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Abstract: The work is devoted to �nding the solution of the
Cauchy problem for the loaded modi�ed Korteweg-de Vries�sine-
Gordon (mKdV-sG) equation with a source in the class of rapidly
decreasing functions. The problem is solved by the inverse scatte-
ring method. Several examples are given illustrating the application
of the obtained results.
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inverse scattering problem, Gelfand-Levitan-Marchenko integral
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1 Introduction

The modi�ed Korteweg-de Vries equation (mKdV)

ut + 6u2ux + uxxx = 0

is one of the most well-known models fully integrable by the inverse scattering
method [33]. The mKdV equation can be applied in many areas, including
Alfven waves in a collisionless plasma [22], thin elastic rods [28], hyperbolic
surfaces [31], etc.
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Sine-Gordon (sG) equation [1, 37]

uxt = sinu

is also a fully integrable nonlinear evolution equation. This equation has
numerous applications in di�erential geometry [9], magnetic �ux propagation
in Josephson junctions [13], propagation of deformations along DNA double
helix [36] and many others. Despite its long history, the sG equation and
its various extensions and generalizations still remain the object of close
attention of researchers [3, 4, 6, 7, 11, 16]. The problems of the theory of
solitons have been considered in many monographs and articles, of which it
should be noted [2, 20, 21, 30, 32, 38].

The MKdV and the sG equations admit breather solutions which are
known to describe few-cycle-pulse (FCP) optical solitons [34]. The MKdV�
sG equation

uxt + cu2xuxx + auxxxx = b sinu

with parameters a, b, and c, gives a general (1 + 1) � dimensional model
describing FCP optical soliton propagation in two-component nonlinear me-
dia [5, 23, 25, 26, 27, 34, 35]. The MKdV�sG equation was studied for
supersonic motion of a crowdion, nonlinear wave propagation in an in�nite
one-dimensional monatomic lattice, in which the anharmonic potential com-
petes with the dislocation potential and which can be solved by the method
of inverse scattering transformation, which is ahead of the light propagation
of electromagnetic solitons in a nonequilibrium medium [5, 23, 25, 26, 27, 34,
35]. The fully integrable form of the mKdV�sG equation has the following
form:

uxt + a

(
3

2
u2xuxx + uxxxx

)
= b sinu.

The integrable model of the mKdV�sG equation describes the propagation
of ultrashort optical pulses in a nonlinear Kerr medium, which demonstrates
its remarkable mathematical capabilities in describing the physics of solitons
with several optical cycles [5, 23, 25, 26, 27, 34, 35]. If in this integrable
mKdV-sG equation b = 0, then we get the mKdV equation, and if a = 0,
then we get the sG equation.

In this paper, we will consider the following

uxt + P (u(x0, t))

(
3

2
u2xuxx + uxxxx

)
= Q(u(x1, t)) sinu+Ω(u(x2, t))uxx

+2

N∑
k=1

mk−1∑
j=0

Cj
mk−1

(
f jk1f

mk−1−j
k1 − f jk2f

mk−1−j
k2

)
,

(1)

L(t)f jk = ξkf
j
k + jf j−1

k , Im ξk > 0, k = 1, N, j = 0, 1, . . . ,mk − 1, (2)

system of equations. Where

C l
n =

n!

(n− l)!l!
, L(t) = σ1

d

dx
− ux

2
σ2 +

ux
2
σ3, ux =

∂u(x, t)

∂x
,
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uxt =
∂2u(x, t)

∂x∂t
, uxx =

∂2u(x, t)

∂x2
, uxxxx =

∂4u(x, t)

∂x4
,

and P (u(x0, t)), Q(u(x1, t)), Ω(u(x2, t)) are some polynomials in u(x0, t),

u(x1, t), u(x2, t), respectively. Here and below σ1 =

(
i 0
0 −i

)
, σ2 =(

0 −i
0 0

)
, σ3 =

(
0 0
i 0

)
.

If in equation (1) all polynomials P (u(x0, t)), Q(u(x1, t)), Ω(u(x2, t)) are
polynomials of degree zero, then we obtain, in the general case, the mKdV -
sG equation with variable coe�cients and with a source, and if at least one of
the polynomials P (u(x0, t)), Q(u(x1, t)), Ω(u(x2, t)) is not less than the �rst
degree, then such equations are called loaded mKdV - sG equations. Loaded
di�erential equations in the literature [24] are called equations containing
in the coe�cients or on the right side some functionals of the solution, in
particular, the values of the solution or its derivatives on manifolds of lower
dimension. The study of such equations is of interest both from the point of
view of constructing a general theory of di�erential equations and from the
point of view of applications. Among the papers devoted to loaded equations,
the papers [14, 15, 18, 19, 24, 29] and others should be especially noted.

The system of equations (1)-(2) is considered under the initial condition

u(x, 0) = u0(x), x ∈ R, (3)

where the initial function u0(x) (−∞ < x <∞) has the following properties:
1)

u0(x) ≡ 0(mod 2π) at |x| → ∞;∫ ∞

−∞

(
(1 + |x|)|u′0(x)|+ |u′′0(x)|+ |u′′′0 (x)|+ |u′′′′0 (x)|

)
dx <∞.

(4)

2) The operator

L(0) = σ1
d

dx
− ux(x, 0)

2
σ2 +

ux(x, 0)

2
σ3

has no spectral singularities and has exactly N eigenvalues ξ1(0), . . . , ξN (0)
with multiplicities m1(0),m2(0), . . . ,mN (0) in the upper half-plane of the
complex plane.

It is assumed that the vector-functions f jk =
(
f jk1(x, t), f

j
k2(x, t)

)T
are

normalized by the conditions

1

(mk − 1− s)!

