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1 Introduction.

Let A be an arbitrary algebra over a field F, A€ F. Amap R: A — A s
called a Rota—Baxter operator of weight A if for all z,y € A

R(x)R(y) = R(R(z)y + 2R(y) + Azy). (1)

Rota—Baxter operators for associative algebras first appeared in the paper
by G. Baxter as a tool for studying integral operators that appear in the
theory of probability and mathematical statistics [2]. For a long period of
time, Rota—Baxter operators had been intensively studied in combinatorics
and probability theory mainly. For basic results and the main properties of
Rota—Baxter algebras, see [13].

Independently, in 80-th Rota—Baxter operators of weight 0 on Lie algebras
naturally appeared in the papers of A.A. Belavin, V.G. Drinfeld [3] and M.A.
Semenov-Tyan-Shanskii [20] while studying solutions of the classical Yang—
Baxter equation. It was mentioned that for any quadratic Lie algebra (L,w),
the standard technique of multilinear algebra gives a one-to-one correspondence
between skew-symmetric solutions of the classical Yang—Baxter equation on
L and Rota—Baxter operators R : L — L of weight 0, satisfying R* = —R
(R* is the adjoint to R operator with respect to the form w). Recall that
skew-symmetric solutions of the classical Yang—Baxter equation on a Lie
algebra L induce on L the structure of a (triangular) Lie bialgebra.

In the case of Rota—Baxter operators of a nonzero weight, we have a
correspondence (up to multiplication by a nonzero scalar) between structures
of a factorizable Lie bialgebra (L,d,), r € L ® L, on a Lie algebra L and
Rota—Baxter operators of weight 1 satisfying

where R* is the adjoint map with respect to some nondegenerate associative
bilinear form w (defined by r) [4],[17]. In particular, if L is a simple complex
finite-dimensional Lie algebra, then any Lie bialgebra structure on L is either
triangular or factorizable, that is, defined by a Rota—Baxter operator of a
special type (see [5]). If L is a real simple finite-dimensional Lie algebra,
then there may be a structure of a coboundary Lie bialgebra on L that is
not factorizable, but becomes factorizable in the complexification L Qg C
of the algebra L (such bialgebra structures are called almost-factorizable)
[14],[1]. Note that if L is not simple, then the connection between Rota—
Baxter operators of nonzero weight and solutions of the classical Yang—
Baxter equation is not straightforward (see [8]).

It is worth noting that for many varieties of algebras (associative, Jordan,
alternative ect.) all structures of corresponding bialgebras on semisimple
finite-dimensional algebras are triangular (since they are unital, see, for
example, [23] for Jordan algebras). This means that Rota—Baxter operators
satisfying (2) do not seem to be interesting in these varieties (it is known
that there are no Rota—Baxter operators of weight 1 on M, (F') satisfying

(2) ([11])).
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There is a standard method of classification of skew-symmetric solutions
of a classical Yang—Baxter equation on a given algebra A (of an arbitrary
variety): it is known that these solutions are in one-to-one correspondence
with pairs (B,w), where B is a subalgebra in A and w is a symplectic form
on B (see [3]). At the same time, in the case of simple Lie algebras, there
is a description of factorizable Lie bialgebra structures that uses so-called
admissible triples (I'1, I'2, 7), some additional structure consisting of I'; and
Ty, two subsets of the set of simple roots I', and a map 7 : 'y — I'g satisfying
some compatibility conditions (see [4], [21]). The description says that ( up
to the choice of a Cartan subalgebra) there is a correspondence between
structures of factorizable Lie bialgebra on a simple complex Lie algebra g
and admissible triples.

If g = go @ F't is a reductive Lie algebra (go is a semisimple Lie algebra,
t € Z(g)), then a different approach to the description of Lie bialgebra
structures on g was suggested in [7]. It was proved that any Lie bialgebra
structure on g is coboundary and has a form

d(x) = 0o(z) + [H,x] A t,

for all x € go and 6(¢) = 0. Here dp : g — g®g is a Lie bialgebra structure on
go and H € ker(dp). Note that the condition H € ker(dy) implies that adg
is at the same time a derivation and a coderivation of the bialgebra (g, dp).
Thus, at a starting point, in order to obtain the classification one needs the
classification of Lie bialgebra structures on go. Using this technique, in [7] it
was found the classification of Lie bialgebra structures on glao(R)) (up to the
action of Aut(g)).

