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Abstract: In this paper we study the computational complexity of
the word problem in semigroups with the condition of homogeneity
of the defining relations. These are finitely defined semigroups,
in which for each defining relation the lengths of the left and
right parts are equal. The word problem for such semigroups is
decidable, but known algorithms require exponential time and
memory. We prove that this problem belongs to the class PSPACE,
consisting of algorithmic problems that are solved by Turing machines
using space (memory cells) bounded polynomially. This improves
the upper bound on the space complexity known before. On the
other hand, we prove that there exists a semigroup with the condition
of homogeneity of defining relations, in which the equality problem
is complete in the class PSPACE with respect to polynomial
reducibility. It is assumed (although not proven) that the class
PSPACE is wider than the class NP and, even more so, the class
P. Thus, it is shown that there are semigroups with the condition
of homogeneity of defining relations with the intractable problem
of equality.
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1 Bsegenne

Baxkneiime#t aaropurmudaeckoii mpobsiemoit B anrebpe apisiercs mpobiie-
Ma PABEHCTBA JIJId PA3AUYHBIX aATeOpanviecKux CHCTEeM: TPYIII, MOy TPYIIIL,
KoJster;, aarebp u .. OJHUM U3 BBLIAIONIUXCH JOCTUXKEHU ajredbpbl XX
Beka siBisiercs nocrpoerne A. A. Mapkoseiv [7], 9. TToctom [9] koneuno
onpegenentbix nonyrpynn u [1. C. Hosukosbiv [8] KoHEUHO Onpe/iesieHHbIX
Cpymnn ¢ Hepaszpemmumoil mpobsemoit paBerncTBa. K apKuM mOI0KATEILHBIM
pesyibraraMm MOxKHO oTHecTH pesyibrar A. . Manbuesa [6] o paspermmo-
T nmpobEMbI PABEHCTBA B JIF00O0 KOHEYHO OMPEIeICHHON KOMMYTATUBHOMN
LOJLyrpylILIe.

B nansuetimem, doxkyc ucciemoBanuit npobjieMbl PABEHCTBA B IIOJIYTPYII-
nax CABUHYJICA B CTOPOHY HM3Y4YCHUA €€ BbIUUCJJIUTEAbHON CJIO2KHOCTHU A1
PA3MUYHBIX KJIACCOB TOMYTPYII ¢ pa3permuMoii mpobsemoii pasercTsa. E. Kop-
71038, ToKasas [2], aro mpobsiema paBeHcTBa B J1t060H (DUKCHPOBAHHON KO-
HEYHO OIPEIeJICHHON KOMMYTATHUBHOHU MOJIYIPYIIIE pas3pelinMa 3a JuHeH-
Hoe Bpemsi. C apyroit croponbr, E. Maiip u A. Meitep mokasanu [5], aro
npobJieMa, PaBEHCTBA B MHOIOOOpA3UU BCEX KOMMYTATHBHBIX TOJIyTPYyIl (TO
€CTh, KOT/TA BXOJOM aJATOPUTMAa SIBISIETCS He TOTBKO JIBA CJIOBA, T KOTOPBIX
OPOBEPSETCsT PABEHCTBO, HO U CAMO KOHEYHOE MPEJICTABJICHUE MOy TPYIIIbI)
ABJIACTCH IIOJIHOM OTHOCHUTEJBbHON HOJMHOMHUAIBLHON CBOAUMOCTH B KJIacce
EXPSPACE. Kinacc EXPSPACE - s1o kjyiace mpobieM, pa3penuMbIx
€ WCIOJIb30BaHUEM SKCIOHEHIIHATbHOM maMsTu. JJokazano (cMm., Hampumep,
[4]), aTo0 sTOT KITACC cTporo mupe Kiacca P.

