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OJHO CJIEACTBUE OIIMCAHWNSYA KOHEYHBIX
I'PVYIIII BE3 9JIEMEHTOB IIOPAIKA 6

A.C. Kongparses, M.C. Huposa

ABSTRACT. Let G be a finite group. The set of all prime divisors of the
order of G is denoted by 7(G). The Gruenberg-Kegel graph (the prime
graph) I'(G) of G is defined as the graph with the vertex set 7(G) in which
two different vertices p and ¢ are adjacent if and only if G contains an
element of order pq. If the order of G is even, then 71 (G) denotes the
connected component of I'(G) containing 2. It is actual the problem of
describing finite groups with disconnected Gruenberg-Kegel graphs. In
the present article, all finite non-solvable groups G with 3 € 7(G)\71(G)
are determined.
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1. BBEJIEHUE

IIycrs G — koneunas rpynmna. Yepes m(G) 0603HAIAETCA MHOKECTBO BCEX MPO-
cThIX genureneil nopsaaka rpynmsl G. I'pad proubepra — Kerens (rpad mpocrbix
quces) ['(G) rpynubt G onpezenserca kKak rpad ¢ muoxkecrsom Bepimd 7(G), B
KOTOPOM JIBE PA3IUIHbIE BEPIIMHBI P U ¢ CMEXKHBI TOTJA W TOJIBKO TOrma, Korga G
CONEPKUT eMeHT nopsaaka pq. O603HAYMM 4YUCIO KOMIIOHEHT CBA3HOCTH rpada
I'(G) uepes s(G). Ecau nopsnok rpynust G geren, 10 m1(G) 0003Ha49a€T CBA3HYIO
kommionenTy rpada I'(G), conepxarryio 2.

B pamkax oOimeil 3a7a9u u3ydeHus KOHEUHBIX IPYII 110 CBOMCTBaM uX rpados
Iproubepra — Kerens (cm. [9]) Hame BHHMaHWe IpeKIe BCETO IPHUBJIEKAeT Oosee
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MOIpOOHOE M3y dYeHne KJIacCa KOHEUHBIX MPYII ¢ HeCBsa3HbIM rpadom ['pronbepra —
Kerems.

OTO MOTHBUPOBAHO CJIEYIOMIUAM. Y KA3AHHBIA KJIACC IMUPOKO O0DODIIAET KJIACC
KOHEUHBIX rpynmn @pobernyca, 9TO cpa3y BUITHO W3 M3BECTHOH OOIIEH CTPYKTYPHOH
teopembl ['pionbepra — Kerensi 0 KOHEUHBIX IPyNNax ¢ HECBA3HBIM Tpadom ['pron-
Gepra — Keress (cMm. npemgoxkenue 1 nuxe). Posb ke rpynn @pobenuyca B Teopun
KOHEYHBIX MDY COBEPIIIEHHO MCKJIIOYUTEIbHA.

SaMernM TakKe, 9TO KJIACC KOHEYHBIX I'PYIN ¢ HECBA3HbIM rpadgom ['prondep-
ra — Kerens coBnamaer ¢ KjaccoM KOHEYHBIX IPYII, MMEIOIIAX H30JIMPOBAHHYIO
noarpymmny (T.e. COGCTBEHHYIO TOATPYIINY, COAEPKAIILYIO IEHTPAIU3ATOD KasKI0-
rO CBOEr0 HEEJAMHUYHOrO 3JIEMEHTA), KOTOPBIA M3ydasicd MHOTUMH aBTOPAMU (CM.,
Hanpumep, [1]).

Koneuanbnie mpocrhie rpynmbl ¢ HecBa3HbIM rpadom I'prorbepra — Kerensa Obin
KyaccuuuupoBaHbl (110 MOLYIIIO KJIACCU(DUKAIMU KOHEYHBIX [IPOCTBIX IPYIIL) B Pa-
Gorax Yuabsamca [14], A.C. Kounparsesa [8] u Unepu n Amaxu [7]. Ouu cocrass-
10T JTIOBOJIHHO Y3KHil TOJKIACC BCEX KOHEYHBIX MPOCTHIX TPYIIN, OJHAKO BKJIIOUAIOT
MHOT#E “MaJIble” B PA3IMYHBIX CMBIC/IAX TPYIIIbI, 9ACTO BO3HUKAIOIINE B MCCJIEI0BA~
nusx. Hampumep, Bce KOHEYHBbIE MPOCTBIE TPYIIIbI UCKIOYATETHHOrO JINEBA THIIA,
kpome rpyun E7(q) upu ¢ > 3, a TakKe npocrble IPyIiibl U3 U3BecTHOro “Arsaca
KoHeunblx pyu’” [3], kpome rpyuibt Ajg, umeroT Hecsa3ubiil rpad I'pronbepra —
Kerens. 9ra knaccudukanus Obiaa mpumenena Jlyunno [12] ngst moydenns aHa-
JIOTHYIHON KJIacCuPUKAIMY [IJIsT BCEX KOHEYHBIX MOYTH MPOCTHIX TPYIII.