However, there is no standard method for classification of all structures
of quasitriangular bialgebras that may be used for an arbitrary variety of
algebras. For example, if M is a simple finite-dimensional complex Malcev
algebra, the classification of quasitriangular Malcev bialgebra structures on
M from [10] was obtained by considering some specific information concerning
the classical double (Drinfeld’s double) M & M*.

Note that conjugated tensors induce structures of isomorphic bialgebras
but inverse is not true: isomorphic coboundary (or quasitriangular) bialgebra
structures on an algebra A may be induced by non-conjugated elements of
A® A, that is, the problem of classification of non-skew-symmetric solutions
of CYBE is more general.

The main goal of the paper is to suggest a new approach to the problem of
classification of solutions of the classical Yang—Baxter equation with an ad-
invariant symmetric part (skew-symmetric or not-skew-symmetric). In recent
years, Rota—Baxter operators on many important classes of algebras have
been described ([19],[18],[12], etc.). Usually, the description is made up to the
action of the group of automorphisms. The natural question is, if we can use
these results to classify solutions of the classical Yang—Baxter equation on
these classes of Lie (Malcev, ect.) algebras? Unfortunately, if the description
of Rota—Baxter operators was made up to an automorphism, then we can’t
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use it directly since conjugate operators do not necessarily give conjugate
tensors. In the current paper, we first obtain a correspondence between
Rota—Baxter operators of special type an solutions of the classical Yang—
Baxter equation with nonzero ad-invariant symmetric part on a complex or
real general linear algebra gl,,(F') (F = R,C). Then, we use this result, the
classification of the Rota—Baxter operators on gla(C) obtained in [9], and
the classification of Rota—Baxter operators of weight 0 on sl3(C) obtained in
[16] to classify (up to the action of Aut(gl2(C)) and the multiplication by a
nonzero scalar) solutions of CYBE on ¢l2(C) with an ad-invariant symmetric
part.

2 DMotivation and preliminary results.

Let F be a field of characteristic 0. Given a vector space V over I, denote
by V ® V its tensor square over F. Define the linear mapping 7 on V. ® V by
7> a; ®b;) = > b; ® a;. We will identify the subspace of skew-symmetric

(2 (2
tensors (that is, tensors r € V ® V satisfying 7(r) = —r) with the exterior
product V AV, that is, for all z,y € V put

TANY =2QYy —yR .

Let L be a Lie algebra with a product [, ]. A Lie algebra L acts on L®"
by

[x1®x2®...®xn,y]:Zx1®...®[mi,y]®...®mn
i

for all x;,y € L. Note then for all x € L
[LAL,z] C LAL.

Definition 1. An element r € L®" is called L-invariant (or ad-invariant)
if [ryy] =0 for all y € L.

Definition 2. A bilinear symmetric form w on a Lie algebra L is called

invariant if w([a,b],c) = w(a,[b,c|) for all a,b,c € L.

Definition 3. Let L be a Lie algebra and w be a symmetric invariant non-
degenerate form on L. Then the pair (L,w) is called a quadratic Lie algebra.

Given a quadratic Lie algebra (L,w), for every element r = > a; ® b; €
i

L ® L we may define a linear map R: L — L as

R(a) = Zw(ai, a)b;, (3)
a € L. By R* : L — L denote the dual map with respect to the form w:
w(R(a),b) = wa, B*(b))

for all a,b € L.
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Definition 4. [6] Let L be a Lie algebra with a comultiplication § : L — LAL.
The pair (L,0) is called a Lie bialgebra if and only if (L,d) is a Lie coalgebra
and § 1s a I-cocycle, i.e., it satisfies

6([a,0]) = [6(a),b] + [a,6(b)] =

= Z([au), bl ® ) + aq) @ [agy, b] + [a, byl @ by + by @ [a, b)), (4)
for all a,b € L. Here we use the Sweedler notation: for any x € L put
5(1‘) = Z"E(l) 0%y :U(Q)

There is an important type of Lie bialgebras. Let L be a Lie algebra and
r=> a;®b; € L® L. Define a comultiplication d, on L by
i

Sr(a) =[r,al = [ai,a] ® b; + a; @ [bi, al,
i
for all a € L. Tt is easy to see that ¢, is a 1-cocycle. The dual algebra L* of
the coalgebra (L, §,) is anticommutative if and only if r+7(r) is L-invariant.
Also, L* satisfies the Jacobi identity if and only if the element Cp,(r), defined
as
Cr(r) = ai,a;] @ b; ® bj — a; @ [a;,bi] @ bj + a; ® a; @ [bs, by,

ij
is L-invariant.