B nmanmoit pabore m3ydaeTcss BLIYHCIUTEIbHAS CI0KHOCTE TPOHIEMBI Pa-
BEHCTBA, TOIYTPYIIT C YCJOBHEM OTHOPOIHOCTH OMPEIETAIONIINX COOTHOIIIE-
HOM. DTO KOHEYHO OMpejesIeHHbIe MONYIPYINbI, B KOTOPBIX I KaXKI0TO
OTIPEJIEJISAIONIEr0 COOTHOIIEHU JINHBI JIEBOI 1 1TpaBoil gacreil pasubl. Cam
TepMUH 0BT TIpejIoyKeH B m3BecTHOM 0630pe C. U. Anana u B. I'. ypuesa
[1], tae GykBasbHO B OzHOM ab3alle J0KA3bIBAETCS PA3PEIMMOCTh pobJie-
MBbI PAaBE€HCTBa JJId TaKWX TMOJYTDYIIII. T‘IaCTHbIM CJIy9aeM TaKUuX ITOJIYTDYIITT
ABJIAIOTCA TaK HA3BIBaEeMblEe MOHOUABI TPACCUPOBKU [3] NI 9aCTUYHO KOM-
MYTATUBHBIE MOHOUJBI, KOTOPbHIE BO3HUKAIOT B I/IHCbOpMaTI/IKe Ipu aHaJIn3e
pacnapasiesuBanusi nporpamm. MssectHo [3], uro npobiema paseHcTBa B
TaKUX MOHOHUAX PeIraercs 3a JnHelHoe BpeMsa. OaHako B 00IIeM CJydae,
M3BECTHBIC AJITOPUTMBbBI JJId PEIICHUA HpO6.HeMbI PaBEHCTBa B TOJIYT'DYHIIAX
C yCJIOBUEM OJIHOPOIHOCTH OIPEAEIAIONNX COOTHOMEHn (Hanpumep, aaro-
purm u3 [1]), paboraror 3a SKCIOHEHIMAIBHOE BPeMsi (1 [IPOCTPAHCTBO).

B ngammoit crathe m0Ka3bIBAETCs, UTO TMPOLIEMa PABEHCTBA, B JO00H T0-
JIYDPYIIIE ¢ YCJAOBHEM OJIHOPOIHOCTH OIPEIE/ISIIOIIUX COOTHOIIEHNN JIEXKUT
B kiacce PSPACE. 3eck kiace PSPACE cocrour sz ajropurMuaeckux
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npobJieM PaCIO3HABAHWS, KOTOPbIE PEIIATCs MAllnHAMEU T hIOPUHTA ¢ HUC-
IIOJIB30BaHUEM IIPOCTPAaHCTBaA (queK HaMS[TI/I), OI'PAHUYECHHOr0 IIOJIMHOMMU-
aysbHO. TeM caMbIM YTy dIIaeTcs BepXHsIs OTIeHKA Ha, BEITHCIUTETBHYIO CI0K-
HOCTH 10 TpocTpancTBy u3 [1]. C Apyroii cTOPOHBI, TOKA3BIBAETCS, UTO CY-
[IECTBYET TOJIYTPYIINA C YCJIOBUEM OJHOPOAHOCTH ONPEIEISIIOITNX COOTHOIIIE-
HUl, B KOTOpOi ipobsema paseHcTsa mosHa B kjiacce PSPACE ornocuTeb-
HO MOJTMHOMHUAIBHON cBOAMMOCTH. Ilpesmonaraercss (XoTst U He JOKA3aHO),
uro kjgacc PSPACE mupe kiacca NP u Tem 6ostee knacca P. Takum 06-
pa3oM, TOKAa3aHO, YTO CYIIECTBYIOT MOJYTPYIILI C YCIOBUEM OJIHOPOIHOCTH
OTIPEIEISIIONINX COOTHOIIEHUH ¢ TPYIHOPA3PEIIIMOi mpobaeMoii paBeHCTBa.

2 IlpenBapure/sibHbIE CBEAEHUS

IIycts S = (a1,...,an | U = v1,..., Uy = Up) — KOHEYHO OTpEIETCHHAS
HOJIyTpymma ¢ MHOXKecTBoM mopoxkaaonmx A = {ay, ..., ay} 1 MHOKECTBOM
ompeessomux cootnomennit R = {u; = v1,..., Uy = vy, }. Hoayrpynna S
HA3BIBAETCS NOAY2PYNNO ¢ Ycaosuem 00HOPOOHOCTNU ONPEJEAAIOULUL COOM -
Howenud, ecin |u;| = |v;| ama kazkgoro ¢ =1,...,m.

