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Abstract: The work is devoted to finding the solution of the
Cauchy problem for the loaded modified Korteweg-de Vries—sine-
Gordon (mKdV-sG) equation with a source in the class of rapidly
decreasing functions. The problem is solved by the inverse scatte-
ring method. Several examples are given illustrating the application
of the obtained results.
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1 Introduction

The modified Korteweg-de Vries equation (mKdV)
up + 6u2ux 4+ Upge =0

is one of the most well-known models fully integrable by the inverse scattering
method [33]. The mKdV equation can be applied in many areas, including
Alfven waves in a collisionless plasma [22], thin elastic rods [28], hyperbolic
surfaces [31], etc.
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Sine-Gordon (sG) equation [1, 37]
Ugpt = SINU

is also a fully integrable nonlinear evolution equation. This equation has
numerous applications in differential geometry [9], magnetic flux propagation
in Josephson junctions [13|, propagation of deformations along DNA double
helix [36] and many others. Despite its long history, the sG equation and
its various extensions and generalizations still remain the object of close
attention of researchers |3, 4, 6, 7, 11, 16]. The problems of the theory of
solitons have been considered in many monographs and articles, of which it
should be noted [2, 20, 21, 30, 32, 38].

The MKdAV and the sG equations admit breather solutions which are
known to describe few-cycle-pulse (FCP) optical solitons [34]. The MKdV-
sG equation

Uyt + cu?cum 4+ QUpprr = bSinu

with parameters a, b, and ¢, gives a general (1 + 1) — dimensional model
describing FCP optical soliton propagation in two-component nonlinear me-
dia |5, 23, 25, 26, 27, 34, 35|. The MKdV—-sG equation was studied for
supersonic motion of a crowdion, nonlinear wave propagation in an infinite
one-dimensional monatomic lattice, in which the anharmonic potential com-
petes with the dislocation potential and which can be solved by the method
of inverse scattering transformation, which is ahead of the light propagation
of electromagnetic solitons in a nonequilibrium medium [5, 23, 25, 26, 27, 34,
35]. The fully integrable form of the mKdV-sG equation has the following
form:

3 9 .
Uzt + §uxum + Ugper | = bsinu.

The integrable model of the mKdV—-sG equation describes the propagation
of ultrashort optical pulses in a nonlinear Kerr medium, which demonstrates
its remarkable mathematical capabilities in describing the physics of solitons
with several optical cycles [5, 23, 25, 26, 27, 34, 35]. If in this integrable
mKdV-sG equation b = 0, then we get the mKdV equation, and if a = 0,
then we get the sG equation.

In this paper, we will consider the following

U:vt"'P( (an ))<2uxuxm+umx:pz> :Q(u($17t))51nu+9( ($27 ))U:m:
N mg—1

+22 Z me— 1<fk1 mk_l_j_szfmk - ]>

k=1 j=0
| o (1)
LW =&fl+ifl" Im& >0, k=1T,N, j=01,...,mz—1, (2)
system of equations. Where

n! d  ug Uy Ju(z,t)
g3, Uy = ’
Ox

1 _ 4 U Uz
Cn=mopm HW=ogp -5t
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0%u(z,t) 0u(z,t) 0*u(x,t)
Upt = — -7, 5 Yea = — 7 5 Uzzax = — 57 1 >
Ox0ot Ox Ox
and P(u(zo,t)), Q(u(x1,t)), Q(u(we,t)) are some polynomials in wu(xzg,t),
u(xy,t), u(ze,t), respectively. Here and below o7 = (Z) —Oz ), o9 =

0 —i (00
(00 ) m=(10)

If in equation (1) all polynomials P(u(zg,t)), Q(u(z1,t)), Q(u(xe,t)) are
polynomials of degree zero, then we obtain, in the general case, the mKdV -
sG equation with variable coefficients and with a source, and if at least one of
the polynomials P(u(xg,t)), Q(u(x1,t)), Q(u(xe,t)) is not less than the first
degree, then such equations are called loaded mKdV - sG equations. Loaded
differential equations in the literature [24]| are called equations containing
in the coefficients or on the right side some functionals of the solution, in
particular, the values of the solution or its derivatives on manifolds of lower
dimension. The study of such equations is of interest both from the point of
view of constructing a general theory of differential equations and from the
point of view of applications. Among the papers devoted to loaded equations,
the papers [14, 15, 18, 19, 24, 29] and others should be especially noted.