∫ ∞

−∞

(
fmk−1
k1 fmk−1−s

k2 +fmk−1
k2 fmk−1−s

k1

)
dx = Ak

mk−1−s(t), (5)

where Ak
mk−1−s(t) are initially given continuous functions of t (t ≥ 0), k =

1, 2, . . . , N, s = 0, 1, . . . ,mk − 1.
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Let the function u(x, t) have su�cient smoothness and rather quickly tend
to its limits as x→ ±∞, i.e.

u(x, t) ≡ 0(mod 2π) at |x| → ∞;∫ ∞

−∞

(
(1 + |x|)|ux(x, t)|+

4∑
j=2

∣∣∣∣∂ju(x, t)∂xj

∣∣∣∣)dx <∞.
(6)

The main goal of this work is to obtain a representation for the solution

u(x, t), f jk(x, t), k = 1, 2, . . . , N, j = 0, 1, . . . ,mk − 1 of problem (1)-(6)
within the framework of the inverse scattering method for the operator L(t).
The inverse scattering problem for the operator L(t) on the entire axis was
studied in [10, 17].

2 Preliminaries

Consider the system of equations v1x + iξv1 = −u′(x)
2 v2

v2x − iξv2 =
u′(x)
2 v1,

(7)

on the entire axis (−∞ < x < ∞), with the potential u(x) satisfying the
condition

u(x) ≡ 0(mod 2π) for |x| → ∞;

∫ ∞

−∞
(1 + |x|)|u′(x)|dx <∞. (8)

In this section, we present information concerning the direct and inverse
scattering problems for problem (7)-(8), in the case when the operator L(t)
has multiple eigenvalues.

Under condition (8), the system of equations (7) has Jost solutions with
the following asymptotics

φ ∼
(

1
0

)
e−iξ x

φ̄ ∼
(

0
−1

)
eiξ x

 , x→ −∞;

ψ ∼
(

0
1

)
eiξx

ψ̄ ∼
(

1
0

)
e−iξx

 , x→ +∞. (9)

For real ξ, the pairs of vector functions {φ, φ̄} and
{
ψ, ψ̄

}
are pairs of

linearly independent solutions for the system of equations (7), therefore

φ = a(ξ)ψ̄ + b(ξ)ψ, φ̄ = −ā(ξ)ψ + b̄(ξ)ψ̄, (10)

where
a(ξ) =W {φ,ψ} ≡ φ1ψ2 − φ2ψ1,

b(ξ) =W
{
ψ̄, φ

}
, a(ξ)a(−ξ) + b(ξ)b(−ξ) = 1.

(11)

The function a(ξ)
(
ā(ξ)

)
allows an analytic continuation to the upper (lower)

half-plane Im ξ > 0, (Im ξ < 0). For |ξ| → ∞, Imξ ≥ 0, the a(ξ) function

has the asymptotic behavior of a(ξ) = 1+O
(

1
|ξ|

)
. In addition, the function
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a(ξ)
(
ā(ξ)

)
can have only a �nite number of zeros ξk

(
ξ̄k
)

in the half-plane

Im ξ > 0 (Im ξ < 0). The zeros ξk
(
ξ̄k
)
of the function a(ξ)

(
ā(ξ)

)
correspond

to the eigenvalues of the operator L in the upper (lower) half-plane. It is
assumed that the operator L has no spectral singularities, which means that
the function a(ξ) does not have real zeros, i.e. a(ξ) ̸= 0, ξ ∈ R. We denote
by mk the multiplicities of the eigenvalues ξk, (k = 1, 2, . . . , N), respectively.

Functions

(s)
φ (x, ξk) ≡

∂s

∂ξs
φ(x, ξ)|ξ=ξk , s = 1, 2, . . . ,mk − 1,

are called associated functions to the eigenfunction φ(x, ξk). The associated
functions to the eigenfunction ψ(x, ξk) are de�ned similarly.

The eigenfunctions and associated functions satisfy the equations

L
(s)
φ (x, ξk) = ξk

(s)
φ (x, ξk) + s

(s−1)
φ (x, ξk),

(0)
φ (x, ξk) ≡ φ(x, ξk), k = 1, 2, . . . , N, s = 0, 1, . . . ,mk − 1 .

According to the de�nition of eigenfunctions and associated functions,
there exists a so-called chain of normalizing numbers

{
χk
0, χ

k
1, . . . , χ

k
mk−1

}
,

such that the relations hold

(l)
φ(x, ξk) =

l∑
ν=0

χk
l−ν

l!

ν!

(ν)

ψ (x, ξk), k = 1, N, l = 0, 1, . . . ,mk − 1. (12)

The function ψ satis�es the following integral representation

ψ =

(
0
1

)
eiξx +

∫ ∞

x
K (x, s)eiξsds, (13)

where K(x, s) =

(
K1(x, s)
K2(x, s)

)
. In representation (13), the kernel K(x, s)

does not depend on ξ and is related to u(x) by the equality

u′(x) = 4K1(x, x),
(
u′(x)

)2
= 8

dK2(x, x)

dx
. (14)

The components K1(x, y), K2(x, y) of the kernel K(x, y), in representation
(13), for y > x are solutions of the Gelfand-Levitan-Marchenko integral
equations

K1(x, y)− F (x+ y) +

∫ ∞

x

∫ ∞

x
K1(x, z)F (z + s)F (s+ y)dsdz = 0,

K2(x, y)+

∫ ∞

x
F (x+s)F (s+y)ds+

∫ ∞

x

∫ ∞

x
K2(x, z)F (z+s)F (s+y)dsdz = 0,

where

F (x) =
1

2π

∫ ∞

−∞
r+(ξ)eiξxdξ−i

N∑
k=1

mk−1∑
ν=0

χk
mk−ν−1

1

ν!

dν

dzν

[(z − ξk)
mk

a(z)
eizx

]
|z=ξk ,
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r+(ξ) ≡ b(ξ)
a(ξ) , a(z) � analytic continuation of the function a(ξ), Im ξ = 0 to

the upper half-plane of Im z > 0. Now the potential u(x) is determined from
the �rst equality in (14).