ITycte M — mammuna Teioputra, sy () — 9UCI0 SU€€K JEHTHI, UCIOTB3Y-
emoe B pabore M na z. IIpobrema pacrnosnaBanust (MHOXKECTBO) A mpuHAJI-
gexut xaaccy PSPACE, eciin cymecrByer mamuua Toiopunra M, pacmo-
suatomas A, n nosmuom p(n) takue, uro sy(x) < p(|z).

ITpo6iema pacnosnasanus (Muoxectso) A PSPACE-noana, ecim

(1) A € PSPACE,

(2) mobag npobaema B uz PSPACE nosunommansHo cBoguTcs K A,
TO ecTb cymecTByeT yHKIWs [, BEIYUCIUMAs 33 HOJHHOMUATILHOE
BpeMsl, TaKas, 9To

Ve x € B< f(x) € B.

NsBecrHo (cMm., nanpumep, [4]), uro PSPACE-nosHbe npobeMs CyiecTsy-
TOT.

ITpobiema A mpunamnexut kasccy NPSPACE, ecnin cyrectByer Heje-
repMuHUpOBanHag ManmmHa Thopuara M u nonmmaom p(n) Takme, uro © € A
< 3 Bbruncauresnbublil nyrs T M Ha x Takoit, uro M, (z) =1 u spy(1,2) <
p(|z|). Crporoe onpesnenenne HeaeTEPMUHUPOBAHHON MarmmHbl THIOPUHTA
MOxKHO Haiitu B [4]. B nporpamme takux mans MoryT 6biTh Haphbl HpaBuiI ¢
O/IMHAKOBBIMU JIEBBIMY 9aCTsAME (BHY TDEHHUM COCTOSTHUEM U CUMBOJIOM, 060~
3pEBAEMbIM B JIAHHBIN MOMeHT KapeTkoit). [Ipeamnonaraercs, aro upu pabore
TaKO MAaITMHBI B OMPEIEIEHHBI MOMEHT MOYXKET OBITh BBHIOPAHO U TO U APY-
roe paBuyI0. TakuMm 06pazoM, Ha OJHOM BXOJE MOTYT BOBHUKHYTH HECKOJIBKO
BBIUUC/IUTETBHBIX TYTEH, U, B UTOTE, HECKOJIBKO PE3YJIbTATOB paboThl MaIu-
HEL.

B Teopuu CJI0)KHOCTH BBIYUCIEHUTT XOpOIIo n3secTHA TeopeMa Capuua [10],
kotopas yreepxkiaer, uro PSPACE = NPSPACE. 910 o3nagaer, 910
It 1000 TpobJieMbl, paclo3HABAEMON HEJEPMUHUPOBAHHBIM AJITOPUTMOM
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C IIOJIMHOMMAJIBHO OFpaHI/I‘{eHHOﬁ TaMATbIO, MO2KHO ITOCTPOUTH A€TCPMUHN-
pOBaHHbeI AJITOPUTM TaK2Ke C IOJIMHOMUAJILHO OI‘paHI/ILIeHHOI'?I nHaMATbIO, KO-
TOPBIA TakKe perraeT 3Ty mpobaemy. Teopema CaButa KOHTPACTUPYET C CH-
Tyarmeil ¢ aHaJOTUIHBIMHU KJaccaMu Juid BpeMeHHo# caoxknoctu P uw NP —
BOJIBITUHCTBO UCCIEA0BATEEH CANTACT, UYTO ITH KJIACCHI PABTIUIAIOTCS.

3 OcHoBHBIE PE3YIBTATHI

B jokaszarenberse Caeayoneil TeopeMbl Mbl Oy/1eM HCIOIb30BaTh MOJIEJb
manuH ThiopuHra ¢ HeCKOJIbKUMHU paboYrMK JIeHTaMU. DTa MOJe/Ih OJTHHO-
MHAJIBLHO 9KBUBaJIEHTHA OBBIYHON MOjesn ¢ ojHOf sienToit (cum. [4]), u siBsi-
ercsa 6ostee ynoOHOHN 1a OnMCaHust KOHKPETHBIX aJITOPUTMOB.

Teopema 1. Ilpobaema pasencmea 8 4106017 nosyzpynne ¢ Ycaoeuem odHo-
podnocmu onpedesstowur coomuouweruti npunadsescum xaiaccy PSPACE.