The system of equations (1)-(2) is considered under the initial condition

u(z,0) = up(z), z€R, (3)
where the initial function up(z) (—oo < 2 < 00) has the following properties:
1)

up(x) = 0(mod 2m) at x| — oo;

(0 Dl @) + )] + @)+ @) e < .Y

—00
2) The operator

d ug(x,0) ug(x,0)
L(O)—Uld?— 5 o2 + 5 73

has no spectral singularities and has exactly IV eigenvalues & (0),...,&n(0)
with multiplicities my(0), m2(0),...,my(0) in the upper half-plane of the
complex plane.

It is assumed that the vector-functions f = (f{,(z,t), f,gQ(a:,t))T are
normalized by the conditions

1 > —1 pmp—1— 1 pmy—1—
e T R T e = (0, 6)
N —0o

where Aﬁ@k—l—s(t) are initially given continuous functions of ¢ (¢ > 0), k =

1,2,....N,s=0,1,...,mp — 1.
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Let the function u(x, t) have sufficient smoothness and rather quickly tend
to its limits as © — *o0, i.e.

u(x,t) = 0(mod 2w) at |x| — oo;
> |9z
[ (a+ephor+ 3 Py <o O

—0oQ
The main goal of this work is to obtain a representation for the solution
u(z,t), fl(z,t), k =1,2,...,N, j =0,1,...,my — 1 of problem (1)-(6)
within the framework of the inverse scattering method for the operator L(t).
The inverse scattering problem for the operator L(t) on the entire axis was
studied in [10, 17].

2 Preliminaries

Consider the system of equations

Vg + v = —#02 ™)
vog — i€vg = “'5“ 1,

on the entire axis (—oo < z < o0), with the potential u(z) satisfying the
condition

u(z) = 0(mod 2w) for |z| — oo; /OO (1+ |z|) |/ (z)]|dx < oo. (8)

In this section, we present information concerning the direct and inverse
scattering problems for problem (7)-(8), in the case when the operator L(t)
has multiple eigenvalues.

Under condition (8), the system of equations (7) has Jost solutions with
the following asymptotics

1 ; 0 ;
~ —i€x ~ (34
(o) (1)

0 , T — —00; 1 3
D~ 'Lé-x _r\./ —Z&l‘
() (o)

For real &£, the pairs of vector functions {p, ¢} and {¢, 7]}} are pairs of
linearly independent solutions for the system of equations (7), therefore

(7
e=a(&)P+bE)y,  ¢=—a( )Y +bE)Y, (10)

r — 4o00. (9)

where

a(§) = W{p, ¥} = p12 — @)1,
(&) =W {¥, 0}, a(&)a(—&) + b(E)b(—¢) = 1.

The function a(§) (@(£)) allows an analytic continuation to the upper (lower)
half-plane Im¢& > 0, (Im¢ < 0). For || — oo, Im& > 0, the a(§) function

has the asymptotic behavior of a(§) =14 O (‘%') In addition, the function

(11)
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a(§) (a(€)) can have only a finite number of zeros & (&) in the half-plane

Im¢ > 0 (Im¢ < 0). The zeros & (ék) of the function a(§) (&(5)) correspond

to the eigenvalues of the operator L in the upper (lower) half-plane. It is

assumed that the operator L has no spectral singularities, which means that

the function a(§) does not have real zeros, i.e. a(§) # 0, £ € R. We denote

by my, the multiplicities of the eigenvalues &, (k = 1,2,..., N), respectively.
Functions

(8) 0°
(':C &-k‘) ags (CC £)|§ &> s = 1’2)"'amk‘_]—a

are called associated functions to the eigenfunction p(z,&). The associated
functions to the eigenfunction ¢ (z, &) are defined similarly.
The eigenfunctions and associated functions satisfy the equations

(s) (s) (s=1)
Lo(x,&) =& P(x,&) +s ¢ (z,8),
(0)
e (x, &) = o(z, &), k=1,2,...,N, s=0,1,...,mp —1.

