1/2 ⊗ αdξ3

= −iI−1
2 Φ1/2

∫
γ+

ξ3
|ξ|2

dξ3 = πI−1
2 Φ1/2. (55)

Èç (52)�(55) òåïåðü íàéä¼ì, ÷òî

M =


i
(
In ⊗ πiτ τ1 − λMI−1

2 ⊗ π
|ξ′| E

−1/2
1 ξ1N

τ
)

2πiMI−1
2 Φ1/2E

−1/2
1 ξ1

i
(
In ⊗ πiτ τ2 − λMI−1

2 ⊗ π
|ξ′| E

−1/2
2 ξ2N

τ
)

2πiMI−1
2 Φ1/2E

−1/2
2 ξ2

1
2 M

−1I3I
−1
2 ⊗ π

|ξ′| N
τ πI−1

2 Φ1/2

 .
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Îòñþäà ñëåäóåò, ÷òî

N :=M · diag
(
(In ⊗N, In ⊗ τ1, In ⊗ τ2), In

)
=


−iλMI−1

2
π
|ξ′| E

−1/2
1 ξ1 −πIn 0n 2πiMI−1

2 Φ1/2E
−1/2
1 ξ1

−iλMI−1
2

π
|ξ′| E

−1/2
2 ξ2 0n −πIn 2πiMI−1

2 Φ1/2E
−1/2
2 ξ2

1
2 M

−1I3I
−1
2

π
|ξ′| 0n 0n πI−1

2 Φ1/2

 .

Íåñëîæíî âèäåòü, ÷òî ìèíîð ìàòðèöû N , ñîñòàâëåííûé èç 3n ñòðîê è
ïîñëåäíèõ 3n ñòîëáöîâ, îòëè÷åí îò íóëÿ:

π3n det I−1
2 · detΦ1/2 = π3ndet−1

(
Φ− λ(2M+Λ)

)
· detΦ1/2 ̸= 0,

à çíà÷èò, rankN = 3n. Îòñþäà è èç ðàâåíñòâà rankM = rankN ñëåäóåò,
÷òî ðàíã ìàòðèöû (50) ðàâåí 3n. □

Ëåììà 12. σess(A) = ΛE. Ìíîæåñòâî C \ σess(A) ñîñòîèò èç ðåãóëÿð-
íûõ òî÷åê è èçîëèðîâàííûõ ñîáñòâåííûõ çíà÷åíèé êîíå÷íîé àëãåáðàè-
÷åñêîé êðàòíîñòè îïåðàòîðà A.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ 1, ëåìì 10, 11 è [31] ñëåäóåò ôîðìóëà
äëÿ ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà A. Äàëåå, â ëåììå 6 äîêàçàíî, ÷òî
îïåðàòîð A ÿâëÿåòñÿ ìàêñèìàëüíûì àêêðåòèâíûì îïåðàòîðîì. Ñëåäî-
âàòåëüíî, îïåðàòîð A− λI íåïðåðûâíî îáðàòèì ïðè îòðèöàòåëüíûõ λ
è åãî äåôåêò è èíäåêñ ðàâíû íóëþ. Ìíîæåñòâî C \ σess(A), î÷åâèäíî,
ÿâëÿåòñÿ ñâÿçíûì. Îòñþäà è èç òåîðåìû îá óñòîé÷èâîñòè èíäåêñà è äå-
ôåêòà çàìêíóòîãî îïåðàòîðà (ñì. [33, ãë. 4, � 5, ï. 2, òåîðåìà 5.17] èëè [29,
ãë. 17, � 2, òåîðåìà 2.1]) ñëåäóåò, ÷òî ìíîæåñòâî C \ σess(A) ñîñòîèò èç
ðåãóëÿðíûõ òî÷åê è èçîëèðîâàííûõ ñîáñòâåííûõ çíà÷åíèé êîíå÷íîé àë-
ãåáðàè÷åñêîé êðàòíîñòè îïåðàòîðà A. □

4.3. Ëîêàëèçàöèÿ è àñèìïòîòèêà äèñêðåòíîãî ñïåêòðà îïåðàòî-

ðà A. Äîêàçàòåëüñòâî ôàêòà, ÷òî íåâåùåñòâåííûé ñïåêòð îïåðàòîðà A
(èëè îïåðàòîðà A−1, åñëè îí ñóùåñòâóåò) ñîñòîèò èç êîíå÷íîãî ÷èñëà
ñèììåòðè÷íûõ îòíîñèòåëüíî âåùåñòâåííîé îñè ïàð ñîáñòâåííûõ çíà÷å-
íèé êîíå÷íîé êðàòíîñòè, ñîñòîèò â ïðîâåðêå ïðèíàäëåæíîñòè îïåðàòîðà
A−1 êëàññó Õåëòîíà: A−1 ∈ (H) (ñì. [2, ãë. III, � 5, îïðåäåëåíèå 5.1, ñëåä-
ñòâèå 5.21]). ×òîáû íå ïðèâîäèòü çäåñü ìíîæåñòâî ñîïóòñòâóþùèõ îïðå-
äåëåíèé è òåðìèíîâ, ñôîðìóëèðóåì æåëàåìîå ñëåäñòâèå èç [2, ãë. III, � 5,
ñëåäñòâèå 5.21] è [2, 23, ãë. III, � 5, ïðèìåð 5.23] â âèäå ñëåäóþùåãî ïðåä-
ëîæåíèÿ.

Ïðåäëîæåíèå 1. Ïóñòü H1, H2 � ãèëüáåðòîâû ïðîñòðàíñòâà. Îïðå-
äåëèì â îðòîãîíàëüíîé ñóììå ýòèõ ïðîñòðàíñòâ H = H1 ⊕H2 îïåðà-
òîð

T =

(
T1 0
0 T2

)
+

(
S1 −S∗

3

S3 S2

)
, T1 = T ∗

1 ∈ L(H1), T2 = T ∗
2 ∈ L(H2),

S1 = S∗
1 ∈ S∞(H1), S2 = S∗

2 ∈ S∞(H2), S3 ∈ S∞(H1,H2).
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Ïóñòü σ(T1) ∩ σ(T2) = ∅. Òîãäà íåâåùåñòâåííûé ñïåêòð îïåðàòîðà T
ñîñòîèò èç êîíå÷íîãî ÷èñëà ñèììåòðè÷íûõ îòíîñèòåëüíî R ïàð ñîá-
ñòâåííûõ çíà÷åíèé êîíå÷íîé àëãåáðàè÷åñêîé êðàòíîñòè.