Aokazamenavcmeo. Llycts S = (ay,...,an | U1 = v1,..., Uy = V) — KOHE-
HO OIpejeIeHHas HOIYIPYINa ¢ YCJOBHEM OJHOPOMHOCTH OMpPEIeISIONIX
coornomenuii. JlokaxkeMm, 9T0 npobieMa paBeHCTBa B S IPUHAIICKAT KIac-
cy NPSPACE. U3 storo, 1o Teopeme Capuda, 6yaeT cae10BaTh €€ TPHHA/I-
nexHocTh Kiaccy PSPACE.

Onmmenm paboTy CIEAYIONIEro HeAeTepMUHIPOBAHHOTO aaropaTma, A ¢ 1mo-
JITHOMHAJIBHO OTPAHIICHHON IaMATHI0. 3aMeTHM CHAYAIa O9eBUIHbI (DaKT:
pW 3aMeHe B CJI0BE W COTJIACHO OTPENeISIONAM COOTHOITEHTAM S MOKeT
MOy InThC CI0BO W' 1y1st KoToporo |w| = |w'|. TlycTs Ha BXxoje nMeTes 1Ba
caoBa (wy,wy) Hay andasurom A. Aaropurm A paboraer Ha Bxoze (wi, w2)
CJIeIYIONINM 0DPA30M.

(1) Buagasie ma neppoii JieHTe 3aIMCaHO CJIOBO w' = wj, HA BTOPOH —
CJIOBO W3.

(2) Ecnu nnuael wy u wy He pasHbl, BhigaeT otser «HET». nade nepe-
XOJIUT HA CJACIYIOIIUA IIIar.

(3) HenerepMuHupoBaHHO BHIGUPAET B CJI0BE W' TIOJIC0BO, COBIIAIAOIIEe
C JIeBO#l WJIM TIPaBOil YaCThI0 KAKOTO-TO COOTHOIIEHWS ITOJIYTIPYIIIbI
S, ¥ 3aMeHsIeT ero COIJIACHO 3TOMY COOTHOINeHuto. Iloaydaercs Ho-
Boe ¢cs10BO w'. 3aMeTuM, 4TO JIMHA HOBOTO CJIOBA OCTAIACh TOH Ke
caMoii, TeM CaMbIM aJI'OPUTM HE HCIOJIB30BAJ HOBYIO HAMSTH JIJIst
BBIYUCJICHUN.

(4) Ecm w' = wg, TO OcTaHABAMBAETCA U BBLIAET OTBET «/IA».

(5) Mnaue Bo3Bpammaercss Ha mar 3.

Jlerko BUAETH, UTO, W] = Wy B MOJYIpynme S, TO €CTb CJOBO W MOXKHO
OOJIYIUTh W3 W] TPUMEHEHUEM 3aMEH COTJIACHO OIPEIE/ISIIONUM COOTHOIIIe-
HUsIM S, TOT/Ia U TOJBKO TOTJIa, KOTJA CYIIECTBYEeT BBIYUCIUTENBHBIN MyTh
amroputma A Ha (w1, wsz), HA KOTOpOM OH BhImaeT oreer «IA». IlosmHo-
MHAJBHOE OTpaHWYeHnme Ha TMaMsTh mpu pabore anroputMma A creayer u3
3aMeTaHusd K Mary 3. (]
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B nokazarenscrse cieayromieli TeopeMbl MbI Oy/ieM HCIOJIB30BATH CTAH-
JAPTHYIO MOJIe/b MaruH ThIOpUHIa C 0HOM pabouell eHTol. ¥ TakKux Ma-
MIUH OYAYT ABa KOHEUHBIX COCTOSHUSA: (q — IPUHUMAIOIIEE 1 ¢ — OTBEPrato-
Iee.

Teopema 2. Cywecmeyem noiyzpynna ¢ Ycrosuem odropodnocmu onpede-
ATOULUL COOMHOWEHUT, OAA KOMOPOT NPOGACMA PABEHCMEA ABAAELNCA
PSPACE-noanofi.