According to the definition of eigenfunctions and associated functions,
there exists a so-called chain of normalizing numbers {X’Sa X’f, ey anrl}7
such that the relations hold

ll() —
J:fk le (x,&), k=1,N, 1=0,1,...,mp—1. (12)

The function w satlsﬁes the following integral representation

Y= ( ? )eifw / UK (2, 5)e ds, (13)

where K(z,s) = ( g;g:g > In representation (13), the kernel K(z, s)
does not depend on & and is related to u(x) by the equality
dK
W' (z) = 4K (z,x), (u’(x))2 2d(§$) : (14)

The components Ki(z,y), Ko(x,y) of the kernel K(x,y), in representation
(13), for y > z are solutions of the Gelfand-Levitan-Marchenko integral
equations

Ki(z,y)— F(z+y)+ /OO /oo Ki(z,2)F(z+ s)F (s + y)dsdz = 0,

KQ(x,yH—/OO F(a:+s)F(s+y)ds+/oo /Oo Ko(x,2)F(2+s)F(s+y)dsdz = 0,

where
N mp—1

1 1 a” (Z — fk)
— z&c § : § : izx
F(.’L’) - or /_OO df i ka v— 11/' dzv (Z) e ‘Z=§k7

k=1 v=0
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rt(€) = %, a(z) — analytic continuation of the function a(¢), Im¢ = 0 to

the upper half-plane of Im z > 0. Now the potential u(z) is determined from
the first equality in (14).
The set

{r+(§),§€R; &k, Im &g > 0; X?, k=1,2,...,N, j:(),l,...,mk—l}

is called the scattering data for the system of equations (7). The direct
scattering problem is to determine the scattering data from the potential
u(x), and the inverse problem is to reconstruct the potential u(x) from the
scattering data of the system of equations (7).

The following theorem is valid ([8], §6.2).

Theorem 1. The scattering data of the operator L uniquely determine the
operator L.

In what follows, we will often use the results of the following lemma.

Lemma 1. If the vector functions Y (x,{) and Z(x,n) are solutions of
the equations LY = (Y and LZ = nZ, then their components satisfy the
equalities

7 W17z = yez) = —i(C =) (Y122 + yoz1) 5
d .
e (y121 + y222) = =i (C+ 1) (Y121 — Y222) .
This lemma is proved by direct verification.
Corollary 1. Under the conditions of Lemma 1, the following equalities hold

S S — . (_1)l s! d s—I
fk1901_fk2902_2§(§+£k)l+1 (s—l)!%v{ k a@}a (15)

and with £ # &,
s s _ - (_1)l 5! d s—1
Tmp2 + frapr = Z; (& — ) (s —1)! diL‘W{ k ’SO}’
s=0,1,..., mgp — 1,
where V{f, g} = fig1 + fa92.

Differentiating equality (15) n times by £ and setting £ = &, we obtain
the following corollary.

(16)

Corollary 2. The following equalities are valid

)

s— (n) s— (n) n s (n—1) s (n—1
k1 ! 2(x, &) + fra ! p1(x, &) = S (fkl 2 (2,8k) + fia 1 (33>§k)) +

d (n)
—I—imW{f,j, W(x,ﬁk)}, s=1,2,...,my — 1.
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For convenience, in what follows we introduce the following notation

ny ()
O — B, k=1,2,... N

Note that, according to (7), the following equalities hold:

!
P+ g = %, (2U eriere + (Pr1 — Pia) ) ) (17)
u’ 2 2
!
(Pr1r2) = 5 (%1 — ¥ia) - (18)

Let us prove the following lemma.

Lemma 2. If o = (pg1, gokg)T 1s an eigenvector function of the operator L
with potential u(x) corresponding to the eigenvalue &, then the equality

o0
/ (‘P%l + go%Q) sinudxr =0
—o0
18 true.

