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Abstract: We consider local probabilities of lower deviations for
branching process Zn = Xn,1+· · ·+Xn,Zn−1 in random environment
η. We assume that η is a sequence of independent identically
distributed variables and for �xed η the distribution of variables
Xi,j is geometric. We suppose that the associated random walk
Sn = ξ1 + · · · + ξn has positive mean µ and satis�es left-hand
Cramer's condition E exp(hξi) < ∞ as h− < h < 0 for some h− <
−1. Under these assumptions, we �nd the asymptotic representation
for local probabilities P (Zn = ⌊exp (θn)⌋), where θ is near the
boundary of the �rst and the second deviations zones.
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1 Ââåäåíèå

Ïóñòü η = (η1, ...) � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-
ïðåäåë¼ííûõ (í.î.ð.) ñëó÷àéíûõ âåëè÷èí (ñ.â.), à {ϕy}y∈R � ñåìåéñòâî
ïðîèçâîäÿùèõ ôóíêöèé (ï.ô.). Ïðè ôèêñèðîâàííîé ñðåäå η ðàññìîòðèì
íàáîð íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí Xi,j , j ∈ N, èìåþùèõ ï.ô. ϕηi

ïðè êàæäîì i ∈ N.
Âåòâÿùèìñÿ ïðîöåññîì (Zn, n ≥ 0) â ñëó÷àéíîé ñðåäå η (ÂÏÑÑ) íàçî-

â¼ì ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí, çàäàííóþ ñîîòíîøåíèÿìè:

Z0 = 1, Zn+1 = Xn+1,1 + · · ·+Xn+1,Zn , n ≥ 0.

Ïîëîæèì ξi = lnϕ′
ηi (1) ,Eξi = µ. Ñîïðîâîæäàþùèì ñëó÷àéíûì áëóæ-

äàíèåì ÂÏÑÑ íàçîâ¼ì ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí Sn =
ξ1 + · · · + ξn, n ≥ 1. Ïðîöåññ è åãî ñîïðîâîæäàþùåå áëóæäàíèå òåñíî
ñâÿçàíû: E (Zn|η) = eSn . Êðîìå òîãî, â ðàáîòå Àãðåñòè [8] äëÿ ÂÏÑÑÃ
ïîëó÷åíû ñëåäóþùèå ñîîòíîøåíèÿ:

P (Zn > k|η) = 1

Un + Vn

(
1 +

Un

Vn

)−k

,

P (Zn = k|η) = 1

Un + Vn

(
1 +

Un

Vn

)−k Un

Vn
, (1)

ïðè âñåõ íàòóðàëüíûõ k, ãäå Un = e−Sn , Vn =
∑n−1

i=0 e−Si .
Â ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé ãåîìåòðè÷åñêîãî ñåìåéñòâà ï.ô.:

ϕy (s) = 1−
(
1 +

1

ϕ′
y(1) (1− s)

)−1

. (2)

ÂÏÑÑ, â êîòîðîì ï.ô. ÷èñëà ïîòîìêîâ îäíîé ÷àñòèöû çàäàþòñÿ ñîîòíî-
øåíèåì (2), áóäåì íàçûâàòü âåòâÿùèìñÿ ïðîöåññîì â ñëó÷àéíîé ñðåäå ñ
ãåîìåòðè÷åñêèì ÷èñëîì ïîòîìêîâ (ÂÏÑÑÃ).
Íàçîâ¼ì ñ.â. ζ ðåø¼ò÷àòîé, åñëè ñóùåñòâóþò òàêèå âåùåñòâåííûå ÷èñ-

ëà a è b, b > 0, ÷òî

P (ζ ∈ {a+ bn, n ∈ Z}) = 1,

è íåðåøåò÷àòîé â èíîì ñëó÷àå. Â ðàáîòå ðàññìàòðèâàþòñÿ ÂÏÑÑ, øàãè
ξ ñîïðîâîæäàþùèõ áëóæäàíèé Sn êîòîðûõ èìåþò íåðåøåò÷àòûå ðàñ-
ïðåäåëåíèÿ.
Äëÿ ÂÏÑÑ õîðîøî èçó÷åíà çàäà÷à î âåðõíèõ áîëüøèõ óêëîíåíèÿõ

ðàçìåðà ïîïóëÿöèè, òî åñòü èññëåäîâàíà àñèìïòîòèêà âåðîÿòíîñòåéP(Zn >
exp(θn)), ãäå θ > µ. Â ÷àñòíîñòè, äëÿ ÂÏÑÑÃ àñèìïòîòèêà òàêîãî ðîäà
âåðîÿòíîñòåé áûëà ïîëó÷åíà Ì.Â. Êîçëîâûì ([1], [2]). Â îáùåì ñëó÷àå
(áåç ïðåäïîëîæåíèÿ î òîì, ÷òî ÷èñëî ïîòîìêîâ èìååò ãåîìåòðè÷åñêîå
ðàñïðåäåëåíèå) èçâåñòíû êàê ëîãàðèôìè÷åñêàÿ àñèìïòîòèêà òàêèõ âå-
ðîÿòíîñòåé ([3]), òàê è òî÷íàÿ àñèìïòîòèêà ([4], [5]).
Äëÿ âåðîÿòíîñòåé íèæíèõ áîëüøèõ óêëîíåíèé P(1 ≤ Zn < exp(θn)),

ãäå θ < µ, èññëåäîâàíà ëîãàðèôìè÷åñêàÿ àñèìïòîòèêà ([6]). Äëÿ ñëó÷àÿ
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θ ∈ [θ1; θ2] ⊂ (m(−1);µ) äëÿ íåêîòîðîãîm(−1), êîòîðîå áóäåò îïðåäåëåíî
äàëåå � òî åñòü äëÿ ñëó÷àÿ ïåðâîé çîíû íèæíèõ áîëüøèõ óêëîíåíèé �
àâòîðîì ïîëó÷åíà ëîêàëüíàÿ àñèìïòîòèêà âåðîÿòíîñòåéP (Zn = ⌊exp (θn)⌋)
([9]). Òàêæå ëîêàëüíàÿ àñèìïòîòèêà P (Zn = ⌊exp (θn)⌋) èññëåäîâàíà äëÿ
ñëó÷àÿ âòîðîé çîíû íèæíèõ áîëüøèõ óêëîíåíèé � òî åñòü äëÿ θ ∈
[θ1; θ2] ⊂ (µ−;m(−1)), ãäå µ− òàêæå áóäåò îïðåäåëåíà äàëåå ([10]). Â äàí-
íîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá àñèìïòîòèêå âåðîÿòíîñòåé íèæ-
íèõ áîëüøèõ óêëîíåíèé â ëîêàëüíîé ôîðìå P(Zn = ⌊exp (θn)⌋) äëÿ çíà-
÷åíèé θ, ïðèíàäëåæàùèõ íåêîòîðîìó îòðåçêó [θ1; θ2], ãäå θ1 è θ2 ñòðå-
ìÿòñÿ ê m(−1). Èíûìè ñëîâàìè, ðàññìàòðèâàþòñÿ ïåðåõîäíûå ÿâëåíèÿ
íà ãðàíèöå ïåðâîé è âòîðîé çîí íèæíèõ áîëüøèõ óêëîíåíèé. Äëÿ óêà-
çàííûõ âåðîÿòíîñòåé â ðàáîòå ïîëó÷åíî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå.
Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì: â ðàçäåëå 2 äàþòñÿ ïðåä-