Ëåììà 13. Íåâåùåñòâåííûé ñïåêòð îïåðàòîðà A ñîñòîèò èç êîíå÷-
íîãî ÷èñëà ñèììåòðè÷íûõ îòíîñèòåëüíî R ïàð ñîáñòâåííûõ çíà÷åíèé
êîíå÷íîé àëãåáðàè÷åñêîé êðàòíîñòè.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî KerA = {0}. Äîïóñòèì ïðîòèâíîå, òî-
ãäà ñóùåñòâóåò òàêîé ýëåìåíò 0 ̸= ξ = (u; ρ)τ ∈ D(A), ÷òî (ñì. ëåììó 6)

Aξ =

(
A1/2(A1/2u+Q∗ρ)

−QA1/2u

)
=

(
0
0

)
.

Îòñþäà ñëåäóåò, ÷òî (ρ,QA1/2u)H2 = 0, à çíà÷èò, (A1/2(A1/2u+Q∗ρ),u)H1

= ∥A1/2u∥2H1
= 0 è u = 0. Òîãäà A1/2Q∗ρ = 0, à çíà÷èò, ρ = 0, òàê êàê

îïåðàòîð Q∗ èìååò òðèâèàëüíîå ÿäðî: KerQ∗ = {0} (ñì. ëåììó 3, (22) è
ëåììó 5).
Òàêèì îáðàçîì, òî÷êà λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïå-

ðàòîðà A. Ïî ëåììå 12 òî÷êà λ = 0 � ðåãóëÿðíàÿ òî÷êà îïåðàòîðà A:
0 ∈ ρ(A). Îòñþäà è èç âòîðîé ôàêòîðèçàöèè â ëåììå 6 ñëåäóåò, ÷òî îïå-
ðàòîð QQ∗ ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåë¼ííûì â H2, à çíà÷èò, ñóùå-
ñòâóåò (QQ∗)−1 ∈ L(H2).
Èç âòîðîé ôàêòîðèçàöèè â ëåììå 6 òåïåðü íàéä¼ì, ÷òî

A−1 =

=

(
0 0
0 (QQ∗)−1

)
+

(
A−1/2

(
I −Q∗(QQ∗)−1Q

)
A−1/2 −A−1/2Q∗(QQ∗)−1

(QQ∗)−1QA−1/2 0

)
.

Èç ïðåäñòàâëåíèÿ A = L+ T è ëåìì 1, 2 ñëåäóåò, ÷òî A−1 ∈ S∞(H1).
Òàêèì îáðàçîì, îïåðàòîð A−1 èìååò ñòðóêòóðó îïåðàòîðà T èç ïðåäëî-
æåíèÿ 1. Óòâåðæäåíèå ëåììû òåïåðü ñëåäóåò èç σ((QQ∗)−1) ∩ {0} = ∅
è ïðåäëîæåíèÿ 1. □

Ëåììà 14. Ñïåêòð îïåðàòîðà A ñîäåðæèò ïîäïîñëåäîâàòåëüíîñòü
ñîáñòâåííûõ çíà÷åíèé ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì

λ
(∞)
k (A) = C−2/3k2/3(1 + o(1)), k −→ ∞,

C :=
1

6π2

∫
Ω

(
tr
(
R−1/2(2M+Λ)R−1/2

)−3/2
+ 2tr

(
R−1/2MR−1/2

)−3/2
)
dΩ.

Äîêàçàòåëüñòâî. 1) Ïîêàæåì, ÷òî ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L

èìåþò àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå λk(L) = C−2/3k2/3(1 + o(1)) ïðè
k −→ ∞ ñ êîíñòàíòîé C, îïðåäåë¼ííîé â ëåììå.
Äåéñòâèòåëüíî, óêàçàííîå àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå ñëåäóåò èç

îáçîðà Ì.Ø.Áèðìàíà è Ì.Ç.Ñîëîìÿêà [14, � 1, ï. 3] ñ êîíñòàíòîé

C =
1

24π3

∫
Ω

dΩ

∫
|ξ|=1

tr
{(

a
−1/2
0 b0a

−1/2
0

)3/2}
dS(ξ), (56)
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ãäå a0 := M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ , b0 := R⊗ I3. Ó÷èòûâàÿ, ÷òî

tr
{(

a
−1/2
0 b0a

−1/2
0

)3/2}
= tr

{(
a
1/2
0 b−1

0 a
1/2
0

)−3/2
}
= tr

{(
b
−1/2
0 a0b

−1/2
0

)−3/2
}
,

âû÷èñëèì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû b
−1/2
0 a0b

−1/2
0 . Èñïîëüçóÿ (40) è

òåîðåìó Ëàïëàñà î âû÷èñëåíèè îïðåäåëèòåëåé, íàéä¼ì ñîîòâåòñòâóþùåå
õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

det(b
−1/2
0 a0b

−1/2
0 − λI3n) =

= det
(
R−1/2

(
M⊗ |ξ|2I3 + (M+Λ)⊗ ξξτ − λR⊗ I3

)
R−1/2

)
= det2R−1/2 · det

(
In ⊗ Γτ

ξ ·
(
M⊗ |ξ|2I3+

+ (M+Λ)⊗ ξξτ − λR⊗ I3
)
· In ⊗ Γξ

)
= detR−1 · det

(
M⊗ |ξ|2I3 + (M+Λ)⊗ |ξ|2P1 − λR⊗ I3

)
= |ξ|6n · detR−1 · det

(
M⊗ I3 + (M+Λ)⊗ P1 −R⊗ λ|ξ|−2I3

)
= |ξ|6n · detR−1 · det

(
2M+Λ)− λ|ξ|−2R

)
· det2

(
M− λ|ξ|−2R

)
= 0.

Îòñþäà ñëåäóåò, ÷òî ñïåêòð ìàòðèöû b
−1/2
0 a0b

−1/2
0 ñîñòîèò èç òð¼õ ìíî-

æåñòâ:{
λ
(1)
k = |ξ|2λk

(
R−1/2(2M+Λ)R−1/2

)
, λ

(2)
k =λ

(3)
k = |ξ|2λk

(
R−1/2MR−1/2

)}n

k=1
,

ãäå λk

(
R−1/2(2M+Λ)R−1/2

)
, λk

(
R−1/2MR−1/2

)
(k = 1, . . . , n) � ñîá-

ñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ìàòðèö. Èç (56) è ïðîâåä¼ííûõ ðàñ-
ñóæäåíèé òåïåðü íàéä¼ì, ÷òî

C =
1

24π3

∫
Ω

dΩ

∫
|ξ|=1

( n∑
k=1

(
λ
(1)
k

)−3/2
+ 2

n∑
k=1

(
λ
(2)
k

)−3/2
)
dS(ξ)

=
1

24π3

∫
Ω

(
tr
(
R−1/2(2M+Λ)R−1/2

)−3/2
+

+ 2tr
(
R−1/2MR−1/2

)−3/2
)
dΩ

∫
|ξ|=1

dS(ξ)

|ξ|3

=
1

6π2

∫
Ω

(
tr
(
R−1/2(2M+Λ)R−1/2

)−3/2
+ 2tr

(
R−1/2MR−1/2

)−3/2
)
dΩ.