Definition 5. We say that an element r =) . a; ® b; € L ® L is a solution
of the classical Yang—Baxter equation (CYBE) on L if

Cr(r)=0. (5)

A solution r € LR L of CYBE is called skew-symmetric, ifr € LAL, i.e.,
r+7(r) =0.

Remark 1. Let r = > a; ® b € L ® L be a solution of CYBE and
¢ € Aut(L), then r1 = Y ¢(a;) ® p(b;) is also a solution of CYBE on L.
In this case, we will say that tensors r and r; are conjugate. Moreover, if
the symmetric part of r is L-invariant, then so is the symmetric part of ry.
Therefore, it is possible to find solutions of CYBE up to the action of Aut(L).

If r € LAL and r is a solution of CYBE, then (L,0,) is said to be a
triangular Lie bialgebra. If 4+ 7(r) € L ® L is a nonzero L-invariant element
and r is a solution of CYBE, then (L,0,) is called a quasitriangular Lie
bialgebra. Triangular and quasitriangular Lie bialgebras play an important
role since they lead to solutions of the quantum Yang—Baxter equation [22].

It is known that an element r € L ® L is a skew-symmetric solution of
CYBE on a quadratic Lie algebra L if and only if the corresponding map
R: L — L is a Rota—Baxter operator of weight 0 satisfying R+ R* = 0 [20].

If L is a semisimple Lie algebra over a field of characteristic 0, then any
derivation D : L — M of L into any L-bimodule M is inner, that is, there
is m € M such that D(x) = [z,m] for any x € L. In particular, any Lie
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bialgebra structure 6 on L is induced by an element r € L ® L: § = §,.
Similar result for reductive Lie algebras was proved in [7].

Let (L,w) be a quadratic Lie algebra over an arbitrary field F' and r =
Y>a;®b; € L® L. Let R be a linear map defined as in (3) and R* be the
adjoint map with respect to the form w. In what follows, we will need the
following Statement 1 and Theorem 1 from [8]. These results give us the
connection between solutions of CYBE and Rota—Baxter operators on L.
Statement 1. The symmetric part v + 7(r) of r is L-invariant if and only
if for all a,b € L

R([a, b)) + R ([a, b]) = [R(a) + R"(a), b]. (6)

Theorem 1. If r is a solution of the classical Yang—Baxter equation on L
then R is a Rota—Bazter operator of weight X if and only if for all a,b € L:

[R(a),b] + [R*(a),b] + Aa,b] € ker(R). (7)

Conversely: let R : L — L be a Rota—Baxter operator of weight \ and
let € L ® L be the tensor corresponding to the map R, that is, R(a) =
> ;wlas,a)b;. Then r is a solution of the classical Yang—DBazter equation if

and only if R satisfies (7).

3 Connection between solutions of the CYBE and
Rota—Baxter operators on gl,(R).

In this section, all vector spaces are assumed to be over a field F', where
F =R or FF = C. Let M,(F) be the matrix algebra of order n over F'
with the multiplication xy. The multiplication in the general linear algebra
gl (F) = M, (F)-) we will denote by [-, -]:

[z,y] = 2y — yx,

x,y € gl,(F). Recall, that glo(F) contains a nontrivial center spanned by
the identity matrix E and is not a semisimple Lie algebra. We will also
consider sl,(F) = {z € gl,(F)|tr(z) = 0} as a Lie subalgebra in g, (F).
Then gl (F) = FE®sl,(F'), where E is the identity matrix. Note that for any
¢ € Aut(gl,(F)): p(E) = 0E, for some § € F', 0 # 0 and ¢(sl,(F)) = sl,(F).