âàðèòåëüíûå ñâåäåíèÿ î ñîïðÿæåííûõ ðàñïðåäåëåíèÿõ è ÂÏÑÑ, à òàê-
æå íåîáõîäèìûå íàì òåîðåìà 1 è ëåììà 1, â ðàçäåëå 3 ñôîðìóëèðîâà-
íà îñíîâíàÿ òåîðåìà 2 îá àñèìïòîòèêå ëîêàëüíûõ âåðîÿòíîñòåé íèæíèõ
óêëîíåíèé ÂÏÑÑÃ, à òàêæå òåîðåìû 3 è 4, ñëåäóþùèå èç òåîðåìû 2, â
ðàçäåëå 4 ïðèâåäåíî äîêàçàòåëüñòâî îñíîâíîé òåîðåìû 2, à â ðàçäåëå 5
� äîêàçàòåëüñòâî òåîðåìû 3.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì ñëó÷àéíîå áëóæäàíèå Sn =
∑n

i=1 ξi, ãäå ξi � íåçàâèñèìûå
îäèíàêîâî ðàñïðåäåëåííûå íåðåøåò÷àòûå ñëó÷àéíûå âåëè÷èíû ñ ôóíê-
öèåé ðàñïðåäåëåíèÿ F (x), óäîâëåòâîðÿþùèå óñëîâèþ 0 < µ := Eξ < ∞.
Çäåñü è äàëåå ìû áóäåì èñïîëüçîâàòü ñèìâîë ξ äëÿ îáîçíà÷åíèÿ ñëó÷àé-
íîé âåëè÷èíû, èìåþùåé òàêîå æå ðàñïðåäåëåíèå, ÷òî è ξi.
Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíî ëåâîñòîðîííåå óñëîâèå Êðàìåðà:

íàéäåòñÿ ÷èñëî h− < 0, òàêîå ÷òî R (h) = Eehξ < ∞ ïðè h− < h < 0.
Äëÿ óêàçàííûõ çíà÷åíèé ïàðàìåòðà h ïîëîæèì

m (h) = (lnR (h))′ = Eξehξ/R (h) , σ2 (h) = m′ (h) ,

F (h) (x) = R−1 (h)
x∫

−∞
ehuP (ξ ∈ du) . (3)

Ðàñïðåäåëåíèå, ïîðîæäåííîå ôóíêöèåé F (h), íàçîâåì ñîïðÿæåííûì ê
ðàñïðåäåëåíèþ ñ.â. ξ ñ ïàðàìåòðîì h. Íåçàâèñèìûå îäèíàêîâî ðàñïðåäå-
ë¼ííûå âåëè÷èíû, èìåþùèå ñîïðÿæåííîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì

h, áóäåì îáîçíà÷àòü ξ
(h)
i . Íàì òàêæå ïîíàäîáèòñÿ îáîçíà÷åíèå S

(h)
n =

ξ
(h)
1 + · · · + ξ

(h)
n . Èç îïðåäåëåíèÿ ñîïðÿæåííîãî ðàñïðåäåëåíèÿ ñëåäóåò,

÷òî

Eξ
(h)
i = m (h) , Dξ

(h)
i = σ2 (h) > 0. (4)

Cëåäîâàòåëüíî, ôóíêöèÿ m (h) ìîíîòîííî âîçðàñòàåò ïðè h ∈ (h−; 0).
Îáîçíà÷èì m− := limh↓h− m (h). Òàêèì îáðàçîì, ïðè âñåõ θ ∈ (m−;µ)

íàéä¼òñÿ åäèíñòâåííîå ÷èñëî hθ, ïðèíàäëåæàùåå (h
−, 0), òàêîå ÷òîm (hθ) =
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θ. Ïîëîæèì Λ (θ) = hθθ− lnR (hθ). Ôóíêöèþ Λ íàçîâåì ôóíêöèåé óêëî-
íåíèé.
Âåëè÷èíû ñ ñîïðÿæåííûì ðàñïðåäåëåíèåì òàêæå óäîâëåòâîðÿþò óñëî-

âèþ Êðàìåðà. À èìåííî, åñëè h̃ ∈ (h−, 0), òî

R(h̃)(h) := E exp
(
hξ(h̃)

)
=

+∞∫
−∞

ehxP
(
ξ(h̃) ∈ dx

)
=

=

+∞∫
−∞

e(h+h̃)xP (ξ ∈ dx)

R
(
h̃
) =

R
(
h̃+ h

)
R
(
h̃
) (5)

ïðè h ∈
(
h− − h̃;−h̃

)
. Ïîëîæèì

m(h̃)(h) =
(
lnR(h̃)(h)

)′

h
=

(
lnR(h+ h̃)− lnR(h̃)

)′

h
= m

(
h+ h̃

)
.

Ïî îïðåäåëåíèþ ïðè êàæäîì h̃ ∈ (h− − hθ;−hθ) âåëè÷èíà h
(h̃)
θ äîëæíà

óäîâëåòâîðÿòü óðàâíåíèþ

m(h̃)
(
h
(h̃)
θ

)
= θ = m

(
h
(h̃)
θ + h̃

)
.