Proof. According to (17)-(18), we have

o
/ (@%1 + @iz) sinudx

> L[ 5 2 \/
</ goklcpkg o' sin udz + 2/ (gokl —<,0k2) smudm)

_°
&k
i 1 [
§< (¢r1pr2)d cosu — 2/ (021 — Pia) cosud:z:> =0.
[l
3 Evolution of scattering data

Let the potential u(x,t) in the system of equations (7) be the solution of
the equation

vt + Plu(z0,1) <Z’u§um + umm) — Q(u(z1,t)sinu+ G, (19)

where G tends to zero fast enough as x — +oo. In what follows, we will
assume

N mgp—1
G = Q( (1’2, Umc —|—22 Z A l(fkl mi—1—j kafmk 1- J). (20)
k=1 j5=0
Let’s put
1Q(u(z1,t)) cosu 1Q(u(z1,t)) sinu
. i€ i€
( iQ(u(z1,t))sinu  iQ(u(z1,t)) cos u )7
i€ 48
(26%ug — iugy — 5 — =) (467 — Ful)
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In the class of sufficiently smooth functions that are solutions of the equation
Lv = &v, the following functional equalities

[L,A] = LA— AL = —i < X 0 3Q(u(z1,t)) sinu ) "
5Q(u(xy,t)sinu 0
[L,B|= LB - BL
(Y (3u2uga + SUagas) P(u(zo,1)) (22)
- < (3uuyy + Stppas) P(u(zo,t)) 0 ) :

hold. From the definition of the operator L(t), we get

o [0
E—Z % 0 .

Combining the last equality with the formulas (21), (22) and with the equa-
tion (19), we get that the equation (19) is identical to the operator relation

oL +[L,A]+[L,B] =iR, (23)

ot
0
(o)
2

Let ¢ (z,&,t) be the Jost solution of the equation

where

Ly = &p.
Differentiating this equality with respect to t we obtain
Lip + Loy = &, (24)
Let’s substitute L; from (23) into (24), we get
(L =¢&I) (pr — Ap — By) = —iRyp. (25)
as the result. We will look for the solution (25) in the form
pr — Ap = Bo = a(z) + S(z)p. (26)
To determine a(z) and S(x) we get the equation
Moy + MBrp = —Rep, (27)

where

1 0
w3 1)
According to (9), we have
VIMp=—¢"My=a, "My=¢"Mp=0,

where ¢ = (p2 ¢1)7, ¥ = (¢ ¢1)7. Multiplying (27) by ¢” and ¢ we
get
~T Vs
=288 g YT (28)

a a
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Based on (19), we have

—Ap — Bp — (4253P(u(fv0,t)) - —Q(u(;rl,t))) ( 0 )e £ , T — —00.
Therefore, from (26) we deduce

B (x) = 4i€3P(u(z0,1)) — = Qu(z1,1)), alx) =0 at z — —oc.

1 x
o) = [ &R

e :—/ 7 Repdi + 465 P(u(zo, 1)) — = Q(u(z1, ).

Thus, the equality (26) can be rewritten as

1 [
—A(p—B(p:a/ oI Ropda: -1

- , (29)
1 1
+ <—a/ T Rpdx + 4i€* P(u(xo, 1)) — %Q(u(xl,t))> 0.
Using (4) and passing in (29) to the limit at x — oo, we get
a; = —/ VT Roda (30)

by = 8i3P(u(xg,t))b — Wb + clt/oo ¢T Ry dx — 2 /OO @TRQD(Z;

Therefore, for Im ¢ = 0 we have

dT’+ . .+3 ZQ( (xla )) + 1 > 2 2
T <8z§ P(u(xo,t))— T)r +M/_OO(G¢2+Ggpl)dx. (32)
Lemma 3. If vector functions p(x,§) = < i;g:g >, v(x, &) = < i;g:g >
are solutions of the equation (7), then their components satisfy the equalities
/ G (191 + paip2) dz = 0, (33)
|66+ ) dn = tiga(©Ue)Aulaz, 1), (34)
Proof. Let’s introduce the following notations:
N mp— 1
D = Q(u(ﬂvz,t Uz = 22 Z my—1 (fkl L - fkgfmk - J)
k=1 5=0

Using these notations, the expression (20) can be written as
G=D+ M.
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Let

mg—1

Z my— 1<fk1 S Y ]) (191 + p2t2) ,

then M, = Mkl + My, where

mp—1

ia = 32 G [ (e + sloen) (83700 = 37 0m)] +

mkzl mk 1 [(flgl(pl - fiZ2‘P2> (fﬁk_l_jwl + f,?;k_l‘j%)] )
My = mil Gl [(f,ﬂlw + f]Zg‘Pl) (f;?}kil*jd& - f;gkil*jM)] +
my—1