We will consider gl,,(F) as a quadratic Lie algebra with the trace form w:

w(z,y) = tr(zy)

Theorem 2. An element r € gl,(F) ® gl,(F) is a solution of CYBE with
gln(F)-invariant even part v + 7(r) if and only if the corresponding map R
defined by (3) is a Rota—Baxter operator of weight X satisfying

R(z) + R*(z) + Xid = 0, 8)

and for some a € F

R(E) + R*(E) + AE = oF. 9)
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Proof. If a Rota—Baxter operator R of weight A satisfies (8) and (9), then by
Statement 1 and Theorem 1, the corresponding tensor r € gl,,(F) ® gl,(F)
is a solution of the classical Yang—Baxter equation with gl, (F')-invariant
symmetric part.

Let r be a solution of the classical Yang—Baxter equation with gl (F')-
invariant symmetric part. For any A € F, consider a map 0y : gl,(F) —
gln(F) defined as

Or(z) = R(z) + R*(z) + \x
for any z € gl,,(F).

Consider a set

I ={0\(z)| @ € [gln(F), gln(F)]}-

Take an arbitrary A € F. From Statement 1, it follows that the map 6,
satisfies

Ox([z,y]) = [Ox(z), 9]

forall x,y € gl,(F). In other words, 6y belongs to the centralizer of gl,,(F). In
particular, I is an ideal in gl,,(F) for any A\. Moreover, I C [gl,(F), gl (F)] =
sty (F) (as consequence, sl (F') is Oy-invariant). Since sl,(F) is simple, we
have two possibilities: Iy = 0 or I\ = sl,(F). We want to prove that there
exists a unique o € F' such that I, = 0. The uniqueness is straightforward:
if I, = I, = 0, then for any x € sl,(F):

R(z) + R*(z) + cnx = R(x) + R*(z) + cox

that is not possible if oy # as.

Consider the case when F = R. It is known that the complexification of
sln(R) is equal to sl,,(C), the simple complex Lie algebra (that is, si,,(R) is an
absolutely simple real Lie algebra). From [15] it follows that any centralizer
of sip(R) is a scalar map. If F' = C, this result follows from the Schur’s
lemma. Therefore, the restriction of €y to sl,(F') is equal to ~id for some
v € F. It means that Iy_, = 0 \_(sl,(F)) = 0.

Choose the scalar A € F' such that I, = 0. From (7) it follows that I is R-
invariant. Now we can use Theorem 2 from [8] to get that R and R* are Rota—
Baxter operators of weight A on the quotient algebra gl,(F)/Ix = gl (F).

By the definition of I, the condition (8) holds. Finally, (9) follows from
(6) and the fact that the center of gla(F) is spanned by E. O

Remark 2. In contrast to the case of a simple complex Lie algebra, here

we can’t say that

R+ R*+ Xid = 0.
In Theorem 2, we proved that for all x € sl,,(C): 0)(x) = R(x)+R*(z)+ Az =
0. But 6,(E) # 0 in general, as we will see in the next section.

In what follows, we will classify solutions of CYBE on sl2(C) using the
results of Theorem 2. For this, we need to consider two cases: the case of a
nonzero weight (in is enough to consider weight 1) and the case of weight
Zero.
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4 Classification of solutions of CYBE with an ad-invariant
symmetric part on gly(C), the case of weight 1.

In this section, we will classify solutions of the CYBE with an ad-invariant
symmetric part on gla(C) such that the corresponding map is a Rota—
Baxter operator of weight 1. We will use the classification of all Rota—Baxter
operators of weight 1 on gla(C) obtained in |9]. The description was made
up to the conjugation with automorphisms from Aut(gl2(C)).

Unfortunately, we can’t use the result from [9] directly to describe all
solutions of the classical Yang—Baxter equation on gla(C). Indeed, let R be
a Rota—Baxter operator on gla(C), r = > a;®b; be the corresponding tensor
and ¢ be an automorphism from Aut(glz(C)). Consider Ry = ¢! o Ro .
Then the corresponding to R; tensor is the following:

ri=Y_ ¢ (a) @ (b)-

In other words, tensors r and r; are not necessarily conjugate by an automorphism
from Aut(gl2(C)). There may be a situation when r is a solution of CYBE
while r; is not a solution.
Moreover, given a Rota—Baxter operator R of weight 1 satisfying (8) and
(9), the conjugate operator =1 o R o ¢ not necessarily satisfies (8) and (9).
Nevertheless, we have the following

Proposition 1. If ¢ is an automorphism of Ma(C) (as an associative algebra),
then the dual map ¢* satisfies ©* = =1, Thus, if R : gla(C) — gla(C) is
a linear map, ¢ is an automorphism of Ms(C) and Ry = ¢~ o Ro ¢, then
corresponding tensors r and r1 (to R and Ry respectively) are conjugate:

=l ee
Proof. Indeed, if ¢ € Aut(M3(C)), then
w(p(@),(y)) = tr(p(x)e(y)) = tr(p(ry)) = tr(zy) = w(z,y).