Òàêèì îáðàçîì,

h
(h̃)
θ = hθ − h̃, m(h̃)

(
h
(h̃)
θ

)
= m (hθ) , σ(h̃)

(
h
(h̃)
θ

)
= σ (hθ) . (6)

Íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1 ([7]). Ïóñòü ξ � íåðåøåò÷àòàÿ ñ.â. ñ ìàòåìàòè÷åñêèì
îæèäàíèåì Eξ = µ < ∞, äëÿ êîòîðîé âûïîëíåíî óñëîâèå Êðàìåðà:

R(h) < ∞ ïðè h− < h < 0. Ïóñòü ξ
(h)
i � í.î.ð. ñ.â., ñîïðÿæåííûå ê

ξ ñ ïàðàìåòðîì h, Eξ(h) = m(h) è Dξ(h) = σ2(h) < ∞. Òîãäà ïðè ëþáîì
ôèêñèðîâàííîì △ > 0 è n → ∞

P
(
S(h)
n ∈ [x;x+△)

)
=

△√
2πnσ(h)

exp

(
−(x−m(h)n)2

2nσ2(h)

)
+

o(1)√
n
,

ãäå o(1) ðàâíîìåðíî ìàëî ïî âñåì äåéñòâèòåëüíûì x è h ∈ [h1;h2] ⊂
(h−; 0).

Òåîðåìà 1 äîêàçàíà â áîëåå îáùåì âèäå â [7] (òåîðåìà 1.5.3, ïàðàãðàô
1.5, ñòðàíèöà 48), ãäå òàêæå ðàññìîòðåí è ñëó÷àé ñîïðÿæåííûõ âåëè-
÷èí (òåîðåìà 2.2.1, ïàðàãðàô 2.2, ñòðàíèöà 56). Òàêæå íàì ïîíàäîáèòñÿ
ñëåäóþùèé ðåçóëüòàò, äîêàçàííûé â [10] êàê ëåììà 2.

Ëåììà 1 ([10]). Ïóñòü Sn = ξ1 + · · · + ξn � ñëó÷àéíîå áëóæäàíèå,
ïðè÷åì âåëè÷èíà ξ ïðåäïîëàãàåòñÿ íåðåøåò÷àòîé, à Eξ = µ > 0. Ïðåä-
ïîëîæèì, ÷òî ðàñïðåäåëåíèå ñ.â. ξ óäîâëåòâîðÿåò óñëîâèþ Êðàìåðà:
R (h) = Eehξ < ∞ ïðè h− < h < 0, ãäå h− < −1. Ïóñòü k(n) = k ∈ N
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òàêîâî, ÷òî θ(n) = θ := ln k/n. Äëÿ ïðîèçâîëüíîé êîíñòàíòû a, à òàê-
æå ïðîèçâîëüíûõ ïîñëåäîâàòåëüíîñòåé gn è dn òàêèõ, ÷òî |gn| < D

√
n

è G < dn − gn < D
√
n äëÿ âñåõ n è íåêîòîðûõ ïîëîæèòåëüíûõ êîí-

ñòàíò D è G, âåðíî, ÷òî

P
(
Ṽn < a

∣∣∣ S̃n ∈ [gn, dn]
)
→ P

(
Ṽ∞ < a

)
ðàâíîìåðíî ïî θ ∈ [θ1; θ2] ⊂ (max(m−, 0);µ) ïðè n → ∞, ãäå

Ṽn :=

n∑
i=0

e−S
(hθ)

i , Ṽ∞ :=

+∞∑
i=0

e−S
(hθ)

i , S̃n = S(hθ)
n − θn.

3 Îñíîâíîé ðåçóëüòàò

Â äàëüíåéøåì íàì áóäåò óäîáíî îáîçíà÷àòü ÷åðåç ρn = ρn(θ, θ1, θ2)
âåëè÷èíû, ñòðåìÿùèåñÿ ê íóëþ ïðè n → ∞ ðàâíîìåðíî ïî θ ∈ [θ1; θ2].
Ïðè ýòîì â ðàçíûõ ìåñòàõ ρn áóäåò, âîîáùå ãîâîðÿ, îáîçíà÷àòü ðàçëè÷-
íûå ôóíêöèè. Êðîìå òîãî, â íåêîòîðûõ ñëó÷àÿõ ìû áóäåì èñïîëüçîâàòü
ýòî îáîçíà÷åíèå äëÿ âåëè÷èí, ñòðåìÿùèõñÿ ê íóëþ ïðè n → ∞ è íå
çàâèñÿùèõ îò θ.
Òåïåðü ìû ìîæåì ñôîðìóëèðîâàòü îñíîâíîå óòâåðæäåíèå äàííîé ðà-

áîòû.

Òåîðåìà 2 (ëîêàëüíàÿ òåîðåìà î íèæíèõ óêëîíåíèÿõ ÂÏÑÑÃ). Ïóñòü
(Zn, n ≥ 0) � ÂÏÑÑÃ ñî ñðåäîé η, ïîðîæäåííîé ïîñëåäîâàòåëüíîñòüþ
í.î.ð. âåëè÷èí, Sn = ξ1+· · ·+ξn � åãî ñîïðîâîæäàþùåå ñëó÷àéíîå áëóæ-
äàíèå. Ïóñòü âåëè÷èíà ξ ïðåäïîëàãàåòñÿ íåðåøåò÷àòàòîé, µ > 0 è
m(−1) > 0. Òàêæå ïóñòü äëÿ ξ âûïîëíåíî óñëîâèå Êðàìåðà: R (h) < ∞
ïðè h− < h < 0, ãäå h− < −1.
Ïóñòü k(n) = k ∈ N, à θ(n) = θ := ln k/n ∈ [θ1; θ2] ⊂ (max(m−, 0);µ),

ãäå θ1 = θ1(n) → m(−1) è θ2 = θ2(n) → m(−1) ïðè n → ∞.
Òîãäà

P (Zn = k) = (1 + ρn)EṼ hθ−1
∞ e−Λ(θ)n−θn ×

× exp

(
σ2(hθ)n(1 + hθ)

2

2

)(
1− Φ

(√
n(θ −m(−1))

σ(hθ)

))
, (7)

ãäå

Ṽ∞ :=
+∞∑
i=0

e−S
(hθ)

i .

Èñïîëüçóÿ òåîðåìó 2, ìû ïîëó÷èì ñëåäóþùèé âàæíûé ðåçóëüòàò.

Òåîðåìà 3. Ïóñòü âåðíû óñëîâèÿ òåîðåìû 2. Ïóñòü εn � íåêîòîðàÿ
ïîëîæèòåëüíàÿ ïîñëåäîâàòåëüíîñòü, ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè,
íî ÿâëÿþùàÿñÿ o(

√
n) ïðè n → ∞. Ïîëîæèì θ1 = θ1(n) = m(−1) +
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n−1/2εn, à θ2 ∈ (m(−1);µ) è ôèêñèðîâàííûì. Òîãäà

P (Zn = k) =
(1 + ρn)Γ(1 + hθ)√

2πnσ(hθ)
e−Λ(θ)n−θnEṼ hθ−1

∞ .