Z Gt [ (Fhee = flaer ) (F 7+ 15 0 )]

Accordlng to (15), we have

mg—1

My = Z o |[V{FL )

mp—1—j .
( k_l mkflf'fs
Z €+§k5+1(mk_1—]_3 { ! ﬂb}]

s=0

mil [ ST ) ij Cy Ly }] (35)
m 1 ’ I+1 ! yPr |-
- 2 €+ &) (- D) &
It is easy to show that on the right side (35) the coefficients of

V{fie} 5 V{fk,w}

and
V{fkﬂ/)} V{fkaD} 0<r4+qg<my—1

are the same, so My is a hnear combination of expressions of the form

d
%(V{ﬁ:ﬂ/}}v{f;‘f,@}), 0<r+qg<m—1,

o0
/ Mkld.%' =0.
—00

Similarly, using (16), we get

and hence
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Using the formulas (6), (7), (9) and (10), we have

/OO D (191 + p21p2) dx = Q(u(wo, 1)) /OO (P1Y1Uzz + Q22Usy) da

— 00

= lim Q(u(eo, 1)) [(pren + povn) usla,0)]|%5

—Q(u(zo, 1) / (9 tb11ts + 910 e + Prtbotiy + patbhu) da

—00

= Rh_r)r;O Qu(zo, 1)) [(pr91 + @21b2) ux(:v,t)H}ER

24 (u(xo, 1)) / (o182 + rp2) da

= P}glclm Qu(zo,t)) (191 + pat2) ua(, t) — 2i€ (P19 + P102)]| T = 0.

The following integral is calculated in the same way:

/ D (go% + go%) dx = Q(u(xo,t)) / (go%um + go%um) dx
R
= tim Qu(ao. [ + B2, 0]| ",
—00
—Q(u(o, ))/ 2(p11 s + paphus)de

= lim Q(u(zo,t)) (2 + @B) uala, B)] [,

~Q(u(zo. 1)) / (26 (26 — 20 ) + 20, (~26, — 2ic)) da

—00
o0

= Jim O(u(e0.0) [(6+ ) wo, )] + 4i600uCe0,1)) [ (or0) do
— 4i€a(€)b(E)u(zo,1)).
Taking into account the form of G, we obtain the required equalities. U
Corollary 3. According to Lemma 3 and the equality (30), a; =0, so
mi(t) = mi(0), &(t) = &(0), k=1,2,...,N. (36)
According to (32) and (34) for Im{ = 0 we have
dr™ .3 ZQ( (‘Tla )) +
= = (8i€*Plu(ao, 1) - TR 2 u(es, n)rt. 60

Let us turn to finding the evolution of the normalization chain {Xg, X7
.. ’X;’Lnnfl} corresponding to the eigenvalue &,, n =1,2,..., N. To do this,
we rewrite the equality (29) in the following form

—Ap — By
1 X
—za(/_ooG(@ﬂﬁl+<P2¢2)d90%0—/_00G(90%+80%) dx Tﬂ) (38)

iQ(u(21,1))
451 )90

xT

+<4i§3P(u(mo,t)) —
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Just as in the proof of Lemma 3, we represent

N
G101 + patha) = D(p1th1 + patpa) + > (M + Mya),
g

where
D = Q( (3727 ))uxam
mr—1mi—1—j .
(-1)° (my —1—j)!
M,
e Z SZ: Cni- HE+ &) (mp —1— 5 —s)!
d mk 1—j—s J
mr—1mg—1—j .
(-1)° (mp —1—7)!
J
S =
d m S /
X (W WA S o).
Likewise N
G (07 +¢3) = D (91 +¢5) + D _(Fia + Fia),
k=1
where

D = Q(u($2, t))ux:m

mrg— lmk 1— ] N
(=1)*  (my —1-j)!
Fi1 = E SE Cr— e+ &) (my—1—j — s)!

d m s j
(VIR eV e)),
my— lmk 1—j5 .
(-1)° (my, —1—j)!
Fkg Z SZ ZCfnk 1 sz_f)s—H (mk_l_j_s)!
d

X (WA oW {SL e}).