B cBsasu ¢ Teopemoit I'prondepra — Kerensa n knaccuuKamymn KOHEIHBIX TOYTH
MIPOCTBIX T'PYIII ¢ HeCBA3HBIM rpadom ['pronbepra — Kerens ecrecTBEHHO BOSHHKAET
cieytonas mpoodsema.

IIpobaema. Onucamsd cmpoerue KOHEYHHLT HEPASPEUUMBLE 2DYNN C HECBAZHBLM
epagom ['pronbepea — Kezeasn u nempueuasvhoti nodepynnot dummunaa.

Ora npobrema BO MHOTOM CBOJUTCS K M3YYEHUIO MOMYJSPHBIX IIPEICTABICHHN
KOHEYHBIX HpocThIX rpyun (noapobuee cm. B [10]). ITo s10it Bazkuoil npobieme 10-
JIYYEHBI TOJILKO HEKOTOPBIE YACTHBIE PE3Y/IbTAThI, B OOIIEM CJIydae OHa JAJIeKa OT
PpeIlennst.

B macrosmeit ctaTrbe, HCIOIB3ys ONMMCAHNE KOHEIHBIX TPYTIN 63 3JIeMEHTOB IO~
paaka 6 (cm. npesioxkenue 4), Mbl MOJIYYaeM CJIe YOI T0JEe3HbIH s UCCIIe0-
BaHUA YKA3aHHON IIPOBIEMBI PE3YJ/IbTAT.

Teopema. ITycmv G — xoneunas mepaspewumasn epynna. Tozda 3 € 7(G) \
m1(G) ecau u moavko ecau epynna G uzomopdra 00mol u3 cAedYOWUT 2pynn:
Ly(2™), La(3™), PGLy(3™), La(3™).23 (n wemno), La(q) (¢ = £5 (mod 12)), L3(4),
PACWUPEHUE HEMPUBUAALHOT dsemenmaproll abesesotls 2-epynno. E nocpedecmeom
epynnot Lo (2™), 2de E xax G/ E-m0dyab u3omopdna npamoti Cymme ecmecineertoLs
GF(2™)L2(2")-modysed.

2. OBO3HAYEHUS U BCIIOMOIATEJILHBIE PE3VJ/ILTATEI

Harmm o6o3HadeHnst 1 TEPMUHOJIOTHS, B OCHOBHOM, CTAHIAPTHBI, X MOXKHO Haii-
1 B [3, 4, 5].

Ecnu rpynna G aeiictByer na rpymnmne H, TO Mbl OyeM TOBOPUTDH, YTO HEEIMHUY-
Hblil ssiemenT g € G ueiicrByer Ha H ¢6060010 (unu 6e3 HENOOBUNCHHIT MOUEK),
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eciu Cy(g) = 1. Eciiu n — 4deTHOe HaTypasbHOE 4MCIIO, TO Yepe3 Lo(3™).23 060-
3Hadaercs rpynna Lo (3"){(df1), tne PGL3(3") = L2(3™)(d) u fi — MHBOIIOTHBHBII
nos1eBoit aproMmopdusm rpyunbt Lo (37).

PaccMoTprM HEKOTOpBIE PE3YIBTATHI, KOTOPHIE NCTIOIh3YIOTCS B JOKA3ATETHCTRE
TEOPEMBI.

IIpennoxkenue 1 (reopema I'pronbepra —Kereus [14, reopema A]). ITycms G —
KOHEUHAS 2PYNNG ¢ HecsA3HbM 2padom ['pronbepza—Kezeas. Tozda eepro 00Ho u3
CAEOYULUT YmeepaHrcienul:

(a) G — epynna Ppobenuyca;

(6) G — 2-¢pobenuycosa epynna, m.e. G = ABC, 2de A, AB — nopmaso-
Hote nodzpynnws, 2pynnet G, a AB, BC — 2pynnu. @Ppobenuyca ¢ adpamu A, B u
donoanenusamu B, C' coomeememeento;

(8) G := G/F(G) — nowmu npocmas zpynna c yoxoaem T', das xomopozo s(T) >

s(G) u m(F(G) Ur(G/T) C m(G).