Äàííàÿ òåîðåìà îáîáùàåò ðåçóëüòàò, ïîëó÷åííûé â ðàáîòå [9] äëÿ ïåð-
âîé çîíû áîëüøèõ íèæíèõ óêëîíåíèé. Êðîìå òîãî, îáúåäèíÿÿ òåîðåìû
3 è 2, à òàêæå òåîðåìó 2 èç [10], ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4. Ïóñòü (Zn, n ≥ 0) � ÂÏÑÑÃ ñî ñðåäîé η, ïðåäñòàâëÿþùåé
ñîáîé ïîñëåäîâàòåëüíîñòü í.î.ð. âåëè÷èí, Sn = ξ1+ · · ·+ξn � åãî ñîïðî-
âîæäàþùåå ñëó÷àéíîå áëóæäàíèå. Ïóñòü âåëè÷èíà ξ ïðåäïîëàãàåòñÿ
íåðåøåò÷àòàòîé, µ > 0 è m(−1) > 0. Òàêæå ïóñòü äëÿ ξ âûïîëíå-
íî óñëîâèå Êðàìåðà: R (h) < ∞ ïðè h− < h < 0, ãäå h− < −1. Ïóñòü
k(n) = k ∈ N, à θ(n) = θ := ln k/n ∈ [θ1; θ2] ⊂ (max(m−, 0);µ).
Òîãäà

P (Zn = k) = (1 + ρn)R
n(−1)EV̂ −2

∞

(
1− Φ

(√
n(θ −m(−1))

σ(−1)

))
,

åñëè θ1 ∈ (max(m−, 0);m(−1)) ôèêñèðîâàíî, à θ2 = θ2(n) ≤ m(−1) +

cn−1/2 äëÿ íåêîòîðîãî ôèêñèðîâàííîãî c > 0,

P (Zn = k) = (1 + ρn)EṼ hθ−1
∞ e−Λ(θ)n−θn ×

× exp

(
σ2(hθ)n(1 + hθ)

2

2

)(
1− Φ

(√
n(θ −m(−1))

σ(hθ)

))
,

åñëè θ1 = θ1(n) → m(−1) è θ2 = θ2(n) → m(−1) ïðè n → ∞, è

P (Zn = k) =
(1 + ρn)Γ(1 + hθ)√

2πnσ(hθ)
e−Λ(θ)n−θnEṼ hθ−1

∞ ,

åñëè θ1 = θ1(n) ≥ m(−1) + n−1/2εn äëÿ íåêîòîðîé ïîëîæèòåëüíîé ïî-
ñëåäîâàòåëüíîñòè εn, ñòðåìÿùåéñÿ ê áåñêîíå÷íîñòè, íî ÿâëÿþùåéñÿ
o(
√
n) ïðè n → ∞, à θ2 ∈ (m(−1);µ) ôèêñèðîâàíî, ãäå

V̂∞ :=

+∞∑
i=0

e−S
(−1)
i , Ṽ∞ :=

+∞∑
i=0

e−S
(hθ)

i .

Çàìåòèì, ÷òî ñðåäíåå èç òð¼õ ïðåäñòàâëåíèé äëÿ P (Zn = k) â òåîðåìå
4 ïåðåñåêàåòñÿ ïî îáëàñòè îïðåäåëåíèÿ ñ îñòàëüíûìè äâóìÿ. Òàêèì îáðà-
çîì, òåîðåìà 4 ïîëíîñòüþ îïèñûâàåò ïåðåõîäíîå ÿâëåíèÿ ìåæäó ïåðâîé
è âòîðîé çîíîé áîëüøèõ íèæíèõ óêëîíåíèé.

4 Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Îöåíèì P (Zn = k) ïðè θ ∈ [θ1; θ2] ⊂ (max(m−, 0);µ), ãäå θ1 = θ1(n) →
m(−1) è θ2 = θ2(n) → m(−1) ïðè n → ∞. Äëÿ ýòîãî âîñïîëüçóåìñÿ
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òåîðåìîé 2 èç [10]:

P (Zn = k) = (1 + ρn)R
n(−1)EV̂ −2

∞ ×

×
(
1− Φ

(√
n(θ −m(−1))

σ(−1)

))
:= P1,n(k) (8)

ðàâíîìåðíî ïî θ ∈ [θ3; θ4] ⊂ (max(m−, 0); θ4], ãäå θ3 � ôèêñèðîâàíî, à

θ4 = θ4(n, c) = m(−1) + cn−1/2 äëÿ íåêîòîðîãî ôèêñèðîâàííîãî c > 0.
Çàìåòèì, ÷òî óòâåðæäåíèå (8) âåðíî äëÿ ëþáîãî ôèêñèðîâàííîãî c > 0.
Ñëåäîâàòåëüíî, äëÿ ëþáîé ïîëîæèòåëüíîé âåëè÷èíû ε è ïîñëåäîâàòåëü-
íîñòè ĉ(i) = 2i ïðè i ∈ N ñóùåñòâóåò òàêàÿ âåëè÷èíà ni, ÷òî∣∣∣∣P (Zn = k)

P1,n(k)
− 1

∣∣∣∣ < ε

ïðè âñåõ θ ∈ [θ3; θ4(n, ĉ(i))], n > ni. Äëÿ êàæäîãî ε = 1/2j è ĉ(i) îáîçíà-
÷èì ñîîòâåòñòâóþùåå ni êàê ni(j). Ñîñòàâèì ïîñëåäîâàòåëüíîñòü c(n)
ñëåäóþùèì îáðàçîì:

c(1) = c(2) = · · · = c(n1(1)) = 1,

c(n1(1) + 1) = · · · = c(n2(2)) = ĉ(1),

c(n2(2) + 1) = · · · = c(n3(3)) = ĉ(2),

c(n3(3) + 1) = · · · = c(n4(4)) = ĉ(3) · · ·
Èç ïîñòðîåíèÿ âûøå ïîëó÷èì, ÷òî óòâåðæäåíèå (8) âûïîëíåíî ðàâíî-
ìåðíî ïî θ ∈ [θ3; θ4(n, c(n))], ãäå c(n) � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïî-
ñëåäîâàòåëüíîñòü, ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè, ïóñòü è ñ íåèçâåñòíîé
ñêîðîñòüþ. Ïîëîæèì

θ1 = θ1(n) = m(−1) +
c(n)n−1/2

2
. (9)