Zoxazameavcmeo. Ilyers C' C A* — Hekotopoe PSPACE-noHOE TOJIMHO-
JKECTBO CTPOK HaJl andasutom A = {aq,...,ax}. [Iycte M — mamuna Thbio-
pHHTa, pacrnosHaras MEoKecTBo C' ¢ pabounm andasurom AU{ap}, rae ag
Oyner obosHavaTh IMycToi cuMBoJ. O6o3HAUNM UYepe3 p(n) MOJIMHOM, OTpa-
HUYUBAIONNI (GYHKINO mpocTpancTBa sy (z) mammasl M. Hakower mycts
Q=1{q1,9,--,Gmqa,qr} — MHOZKECTBO cocTostHUil MarmmHbl M, cpen Ko-
TOPBIX OTAEIBLHO BBIIEIEHB! 1B, KOHEYHBIX COCTOSTHUS: (g — IPHHUMATOIIEe U
qr — oTBepraIee cocrosuus. IlporpamMmva Mammuabl M COCTOUT W3 MPABUIT
BUTA
(gi,a) — (gj,b, shift),

rae g; € Q \ {QLMQT}v q; € Q7 (l,b € AU {a0} u Shlft € {R7L} — ¢ABuUr
kaperku. [To ogHOMY npaButy s Kax 0l BO3MOKHON kKombunanuu (g, a).

Bynem cTpouTs mosnyrpymimy S ¢ YEJIOBHEM OTHOPOIHOCTH OMPEIEITSTIOITIAX
COOTHOTIIEHUH, OMPEENSIONIIEe COOTHOIEHUST KOTOPOH OYIyT COOTBETCTEBO-
BaTh TTPABWJIAM TIPOTPAMMBI MAITHHBI M, a Ternodka mpeodbpasoBaHuit co-
[JTACHO 3TUM COOTHOIIEHUAM HEKOTOPOTO HAYAIBLHOTO CJIOBA OYIET MOIETH-
poBath paboty mamuHbl M Ha BXOJHOM CI0Be w € A* 10 ee 0OCTAHOBKU ¢
ycsioBreM orpanndenus p(|w|) Ha WCIONIB3yeMOe TPOCTPAHCTBO.

[Mopox garornvu moayrpynnet S 6yaer muoxkecrBo X = A U {ag} U Q.
Tenepb KayKAOMY MPABUIY TPOTPaMMbl MaImuHabl M BUIa

(Qi7 a) — (QJa b7 R)
COTIOCTABUM OTIPE/IeISAIONIee COOTHOIIeHe ¢;a = bgj, a KasKJI0My HDaBIILY
BII3,

(ql'7a) - (Qj’ b, L)
COILIOCTABUM OIpe/Ie/ISIONINe COOTHOIIEHHUS ¢q;a = ¢;cb nst Becex ¢ € AU{ag}.
HobGaBuM eme COOTHOWIEHUS (uC = (a0 U (uC = Cq IS BCEX CHMBOJIOB
c € AU{ap}. Jlerko 3aMeTuTh, 9T0 MpaBBIE U JIEBBIE YACTH BCEX ITUX COOT-
HOIIEHUH UMEIOT OJIMHAKOBBIE JIMHBI, TO €CTh MOJIYIpyHna S MoJydaercs ¢
YCJIOBUEM OJTHOPOJIHOCTH OIPEIE/ISTIONTNX COOTHOIIEHHIA.

[Tokaxkem Temepn, aro marmuaa M paboraer Ha cioBe w € A*, ocTaHaBn-

BAETCs U IPUHUMAET CJIOBO W (TO €CTh MOMAAECT B COCTOSTHUE ¢ ), UCTIOIb3YS
[PU 9TOM [IPOCTPAHCTBO, orpanudernoe p(|w|), Torga u ToabKo TOrIa, KOrjia

B ToJTyrpynme S paBHBI CJIOBA W] = ag(|w|)q1wag(|wl) u wy = qaagp(‘w‘)ﬂw‘.
Bamernm, aro |wy| = |wa| = 2p(jw]) + |w] + 1.