2) Èç ïðåäñòàâëåíèÿ A = L+ T = (I + TL−1)L ñëåäóåò, ÷òî îïåðàòîð
A ÿâëÿåòñÿ ñëàáûì âîçìóùåíèåì îïåðàòîðà L. Îòñþäà è èç ñòåïåííîé
àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L ñëåäóåò (ñì., íàïðè-
ìåð, [45]), ÷òî ãëàâíûå ÷ëåíû àñèìïòîòèê ñîáñòâåííûõ çíà÷åíèé ýòèõ
îïåðàòîðîâ ñîâïàäàþò.
Äàëåå, èç (26) ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðàA è îïåðà-

òîð-ôóíêöèè L(λ) ñîâïàäàþò. Íàëè÷èå æå ó îïåðàòîð-ôóíêöèè (ïó÷êà
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îïåðàòîðîâ) L(λ) ïîñëåäîâàòåëüíîñòè ñîáñòâåííûõ çíà÷åíèé ñ óêàçàí-
íûì â ëåììå àñèìïòîòè÷åñêèì ïîâåäåíèåì ñëåäóåò èç òåîðåìû À.Ñ.Ìàð-
êóñà è Â.È.Ìàöàåâà î ñðàâíåíèè ñïåêòðîâ (ñì. [45, òåîðåìà 1.2]). □

Óòâåðæäåíèÿ òåîðåìû 1 ñëåäóþò èç ëåìì 12, 13, 14.

5 Ñâîéñòâà ýâîëþöèîííîé çàäà÷è

5.1. Óòâåðæäåíèå î ðàçðåøèìîñòè. Â äîïîëíåíèå ê ëåììå 6 äîêà-
æåì ñëåäóþùèå óòâåðæäåíèÿ. Ìåòîä äîêàçàòåëüñòâà ýòèõ ëåìì ïðèìå-
íÿëñÿ â ðàáîòàõ [60, ëåììà 2.4], [61, ëåììû2.3, 2.4], [22] ïðè èññëåäîâàíèè
çàäà÷ "ïàðàáîëè÷åñêîãî òèïà".

Ëåììà 15. Îïåðàòîð −A ÿâëÿåòñÿ ãåíåðàòîðîì ãîëîìîðôíîé ïîëó-
ãðóïïû. Äëÿ ÷èñëîâîé îáëàñòè çíà÷åíèé W(A) îïåðàòîðà A âûïîëíåíî
âêëþ÷åíèå:

W(A) ⊂
⋂
α>0

{
λ ∈ C :

∣∣ arg (λ+ α2∥Q∗∥2
)∣∣ ⩽ arctgα−1

}
. (57)

Äîêàçàòåëüñòâî. Ïî ëåììå 6 îïåðàòîð A ïëîòíî îïðåäåë¼í è çàìêíóò.
Äîêàæåì, ÷òî îïåðàòîð A ñåêòîðèàëåí. Ïóñòü ξ = (u; ρ)τ ∈ D(A), òîãäà

u ∈ D(A1/2) è èç ôàêòîðèçàöèè (24) îïåðàòîðà A â ñèììåòðè÷íîé ôîðìå
ïîëó÷èì, ÷òî

Re
(
Aξ, ξ

)
H = Re

((
I Q∗

−Q 0

)(
A1/2u

ρ

)
,

(
A1/2u

ρ

))
H
= ∥A1/2u∥2H1

,∣∣Im(
Aξ, ξ

)
H
∣∣ = ∣∣Im[

(Q∗ρ,A1/2u)H1 − (QA1/2u, ρ)H2

]∣∣ =
=

∣∣2 Im(Q∗ρ,A1/2u)H1

∣∣ ⩽ 2 ∥A1/2u∥H1∥Q∗ρ∥H1 .

Èç ýòèõ îöåíîê ïðè ëþáîì α > 0 ïîëó÷èì, ÷òî

Re
(
Aξ, ξ

)
H − α

∣∣Im(
Aξ, ξ

)
H
∣∣ ⩾ (

∥A1/2u∥H1 − α∥Q∗ρ∥H1

)2 − α2∥Q∗ρ∥2H1

⩾ −α2∥Q∗∥2 · ∥ρ∥2H2
⩾ −α2∥Q∗∥2 · ∥ξ∥2H.

Ñëåäîâàòåëüíî,

Re
([
A+ α2∥Q∗∥2I

]
ξ, ξ

)
H − α

∣∣Im([
A+ α2∥Q∗∥2I

]
ξ, ξ

)
H
∣∣ ⩾ 0,

èëè ∣∣Im([
A+ α2∥Q∗∥2I

]
ξ, ξ

)
H
∣∣

Re
([
A+ α2∥Q∗∥2I

]
ξ, ξ

)
H

⩽
1

α
∀ 0 ̸= ξ ∈ D(A), α > 0.

Îòñþäà ñëåäóåò, ÷òî W(A) ⊂
{
λ ∈ C : | arg

(
λ+ α2∥Q∗∥2

)
| ⩽ arctgα−1

}
ïðè ëþáîì α > 0, òî åñòü îïåðàòîð A ñåêòîðèàëåí è âûïîëíåíî (57).
Ìàêñèìàëüíîñòü îïåðàòîðà A ñëåäóåò èç (A− λI)−1 ∈ L(H) ïðè äîñòà-
òî÷íî áîëüøèõ λ < 0 (ñì. ëåììó 6 è (27)). □
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Ëåììà 16. Ãîëîìîðôíàÿ ïîëóãðóïïà U(t), ãåíåðèðóåìàÿ îïåðàòîðîì
−A, ÿâëÿåòñÿ ðàâíîìåðíî ýêñïîíåíöèàëüíî óñòîé÷èâîé, òî åñòü ñó-
ùåñòâóþò òàêèå ω > 0 è M ⩾ 1, ÷òî

∥U(t)∥L(H) ⩽ Me−ωt ∀ t ∈ R+. (58)

Äîêàçàòåëüñòâî. Èçâåñòíî (ñì., íàïðèìåð, [20, ãë. 4, � 3, ñëåäñòâèå 3.12]),
÷òî åñëè U(t) ãîëîìîðôíàÿ ïîëóãðóïïà, òî å¼ òèï ñîâïàäàåò ñî ñïåê-
òðàëüíîé ãðàíèöåé s(−A) = sup{Reλ : λ ∈ σ(−A)} ãåíåðàòîðà −A. Òà-
êèì îáðàçîì, ñóùåñòâîâàíèå ÷èñåë ω > 0, M ⩾ 1 è îöåíêè (58) áóäåò
ñëåäîâàòü èç íåðàâåíñòâà s(−A) < 0 èëè, ÷òî ýêâèâàëåíòíî, èç íåðàâåí-
ñòâà inf{Reλ : λ ∈ σ(A)} > 0.
Èç ôîðìóëû (57), ïåðåïèñàííîé â âèäå