Hence, ¢* = o~ L. O
Definition 6. For any 0 € C, 0 # 0, we can define an automorphism g of
gl2(C) as follows:

Yo(E) = 0E, ¢p(a) =a (10)
for any a satisfying tr(a) = 0.

Remark 3. Since glo(C) = sl2(C) @ CE is a split null extension of the
algebra sla(C) = [sl2(C), sl2(C)], the group of automorphisms Aut(gla(C))
is isomorphisc to the direct product of Aut(sla(C)) and the multiplicative
group of the field C: Aut(gl2(C)) = Aut(sl2(C)) x C*. This means that for
any ¢ € Aut(gl2(C)), there are 0 # 6 € C and ¢ € Aut(M2(C)) such that

p=1g0¢p=dpoy.

Let ej; (4,5 = 1,2) be the usual matrix unit, h = ej; —eg2. In what follows,
we will take a set {E, h, e12, €21} as a basis of gla(C).
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Consider the description of Rota—Baxter operators of weight 1 on gla(C)
modulo the action of the group Aut(Mz(C)). For this, we need to take the
representatives R of orbits from [9, Theorem 1], then take 0 # 6 € C and
consider the action w;l o R o1y. We get the following

Theorem 3. Fvery Rota—Baxter operator of weight 1 on glo(C) is of the
form y~toRow, where 1 € Aut(Ms(C)) and R is one of the operators below:

1. R(E) = AE + feja, R(h) = R(e12) = R(e21) = 0;
2. R(E) = AE + fej2, R(h) = —h, R(ei2) = —e12, R(e21) = —ea1;
3. R(E) = AE + 0h, R(h) =0, R(e12) = R(ea1) =0, A € C;
4. R(E) = AE 4+ 6h, R(h) = —h, R(e12) = —e12, R(ea1) = —ea1, A € C;

5. R(E) = AE + 0h, R(h) = a1 E + ash,
R(e12) = —e12, R(e21) =0, A\, o € C;

6. R(E) = AE, R(h) =0, R(e12) = —ei2 +th; R(e21) =0, t € {0,1};
7. R(E) = AE, R(h) = R(e21 =0, R(ej2) = —e12+th+0E, t € {0,1};
8. R(E) = AE, R(h) =0FE, R(e12) = —ei2+h+aE, R(e1) =0, a€C;

9. R(E) = AE, R(h) =0E, R(e12) = —e12 + 0E; R(es1) = 0;

10. R(E) = AE, R(h) =th, R(e21) =0, R(e12) = —e12, t € C, t #0;
11. R(E) = AE, R(h) =th+0E, R(e21) =0, R(e12) = —e12, 0 #t € C;
12. R(E) = AE, R(h) = —h + aE, R(e21) = 0E, R(ej2) = —e12, a € C;

13. R(E) = AE, R(h) = th, R(e12) = te1a, R(e21) = tear, t € {0,—1},

where \,0 € C, 0 #£ 0.

Remark 4. Here, different scalars 6 not necessarily give us different orbits
with respect to Aut(Mz(C)). For example, if R is a map of type 1, then it
is possible to take # = 1 since in this particular case, the conjugation of R
by g is equal to the conjugation of R by (4, where pa(x) = AzA~! for
every x € My(C) and A = g (1)
to consider such a rough description.

Maps that lie in the same orbit (with respect to Aut(Mz(C))) from Theorem
3 correspond to isomorphic tensors. Note that a map R satisfies (6) or (7) if
and only if for any ¢ € Aut(Mz(C)), the map ¢! o Ro ¢ satisfies the same
conditions. Thus, it is enough to consider one representative from every orbit
in Theorem 3.

Let R : gla(C) — gla(C) be a Rota—Baxter operator of weight 1 and
r=>Y a;®b; € gla(C)® gla(C). From Statement 1, it follows that if r +7(r)
is gla(C)-invariant, then

. However, for our purposes, it is enough

R(E) + R*(E) = 4E (11)
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for some v € C.