ITpeamonoKum, 4To BBITIOIHSIETCS yTBEpK IeHne (B) mpeyoxenns 1 u F(G) # 1.
Torma 1060i# v1ement mpocroro nopsaka u3 7(G) \ m1(G) rpyunst G aeiicrByer
cBobouno Ha F(G). Ilycrs K u L — aBa COCEIHUX WIEHA [VIABHOIO PsAJa IPYIIIbI
G (K < L), conepxamuecs B F'(G). Torma (rnasusiit) dakrop V = L/K rpyn-
bl G sjsercs 3jeMeHTapHol abe/ieBoil p-rpyIof Jjisd HEKOTOPOI'O IPOCTOrO YKC-
ga p € m1(G) (MBI Ha3BIBAEM €ro p-2aa8hvem daxmopom rpynnst G). oarpynmna V
cozepKurcs B rerrpe rpyunsl F(G)/K, tak kKak V — MUHUMA/IbHAS HETPUBUATIb-
Hag HopMaJsibHag noarpynna B G/K, a rpynna F(G)/K aunbnorentaa. [Tosromy
F(GQ)/K < Cg/k(V). Ecm F(G)/K < Cg/g(V), To daxrop-rpymna rpymis:
Ca/k (V) no ee nopmanbuoit noarpynne F(G)/K usomopdna moarpymnmne rpyIist
G, comepskareit ee mokosb T, uTo TpoTuBopednT HecpssnocTu rpada ['(G). Ta-
kM obpasom, Cg (V) = F(G)/K u, cnenosarenbro, V' MOXKHO paccMaTpUBaTh
KaK TOYHbBIN HEMPUBOAUMBIH G F (p)é—MOILynb, nprYeM KazKJblil 3JIEeMEeHT IIPOCTOrO
nopaka w3 7(G) \ m1(G) rpymmbr G nedictyer cBobonHo Ha V.

IIpengioxxenne 2 (|13, npenmoxenue 3.2|). [Iyems G — xoneuwnan epynna, H <
G, G/H = Ls(q), 2de ¢ > 5 neuemno u Cy(t) = 1 das nexomopozo saemenma t
nopadka 3 us G\ H. Tozda H = 1.

IIpennoxkenue 3 ([6, reopema 8.2]). ITycmv G — xoneunas epynna, 1 # H I G
u G/H =2 Ly(2™), 20e n > 2. IIpednoaosicum, wmo Cg(t) = 1 dasn nexomopozo
anemenma t € G\ H nopaodka 3. Tozda H = O3(G) u H asasemes npamovm npo-
U36E0CHUEM MUHUMANLHOLL HOPMAALHOLT nodzpynn nopadka 227 6 G, kascdas u3
romopux kax G/ H-modyav uzomoppra ecmecmeennomy GE(2™)S La(2™)-mo0yat0.

IIpengioxxenne 4 ([11, reopema 2]). IMycme G — Koneunas HEPA3pewsumas
epynna u 3 deaum |G|. Toeda G ne codeporcumn snemenmos nopadka 6 ecau u moas-
KO ecau 2pynna 0{2’3}/(G/O{273}/(G)) U30MOPPHA 00HOTL U3 CACIYIOUWUT 2PYnN.:
Ly(2"™), La(3™), PGL2(3™), L2(3™).25 (n wemmno), L2(q) (¢ = £5 (mod 12)), L3(2™)
(n>2, (2" —1)3<3), U3(2") (n > 2, ((2" 4+ 1)3 < 3), pacwupenue nempusuano-
HOT saemenmaproli abeaesot 2-zpynnv E nocpedemeom epynno, Lo(2™), 2de E kax
G/ E-modyab usomoppna npamoti cymme ecmecmeernnvr GF(2™) Lo (2™)-modysed.
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3. JIOKABATEJIBCTBO TEOPEMBI

Hokaxkem Heobxomumoctb. Ilycte G — KOHeYHAs HEpa3pemuMas Ipynmna u 3 €
7(G) \ m1(G). Torna B G mer snemenToB nopsaaxa 6 u 1o upeyoxenuto 4 rpyn-
na H := 0{2’3}/(G/O{2’3}1(G)) n3omMopdHa ofHOM n3 crenyommx rpymn: Lg(27),
Ly(3™), PGLy(3™), La(q) (¢ = £5 (mod 12)), L3(2™) ((2" — 1)3 < 3), U3(2") (3|
(2" — 1) mom (2" 4 1)3 = 3), pacimpeHne HeTPUBHAIBHOIN 3JIeMEHTAPHOI abesieBoi
2-rpynnbt E nocpexacrsom rpynnbl Lo(2™), rne E kak G/E-monynb uzomopdHa
upsMoit cymme ecrectBeHHbIX GF(2™) Lo (2™)-Momyeit.

IMockonbky 3 € 7(G) \ m1(G), rpad I'(G) necazen. Ilo npeyoxenuto 1 Bbos-
HSIETCS] OJIHO M3 yTBepxkaeHuit (a), (6) miam (B) 3TOro MpeJIoKeHusI.