W(A+ α2∥Q∗∥2I) ⊂
{
λ ∈ C : | arg λ| ⩽ arctgα−1

}
∀ α > 0,

ïîñòðîåíèåì îãèáàþùèõ ñîîòâåòñòâóþùèõ ñåìåéñòâ ïðÿìûõ íàéä¼ì, ÷òî
÷èñëîâàÿ îáëàñòü çíà÷åíèé îïåðàòîðà A ñîäåðæèòñÿ â ïàðàáîëè÷åñêîé
îáëàñòè:

W(A) ⊂
{
λ ∈ C : |Imλ| ⩽ 2∥Q∗∥(Reλ)1/2

}
. (59)

Èç äîêàçàòåëüñòâà ëåììû 13 ñëåäóåò, ÷òî 0 ∈ ρ(A). Òåïåðü, ó÷èòûâàÿ,

÷òî ðåçîëüâåíòíîå ìíîæåñòâî ρ(A) îòêðûòî è σ(A) ⊂ W(A), èç (59) íàé-
ä¼ì, ÷òî èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî: inf{Reλ : λ ∈ σ(A)} > 0.
Ëåììà äîêàçàíà. □

Ëåììà 17. Ïóñòü u0 := (u0
1; . . . ;u

0
n)

τ ∈ D(L), ρ0 := (ρ01; . . . ; ρ
0
n)

τ ∈ D(B∗)
(ñì. (8), (12) è ëåììó 3), à ïîëÿ fi (i = 1, . . . , n) ëîêàëüíî ã¼ëüäåðîâû,
òî åñòü äëÿ ëþáîãî T ⩾ 0 ñóùåñòâóþò K = K(T ) > 0, k = k(T ) ∈ (0, 1]
òàêèå, ÷òî

∥fi(t)− fi(s)∥L2(Ω) ⩽ K|t− s|k ∀ 0 ⩽ t, s ⩽ T, i = 1, . . . , n.

Òîãäà íà÷àëüíî-êðàåâàÿ çàäà÷à (7), (5), (8) èìååò åäèíñòâåííîå ðå-
øåíèå â ñìûñëå îïðåäåëåíèÿ 2.

Äîêàçàòåëüñòâî. 1) Çàìåòèì, ÷òî åñëè ïîëÿ ui è ôóíêöèè ρi (i = 1, n) �
ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (7), (5), (8), òî ôóíêöèÿ ξ := (u; ρ)τ ,
ãäå u := (u1; . . . ;un)

τ , ρ := (ρ1; . . . ; ρn)
τ , � ðåøåíèå çàäà÷è Êîøè

dξ

dt
= −A0ξ + F(t), ξ(0) = ξ0 (60)

ñ íåçàìêíóòûì îïåðàòîðîì A0 (ñì. (23)). Çäåñü

ξ0 := (u0; ρ0)τ , F(t) :=
(
f(t); 0

)τ
, f(t) :=

(
f1(t); . . . ; fn(t)

)τ
.

Âåðíî è îáðàòíîå.
2) Ðàññìîòðèì çàäà÷ó Êîøè (9) ñ çàìêíóòûì îïåðàòîðîì A.
Íàïîìíèì, ÷òî A = L+ T . Îòñþäà è èç ëåììû 2 ñëåäóåò, ÷òî D(A) =

D(L). Èç óñëîâèé ëåììû òåïåðü èìååì ξ0 ∈ D(A0) ⊂ D(A) (ñì. ëåììó 6).
Ëåãêî âèäåòü òàêæå, ÷òî óñëîâèÿ ëåììû âëåêóò ëîêàëüíóþ ã¼ëüäåðî-
âîñòü ôóíêöèè F . Èç ëåìì 6, 15 è òåîðåìû î ðàçðåøèìîñòè àáñòðàêòíîé
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çàäà÷è Êîøè ñ îïåðàòîðîì, ãåíåðèðóþùåì ãîëîìîðôíóþ ïîëóãðóïïó
(ñì., íàïðèìåð, [30, ãë. 2, � 1, òåîðåìà 1.4]), ñëåäóåò, ÷òî çàäà÷à Êîøè (9)
èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå ξ(·). Òî åñòü òàêóþ ôóíêöèþ
ξ ∈ C1(R+;H) ∩ C(R+;D(A)) (çäåñü ïîäðàçóìåâàåòñÿ, ÷òî íà D(A) ââå-
äåíà íîðìà ãðàôèêà îïåðàòîðà A èëè ýêâèâàëåíòíàÿ åé, è D(A) ïðåâðà-
ùåíî òàêèì îáðàçîì â áàíàõîâî ïðîñòðàíñòâî), ÷òî âûïîëíåíî óðàâíåíèå
èç (9) ïðè âñåõ t ∈ R+ è íà÷àëüíîå óñëîâèå.
Ëåììà áóäåò äîêàçàíà, åñëè óäàñòñÿ ïîêàçàòü, ÷òî ôóíêöèÿ ξ(·) ÿâëÿ-

åòñÿ ðåøåíèåì çàäà÷è Êîøè (60). Òî åñòü åñëè ξ ∈ C1(R+;H), ξ(t) ∈ D(A0)
ïðè âñåõ t ∈ R+ è A0ξ ∈ C(R+;H), âûïîëíåíî óðàâíåíèå èç (60) ïðè âñåõ
t ∈ R+ è íà÷àëüíîå óñëîâèå.
3) Èòàê, ïóñòü ξ ∈ C1(R+;H) ∩ C(R+;D(A)) � (åäèíñòâåííîå) ðåøå-

íèå çàäà÷è Êîøè (9). Â ñèëó ëåììû 6 ïîñëåäíåå ýêâèâàëåíòíî òîìó, ÷òî

u ∈ C1(R+;H1), ρ ∈ C1(R+;H2), u+A−1/2Q∗ρ ∈ C1(R+;D(A)) è âûïîë-
íåíû ñîîòíîøåíèÿ

du

dt
= −A(u+A−1/2Q∗ρ) + f(t),

dρ

dt
= QA1/2u. (61)

Èç ýòèõ ñîîòíîøåíèé ñëåäóåò, ÷òî

u+A−1/2Q∗ρ0 +A−1/2Q∗
t∫

0

QA1/2u(s) ds ∈ C(R+;D(A)).