Proposition 2. In Theorem 3, only operators of type 5 (with an = —0), 6,
10 or 13 satisfy (11).

Proof. Consider E, h = e11 — eg2, €12 and eg; as a basis of gla(C). In order
to check the condition (11), we need to compute R*(E). For this, we need to
find v € gla(C) such that tr(ER(v)) # 0.
Suppose that R lies in an orbit of type 1. Then tr(ER(v)) # 0 if and only
if v =9E (y # 0). Therefore, R*(E) = AE and
R(E) + R*(E) =2)E + feqs, 0 7é 0.
Thus, R doesn’t satisfy (11). Using similar arguments, we get that operators
of types 2,3,4 do not satisfy (11).
Consider the type 7. In this case, R*(E) = AE 4 20eg;. Thus,
R(E) + R*(E) = 2AE + 20ey; # ~E.

Similar arguments can be used to show that operators that are conjugate
to operators of types 8, 9, 11, 12 do not satisfy (11).

It remains to consider types 5, 6, 10, 13.

Suppose that R is conjugate to an operator of type 5. Then R*(E) =
AE + agh. Thus, R(E) + R*(E) = 4E if and only if ay = —6.

In 6, 10 and 13 it is easy to see that R*(E) = AE. Thus, in this case, R
satisfies (11) for any values of parameters. O

From Proposition 2, it follows that it is enough to consider the following
operators:

(R1). R(E) = AE + 0h, R(h) = —0E + ash,
R(e12) = —e12, R(e21) =0, \,az € C, 6 # 0;

(R2). R(E) = AE, R(h) = R(e21) =0, R(e12) =th —ej2, A€ C, t € {0,1};
(R3). R(E) = AE, R(h) =th, R(e21) =0, R(ej2) = —ej2, t, \€C, t #£0;
(R4). R(E) = AE, R(z) = tx, z € sla(C), A€ C, t € {0,—1}.

We will consider operators (R1)-(R4) consequently.
Proposition 3. Let R be the Rota—Bazter operator of type (R1) or (RS3).
Then R satisfies (6) if and only if ag = —%. In this case, for every a € sla(C)
we have R(a) + R*(a) + a = 0. Therefore, if as = —3, then R also satisfies
(7).

Proof. Direct computations show that R*(E) = AE — 6h, R(h) = 0E + azh,
R*(€12) =0 and R*(egl) = —€921.
Suppose that R satisfies (6). We have

R([h, 612]) -+ R*<[h, 612]) = 2R(€12) + 2R*(612) = —2eq9.
On the other hand,
[R(h),e12] + [R*(h), e12] = 2aze12 + 2aze12 = 4asers.
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Therefore, ap = —%.
Conversely, let ag = —%. It is easy to see that in this case, for all a € sly(C)
we have

R(a)+ R*(a) +a =0.

This means that equations (6) and (7) are true for all a,b € sla(C). Since
R(E) + R*(E) € Z(gl2(C)), it follows that equations (6) and (7) are true for
all a,b € gla(C). O

Proposition 4. Let R be the Rota—Baxter operator of type (R2). Then R
does not satisfy (6) for any t and \.

Proof. For R we have:
R*(E) = AE, R*(h) =tea1, R*(e12) =0, R*(e21) = —ea1, t € {0,1}.
Then,
R([h,e12]) + R*([h, e12]) = —2ej2.
On the other hand,
[R(h),e12] + [R*(h), e12] = —th.
Thus, R does not satisfy (6). O

Proposition 5. Let R be the Rota—Bagter operator of type (R4). Then for
any t € {0,—1}, R satisfies (6). Moreover, R satisfies (7) if and only if
t=0.

Proof. The first statement is obvious since the restriction of R on sl3(C) is
equal to t - id.

If t =0, then R(sl2(C)) = 0. Since [gl2(C), gla(C)] = sl2(C), R satisfies
(7).