Ecin BeImosnHsieTCA yTBEpXKIAeHHE (a), TO BBHUIY [4, Teopema 10.3.1, 3amedanue
Ha cTp. 377] umeem 3 € m1(G), 4TO NIPOTUBOPEUUT YCJIOBHUIO.

IIycrs Bbmosnsercs yreepxkaenue (6). Torna G = ABC, rne A, AB — Hop-
Masibtble noArpymnsl rpynist G, a AB;, BC — rpyunbt @pobenuyca ¢ sapamu
A, B u mononuenusmu B, C coorBercTBeHHO. BBumy croiictB rpynn ®@poberiy-
ca (cMm. HampuMmep, [4, Teopema 10.3.1]) moarpynna A HUIBHOTEHTHA, a TOATPYIIIA
B uukinueckas u, cienoBarenbHo, rpynna Aut(B) abenesa. [TockoabKy moarpyi-
na C' uzomopdua noarpynne u3 Aut(B), ona abesesa. [lonydaem, uro rpynna G
pas3penmma, 9T0 MPOTUBOPEINT YCJIOBHIO.

Urak, semosmsiercst yreepxaenne (8). Torna Os 3y/(G) < S(G) = F(G), G :=
G/F(G) — moutn mpoctas rpymma ¢ nokoaeMm T u «(F(G)) U n(G/T) C m(G).
fcuo, uro 3 € 7(T') u snement nopsaka 3 uz T’ geiicryer cBoboauo Ha F(G).

[pemnonozxum, uro Ofs 31/ (G) # 1. Ecim T = Ly (q) A/ HEKOTOPOI'O ¢, TO BBULY
npennoxennit 2 u 3 umeem Ofs31/(G)) = 1; mpoTUBOpEdRe ¢ MPEIIONTOKEHIEM.
IMostomy T = L§(q), tae € € {+,—} u ¢ = 2" qnsa Hekoroporo n > 2. Beuny |2,
rabi. 8.3, 8.5] rpyuna T couepzkut noarpyiuiy, usoMopdHuyio La(g), 1 Mbl HPUXOAUM
K MPOTHBOPEYNIO KAK BHITIIE.

Taxnm obpasom, Oz 3/ (G) = 1 m, caenosarensro, F(G) = O2(G) m H =
o3 (@).

Ipenmonoxum, aro T = L§(2"), tae e € {+, —} un > 2. Torga F(G) = O2(G)
1 u BBy [8] mubo 3 € 71 (T) = 7(2(2%" — 1)) C 71 (G), mubo T = L3(4). Hepssrit
caty4ail nporusopeunt ycjaosuto. [losromy T' = L3(4). ITockonbky Out(T') saBnsercs
{2,3}-rpymmoii (cm. |3]), nmeem G = H = T, T. e. BBINOJHAETCA yTBEPKIACHNE
TEOPEMBI.

Urak, MmoxkHO cuutarb, 910 T = Lo(q) ans mekoroporo g. Ocranoch JoKa3aThb,
aro G = H.

[pemnonozkum, aro H < G. Beuay [5, Teopema 2.5.12] rpynma G m3omopdmHa
noarpyuie uz Aut(T) = Inndiag(T) x F, rpe F' — uukiundeckas rpyuiia noJeBbix
aBromopduamoB rpyrmel T 2 Lo(q) (Mbr orox nectrisiem rpymmbst T w Inn(T)). To-
ckonbKy G/H — nerpusuasbias {2,3}-rpymma, rpynna G COAEPKUT 37A€MEHT T
TIPOCTOTO MOPAIKA p > 3, WHAYIUPYIONNii Ha T HETPUBUATBLHBIN TTOIEBOI aBTOMOD-
dbwusm. Ho Beuny [5, reopema 4.9.1] nenrpamusarop Cr(z) cOmepKUT MOArPYIIILY,
uzomopduyio Lo ({/q). fAcHo, 4To nOpAm0K 3TOi MOArPYIIbL JeuTcd Ha 6 u, cie-
nosaresbuo, 3 € 71(G). Ilosyuennoe nporusopeune jokasbiBaer, uro H = G u,
CJI€JIOBATEJILHO, BBIOJIHSAETCS YCJIOBAE HEOOXOMMMOCTH TEOPEMBI.

Joxkaskem moctaToarocTh. I[lycth G — Tpymma n3 3aKII0UeHns TeopeMbl. ScHo,
uro 3 € 7(G). Io npexnokennio 4 B G Her 37eMeHTOB Topsinika 6. Tereps yciosue
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3 € 7(G) \ m1(G) nerko cieayer U3 B KOMIIOHEHT CBS3HOCTH HECBS3HOrO Tpada
Iproutdepra—Kerens rpynnst G (cu. [14, 8, 12]). JocrarouHocrs JoKa3aHa.
Teopema mokazana.
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