The set{
r+(ξ), ξ ∈ R; ξk, Im ξk > 0; χk

j , k = 1, 2, . . . , N, j = 0, 1, . . . , mk − 1
}

is called the scattering data for the system of equations (7). The direct
scattering problem is to determine the scattering data from the potential
u(x), and the inverse problem is to reconstruct the potential u(x) from the
scattering data of the system of equations (7).

The following theorem is valid ([8], �6.2).

Theorem 1. The scattering data of the operator L uniquely determine the
operator L.

In what follows, we will often use the results of the following lemma.

Lemma 1. If the vector functions Y (x, ζ) and Z(x, η) are solutions of
the equations LY = ζY and LZ = ηZ, then their components satisfy the
equalities

d

dx
(y1z2 − y2z1) = −i (ζ − η) (y1z2 + y2z1) ;

d

dx
(y1z1 + y2z2) = −i (ζ + η) (y1z1 − y2z2) .

This lemma is proved by direct veri�cation.

Corollary 1. Under the conditions of Lemma 1, the following equalities hold

fsk1φ1 − f sk2φ2 = i

s∑
l=0

(−1)l

(ξ + ξk)
l+1

s !

(s− l) !

d

dx
V
{
f s−l
k , φ

}
, (15)

and with ξ ̸= ξk

f sk1φ2 + fsk2φ1 = i
s∑

l=0

(−1)l

(ξk − ξ)l+1

s !

(s− l) !

d

dx
W
{
fs−l
k , φ

}
,

s = 0, 1, . . . , mk − 1,

(16)

where V {f, g} ≡ f1g1 + f2g2.

Di�erentiating equality (15) n times by ξ and setting ξ = ξk, we obtain
the following corollary.

Corollary 2. The following equalities are valid

fs−1
k1

(n)
φ2(x, ξk) + fs−1

k2

(n)
φ1(x, ξk) =

n

s

(
fsk1

(n−1)
φ2 (x, ξk) + f sk2

(n−1)
φ1 (x, ξk)

)
+

+i
d

dx
W

{
fsk ,

(n)
φ (x, ξk)

}
, s = 1, 2, . . . ,mk − 1.
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For convenience, in what follows we introduce the following notation

(n)
φk =

(n)
φ (x, ξk), k = 1, 2, . . . , N.

Note that, according to (7), the following equalities hold:

φ2
k1 + φ2

k2 =
i

2ξk

(
2u′φk1φk2 +

(
φ2
k1 − φ2

k2

)′)
, (17)

(φk1φk2)
′ =

u′

2

(
φ2
k1 − φ2

k2

)
. (18)

Let us prove the following lemma.

Lemma 2. If φk = (φk1, φk2)
T is an eigenvector function of the operator L

with potential u(x) corresponding to the eigenvalue ξk, then the equality∫ ∞

−∞

(
φ2
k1 + φ2

k2

)
sinu dx = 0

is true.

Proof. According to (17)-(18), we have∫ ∞

−∞

(
φ2
k1 + φ2

k2

)
sinu dx

=
i

ξk

(∫ ∞

−∞

(
φk1φk2

)
u′ sinudx+

1

2

∫ ∞

−∞

(
φ2
k1 − φ2

k2

)′
sinu dx

)
=

i

ξk

(
−
∫ ∞

−∞

(
φk1φk2

)
d cosu− 1

2

∫ ∞

−∞

(
φ2
k1 − φ2

k2

)
u′ cosu dx

)
= 0.

□

3 Evolution of scattering data

Let the potential u(x, t) in the system of equations (7) be the solution of
the equation

uxt + P (u(x0, t))

(
3

2
u2xuxx + uxxxx

)
= Q(u(x1, t)) sinu+G, (19)

where G tends to zero fast enough as x → ±∞. In what follows, we will
assume

G = Ω(u(x2, t))uxx + 2
N∑
k=1

mk−1∑
j=0

Cj
mk−1

(
f jk1f

mk−1−j
k1 − f jk2f

mk−1−j
k2

)
. (20)

Let's put

A =

( iQ(u(x1,t)) cosu
4ξ

iQ(u(x1,t)) sinu
4ξ

iQ(u(x1,t)) sinu
4ξ − iQ(u(x1,t)) cos u

4ξ

)
,

B = P (u(x0, t))

( (
−4iξ3 + iξ

2 u
2
x

) (
−2ξ2ux − iξuxx +

u3
x
4 + uxxx

2

)
(
2ξ2ux − iξuxx − u3

x
4 − uxxx

2

) (
4iξ3 − iξ

2 u
2
x

)
)
.
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In the class of su�ciently smooth functions that are solutions of the equation
Lv = ξv, the following functional equalities

[L,A] ≡ LA−AL = −i

(
0 1

2Q(u(x1, t)) sinu

1
2Q(u(x1, t) sinu 0

)
, (21)

[L,B] ≡ LB −BL

= i

(
0

(
3
4u

2
xuxx +

1
2uxxxx

)
P (u(x0, t))(

3
4u

2
xuxx +

1
2uxxxx

)
P (u(x0, t)) 0

)
.

(22)

hold. From the de�nition of the operator L(t), we get

∂L

∂t
= i

(
0 uxt

2

uxt
2 0

)
.

Combining the last equality with the formulas (21), (22) and with the equa-
tion (19), we get that the equation (19) is identical to the operator relation

∂L

∂t
+ [L,A] + [L,B] = iR, (23)

where

R =

(
0 G

2

G
2 0

)
.

Let φ (x, ξ, t) be the Jost solution of the equation

Lφ = ξφ.