Îòñþäà è èç A−1/2Q∗ρ0 = A−1/2Q∗|D(B∗)ρ
0 = A−1B∗ρ0 ∈ D(A) (ñì. ëåì-

ìó 5) ñëåäóåò, ÷òî ôóíêöèÿ u(·) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâ-
íåíèÿ Âîëüòåððà âòîðîãî ðîäà

u(t) +

t∫
0

A−1/2Q∗QA1/2u(s) ds = g(t), g ∈ C(R+; E(A))

â áàíàõîâîì ïðîñòðàíñòâå E(A) = (D(A), ∥A · ∥H1). Èç îöåíîê (ñì. (22) è
ëåììû 5, 4)

∥A−1/2Q∗QA1/2u∥E(A) = ∥A1/2Q∗QA1/2A−1(Au)∥H = ∥A1/2Q∗BA−1(Au)∥H
= ∥A1/2Q∗|D(B∗)BA−1(Au)∥H = ∥B∗BA−1(Au)∥H
⩽ ∥B∗BA−1∥L(H1)∥u∥E(A) ∀u ∈ E(A)

ñëåäóåò, ÷òî ÿäðî ðàññìàòðèâàåìîãî óðàâíåíèÿ Âîëüòåððà ñèëüíî íåïðå-
ðûâíî íà R+. Îòñþäà è èç g ∈ C(R+; E(A)) ñëåäóåò, ÷òî óðàâíåíèå èìååò
åäèíñòâåííîå ðåøåíèå u ∈ C(R+; E(A) = D(A)).

Îòìåòèì, ÷òî QA1/2u = BA−1(Au) ∈ C(R+;H1), QA1/2u(t) ∈ D(B∗)

ïðè âñåõ t ∈ R+ è B∗QA1/2u = B∗BA−1(Au) ∈ C(R+;H1) (ñì. ëåììó 4).
Îòñþäà, èç [30, ãë. 1, � 1, ëåììà 1.5] è âòîðîãî ñîîòíîøåíèÿ â (61) òåïåðü
ïîëó÷èì, ÷òî ρ(t) ∈ D(B∗) ïðè âñåõ t ∈ R+ è B∗ρ ∈ C(R+;H1).
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Òàêèì îáðàçîì, ξ(t) = (u(t); ρ(t))τ ∈ D(A0) = D(A)⊕D(B∗) (ñì. (23))
ïðè âñåõ t ∈ R+ è

A0ξ =

(
Au+B∗ρ

−Bu

)
∈ C(R+;H),

à ñêîáêè ïåðâîì ñîîòíîøåíèè èç (61) ìîæíî ðàñêðûòü. □

5.2. Óòâåðæäåíèå îá àñèìïòîòè÷åñêîì ïîâåäåíèè ðåøåíèÿ. Ìå-
òîä äîêàçàòåëüñòâà ñëåäóþùåé ëåììû ïðèìåíÿëñÿ â ðàáîòàõ [59, 61].

Ëåììà 18. Ïóñòü u0 :=(u0
1; . . . ;u

0
n)

τ ∈ D(L), ρ0 :=(ρ01; . . . ; ρ
0
n)

τ ∈ D(B∗)
(ñì. (8), (12) è ëåììó 3), à ïîëÿ fj (j = 1, . . . , n) èìåþò ñëåäóþùèé âèä:

fj(t) = gj(t) +

m∑
k=0

e−iσktfj,k(t), σ0 = 0, 0 ̸= σk ∈ R, k = 1, . . . ,m.

Çäåñü fj,k ∈ C1(R+;L2(Ω)), (k = 1, . . . ,m), à ïîëÿ gj ëîêàëüíî ã¼ëüäåðî-
âû. Ïóñòü ∥gj(t)∥ = o(1), ∥f ′j,k(t)∥ = o(1) (j = 1, . . . , n, k = 0, 1, . . . ,m)
ïðè t −→ +∞. Òîãäà ïðè t −→ +∞ áóäåò âûïîëíåíî ñëåäóþùåå ñîîò-
íîøåíèå:

n∑
j=1

(∥∥∥uj(t)−
m∑
k=0

e−iσktuj,k(t)
∥∥∥2 + ∥∥∥ρj(t)− m∑

k=0

e−iσktρj,k(t)
∥∥∥2) = o(1),

(62)

ãäå ïîëÿ uj,k(t) è ôóíêöèè ρj,k(t) (j = 1, . . . , n) ïðè êàæäîì k = 0, 1, . . . ,m
ÿâëÿþòñÿ ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è ñ ïàðàìåòðîì t:

1

ρj0

n∑
l=1

Ljlul,k +∇
(
c
1/2
j ρj,k

ρ
1/2
j0

)
− 1

ρj0

n∑
l=1

ajl(ul,k − uj,k)− iσkuj,k = fj,k(t),

c
1/2
j

ρ
1/2
j0

div(ρj0uj,k)− iσkρj,k = 0, x ∈ Ω, j = 1, . . . , n, (63)

uj,k · n = 0, (Tjn)× n = 0, x ∈ ∂Ω, j = 1, . . . , n.

Ïóñòü gj(t) ≡ 0, fj,k(t) ≡ fj,k (j = 1, . . . , n, k = 0, 1, . . . ,m). Òîãäà ñó-
ùåñòâóåò òàêàÿ êîíñòàíòà N > 0, çàâèñÿùàÿ îò íà÷àëüíûõ äàííûõ
è íîðì ýëåìåíòîâ fj,k, ÷òî ïðè âñåõ t ∈ R+ áóäåò âûïîëíåíî ñëåäóþùåå
íåðàâåíñòâî:

n∑
j=1

(∥∥∥uj(t)−
m∑
k=0

e−iσktuj,k

∥∥∥2 + ∥∥∥ρj(t)− m∑
k=0

e−iσktρj,k

∥∥∥2) ⩽ Ne−2ωt,

(64)

ãäå ω > 0 òî æå, ÷òî è â ëåììå 16, à ïîëÿ uj,k è ôóíêöèè ρj,k (j = 1, . . . , n)
ïðè êàæäîì k=0, 1, . . . ,m ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (63) ïðè fj,k(t)≡ fj,k.
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Äîêàçàòåëüñòâî. Èç óñëîâèé ëåììû è ëåììû 17 ñëåäóåò, ÷òî çàäà÷à (7),
(5), (8) èìååò åäèíñòâåííîå ðåøåíèå â ñìûñëå îïðåäåëåíèÿ 2. Òîãäà
ôóíêöèÿ ξ := (u; ρ)τ , ãäå u := (u1; . . . ;un)

τ , ρ := (ρ1; . . . ; ρn)
τ , � ðåøå-

íèå çàäà÷è Êîøè (9) ñî ñïåöèàëüíîé ïðàâîé ÷àñòüþ:

dξ

dt
= −Aξ + G(t) +

m∑
k=0

e−iσktFk(t), ξ(0) = ξ0, (65)

ãäå

ξ0 :=(u0; ρ0)τ , G(t) :=
(
g(t); 0

)τ
, g(t) :=

(
g1(t); . . . ;gn(t)

)τ
,

Fk(t) :=
(
fk(t); 0

)τ
, fk(t) :=

(
f1,k(t); . . . ; fn,k(t)

)τ
, k = 0, 1, . . . ,m.