First, using the formulas (4), (7), we calculate the following integral:

/ D (02 + ¢R) dr = Qu(as, 1)) / " e (3 + ¢2) da
=Q(U(wzat))lgggo(ux(saf+¢§))\fR—Q(U(x2,t))/ 2uq (1] + p2py)da
= Q(u(w2, t))uz (9T +93) —2Q (2, ))/_ (2 (ph—i€p2) =205 (0 +i€ep1) )da

— Quls, ) (62 + ¢3) + 4i€Qu(s, 1)) / (p102)' da

—00

= Q(u(w2,1))us (97 + ¢3) + 4iEQ(u(za, 1)) 100.
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The validity of the following equality
/ D(p11 + patpe)dr = Qu(za, ))uz(p191 + patp2) + 4i€Q(u(x2, 1)) P12

is shown in the same way.
Taking into account the expression for a(§) in terms of the Wronskian of
the Jost solutions and applying the equality (15) in the opposite direction,

we obtain . "
/ Mydezg — / Fidetp
— o0 —o
mk 1

mi—1—j mg—1—j £
E mk 1/ k1 Y1~ Ji2 802)d9”fk’

where fk = (szv _fkl) . In the same way, applying the equality (16) in the
opposite direction, we get

€T xT
/ Mysdap — / Fraday
—oo —00
mg—1

92 Chu (T ek f T ) dof,

Based on the above, the equality (38) can be rewritten as

— A Be= ;W“(wmt))ux( e )+2zm( (22.1)) ( 0 >

P2
4 (4¢§3P(u(xo,t)) - ZQ(U(M) ( o >

4€ P2
1 N mg—1 ' x . . B
52 2 Cfnkl/ ( e j<P2) dxfj
k=1 j=0 —o0
1 N mkfl ) ) A
—52 Z C?Jnk—l/ (fmk . j902+f;$k_1_J<P1) dx f] (39)

k=1 j=0
Differentiating the identity (39) m,, — 1 times with respect to £ and setting
& =&,, we get

(mn 1) . mnp—1
0 ©n iQ(u(z1,t)) . . (—l)m"_l_l (mp,—1=0)"1 @
(mn—1) (mn—2)

—BoP(u(wo,t))  ¢n ~—(my —1)B1P(u(xo,t))  ¥n

. (mn - 1)2(mn - 2) sz(u(xo, t)) (mﬁgg)
(me =D =20 =) p 4,1
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1 B (mn—1) 0
= “Qu(ws, ua| 7|+ 2i0mn — DQu(@2,) | (ma-2)
2 (mn—1) o
©nl n2
) 0 3 (mn—1)
+2i&, Qu(w, 1)) | (ma—1) | + 49, P(u(xo,t))  ©n
©n2
.2 (mn—2) . (mn—3)
+12i&- P(u(xo,t))(my — 1) on  +12i, P(u(xo,t))(my, — 1) (m, —2)  on
my—4
i (my, — 1) (i — 2)(mn — 3)P(ulz0, 8) "B
mn_l m —1-1
af , n myp — 1-— l (l) 1
1 Z =0 S ((e) + o)
mn 1

= Z - / (e = a0

where
y = ( cosu sinu B—d—lB\ 1=0,1,2,3
— sinu  — cosu y l_dfl E=¢€n — YUy by 4y dy
N mgp—1
—1—j (mn—1) —1—j (ma=1)\ =
0 =30 o [ (a7 g o
k=1
N (m (mn—1) :
Ry(z) = Z Z i 1/ (fmk = n2 +fmk 7 )dﬂl?f;i'
k=1 =0 -
k#n
Note that according to (15) and (16)

mlgglo Ri(z) = xlglgo Ry(x) = 0. (41)

Using Corollary 2 of Lemma 1, we can show that

my—1

Z My, — 1/ (f:ﬁk . ] @n2 +fmk 1= ]( n D)dmsz

mp—1 mp—1

= 2 Gl [ (e o ey a3 0

o ] 1

(42)

where @)j(x) is a linear combination of expressions of the form W{f;,, @qn} ,
(rq = j), and therefore

lim Q;(x) = (43)

T—00
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According to the definition of the functions f,;; and g(os,)L (s=0,1,...,mpy—