Di�erentiating this equality with respect to t we obtain

Ltφ+ Lφt = ξφt, (24)

Let's substitute Lt from (23) into (24), we get

(L− ξI) (φt −Aφ−Bφ) = −iRφ. (25)

as the result. We will look for the solution (25) in the form

φt −Aφ−Bφ = α(x)ψ + β(x)φ. (26)

To determine α(x) and β(x) we get the equation

Mαxψ +Mβxφ = −Rφ, (27)

where

M =

(
1 0
0 −1

)
.

According to (9), we have

ψ̂TMφ = −φ̂TMψ = a, ψ̂TMψ = φ̂TMφ = 0,

where φ̂ = (φ2 φ1)
T , ψ̂ = (ψ2 ψ1)

T . Multiplying (27) by φ̂T and ψ̂T we
get

αx =
φ̂TRφ

a
, βx = − ψ̂

TRφ

a
. (28)
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Based on (19), we have

φt −Aφ−Bφ→
(
4iξ3P (u(x0, t))−

i

4ξ
Q(u(x1, t))

)(
1
0

)
e−iξx, x→ −∞.

Therefore, from (26) we deduce

β (x) → 4iξ3P (u(x0, t))−
i

4ξ
Q(u(x1, t)), α(x) → 0 at x→ −∞.

Solving the equations (28), we get

α(x) =
1

a

∫ x

−∞
φ̂TRφdx,

β(x) = −1

a

∫ x

−∞
ψ̂TRφdx+ 4iξ3P (u(x0, t))−

i

4ξ
Q(u(x1, t)).

Thus, the equality (26) can be rewritten as

φt −Aφ−Bφ =
1

a

∫ x

−∞
φ̂TRφdx · ψ

+

(
−1

a

∫ x

−∞
ψ̂TRφdx+ 4iξ3P (u(x0, t))−

i

4ξ
Q(u(x1, t))

)
φ.

(29)

Using (4) and passing in (29) to the limit at x→ ∞, we get

at = −
∫ ∞

−∞
ψ̂TRφdx (30)

bt = 8iξ3P (u(x0, t))b−
iQ(u(x1, t))

2ξ
b+

1

a

∫ ∞

−∞
φ̂TRφdx− b

a

∫ ∞

−∞
ψ̂TRφdx.

(31)
Therefore, for Im ξ = 0 we have

dr+

dt
=
(
8iξ3P (u(x0, t))−

iQ(u(x1, t))

2ξ

)
r++

1

2a2

∫ ∞

−∞

(
Gφ2

2+Gφ
2
1

)
dx. (32)

Lemma 3. If vector functions φ(x, ξ) =

(
φ1(x, ξ)
φ2(x, ξ)

)
, ψ(x, ξ) =

(
ψ1(x, ξ)
ψ2(x, ξ)

)
are solutions of the equation (7), then their components satisfy the equalities∫ ∞

−∞
G (φ1ψ1 + φ2ψ2) dx = 0, (33)∫ ∞

−∞
G
(
φ2
1 + φ2

2

)
dx = 4iξa(ξ)b(ξ)Ω(u(x2, t)). (34)

Proof. Let's introduce the following notations:

D = Ω(u(x2, t))uxx M = 2

N∑
k=1

mk−1∑
j=0

Cj
mk−1

(
f jk1f

mk−1−j
k1 − f jk2f

mk−1−j
k2

)
.

Using these notations, the expression (20) can be written as

G = D +M.
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Let

Mk = 2

mk−1∑
j=0

Cj
mk−1

(
f jk1f

mk−1−j
k1 − f jk2f

mk−1−j
k2

)
(φ1ψ1 + φ2ψ2) ,

then Mk =Mk1 +Mk2, where

Mk1 =

mk−1∑
j=0

Cj
mk−1

[(
f jk1φ1 + f jk2φ2

)(
fmk−1−j
k1 ψ1 − fmk−1−j

k2 ψ2

)]
+

+

mk−1∑
j=0

Cj
mk−1

[(
f jk1φ1 − f jk2φ2

)(
fmk−1−j
k1 ψ1 + fmk−1−j

k2 ψ2

)]
,

Mk2 =

mk−1∑
j=0

Cj
mk−1

[(
f jk1φ2 + f jk2φ1

)(
fmk−1−j
k1 ψ2 − fmk−1−j

k2 ψ1

)]
+

+

mk−1∑
j=0

Cj
mk−1

[(
f jk1φ2 − f jk2φ1

)(
fmk−1−j
k1 ψ2 + fmk−1−j

k2 ψ1

)]
.

According to (15), we have

Mk1 =

mk−1∑
j=0

Cj
mk−1

[
V
{
f jk , φ

}

×
mk−1−j∑

s=0

i(−1)s

(ξ + ξk)s+1

(mk − 1− j) !

(mk − 1− j − s) !

d

dx
V
{
fmk−1−j−s
k , ψ

}]

+

mk−1∑
j=0

Cj
mk−1

[
V {fmk−1−j

k , ψ}
j∑

l=0

i(−1)l

(ξ + ξk)l+1

j!

(j − l)!

d

dx
V {f j−l

k , φ}
]
. (35)

It is easy to show that on the right side (35) the coe�cients of

V
{
f qk , φ

} d

dx
V {f rk , ψ}

and

V {f rk , ψ}
d

dx
V
{
f qk , φ

}
, 0 ≤ r + q ≤ mk − 1

are the same, so Mk1 is a linear combination of expressions of the form

d

dx

(
V {f rk , ψ}V

{
f qk , φ

})
, 0 ≤ r + q ≤ mk − 1,

and hence ∫ ∞

−∞
Mk1dx = 0.