Âíà÷àëå áóäåò äîêàçàíî, ÷òî óòâåðæäåíèå (7) ðàâíîìåðíî ïî θ ∈ [θ1; θ2],
ãäå θ1 îïðåäåëÿåòñÿ ñîîòíîøåíèåì (9), à θ2 → m(−1) ïðè n → ∞. Äàëåå
áóäåò ïîêàçàíî, ÷òî âûðàæåíèå äëÿ P (Zn = k), ïîëó÷åííîå â òåîðåìå
2, ñîâïàäàåò ñ âûðàæåíèåì äëÿ P (Zn = k), ïîëó÷åííûì â (8) äëÿ îò-

ðåçêà [θ1;m(−1) + cn−1/2], ãäå c � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîí-
ñòàíòà, à θ1 → m(−1) ïðè n → ∞. Îòñþäà, àíàëîãè÷íî ðàññóæäå-
íèÿì (8)-(9), ïîëó÷èì, ÷òî ýòà ýêâèâàëåíòíîñòü áóäåò âåðíà ïðè θ ∈
[θ1;m(−1) + c(n)n−1/2]. Òàêèì îáðàçîì, òåîðåìà 2 áóäåò âåðíà äëÿ θ èç
äâóõ ïåðåñåêàþùèõñÿ îòðåçêîâ, îòêóäà ïîëó÷èì, ÷òî ýòà òåîðåìà âåðíà
äëÿ âñåõ θ ∈ [θ1; θ2] ⊂ (max(m−, 0);µ), ãäå θ1 → m(−1) è θ2 → m(−1)
ïðè n → ∞.
Äîêàæåì ñëåäóþùóþ ëåììó.

Ëåììà 2. Ïóñòü âåðíû óñëîâèÿ òåîðåìû 2, θ1 îïðåäåëÿåòñÿ ñîîòíî-
øåíèåì (9), à θ2 → m(−1) ïðè n → ∞. Òîãäà

P (Zn = k) =
1 + ρn√
2πnσ(hθ)

EṼ hθ−1
∞

1 + hθ
e−Λ(θ)n−θn
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ðàâíîìåðíî ïî θ ∈ [θ1; θ2], ãäå

Ṽ∞ :=
+∞∑
i=0

e−S
(hθ)

i .

Äîêàçàòåëüñòâî. Ðàçîáü¼ì âåðîÿòíîñòü P (Zn = k) íà äâå ÷àñòè:

P (Zn = k) = P (Zn = k, Sn ≤ θn− 1) +

+P (Zn = k, Sn > θn− 1) . (10)

Äîêàçàòåëüñòâî òîãî, ÷òî

P (Zn = k, Sn ≤ θn− 1) <
2√

2πnσ(hθ)(−hθ)
e−Λ(θ)n−θnehθ+1 (11)

ïîëíîñòüþ àíàëîãè÷íî ïóíêòó 2 äîêàçàòåëüñòâà òåîðåìû 3 èç [9]. Ïðè
Sn > θn− 1 ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

k
U2
n

V 2
n

< kU2
n ≤ eθn−2Sn ≤ eθn−2θn+2.

Ñëåäîâàòåëüíî, ïðè Sn > θn− 1 èç (1) ïîëó÷àåì, ÷òî

P (Zn = k|η) = 1

Un + Vn

(
1 +

Un

Vn

)−k Un

Vn
=

=
1

Un + Vn
e
−kln

(
1+Un

Vn

)
Un

Vn
=

Un

V 2
n

e−kUn
Vn (1 + o (1)) (12)

ïðè n → ∞, ãäå o(1) ðàâíîìåðíî ìàëî ïî ðàññìàòðèâàåìûì η. Èñïîëüçóÿ
(12), à òàêæå îïðåäåëåíèå ñîïðÿæåííîãî ðàñïðåäåëåíèÿ, ïîëó÷èì, ÷òî

P (Zn = k, Sn > θn− 1) =

= Rn(hθ)

+∞∫
1

+∞∫
θn−1

e−(1+hθ)y
1

x (x+ e−y)
exp

(
−exp(−y)k

x

)
×

×P
(
S(hθ)
n ∈ dy, Ṽn ∈ dx

)
= (1 + ρn) e

−Λ(θ)n−θn ×

×
+∞∫
1

+∞∫
−1

e−(1+hθ)y
1

x2
exp

(
−exp(−y)

x

)
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
, (13)

ãäå S̃n := S
(hθ)
n − θn, à Ṽn =

∑n−1
i=0 exp(−S

(hθ)
i ). Îáîçíà÷èì èíòåãðàë â

ïðàâîé ÷àñòè (13) ÷åðåç I1 è ïîëîæèì an :=
√
1/(θ2(n)−m(−1)). Ðàçî-

áüåì èíòåãðàë I1 íà ÷åòûðå èíòåãðàëà I2, I3, I4 è I5 ïî ïðîìåæóòêàì
(−1; 0], (0; an], (an;

√
n) è [

√
n; +∞) ñîîòâåòñòâåííî. Îòìåòèì, ÷òî ïðè

äîñòàòî÷íî áîëüøèõ n âûïîëíåíû íåðàâåíñòâà 0 < an <
√
n, ïîñêîëüêó

θ2 −m(−1) > c(n)/
√
n ïðè âñåõ n, ãäå c(n) � ïîëîæèòåëüíàÿ ïîñëåäîâà-

òåëüíîñòü. Îöåíèì èíòåãðàë I2, èñïîëüçóÿ òî, ÷òî 1+hθ → 0 ïðè n → ∞
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ðàâíîìåðíî ïî θ ∈ [θ1; θ2]:

I2 :=

+∞∫
1

0∫
−1

e−(1+hθ)y
1

x2
exp

(
−exp(−y)

x

)
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
≤

≤ 2ee
+∞∫
1

1

x2
P
(
S̃n ∈ (−1, 0], Ṽn ∈ dx

)
≤ 4eeEṼ −2

∞ P
(
S̃n ∈ (−1, 0]

)
ïðè âñåõ äîñòàòî÷íî áîëüøèõ n, ãäå â ïîñëåäíåì ïåðåõîäå ìû âîñïîëü-
çîâàëèñü ëåììîé 1. Äàëåå, ïðèìåíèâ òåîðåìó 1, ïîëó÷àåì, ÷òî

I2 ≤
8√

2πnσ(hθ)
EṼ −2

∞ ee (14)

ïðè âñåõ äîñòàòî÷íî áîëüøèõ n. Îöåíèì èíòåãðàë I3, òàêæå èñïîëüçóÿ
ëåììó 1 è òåîðåìó 1:

I3 =

+∞∫
1

an∫
0

e−(1+hθ)y
1

x2
exp

(
−exp(−y)

x

)
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
≤

≤ 2

+∞∫
1

1

x2
P
(
S̃n ∈ (0, an], Ṽn ∈ dx

)
≤ 4EṼ −2

∞ P
(
S̃n ∈ (0, an]

)
≤

≤ 8an√
2πnσ(hθ)

EṼ −2
∞ = ρn

1√
n(1 + hθ)

. (15)

ïðè âñåõ äîñòàòî÷íî áîëüøèõ n, ãäå â ïîñëåäíåì ïåðåõîäå ìû âîñïîëü-
çîâàëèñü òåì, ÷òî an(1 + hθ) → 0 ïðè n → ∞. Äàëåå îöåíèì èíòåãðàë
I5:

I5 =

+∞∫
1

+∞∫
√
n

e−(1+hθ)y
1

x2
exp

(
−exp(−y)

x

)
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
≤

≤ 2

+∞∫
1

+∞∫
√
n

e−(1+hθ)y
1

x2
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
(16)

ïðè âñåõ äîñòàòî÷íî áîëüøèõ n. Çàìåòèì, ÷òî òàê êàê m(hθ) = θ, òî
h′θ = 1/σ2(hθ), îòêóäà, ñîãëàñíî ôîðìóëå Òåéëîðà, ïîëó÷àåì, ÷òî ïðè
θ ∈ [θ1; θ2]

hθ + 1 = (1 + ρn)
θ −m(−1)

σ2(hθ)
. (17)

Èñïîëüçóÿ (9), ïîëó÷àåì, ÷òî

(1 + hθ)
√
n → +∞ (18)
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ïðè n → ∞. Â ñâîþ î÷åðåäü èç (18) ïîëó÷àåì, ÷òî

I5 ≤ 2e−(1+hθ)
√
n (19)

ïðè âñåõ äîñòàòî÷íî áîëüøèõ n.
Òåïåðü îöåíèì I4:

I4 =

+∞∫
1

√
n∫

an

e−(1+hθ)y
1

x2
exp

(
−exp(−y)

x

)
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
=

= (1 + ρn)

+∞∫
1

√
n∫

an

e−(1+hθ)y
1

x2
P
(
S̃n ∈ dy, Ṽn ∈ dx

)
. (20)

Îöåíèì I4 ñâåðõó:

I4 ≤ (1 + ρn)

⌈
√
n⌉∑

⌊an⌋

e−(1+hθ)i

+∞∫
1

1

x2
P
(
S̃n ∈ [i, i+ 1), Ṽn ∈ dx

)
=

= (1 + ρn)EṼ −2
∞

⌈
√
n⌉∑

⌊an⌋

e−(1+hθ)iP
(
S̃n ∈ [i, i+ 1)

)
, (21)

ãäå â ïîñëåäíåì ïåðåõîäå ìû âíîâü âîñïîëüçîâàëèñü ëåììîé 1. Ïðèìåíèì
ê ïðàâîé ÷àñòè (21) òåîðåìó 1:

I4 ≤ (1 + ρn)EṼ −2
∞

⌈
√
n⌉∑

⌊an⌋

e−(1+hθ)i ×

×
(

1√
2πnσ(hθ)

exp

(
− i2

2nσ2(hθ)

)
+

ρn√
n

)
. (22)

Çàìåòèì, ÷òî

exp

(
− 1

2σ2(hθ)

)
≤ exp

(
− i2

2nσ2(hθ)

)
≤ 1,

e1+hθ exp

(
(i+ 1)2 − i2

2nσ2(hθ)

)
= 1 + ρn, (23)
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ãäå â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü òåì, ÷òî i/n → 0 è 1 +
hθ → 0 ïðè n → ∞. Èñïîëüçóÿ (23), èç (22) ïîëó÷èì, ÷òî

I4 ≤ (1 + ρn)EṼ −2
∞

1√
2πnσ(hθ)

⌈
√
n⌉∑

⌊an⌋

e−(1+hθ)i exp

(
− i2

2nσ2(hθ)

)
≤

≤ (1 + ρn)EṼ −2
∞

1√
2πnσ(hθ)

⌈
√
n⌉∑

⌊an⌋

e−(1+hθ)(i+1) exp

(
− (i+ 1)2

2nσ2(hθ)

)
×

×e1+hθ exp

(
(i+ 1)2 − i2

2nσ2(hθ)

)
≤

≤ (1 + ρn)EṼ −2
∞

1√
2πnσ(hθ)

√
n+2∫

an−1

e−(1+hθ)y exp

(
−y2

2nσ2(hθ)

)
dy. (24)

Ñäåëàåì çàìåíó u = (1 + hθ)y â ïðàâîé ÷àñòè (24):

I4 ≤ (1 + ρn)
EṼ −2

∞
1 + hθ

1√
2πnσ(hθ)

×

×
(
√
n+2)(1+hθ)∫

(an−1)(1+hθ)

e−u exp

(
− u2

2n(1 + hθ)2σ2(hθ)

)
du. (25)

Îáîçíà÷èì îòðåçîê [(an−1)(1+hθ); (
√
n+2)(1+hθ)] ÷åðåçDn. Ðàññìîòðèì

èíòåãðàë â ïðàâîé ÷àñòè (25):

(
√
n+2)(1+hθ)∫

(an−1)(1+hθ)

e−u exp

(
− u2

2n(1 + hθ)2σ2(hθ)

)
du =

=

∞∫
0

e−u exp

(
− u2

2n(1 + hθ)2σ2(hθ)

)
I (u ∈ Dn) du = Efn(T ), (26)

ãäå T � ñòàíäàðòíàÿ ýêñïîíåíöèàëüíàÿ ñ.â. Ñîãëàñíî (18) îòìåòèì, ÷òî

an(1 + hθ) = (1 + ρn)

√
1

θ2(n)−m(−1)

θ −m(−1)

σ2(hθ)
→ 0

ïðè n → ∞. Òàêæå çàìåòèì, ÷òî
√
n(1 + hθ) → ∞ ïî óñëîâèþ ëåììû 2.