1), there are numbers dy, d1, ..., dn, —1 such that

J
:Zdej_SSQ, §=0,1,2,...,my, — 1.
s=0

Therefore, the following is true

mp—1

> G [

mmp—1 (M —1= My — B
(fnln P o & +fna" 1 sonl )dmfj

e¢]

mp—1 )
_q1 (mp=1-j) — (s)
Z mn—l/ ( :an ! ©n2 + rgn 1 Qpnl )dZL‘ZCS j—s Pn

Mmp—1myp—1

-3 N o cdy / ) (Fmet "o e ) 6
s=0 j=s o0

mnp—1—s

mp—1 T
= Z C ( Z mp—1—s ypy—1—k— s/ (f:ﬁn 1¢n2 +fmn 1@n)1)dx> o
s=0 -

= . (s)
= Coa- / (frn=tprn=tos g prasl pma=los) g g
s=0

—0o0
Thus, according to (42), the equality (40) can be rewritten as

(mn_l) mp—1

0 ©n —1)me =, — 1 =D )
ot V Z 1 gmn—l Pn
(mn_l) (mn—2)
—BoP(u(xo,t))  ¢n  —(mn —1)B1P(u(x0,1)) " #n

_ (= 1)2(% =2 By Pluao ) "

6 mp—1)

(mn—1)
=D =2 =) p >>(’”$;4):§Q<u<m,t>>u$<< g )
¥nl

+2i(my, — 1)Q(u(x2,t))< (mf)_g) > +2i£nQ(U(xz,t))( (m,?—n )

©®n2 ©n2
.9 (mn_Q) . (mn_3)
+12i&;, P(u(wo, 1)) (mn — 1)~ pp " +12i8, P(u(wo, 1)) (mp — 1) (my —2)  @n
+4z'ggp(u(a;o, ) B S di(me, — 1) (mn — 2)(mn — 3)P(ulzo, 1)) "G
mn 1 m —1-1
" mp,—1-0D'!'@0 1
Z L e () + Rale)
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mn—l mn 1
m -1 pmy—1—1 Mmp—1 pmp—1— l
}j s [T T e -3 E:Q]

(44)
Using (4), (12), (41), (43) we pass in the equality (45) to the limit at z — oo.

Equating the coefficients of ( (1) > (ix)!- e with i = m,—1, mp—2,...,0
we get

o _ <8i§2P(u(ajo,t)) _ 1Q(ul, 1))

206, Q(ulra, 1) — SAZ(1) ) D

dt 26n 2 >
DI — (sigtPruteo ) ~ LD 4 vig 0fuan, ) - 3450
+ (24i§72LP(u(mo,t)) + W + 2iQ(u(xe,t)) — ;A?(t)) X0’
DI~ (sigt(utan, )~ LD 1 gig, 0utan, ) - 4500) 13
+ (24i§2P(u(xo,t)) + W + 2iQ(u(xg,t)) — ;A’f(t)) Xr
+ (24i§nP(u(xo,t)) - W - ;AS(t)> X0

% = <8i£;°;P(u(a:o, t) — W + 2i&, Q(u(za, 1)) — ;Ag(t)> X2

(2002 Ptuten, ) + LR 4 2iuten 1) - A1) 13

+ (24i§nP(u($o,t)) — w - 1A3(t)> X1

<8zP( (w0,1)) + W - ;Ag(t)) "

dX?nnflfu
dt
+ (24i€2 P (ulwo, 1)) + 2iQ(u(@2, 1)) Xih oy + 2460 P(u(x0, )X, 5,

mn—1 mp—1 55 T
+8iP(u(x0, )Xy 40— D <( ) zgans( w1, )) —AZ% 1-s(1 ))x?u,

S=V

= (8i&3 P(u(wo, 1)) + 2i&QUu(x2,1))) X 10

n=12....N, v=m,—1,m,—2,...,0.