Similarly, using (16), we get∫ ∞

−∞
Mk2dx = 0.
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Using the formulas (6), (7), (9) and (10), we have∫ ∞

−∞
D (φ1ψ1 + φ2ψ2) dx = Ω(u(x0, t))

∫ ∞

−∞
(φ1ψ1uxx + φ2ψ2uxx) dx

= lim
R→∞

Ω(u(x0, t)) [(φ1ψ1 + φ2ψ2)ux(x, t)]|R−R

−Ω(u(x0, t))

∫ ∞

−∞

(
φ′
1ψ1ux + φ1ψ

′
1ux + φ′

2ψ2ux + φ2ψ
′
2u
)
dx

= lim
R→∞

Ω(u(x0, t)) [(φ1ψ1 + φ2ψ2)ux(x, t)]|R−R

−2iξΩ(u(x0, t))

∫ ∞

−∞
(φ1ψ2 + ψ1φ2)

′
dx

= lim
R→∞

Ω(u(x0, t)) [(φ1ψ1 + φ2ψ2)ux(x, t)− 2iξ (φ1ψ2 + ψ1φ2)]|R−R = 0.

The following integral is calculated in the same way:∫ ∞

−∞
D
(
φ2
1 + φ2

2

)
dx = Ω(u(x0, t))

∫ ∞

−∞

(
φ2
1uxx + φ2

2uxx
)
dx

= lim
R→∞

Ω(u(x0, t))
[
(φ2

1 + φ2
2)ux(x, t)

]∣∣R
−R

−Ω(u(x0, t))

∫ ∞

−∞
2(φ1φ

′
1ux + φ2φ

′
2ux)dx

= lim
R→∞

Ω(u(x0, t))
[(
φ2
1 + φ2

2

)
ux(x, t)

]∣∣R
−R

−Ω(u(x0, t))

∫ ∞

−∞

(
2φ′

1

(
2φ′

2 − 2iξφ2

)
+ 2φ′

2

(
−2φ′

1 − 2iξφ1

))
dx

= lim
R→∞

Ω(u(x0, t))
[(
φ2
1 + φ2

2

)
ux(x, t)

]∣∣R
−R

+ 4iξΩ(u(x0, t))

∫ ∞

−∞
(φ1φ2)

′ dx

= 4iξa(ξ)b(ξ)Ω(u(x0, t)).

Taking into account the form of G, we obtain the required equalities. □

Corollary 3. According to Lemma 3 and the equality (30), at = 0, so

mk(t) = mk(0), ξk(t) = ξk(0), k = 1, 2, . . . , N. (36)

According to (32) and (34) for Im ξ = 0 we have

dr+

dt
=
(
8iξ3P (u(x0, t))−

iQ(u(x1, t))

2ξ
+ 2iξΩ(u(x2, t))

)
r+. (37)

Let us turn to �nding the evolution of the normalization chain
{
χn
0 , χ

n
1 ,

. . . , χn
mn−1

}
corresponding to the eigenvalue ξn, n = 1, 2, . . . , N. To do this,

we rewrite the equality (29) in the following form

φt −Aφ−Bφ

= − 1

2a

(∫ x

−∞
G (φ1ψ1 + φ2ψ2) dx φ−

∫ x

−∞
G
(
φ2
1 + φ2

2

)
dx ψ

)
+
(
4iξ3P (u(x0, t))−

iQ(u(x1, t))

4ξ

)
φ.

(38)
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Just as in the proof of Lemma 3, we represent

G(φ1ψ1 + φ2ψ2) = D(φ1ψ1 + φ2ψ2) +
N∑
k=1

(Mk1 +Mk2),

where
D = Ω(u(x2, t))uxx,

Mk1 =

mk−1∑
j=0

mk−1−j∑
s=0

iCj
mk−1

(−1)s

(ξ + ξk)s+1

(mk − 1− j)!

(mk − 1− j − s)!

× d

dx

(
V {fmk−1−j−s

k , ψ}V {f jk , φ}
)
,

Mk2 =

mk−1∑
j=0

mk−1−j∑
s=0

iCj
mk−1

(−1)s

(ξk − ξ)s+1

(mk − 1− j)!

(mk − 1− j − s)!

× d

dx

(
W{fmk−1−j−s

k , ψ}W{f jk , φ}
)
.

Likewise

G
(
φ2
1 + φ2

2

)
= D

(
φ2
1 + φ2

2

)
+

N∑
k=1

(Fk1 + Fk2),

where
D = Ω(u(x2, t))uxx,

Fk1 =

mk−1∑
j=0

mk−1−j∑
s=0

iCj
mk−1

(−1)s

(ξ + ξk)s+1

(mk − 1− j)!

(mk − 1− j − s)!

× d

dx

(
V {fmk−1−j−s

k , φ}V {f jk , φ}
)
,

Fk2 =

mk−1∑
j=0

mk−1−j∑
s=0

iCj
mk−1

(−1)s

(ξk − ξ)s+1

(mk − 1− j)!

(mk − 1− j − s)!

× d

dx

(
W{fmk−1−j−s

k , φ}W{f jk , φ}
)
.