(66)

Áóäåì èñêàòü (åäèíñòâåííîå) ðåøåíèå çàäà÷è (65) â âèäå

ξ(t) =

m∑
k=0

e−iσktRiσk
(A)Fk(t) + ζ(t), Rλ(A) := (A− λI)−1. (67)

Òîãäà ôóíêöèÿ ζ(t) äîëæíà áûòü ðåøåíèåì çàäà÷è Êîøè

dζ

dt
= −Aζ +G(t)−

m∑
k=0

e−iσktRiσk
(A)F ′

k(t), ζ(0) = ξ0 −
m∑
k=0

Riσk
(A)Fk(0).

(68)
Îáîçíà÷èì êàê è â ëåììå 16 ÷åðåç U(t) ãîëîìîðôíóþ ïîëóãðóïïó,

ãåíåðèðóåìóþ îïåðàòîðîì −A. Òîãäà èç (68) è (67) íàéä¼ì, ÷òî

ξ(t) =

m∑
k=0

e−iσktRiσk
(A)Fk(t) + U(t)

(
ξ0 −

m∑
k=0

Riσk
(A)Fk(0)

)
+

+

t∫
0

U(t− s)

(
G(s)−

m∑
k=0

e−iσksRiσk
(A)F ′

k(s)

)
ds.

Îòñþäà è èç ëåììû 16 ñëåäóåò, ÷òî∥∥∥∥ξ(t)− m∑
k=0

e−iσktRiσk
(A)Fk(t)

∥∥∥∥
H
=

∥∥∥∥∥U(t)
(
ξ0 −

m∑
k=0

Riσk
(A)Fk(0)

)
+

+

t∫
0

U(t− s)

(
G(s)−

m∑
k=0

e−iσksRiσk
(A)F ′

k(s)

)
ds

∥∥∥∥∥
H

⩽ Me−ωt

(
∥ξ0∥H + sup

λ∈iR
∥Rλ(A)∥L(H)

m∑
k=0

∥Fk(0)∥H
)
+

+M

t∫
0

e−ω(t−s)

(
∥G(s)∥H + sup

λ∈iR
∥Rλ(A)∥L(H)

m∑
k=0

∥F ′
k(s)∥H

)
ds
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⩽ M0e
−ωt

(
∥ξ0∥H +

m∑
k=0

∥Fk(0)∥H
)
+

+M0

t∫
0

e−ω(t−s)

(
∥G(s)∥H +

m∑
k=0

∥F ′
k(s)∥H

)
ds,

ãäå M0 := M max
{
1, sup

λ∈iR
∥Rλ(A)∥L(E)

}
. Òàêèì îáðàçîì,

∥∥∥∥ξ(t)− m∑
k=0

e−iσktRiσk
(A)Fk(t)

∥∥∥∥
H
⩽ M0e

−ωt

(
∥ξ0∥H +

m∑
k=0

∥Fk(0)∥H
)
+

+M0

t∫
0

e−ω(t−s)

(
∥G(s)∥H +

m∑
k=0

∥F ′
k(s)∥H

)
ds. (69)

Ïóñòü ∥gi(t)∥ = o(1), ∥f ′i,k(t)∥ = o(1) (i = 1, . . . , n, k = 0, . . . ,m) ïðè

t −→ +∞. Òîãäà èç (66) ïîëó÷èì, ÷òî ∥G(t)∥H = o(1), ∥F ′
k(t)∥H = o(1)

ïðè t −→ +∞. Äëÿ òîãî ÷òîáû ïîêàçàòü, ÷òî ïðàâàÿ ÷àñòü â (69) åñòü o(1)
ïðè t −→ +∞, äîñòàòî÷íî äîêàçàòü, ÷òî èíòåãðàëüíîå ñëàãàåìîå â (69)
ñòðåìèòñÿ ê íóëþ ïðè t −→ +∞. Ïóñòü h(t) := ∥G(t)∥H +

∑m
k=0 ∥F ′

k(t)∥H.
Ôèêñèðóåì ε > 0 è âûáåðåì ïîñëåäîâàòåëüíî ÷èñëà tε,1 è tε,2 ñëåäóþùèì
îáðàçîì:

tε,1 > 0 : sup
t⩾tε,1

h(t) <
εω

2
, tε,2 :=

1

ω
ln
( 2

εω

(
eωtε,1 − 1

)
sup
t⩾0

h(t)
)
.

Òåïåðü äëÿ ëþáîãî t ⩾ t(ε) := max{tε,1, tε,2} íàéä¼ì, ÷òî
t∫

0

e−ω(t−s)h(s) ds =

tε,1∫
0

e−ω(t−s)h(s) ds+

t∫
tε,1

e−ω(t−s)h(s) ds ⩽

⩽
e−ωt

ω

(
eωtε,1 − 1

)
sup
t⩾0

h(t) +
1

ω
sup
t⩾tε,1

h(t) <
ε

2
+

ε

2
= ε.

Îòñþäà, èç (69) è îïðåäåëåíèÿ îïåðàòîðà A ñëåäóåò (62).
Åñëè gj(t) ≡ 0, fj,k(t) ≡ fj,k (j = 1, . . . , n, k = 0, . . . ,m), òî G(t) ≡ 0,

F ′
k(t) ≡ 0 (k = 0, . . . ,m) è èç (69) ñëåäóåò (64). □

Óòâåðæäåíèÿ òåîðåìû 2 ñëåäóþò èç ëåìì 17, 18.

References

[1] A. Al-Sharif, K. Chamniprasart, K.R. Rajagopal, A.Z. Szeri, Lubrication with binary

mixtures: Liquid-liquid emulsion, J. Tribol., 115:1 (1993), 46�55.
[2] T.Ya. Azizov, I.S. Iokhvidov, Fundamentals of the theory of linear operators in spaces

with an inde�nite metric, Nauka, Moscow, 1986. Zbl 0607.47031



ÇÀÄÀ×À Î ÌÀËÛÕ ÄÂÈÆÅÍÈßÕ ÑÌÅÑÈ ÂßÇÊÈÕ ÆÈÄÊÎÑÒÅÉ 1587

[3] T.Ya. Azizov, N.D. Kopachevsky, L.D. Orlova, Evolutionary and spectral problems

generated by the problem of small movements of viscoelastic �uid, Tr. St.-Peterbg.
Mat. Obshch., 6 (1988), 5�33.