Ñëåäîâàòåëüíî,

fn(u) = exp

(
− u2

2n(1 + hθ)2σ2(hθ)

)
I (u ∈ Dn)

îãðàíè÷åíà è ïîòî÷å÷íî ñõîäèòñÿ ê 1 ïðè âñåõ u ∈ (0;∞) è n → ∞.
Îòêóäà ïî òåîðåìå Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè èç (26) ïîëó÷àåì,
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÷òî

Efn(T ) = 1 + ρn. (27)

Ïîäñòàâëÿÿ (27) â (25), ïîëó÷àåì, ÷òî:

I4 ≤ (1 + ρn)
EṼ −2

∞
1 + hθ

1√
2πnσ(hθ)

. (28)

Îöåíêà ñíèçó äëÿ I4 ïîëó÷àåòñÿ ñ ïîìîùüþ ðàññóæäåíèé, àíàëîãè÷íûõ
(21)-(28). Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî

I4 = (1 + ρn)
EṼ −2

∞
1 + hθ

1√
2πnσ(hθ)

. (29)

Èç (19), (15) è (14) ïîëó÷èì, ÷òî

I2 ≤
8√

2πnσ(hθ)
EṼ −2

∞ ee = ρn
1√

n(1 + hθ)
,

I3 ≤ ρn
1√

n(1 + hθ)
,

I5 ≤ 4e−
√
n(1+hθ) = ρn

1√
n(1 + hθ)

, (30)

ãäå âî âòîðîì âûðàæåíèè ìû âîñïîëüçîâàëèñü òåì, ÷òî an(1 + hθ) → 0
ïðè n → ∞. Òàêèì îáðàçîì, èç (30) è (29) ñëåäóåò, ÷òî

I1 = I2 + I3 + I4 + I5 = (1 + ρn)I4. (31)

Èñïîëüçóÿ (31), (29) è (12), èìååì

P (Zn = k, Sn > θn− 1) =
1 + ρn√
2πnσ(hθ)

EṼ −2
∞

1 + hθ
e−Λ(θ)n−θn. (32)

Èç (11) ïîëó÷àåì, ÷òî

P (Zn = k, Sn ≤ θn− 1) <
2√

2πnσ(hθ)(−hθ)
e−Λ(θ)n−θnehθ+1 =

= ρn
1√

n(1 + hθ)
e−Λ(θ)n−θn = ρnP (Zn = k, Sn > θn− 1) . (33)

Ñëåäîâàòåëüíî, ïîäñòàâëÿÿ (33) è (32) â (10), èìååì, ÷òî

P (Zn = k) =
1 + ρn√
2πnσ(hθ)

EṼ −2
∞

1 + hθ
e−Λ(θ)n−θn. (34)

Ëåììà 2 äîêàçàíà. □

Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì íåîáõîäèìî ïîêàçàòü, ÷òî ñîîòíîøå-
íèå

P (Zn = k) = (1 + ρn)EṼ −2
∞ e−Λ(θ)n−θn exp

(
n(1 + hθ)

2σ2(hθ)/2
)
×

×
(
1− Φ

(√
n(1 + hθ)σ(hθ)

))
(35)
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âûïîëíåíî ðàâíîìåðíî ïî θ ∈ [θ1; θ2], ãäå θ1 → m(−1) è θ2 → m(−1) ïðè
n → ∞. Ïîêàæåì, ÷òî âûðàæåíèÿ äëÿ P (Zn = k), ïîëó÷åííûå â ëåììå 2
è ñîîòíîøåíèè (35), ñîâïàäàþò íà îáùåé îáëàñòè îïðåäåëåíèÿ � òî åñòü
äëÿ θ ∈ [θ1; θ2], ãäå θ1 îïðåäåëÿåòñÿ ñîîòíîøåíèåì (9), à θ2 → m(−1) ïðè
n → ∞. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî

1√
2πnσ(hθ)

1

1 + hθ
= (1 + ρn) exp

(
n(1 + hθ)

2σ2(hθ)/2
)
×

×
(
1− Φ

(√
n(1 + hθ)σ(hθ)

))
(36)

ïðè θ ∈ [θ1; θ2]. Çàìåòèì, ÷òî ïðè òàêèõ θ âåðíî, ÷òî

∞∫
0

e−u exp

(
− u2

2n(1 + hθ)2σ2(hθ)

)
du = 1 + ρn. (37)

Ïðåîáðàçóåì ïîäûíòåãðàëüíóþ ôóíêöèþ â ëåâîé ÷àñòè (37):

e−u exp

(
− u2

2n(1 + hθ)2σ2(hθ)

)
= exp

(
−(u+ n(1 + hθ)

2σ2(hθ))
2

2n(1 + hθ)2σ2(hθ)

)
×

× exp
(
n(1 + hθ)

2σ2(hθ)/2
)
. (38)

Ïîäñòàâëÿÿ (38) â (37), à (37) â (36), ïîëó÷àåì, ÷òî

1√
2πnσ(hθ)

1

1 + hθ
= (1 + ρn) exp

(
n(1 + hθ)

2σ2(hθ)/2
)
×

× 1√
2πn(1 + hθ)σ(hθ)

∞∫
0

exp

(
−(u+ n(1 + hθ)

2σ2(hθ))
2

2n(1 + hθ)2σ2(hθ)

)
du =

= (1 + ρn) exp
(
n(1 + hθ)

2σ2(hθ)/2
)
×

×
(
1− Φ

(√
n(1 + hθ)σ(hθ)

))
(39)

ðàâíîìåðíî ïî θ ∈ [θ1; θ2]. Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî ïðåäñòàâ-
ëåíèå P (Zn = k) èç (35) âåðíî äëÿ θ ∈ [θ1; θ2], ãäå θ1 îïðåäåëÿåòñÿ ñîîò-
íîøåíèåì (9), à θ2 → m(−1) ïðè n → ∞.
Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 îñòàëîñü ïîêàçàòü, ÷òî âûðàæåíèå äëÿ

P (Zn = k) èç (35) ñîâïàäàåò ñ âûðàæåíèåì P (Zn = k), ïîëó÷åííûì â

(8), íà îòðåçêå [θ1;m(−1)+cn−1/2], ãäå θ1 → m(−1) ïðè n → ∞. Ïîêàæåì,
÷òî èç (39) ñëåäóåò, ÷òî

P (Zn = k) = (1 + ρn)R
n(−1)EV̂ −2

∞

(
1− Φ

(√
n(θ −m(−1))

σ(−1)

))
, (40)

ðàâíîìåðíî ïî θ ∈ [θ1;m(−1) + cn−1/2], ãäå θ1 → m(−1) ïðè n → ∞.
Íàïîìíèì, ÷òî

V̂∞ :=
+∞∑
i=0

e−S
(−1)
i .
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Çàìåòèì, ÷òî ïðè ðàññìàòðèâàåìûõ â (40) θ ∈ [θ1; θ2] âåðíî, ÷òî

EṼ −2
∞ = (1 + ρn)EV̂ −2

∞ , σ(hθ) = (1 + ρn)σ(−1). (41)