First, using the formulas (4), (7), we calculate the following integral:∫ x

−∞
D
(
φ2
1 + φ2

2

)
dx = Ω(u(x2, t))

∫ x

−∞
uxx

(
φ2
1 + φ2

2

)
dx

= Ω(u(x2, t)) lim
R→∞

(
ux(φ

2
1 + φ2

2)
)∣∣x

−R
−Ω(u(x2, t))

∫ x

−∞
2ux(φ1φ

′
1 + φ2φ

′
2)dx

= Ω(u(x2, t))ux(φ
2
1+φ

2
2)−2Ω(u(x2, t))

∫ x

−∞
(2φ′

1(φ
′
2−iξφ2)−2φ′

2(φ
′
1+iξφ1))dx

= Ω(u(x2, t))ux
(
φ2
1 + φ2

2

)
+ 4iξΩ(u(x2, t))

∫ x

−∞
(φ1φ2)

′ dx

= Ω(u(x2, t))ux
(
φ2
1 + φ2

2

)
+ 4iξΩ(u(x2, t))φ1φ2.
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The validity of the following equality∫ x

−∞
D(φ1ψ1+φ2ψ2)dx = Ω(u(x2, t))ux(φ1ψ1+φ2ψ2)+ 4iξΩ(u(x2, t))ψ1φ2

is shown in the same way.
Taking into account the expression for a(ξ) in terms of the Wronskian of

the Jost solutions and applying the equality (15) in the opposite direction,
we obtain ∫ x

−∞
Mk1dxφ−

∫ x

−∞
Fk1dxψ

= a(ξ)

mk−1∑
j=0

Cj
mk−1

∫ x

−∞

(
fmk−1−j
k1 φ1 − fmk−1−j

k2 φ2

)
dxf̃ jk ,

where f̃ jk =
(
f jk2, −f

j
k1

)T
. In the same way, applying the equality (16) in the

opposite direction, we get∫ x

−∞
Mk2dxφ−

∫ x

−∞
Fk2dxψ

= a(ξ)

mk−1∑
j=0

Cj
mk−1

∫ x

−∞

(
fmk−1−j
k1 φ2 + fmk−1−j

k2 φ1

)
dxf jk .

Based on the above, the equality (38) can be rewritten as

φt −Aφ−Bφ =
1

2
Ω(u(x2, t))ux

(
−φ2

φ1

)
+ 2iξΩ(u(x2, t))

(
0
φ2

)
+

(
4iξ3P (u(x0, t))−

iQ(u(x1, t))

4ξ

)(
φ1

φ2

)

−1

2

N∑
k=1

mk−1∑
j=0

Cj
mk−1

∫ x

−∞

(
fmk−1−j
k1 φ1 − fmk−1−j

k2 φ2

)
dxf̃ jk

−1

2

N∑
k=1

mk−1∑
j=0

Cj
mk−1

∫ x

−∞

(
fmk−1−j
k1 φ2 + fmk−1−j

k2 φ1

)
dxf jk (39)

Di�erentiating the identity (39) mn − 1 times with respect to ξ and setting
ξ = ξn, we get

∂
(mn−1)
φn

∂t
− iQ(u(x1, t))

4
V

mn−1∑
l=0

C l
mn−1

(−1)mn−1−l (mn − 1− l) !

ξmn−l

(l)
φn

−B0P (u(x0, t))
(mn−1)
φn −(mn − 1)B1P (u(x0, t))

(mn−2)
φn

−(mn − 1)(mn − 2)

2
B2P (u(x0, t))

(mn−3)
φn

−(mn − 1)(mn − 2)(mn − 3)

6
B3P (u(x0, t))

(mn−4)
φn
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=
1

2
Ω(u(x2, t))ux

(
−

(mn−1)
φn2

(mn−1)
φn1

)
+ 2i(mn − 1)Ω(u(x2, t))

(
0

(mn−2)
φn2

)

+2iξnΩ(u(x2, t))

(
0

(mn−1)
φn2

)
+ 4iξ3nP (u(x0, t))

(mn−1)
φn

+12iξ2nP (u(x0, t))(mn− 1)
(mn−2)
φn +12iξnP (u(x0, t))(mn− 1)(mn− 2)

(mn−3)
φn

+4i(mn − 1)(mn − 2)(mn − 3)P (u(x0, t))
(mn−4)
φn

− iQ(u(x1, t))

4

mn−1∑
l=0

C l
mn−1

(−1)mn−1−l(mn − 1− l)!

ξmn−l

(l)
φn−

1

2
(R1(x) +R2(x))

−1

2

mn−1∑
j=0

Cj
mn−1

∫ x

−∞

(
fmn−1−j
n1

(mn−1)
φn2 +fmn−1−j

n2

(mn−1)
φn1

)
dxf jn (40)

where

V =

(
cosu sinu
sinu − cosu

)
, Bl =

dl

dξl
B|ξ=ξn

, l = 0, 1, 2, 3,

R1(x) =

N∑
k=1

mk−1∑
j=0

Cj
mk−1

∫ x

−∞

(
fmk−1−j
k1

(mn−1)
φn1 −fmk−1−j

k2

(mn−1)
φn2

)
dxf̃ jk ,

R2(x) =
N∑

k = 1
k ̸= n

mk−1∑
j=0

Cj
mk−1

∫ x

−∞

(
fmk−1−j
k1

(mn−1)
φn2 +fmk−1−j

k2

(mn−1)
φn1

)
dxf jk .

Note that according to (15) and (16)

lim
x→∞

R1(x) = lim
x→∞

R2(x) = 0. (41)

Using Corollary 2 of Lemma 1, we can show that

mn−1∑
j=0

Cj
mn−1

∫ x

−∞

(
fmk−1−j
n1

(mn−1)
φn2 +fmk−1−j

n2

(mn−1)
φn1

)
dxf jn =

=

mn−1∑
j=0

Cj
mn−1

∫ x

−∞

(
fmn−1
n1

(mn−1−j)
φn2 +fmn−1

n2

(mn−1−j)
φn1

)
dxf jn+

mn−1∑
j=1

Qj(x)f
j
n,

(42)

where Qj(x) is a linear combination of expressions of the form W{f rn,
(q)
φn} ,

(rq = j), and therefore

lim
x→∞

Qj(x) = 0. (43)
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According to the de�nition of the functions fsn and
(s)
φn (s = 0, 1, . . . ,mn−

1), there are numbers d0, d1, . . . , dmn−1 such that

f jn =

j∑
s=0

Cs
j dj−s

(s)
φn, j = 0, 1, 2, . . . ,mn − 1.