Heticteutenbno, mycTh Mamunaa M mpuanMaer Bxod w. Torma, HeTpyd-
HO BUJIETh, YTO Kaxk 0l KoHduryparun Mammabl M (TO eCTh COIepKUMOMY
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JIEHTBI, [IOJIOKEHUIO KAPETKU M COCTOAHUIO MamuHbl M ), KOTOpas noJiyda-
ercd NPUMEHEHWEM HEKOTOPOro HPAaBHUJA IIPOIDAMMbBI, COOTBETCTBYET CJIO-
BO, KOTOPOE MOJIy4aeTcs MPpUMeHEHUEeM COOTBETCTBYIONIETO ONPeesIaIoNIero
COOTHOTIIEHUs. B YacTHOCTH, HAYAJBHON KOH(UTYPAIINT MAINUHBI COOTBET-

p(lwl) p(|wl)

CTBYeT CJIOBO Wi = Gy qiway . Ilpnm sTom Te mycrele sueiiku JICHTBI,
KOTOpBIE TIOKa He 3aJeliCTBOBAHBI B BBIYHCJIEHUH, HO, TOTEHIIUAJILHO MOTYT
UCIIOJIB30BATLCA B OYIYIIEM, B CJIOBaX-3JeMEHTaX IIOJIyIPYIIB S yiKe 3apa-
Hee «3ape3epBUpOBaHbl» B HAYase U B KOHIIE CJIOBa B CUMBOJIAaX ag. LIpuuaem,
YCJIOBHE, YTO KOJIMIECTBO siUeeK JIEHTBI, UCIOIb3yeMoe B paboTe, orpannde-
HO p(|w|), TapaHTUPYET, YTO ITUX 3aPE3EPBUPOBAHHBIX CHMBOJIOB () XBATHT
JIUIST KOPPEKTHOIO MOJIEIMPOBAHUST PAOOTHI MAITHHDI.

ITocsie Toro, kak mammuHa M monajgaer B KOHEYHOE COCTOSTHIAE (, U IPUHU-
MAaeT BXOJ| W, B CJIOBE-3JIEMEHTE IOy PYIIILL S, COOTBETCTBYIOIIEM 3TOi KOH-
duryparun, TosaBasteTcs 0yKBa ¢q. C MOMOIIBI0 COOTBETCTRYIOIINX OTPeIe-

" 2p(|w]|)+|w
JISTIOTIIX COOTHOIITEHUH 15T ¢, CJIOBO MOXKHO TTPeoOPA30BATh B Wy = qaaop (Juwh)+wl,
Pacc _p(Jw]) p(lwl)
YKJEHUS, TTOKA3bIBAIOIIIE, YTO CIU U3 CJI0BA W1 = a qrway

¢ TIOMOIIIBI0 OTPEE/TSTIONUX COOTHOIIEHNI Oy TPYINB S MOXKHO IOy IUTh
CJTIOBO Wo = qaagp(‘w‘)ﬂw‘, To MarmuHa M TpUHUMAET BXOJ W, TOJHOCTHIO
AHAJIOTMYHbI PACCY XK JIeHUsIM U3 jeMMbl 2.2, u3 [1].

Teneps nmokaxkem, 4TO TPOOIEMA PABEHCTBA B IOJYTPYIIie S SBJISIETCS
PSPACE-nomnoit. To, yro mpobiema paBeHCTBA MPUHAJIEKUT KJIACCY
PSPACE, cnenyer u3z reopemst 1. Ilycrs renepb umeerca joboe MHOKe-
crBo B uz PSPACE. Tak kak mHoxecrso C, KOropoe Mbl MOJAE/AUPOBAJIN,
sipyisieTcst PSPACE-mtoHBIM, TO CYITIECTBYET MTOJHHOMUAIBLHO BBIUUCIUMAS

dyukmmsa f Takas, uro x € B < f(x) € C. Teneps mosoxuM
g(z) = (ag(lf(x)I)qlf(x)ag(\f(x)l)’ qaagp(\f(x)l)ﬂf(x)l).

C yueroMm BCero BBIIIEIOKA3AHHOIO IMOHATHO, YTO ¢ — HOJHUHOMUAJIBHO BbI-
quciauMast QyHKIINs, KOTopasd cBoauT rpobjemy B K mpobjieme paBeHCTBa B
nosyrpymnne S. To ecth, € B Torma n TogbpKo Tora, Korjaa g(x) ecth napa
pPaBHBIX CJIOB B S. O

ABTOp BBIpazkaeT BIATOMAPHOCTE PETEH3EHTY 33 MOJIE3HBIE 3aMEUaHusT U
PETOKEHNS 10 YIIYIIIEHUI0 TEKCTa CTATHH.
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