Èñïîëüçóÿ (41), (17) è (39), ïîëó÷àåì, ÷òî ïðè θ ∈ [θ1; θ2]

P (Zn = k) = (1 + ρn)EV̂ −2
∞ e−Λ(θ)n−θn exp

(
n(θ −m(−1))2

2σ2(−1)

)
×

×
(
1− Φ

(√
n(θ −m(−1))

σ(−1)

))
=

= (1 + ρn)R
n(hθ)EV̂ −2

∞

(
1− Φ

(√
n(θ −m(−1))

σ(−1)

))
×

×e−(1+hθ)θn exp

(
nσ2(−1)(1 + hθ)

2

2

)
. (42)

Èç (3) è ôîðìóëû Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà
èìååì, ÷òî

lnR(−1) = lnR(hθ) + (−1− hθ) (lnR(hθ))
′ +

(−1− hθ)
2

2
(lnR(hζ))

′′ =

= lnR(hθ) + (−1− hθ)θ +
(−1− hθ)

2

2
σ2(hζ) =

= lnR(hθ)− (1 + hθ)θ + (1 + ρn)
(1 + hθ)

2

2
σ2(−1),(43)

ãäå ζ ëåæèò ìåæäó θ è −1, à çíà÷èò, ζ → m(−1) ïðè n → ∞. Òàêèì
îáðàçîì, èç (43) ïîëó÷àåì, ÷òî

Rn(−1) = Rn(hθ) exp (−(1 + hθ)θn) exp

(
(1 + ρn)

n(1 + hθ)
2σ2(−1)

2

)
=

= (1 + ρn)R
n(hθ) exp (−(1 + hθ)θn) exp

(
n(1 + hθ)

2σ2(−1)

2

)
,(44)

ãäå â ïîñëåäíåì ïåðåõîäå ìû âîñïîëüçîâàëèñü òåì, ÷òî

1 + hθ = (1 + ρn)
θ −m(−1)

σ2(hθ)
≤ 2c√

nσ2(hθ)
,

òî åñòü n(1 + hθ)
2 ≤ C2 äëÿ âñåõ n è íåêîòîðîé êîíñòàíòû C2 > 0.

Ïîäñòàâëÿÿ (44) â (42), ïîëó÷àåì (40).
Èç óòâåðæäåíèÿ (40) ñëåäóåò, ÷òî âûðàæåíèÿ (35) è (8) ñîâïàäàþò íà

îòðåçêå [θ1;m(−1) + cn−1/2], ãäå θ1 → m(−1) ïðè n → ∞. Ñëåäîâàòåëü-

íî, îíè ñîâïàäàþò è íà îòðåçêå [θ1;m(−1) + c(n)n−1/2] äëÿ íåêîòîðîé
ïîëîæèòåëüíîé ïîñëåäîâàòåëüíîñòè c(n), ñòðåìÿùåéñÿ ê áåñêîíå÷íîñòè,
è θ1 → m(−1) ïðè n → ∞. Òàêèì îáðàçîì, ñîîòíîøåíèå (35) âåðíî äëÿ
âñåõ θ ∈ [θ1, θ2], ãäå θ1 → m(−1) è θ2 → m(−1) ïðè n → ∞.
Òåîðåìà 2 äîêàçàíà.
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5 Äîêàçàòåëüñòâî òåîðåìû 3

Äëÿ äîêàçàòåëüñòâà âîñïîëüçóåìñÿ òåîðåìîé 3 èç [9]:

P (Zn = k) =
1 + ρn√
2πnσ (hθ)

e−Λ(θ)n−θnΓ (1 + hθ)EṼ hθ−1
∞ (45)

ðàâíîìåðíî ïî θ ∈ [θ3; θ4] ⊂ (m(−1);µ), ãäå θ3 è θ4 ôèêñèðîâàíû. Îòêóäà,
àíàëîãè÷íî ðàññóæäåíèÿì (8)-(9), ïîëó÷èì, ÷òî óòâåðæäåíèå (45) âåðíî

ðàâíîìåðíî ïî θ ∈ [θ̃(n); θ4], ãäå θ̃(n) � íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü,
ñòðåìÿùàÿñÿ ê m(−1), ïóñòü è ñ íåèçâåñòíîé ñêîðîñòüþ.
Çàìåòèì, ÷òî ðåçóëüòàò, ïîëó÷åííûé â ëåììå 2, âåðåí äëÿ âñåõ θ1 =

m(−1)+c(n)/(2
√
n) ïðè ëþáîì c(n), òàêîì ÷òî c(n) = o(

√
n) è c(n) → ∞

ïðè n → ∞. Òàêèì îáðàçîì, âçÿâ c(n) = 2εn, èç ëåììû 2 ïîëó÷èì, ÷òî
â óñëîâèÿõ òåîðåìû 2

P (Zn = k) =
1 + ρn√
2πnσ(hθ)

EṼ −2
∞

1 + hθ
e−Λ(θ)n−θn (46)

ðàâíîìåðíî ïî θ ∈ [θ1, θ2], ãäå θ1 = m(−1) + n−1/2εn äëÿ íåêîòîðîé
ôèêñèðîâàííîé ïîëîæèòåëüíîé ïîñëåäîâàòåëüíîñòè εn = o(

√
n), òàêîé,

÷òî εn → ∞ ïðè n → ∞, à θ2 → m(−1) ïðè n → ∞. Ïóñòü

θ2 = θ2(n) = m(−1) + 2
(
θ̃(n)−m(−1)

)
.

Îòìåòèì, ÷òî Γ(x) = (1 + o(1))/x ïðè x → 0. Êðîìå òîãî, ïðè θ ∈
[θ̃(n); θ2] âûïîëíåíî ñîîòíîøåíèå EṼ −2

∞ = (1 + ρn)EṼ hθ−1
∞ . Èñïîëüçóÿ

ýòè òîæäåñòâà, ïîëó÷èì, ÷òî âûðàæåíèÿ äëÿ P (Zn = k), ïîëó÷åííûå â

(45) è (46), ñîâïàäàþò íà îáùåé îáëàñòè îïðåäåëåíèÿ [θ̃(n); θ2]. Òàêèì
îáðàçîì, èõ ìîæíî îáúåäèíèòü â îäèí ðåçóëüòàò.
Òåîðåìà 3 äîêàçàíà.
Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü À. Â. Øêëÿåâó çà ïîñòîÿííîå âíè-

ìàíèå è ïîëåçíûå îáñóæäåíèÿ, à òàêæå àíîíèìíîìó ðåöåíçåíòó çà öåí-
íûå çàìå÷àíèÿ.
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