Therefore, the following is true

mn−1∑
j=0

Cj
mn−1

∫ x

−∞

(
fmn−1
n1

(mn−1−j)
φn2 +fmn−1

n2

(mn−1−j)
φn1

)
dxf jn

=

mn−1∑
j=0

Cj
mn−1

∫ x

−∞

(
fmn−1
n1

(mn−1−j)
φn2 +fmn−1

n2

(mn−1−j)
φn1

)
dx

j∑
s=0

Cs
j dj−s

(s)
φn

=

mn−1∑
s=0

mn−1∑
j=s

Cj
mn−1C

s
j dj−s

∫ x

−∞

(
fmn−1
n1

(mn−1−j)
φn2 +fmn−1

n2

(mn−1−j)
φn1

)
dx

(s)
φn

=

mn−1∑
s=0

Cs
mn−1

(mn−1−s∑
k=0

Ck
mn−1−sdmn−1−k−s

∫ x

−∞

(
fmn−1
n1

(k)
φn2+f

mn−1
n2

(k)
φn1

)
dx
)

(s)
φn

=

mn−1∑
s=0

Cs
mn−1 ·

∫ x

−∞

(
fmn−1
n1 fmn−1−s

n2 + fmn−1
n2 fmn−1−s

n1

)
dx

(s)
φn .

Thus, according to (42), the equality (40) can be rewritten as

∂
(mn−1)
φn

∂t
− iq(t)

4
V

mn−1∑
l=0

C l
mn−1

(−1)mn−1−l(mn − 1− l)!

ξmn−l

(l)
φn

−B0P (u(x0, t))
(mn−1)
φn −(mn − 1)B1P (u(x0, t))

(mn−2)
φn

−(mn − 1)(mn − 2)

2
B2P (u(x0, t))

(mn−3)
φn

−(mn − 1)(mn − 2)(mn − 3)

6
B3P (u(x0, t))

(mn−4)
φn =

1

2
Ω(u(x2, t))ux

(
−

(mn−1)
φn2

(mn−1)
φn1

)

+2i(mn − 1)Ω(u(x2, t))

(
0

(mn−2)
φn2

)
+ 2iξnΩ(u(x2, t))

(
0

(mn−1)
φn2

)
+12iξ2nP (u(x0, t))(mn− 1)

(mn−2)
φn +12iξnP (u(x0, t))(mn− 1)(mn− 2)

(mn−3)
φn

+4iξ3nP (u(x0, t))
(mn−1)
φn +4i(mn − 1)(mn − 2)(mn − 3)P (u(x0, t))

(mn−4)
φn

− iq(t)
4

mn−1∑
l=0

C l
mn−1

(−1)mn−1−l (mn − 1− l) !

ξmn−l

(l)
φn−

1

2
(R1(x) +R2(x))
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−1

2

mn−1∑
l=0

C l
mn−1

∫ x

−∞
(fmn−1

n1 fmn−1−l
n2 +fmn−1

n2 fmn−1−l
n1 )dx

(l)
φn−

1

2

mn−1∑
j=1

Qj(x)f
j
n

(44)
Using (4), (12), (41), (43) we pass in the equality (45) to the limit at x→ ∞.

Equating the coe�cients of

(
0
1

)
(ix)l ·eiξnx, with l = mn−1, mn−2, . . . , 0

we get

dχn
0

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
0 ,

dχn
1

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
1

+

(
24iξ2nP (u(x0, t)) +

iQ(u(x1, t))

2ξ2n
+ 2iΩ(u(x2, t))−

1

2
An

1 (t)

)
χn
0 ,

dχn
2

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
2

+

(
24iξ2nP (u(x0, t)) +

iQ(u(x1, t))

2ξ2n
+ 2iΩ(u(x2, t))−

1

2
An

1 (t)

)
χn
1

+

(
24iξnP (u(x0, t))−

iQ(u(x1, t))

2ξ3n
− 1

2
An

2 (t)

)
χn
0 ,

dχn
3

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
3

+

(
24iξ2nP (u(x0, t)) +

iQ(u(x1, t))

2ξ2n
+ 2iΩ(u(x2, t))−

1

2
An

1 (t)

)
χn
2

+

(
24iξnP (u(x0, t))−

iQ(u(x1, t))

2ξ3n
− 1

2
An

2 (t)

)
χn
1

+

(
8iP (u(x0, t)) +

iQ(u(x1, t))

2ξ4n
− 1

2
An

3 (t)

)
χn
0 ,

dχn
mn−1−ν

dt
=
(
8iξ3nP (u(x0, t)) + 2iξnΩ(u(x2, t))

)
χn
mn−1−ν

+
(
24iξ2nP (u(x0, t)) + 2iΩ(u(x2, t))

)
χn
mn−2−ν + 24iξnP (u(x0, t))χ

n
mn−3−ν

+8iP (u(x0, t))χ
n
mn−4−ν−

mn−1∑
s=ν

(
(−1)mn−1−siQ(u(x1, t))

2ξmn−s
n

+
1

2
An

mn−1−s(t)

)
χn
s−ν ,

n = 1, 2, . . . , N, ν = mn − 1, mn − 2, . . . , 0.