Thus, the following theorem is proved.
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Theorem 2. If the functions u(x,t), f,z(:z:,t), k=1,N, j=0,1,...,mp—1
are a solution to the (1)-(6) problem, then the scattering data of the operator
L(t) change with respect to t as follows

‘Z; = <8z’§3P(u(x0,t)) ZQ(;?)) + 2i€Q(u(z2, ))) T (Imé& =0)
mn(t) = ma(0), S =0,

Db — (sigtPluten. ) - R o ulen,t) - 450 6,
A = (sigtPuteo ) - LI 4 vig 0futen, ) - 5450)
+ (2tigPGuteo, ) + LD L 2iuten 1) - 5AT0) 15
= (sigtptuten,) - R 1o uten, ) - 5450 3

(202 Ptuten, ) + LR 1 2iute 1) - A1) 1t
+ (g Pluteo, ) - 2R - Sagn ) i,
2 = (sigtPuteo ) - LI i 0fuen, ) - 5450) x5
(202 Ptuten, ) + R 4 2iuten 1) - 3A10) 13
+ (24i§nP(u(a:0,t)) _ Qu(@1, 1)) 2(;1’”) _ 1A”(t)> N
+ (siPtutoo. ) + LD Ly ),
Dinatot _ (83} Plu(an, 1) + 260 2u(2,1))) X1,
+ (24i€2 P(u(xo, 1)) + 2iQ(u(22,1))) X, oy + 2410 P(u(o, )X _5-,

mn—1 mp—1—s
+8iP(u(x0, )Xy 40— D <( D 5 gmiQs( w1, ))+; ﬁnnls(t)>x?,,,

S=v
n=12,....N, v=m,—1,my,—2,...,0.

Remark 1. The obtained equalities completely determine the evolution
of the scattering data, which makes it possible to apply the inverse scattering
method to solve the problem (1)-(6).

Let a function ug(z) satisfying the condition (4) be given. Then the
solution of the problem (1)-(6) is found by the following algorithm.
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e We solve the direct scattering problem with the initial function ug(x)
and get the scattering data

{7’+(§), §k7 X;C) k:1727"'7N7 ]207 177mk‘_1}

for the operator L(0).
e Using the results of Theorem 2, we find the scattering data for ¢ > 0:

{r+(5,t), &), X5(), k=1,2,...,N, j=0,1,...,mj— 1}

e Using the method based on the Gelfand-Levitan-Marchenko integral
equation, we solve the inverse scattering problem, i.e. we find the
unique (according to Theorem 1) u(x,t) from the scattering data for
t > 0 obtained at the previous step.

e After that, we solve the direct problem for the operator L(t) with the
potential u(xz,t) and find the functions f}(z,t), j = 0,1,...,my_1,
k=1,N.

Example 1. Consider the following problem

ait 1 (503t ) = g St 52— ), (49)
Lfi=&h (46)
u(z,0) = 4arctan (6_23”) . (47)
Here - 1
2/0O fi1(z, t) fra(w, t)de = Ao(t) = RYTES

It can be seen that in equation (45) all polynomials P(u(zo,t)), Q(u(z1,t)),
Q(u(ze,t)) of order zero, i.e. equation (45) is an mKdV-sG equation with
variable coefficients and with source.

It is easy to find scattering data for the operator L(0):

rt(€0) =0, &(0)=1i, x1(0)=—2i.

By virtue of Theorem 2, we have

Hence F'(z) = (4t + 2)e*. Solving the Gelfand-Levitan-Marchenko integral
equation, we have
2(2t + 1)e—=¥
K = .
H@y) =5 T (2t +1)2e
Where do we find the solution of the Cauchy problem (45)-(47)

u(z,t) = 4arctan (2t + 1)e™ "),

(2t + 1)e 3" Fia(a 1) e "
— xr = .
1+ (2t +1)2e 42 TPV T T (04 1)2e 40

fu(z,t) =
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Example 2. Consider the following specific problem

" M(éuzu -
* 4arctan(t+%) 9w rere 18
(4—(t+1)%u(-1n2,t) . u(ln2,t) (48)
= sinu 4+ —————ug, + fi — fio
8 arctan(t_%l) arctan(ﬁ)

Lfi=&6h (49)
u(z,0) = 4arctan (e **), =z €R. (50)

Here 1

t+
Ap(t) = -

It can be seen that in the equation (48) all polynomials P(u(xg,t)),
Q(u(z1,t)), Qu(xe,t)) of the first order, i.e. the equation (48) is a loaded
mKdV-sG equation with a source.

In this case, the solution to the problem (48)-(50) has the following form:
e 2 (t+1)e 3" (t+1)%e

IR

u(z, t) = 4arctan (t—i—l =

tH1)2 et TP (4124t
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