[4] F.V. Atkinson, H. Langer, R. Mennicken, A.A. Shkalikov, The essential spectrum of

some matrix operators, Math. Nachr., 167 (1994), 5�20. Zbl 0831.47001
[5] S. Baris, Some simple unsteady unidirectional �ows of a binary mixture of

incompressible Newtonian �uids, Internat. J. Engrg. Sci., 40:18 (2002), 2023�2040.
MR1938668

[6] S. Baris, Unsteady �ows of a binary mixture of incompressible Newtonian �uids in an

annulus, Int. J. Eng. Sci., 43:19-20 (2005), 1471�1485. Zbl 1211.76135
[7] S. Baris, M.S. Demir, Flow of a binary mixture of �uids in a semicircular duct, Int.

J. Phys. Sci., 7 (2012), 1333�1345.
[8] S. Baris, M.S. Demir, Hydromagnetic �ows of a mixture of two Newtonian �uids

between two parallel plates, Int. J. Phys. Sci., 8:9 (2013), 343�355.
[9] S. Baris, M. Dokuz, Analytical solutions for some simple �ows of a binary mixture of

incompressible Newtonian �uids, Turkish J. Eng. Env. Sci., 26:6 (2002), 455�471.
[10] S. Baris, M. Dokuz, Flow of a binary mixture of incompressible Newtonian �uids in

a rectangular channel, Int. J. Eng. Sci., 43:1-2 (2005), 171�188.
[11] C.E. Beevers, R.E. Craine, On the determination of response functions for a binary

mixture of incompressible Newtonian �uids, Int. J. Eng. Sci., 20:6 (1982), 737�745.
Zbl 0485.76084

[12] J.J. Benner, F. Sadeghi, M.R. Hoeprich, M.C. Frank, Lubricating properties of water
in oil emulsions, J. Tribol., 128:2 (2006), 296�311.

[13] Yu.M. Berezansky, Expansions in eigenfunctions of selfadjoint operators, Naukova
dumka, Kiev, 1965. Zbl 0142.37203

[14] M.Sh. Birman, M.Z. Solomjak, Asymptotic behavior of the spectrum of di�erential

equations, Itogi Nauki Tehn., Ser. Mat. Anal., 14 (1977), 5�58. Zbl 0417.35061
[15] D. Bresch, V. Giovangigli, E. Zatorska, Two-velocity hydrodynamics in �uid

mechanics. I. Well posedness for zero Mach number systems, J. Math. Pures Appl.
(9), 104:4 (2015), 762�800. Zbl 1359.35126

[16] D. Bresch, B. Desjardins, E. Zatorska, Two-velocity hydrodynamics in �uid mechanics.

II. Existence of global k-entropy solutions to the compressible Navier-Stokes systems

with degenerate viscosities, J. Math. Pures Appl. (9), 104:4 (2015), 801�836.
[17] A.Yu. Chebotarev, Inhomogeneous boundary-value problem of radiation heat transfer

for a multicomponent medium, Dal'nevost. Mat. Zh., 20:1 (2020), 108�113.
Zbl 1454.35148

[18] I.V. Denisova, V.A. Solonnikov, Global solvability of a problem governing the motion

of two incompressible capillary �uids in a container, J. Math. Sci., New York, 185:5
(2012), 668�686. Zbl 1278.35175

[19] V.N. Dorovsky, Yu.V. Perepechko, The theory of partial melting, Geologiya Geo�zika,
9 (1989), 56�64.

[20] K.-J. Engel, R. Nagel, One-parameter semigroups for linear evolution equations,
Graduate Texts in Mathematics, 194, Springer-Verlag, Berlin, 2000. Zbl 0952.47036

[21] E. Feireisl, On weak solutions to a di�use interface model of a binary mixture

of compressible �uids, Discrete Contin. Dyn. Syst. Ser. S, 9:1 (2016), 173�183.
Zbl 1342.35249

[22] K.V. Forduk, Oscillations of a system of rigid bodies partially �lled with viscous �uids

under the action of an elastic damping device, Izv. Irkutsk. Gos. Univ., Ser. Mat., 42
(2022), 103�120. Zbl 1505.35298

[23] M. Faierman, R.J. Fries, R. Mennicken, M. M�oller, On the essential spectrum of the

linearized Navier-Stokes operator, Integral Equations Oper. Theory, 38:1 (2000), 9�
27. Zbl 0970.35093



1588 Ä.À. ÇÀÊÎÐÀ

[24] J. Frehse, S. Goj, J. M�alek, A Stokes-like system for mixtures, In Birman, Michael
Sh. (ed.) et al., Nonlinear problems in mathematical physics and related topics II. In

honour of Professor O. A. Ladyzhenskaya, Kluwer, New York, 2002. Zbl 1024.76041
[25] J. Frehse, S. Goj, J. M�alek, On a Stokes-like system for mixtures of �uids, SIAM J.

Math. Anal., 36:4 (2005), 1259�1281. Zbl 1084.35057
[26] J. Frehse, S. Goj, J. M�alek, A uniqueness result for a model for mixtures in the absence

of external forces and interaction momentum, Appl. Math., Praha, 50:6 (2005), 527�
541. Zbl 1099.35079

[27] J. Frehse, W. Weigant, On quasi-stationary models of mixtures of compressible �uids,
Appl. Math., Praha, 53:4 (2008), 319�345. Zbl 1199.76026

[28] V. Giovangigli, M. Pokorn�y, E. Zatorska, On the steady �ow of reactive gaseous

mixture, Analysis, M�unchen, 35:4 (2015), 319�341. Zbl 1327.76110
[29] I. Gohberg, S. Goldberg, M.A. Kaashoek, Classes of linear operators. Vol. I,

Birkh�auser Verlag, Basel etc., 1990. Zbl 0745.47002
[30] J.A. Goldstein, Semigroups of linear operators and applications, Oxford University

Press, Oxford, 1985. Zbl 0592.47034
[31] G. Grubb, G. Geymonat, The essential spectrum of elliptic systems of mixed order,

Math. Ann., 227 (1977), 247�276. Zbl 0361.35050
[32] Kh.Kh. Imomnazarov, Sh.Kh. Imomnazarov, M.M. Mamatkulov, E.G. Chernyh, A

fundamental solution to the stationary equation for two-velocity hydrodynamics with

single pressure, Sib. Zh. Ind. Mat., 17:4 (2014), 60�66. Zbl 1340.76001
[33] T. Kato, Perturbation theory of linear operators, Mir, Moscow, 1972. Zbl 0247.47009
[34] A.N. Kozhevnikov, Functional methods of mathematical physics. Tutorial, Izd-vo

MAI, Moscow, 1991.
[35] A. Kozhevnikov, T. Skubachevskaya, Some applications of pseudo-di�erential

operators to elasticity, Hokkaido Math. J., 26:2 (1997), 297�322. Zbl 0893.35087
[36] S.G. Krein, Linear di�erential equations in a Banach space, Nauka, Moscow, 1967.