Thus, the following theorem is proved.
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Theorem 2. If the functions u(x, t), f jk(x, t), k = 1, N, j = 0, 1, . . . ,mk−1
are a solution to the (1)-(6) problem, then the scattering data of the operator
L(t) change with respect to t as follows

dr+

dt
=

(
8iξ3P (u(x0, t))−

iQ(u(x1, t))

2ξ
+ 2iξΩ(u(x2, t))

)
r+ (Im ξ = 0)

mn(t) = mn(0),
dξn
dt

= 0,

dχn
0

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
0 ,

dχn
1

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
1

+

(
24iξ2nP (u(x0, t)) +

iQ(u(x1, t))

2ξ2n
+ 2iΩ(u(x2, t))−

1

2
An

1 (t)

)
χn
0 ,

dχn
2

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
2

+

(
24iξ2nP (u(x0, t)) +

iQ(u(x1, t))

2ξ2n
+ 2iΩ(u(x2, t))−

1

2
An

1 (t)

)
χn
1

+

(
24iξnP (u(x0, t))−

iQ(u(x1, t))

2ξ3n
− 1

2
An

2 (t)

)
χn
0 ,

dχn
3

dt
=

(
8iξ3nP (u(x0, t))−

iQ(u(x1, t))

2ξn
+ 2iξnΩ(u(x2, t))−

1

2
An

0 (t)

)
χn
3

+

(
24iξ2nP (u(x0, t)) +

iQ(u(x1, t))

2ξ2n
+ 2iΩ(u(x2, t))−

1

2
An

1 (t)

)
χn
2

+

(
24iξnP (u(x0, t))−

iQ(u(x1, t))

2ξ3n
− 1

2
An

2 (t)

)
χn
1

+

(
8iP (u(x0, t)) +

iQ(u(x1, t))

2ξ4n
− 1

2
An

3 (t)

)
χn
0 ,

dχn
mn−1−ν

dt
=
(
8iξ3nP (u(x0, t)) + 2iξnΩ(u(x2, t))

)
χn
mn−1−ν

+
(
24iξ2nP (u(x0, t)) + 2iΩ(u(x2, t))

)
χn
mn−2−ν + 24iξnP (u(x0, t))χ

n
mn−3−ν

+8iP (u(x0, t))χ
n
mn−4−ν−

mn−1∑
s=ν

(
(−1)mn−1−siQ(u(x1, t))

2ξmn−s
n

+
1

2
An

mn−1−s(t)

)
χn
s−ν ,

n = 1, 2, . . . , N, ν = mn − 1,mn − 2, . . . , 0.

Remark 1. The obtained equalities completely determine the evolution
of the scattering data, which makes it possible to apply the inverse scattering
method to solve the problem (1)-(6).

Let a function u0(x) satisfying the condition (4) be given. Then the
solution of the problem (1)-(6) is found by the following algorithm.
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• We solve the direct scattering problem with the initial function u0(x)
and get the scattering data{

r+(ξ), ξk, χ
k
j , k = 1, 2, . . . , N, j = 0, 1, . . . , mk − 1

}
for the operator L(0).

• Using the results of Theorem 2, we �nd the scattering data for t > 0:{
r+(ξ, t), ξk(t), χ

k
j (t), k = 1, 2, . . . , N, j = 0, 1, . . . , mk − 1

}
• Using the method based on the Gelfand-Levitan-Marchenko integral
equation, we solve the inverse scattering problem, i.e. we �nd the
unique (according to Theorem 1) u(x, t) from the scattering data for
t > 0 obtained at the previous step.

• After that, we solve the direct problem for the operator L(t) with the

potential u(x, t) and �nd the functions f jk(x, t), j = 0, 1, . . . ,mk−1,

k = 1, N .

Example 1. Consider the following problem

uxt+
1

2t+ 1

(3
2
u2xuxx+uxxxx

)
=

1

4t+ 2
sinu+

2

2t+ 1
uxx+2(f211−f212), (45)

Lf1 = ξ1f1 (46)

u(x, 0) = 4 arctan
(
e−2x

)
. (47)

Here

2

∫ ∞

−∞
f11(x, t)f12(x, t)dx = A0(t) = − 1

4t+ 2
.

It can be seen that in equation (45) all polynomials P (u(x0, t)), Q(u(x1, t)),
Ω(u(x2, t)) of order zero, i.e. equation (45) is an mKdV-sG equation with
variable coe�cients and with source.

It is easy to �nd scattering data for the operator L(0):

r+(ξ, 0) = 0, ξ1(0) = i, χ1(0) = −2i.

By virtue of Theorem 2, we have

r+(ξ, t) = 0, ξ1(t) = i, χ1(t) = −2i(2t+ 1)

Hence F (x) = (4t+ 2)e−x. Solving the Gelfand-Levitan-Marchenko integral
equation, we have

K1(x, y) =
2(2t+ 1)e−x−y

1 + (2t+ 1)2e−4x
.

Where do we �nd the solution of the Cauchy problem (45)-(47)

u(x, t) = 4 arctan
(
(2t+ 1)e−2x

)
,

f11(x, t) = − (2t+ 1)e−3x

1 + (2t+ 1)2e−4x
, f12(x, t) =

e−x

1 + (2t+ 1)2e−4x
.
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Example 2. Consider the following speci�c problem

uxt +
u(0, t)

4 arctan
(

1
t+1

)(3
2
u2xuxx + uxxxx

)
=

(4− (t+ 1)2)u(− ln 2, t)

8 arctan
(

4
t+1

) sinu+
u(ln 2, t)

arctan
(

1
4t+4

)uxx + f211 − f212,

(48)

Lf1 = ξ1f1 (49)

u(x, 0) = 4 arctan
(
e−2x

)
, x ∈ R. (50)

Here

A0(t) = − t+ 1

2
.

It can be seen that in the equation (48) all polynomials P (u(x0, t)),
Q(u(x1, t)), Ω(u(x2, t)) of the �rst order, i.e. the equation (48) is a loaded
mKdV-sG equation with a source.

In this case, the solution to the problem (48)-(50) has the following form:

u(x, t) = 4 arctan

(
e−2x

t+ 1

)
; f11 = − (t+ 1)e−3x

(t+ 1)2 + e−4x
, f12 =

(t+ 1)2e−x

(t+ 1)2 + e−4x
.
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