Zbl 0172.41903
[37] N.A. Kucher, A.E. Mamontov, D.A. Prokudin, Stationary solutions to the equations

of dynamics of mixtures of heat-conductive compressible viscous �uids Sib. Math. J.,
53:6 (2012), 1075�1088. Zbl 1308.35167

[38] P. Lancaster, Theory of matrices, Academic Press, New York-London, 1969.
Zbl 0186.05301

[39] S.-W. Lo, T.-C. Yang, H.-S. Lin, The lubricity of oil-in-water emulsion in cold strip

rolling process under mixed lubrication, Tribology International, 66 (2013), 125�133.
[40] A.E. Mamontov, D.A. Prokudin, Viscous compressible multi-�uids: modeling and

multi-D existence, Methods Appl. Anal., 20:2 (2013), 179�196. Zbl 1290.35203
[41] A.E. Mamontov, D.A. Prokudin, Solubility of a stationary boundary-value problem

for the eqnarrays of motion of a one-temperature mixture of viscous compressible

heat-conducting �uids, Izv. Math., 78:3 (2014), 554�579. Zbl 1359.76244
[42] A.E. Mamontov, D.A. Prokudin, Solvability of initial boundary value problem for the

equations of polytropic motion of multicomponent viscous compressible �uids, Sib.
�Elektron. Mat. Izv., 13 (2016), 541�583. Zbl 1351.35144

[43] A.E. Mamontov, D.A. Prokudin, Solubility of unsteady equations of multi-component
viscous compressible �uids, Izv. Math., 82:1 (2018), 140�185. Zbl 1423.76385

[44] A.E. Mamontov, D.A. Prokudin, Solubility of unsteady equations of the three-

dimensional motion of two-component viscous compressible heat-conducting �uids,
Izv. Math., 85:4 (2021), 755�812. Zbl 1479.35688

[45] A.S. Marcus, V.I. Matsaev, A theorem on comparison of spectra and spectral

asymptotics for a Keldysh pencil, Mat. Sb., N. Ser., 123(165):3 (1984), 391�406.
Zbl 0562.47014

[46] R. Mennicken, A.A. Shkalikov, Spectral decomposition of symmetric operator matrices,
Math. Nachr., 179 (1996), 259�273. Zbl 0874.47009



ÇÀÄÀ×À Î ÌÀËÛÕ ÄÂÈÆÅÍÈßÕ ÑÌÅÑÈ ÂßÇÊÈÕ ÆÈÄÊÎÑÒÅÉ 1589

[47] M. Massoudi, Flow of a binary mixture of linearly incompressible viscous �uids

between two horizontal parallel plates, Mech. Res. Commun., 35:8 (2008), 603�608.
Zbl 1258.76188

[48] P.B. Mucha, M. Pokorn�y, E. Zatorska, Heat-conducting, compressible mixtures with

multicomponent di�usion: construction of a weak solution, SIAM J. Math. Anal., 47:5
(2015), 3747�3797. Zbl 1322.76052

[49] R.I. Nigmatulin, Dynamics of multiphase media, Vol. 1, Nauka, Moscow, 1987.
[50] O.A. Ole��nik, A.G. Iosif'ian, A.S. Shamaev, Mathematical problems in the theory of

strongly inhomogeneous elastic media, Izd-vo MGU, Moscow, 1990. Zbl 0746.73003
[51] P.K. Pal, V.N. Maslennikova, Spectral properties of operators in the problem of the

oscillation of a compressible �uid in rotating containers, Sov. Math., Dokl., 31 (1985),
318�322. Zbl 0615.35059

[52] K.L. Rajagopal, L. Tao, Mechanics of mixtures, Series on Advances in Mathematics
for Applied Sciences, 35, World Scienti�c, Singapore, 1995. Zbl 0941.74500

[53] K. Rektorys, Variational Methods in Mathematical Physics and Engineering, Mir,
Moscow, 1985. Zbl 0668.49001

[54] V.A. Solonnikov, General boundary value problems for Douglis-Nirenberg elliptic

systems, Proc. Steklov Inst. Math., 92 (1966), 269�339. Zbl 0168.36701
[55] K.S. Surana, M. Powell, J.N. Reddy, A simple mixture theory for ν Newtonian and

generalized Newtonian constituents, Contin. Mech. Thermodyn., 26:1 (2014), 33�65.
Zbl 1341.76030

[56] C. Tretter, Spectral theory of block operator matrices and applications, Imperial
College Press, London, 2008. Zbl 1173.47003

[57] L.R. Volevich, Solvability of boundary value problems for general elliptic systems, Mat.
Sb., N. Ser., 68(110):3 (1965), 373�416. Zbl 0141.29801

[58] S.H. Wang, A.Z. Szeri, K.R. Rajagopal, Lubrication with emulsion in cold rolling, J.
Tribol., 115:3 (1993), 523�531.

[59] D.A. Zakora, Asymptotics of solutions to a system of connected incomplete second-

order integro-di�erential operator equations, Sib. �Elektron. Mat. Izv., 15 (2018), 971�
986. Zbl 1397.45003

[60] D.A. Zakora, N.D. Kopachevsky, To the problem of small oscillations of a system

of two viscoelastic �uids �lling immovable vessel: model problem, J. Math. Sci., New
York, 265:6 (2022), 888�912. Zbl 7599131

[61] D.A. Zakora, Asymptotic behavior of solutions of a complete second-order integro-

di�erential equation, Contemporary Mathematics. Fundamental Directions, 68:3
(2022), 451�466.

[62] D.A. Zakora, Spectral properties of the operator in the problem of oscillations in a

mixture of viscous compressible �uids, Di�er. Equ., 59:4 (2023), 473�490. Zbl 7709452
[63] E. Zatorska, On the �ow of chemically reacting gaseous mixture, J. Di�er. Equations,

253:12 (2012), 3471�3500. Zbl 1258.35041

Dmitry Alexandrovich Zakora

V.I. Vernadsky Crimean Federal University,

4, pr. Vernadskogo,

295007, Simferopol, Russia

Email address: dmitry.zkr@gmail.com


	Введение
	Формулировка нелинейной динамической задачи
	Линеаризация динамической задачи

	Постановка задачи и основные результаты
	Операторная формулировка задачи
	Основные пространства и вспомогательные операторы
	Операторная формулировка задачи

	Задача о спектре оператора A
	Определение локальных координат и эллиптической краевой задачи
	О существенном и дискретном спектре оператора A
	Локализация и асимптотика дискретного спектра оператора A

	Свойства эволюционной задачи
	Утверждение о разрешимости
	Утверждение об асимптотическом поведении решения