If t = —1, then direct computations show that
R(R([h, 612] + R*([h, 612]) + [h, 612}) = —2R(612> #0.
Thus, if t = —1, then R does not satisfy (7). O

Now we are ready to prove the main result of the section:

Theorem 4. Letr € glao(C)®gla(C) be a solution of CYBE such that r+7(r)
is gla(C)-invariant and the corresponding map is a Rota—Baxter operator of
weight 1. Then, up to the action of Aut(gla(C)), 7 is equal to the one of the
following:

1
r=)E@E+EQh-—h©BE— h®h—en@en, AeC; (12)

1
T:)\E®E—1h®h—€21®612,)\6{0,1}; (13)
r=AE®E,\e€{0,1}. (14)
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Proof. Let r € gla(C) ® gla(C) be a solution of CYBE such that r + 7(r)
is glo(C)-invariant. Suppose that the corresponding map R defined as (3)
is a Rota—Baxter operator of weight 1. Thus, R satisfies (6) and (7) (as
a Rota-Baxter operator of weight 1). From Propositions 2-5 it follows that
up to a conjugation with automorphisms from Aut(M2(C)), R is one of the
following:

1
R(E) = )\E + eh, R(h) = —0E — ih, R(elg) = —ej2, R(egl) = 0, )\,9 € (C;
R(E) = AE, R(h) = R(e12) = R(e21) =0 A € C

The kernel of the second operator contains sla(C)) while the dimension of
the kernel of the first operator can’t exceed 2. This means that they can’t be
conjugate. A simple check shows that maps of type 1 with different scalars
A are not conjugate by elements of Aut(Mz(C)).

Therefore, up to the action of Aut(Mz(C)) and multiplication by a nonzero
scalar, r is one of the following:

1 1 1
§E®()\E—|—0h) —|—§h®(—9E— §h) —e21 ®eq2, A\, 0cC (15)
AE®E, ) e C. (16)

By Remark 3, it remains to consider the action of an automorphism g
defined in (10) for 5 € C, 8 # 0.

If in (15) 6 # 0, then the action of 19y-1 gives us tensors of type (12).

Suppose that § = 0. If A = 0, then we obtain the solution (13) with A = 0.

If X # 0, then after the action of ¢3 with § = ii, we obtain (13) with A = 1.

Similar arguments show that in the case r = AE® E, A is equal to 0 or 1
up to the action of automorphisms of type 3. O

5 Classification of solutions of CYBE with an ad-invariant
symmetric part on gly(C), the case of weight 0.

In this case, we first need to classify all Rota—Baxter operators R of weight
0 on gl3(C) such that

R(z)+ R*(z) =0 =z € slp(C), (17)
R(E) + R*(E) = aE, a€cC. (18)

As it was mentioned in the previous section, we need the classification
up to the action of the group of automorphisms of My(C), that is, by a
conjugation with an invertible matrix.

Let R be a Rota—Baxter operator of weight 0 on gl2(C) satisfying (17) and
(18). Define a map R : sla(C) — sla(C) as follows: R(x) = Ri(z) + a(x)E,
where « @ sl3(C) — C is a linear functional on sla(C). Since sl2(C) is a
quadratic Lie algebra with the form given by w(x,y) = tr(zy), there is
t € sly(C) such that a(x) = w(t,x) for all t € slo(C). Moreover, since R is
a Rota—Baxter operator of weight 0 on glo(C), E belongs to the center of
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gl2(C) and g¢l2(C) = sl3(C) @ CE, R; is a Rota—Baxter operator of weight
0 on sla(C). In [16], the classification of Rota—Baxter operators of weight
0 on slz(C), up to the action of the group of automorphisms of sls(C), was
given.

Theorem 5. [16] Up to conjugation with an automorphism of sla(C) and
up to a scalar multiple, we have that a Rota—Baxter operator Ri of weight
0 on sla(C) is one of the following:

1. Ry =0,
2. Ri(e12) =0, Ri(ea1) =teia — h, Ri(h) = 2e12,
3. Ri(e1s) = Ri(ex) = 0, Ri(h) = h,
4. Ri(e12) =0, Ri(e91) =h, Ri(h) =0
5. Ri(e12) =0, Ry(e21) = e12, Ri(h) =0.

Since R is a skew-symmetric map, so is R;. Obviously, Ry = 0 is skew-
symmetric. Consider an operator of type (2) from Theorem 5. Direct computation
shows that Rj(ei2) = 0, Rj(e21) = teiz + h, Ri(h) = —2e12. Thus, R; is
skew-symmetric if and only if ¢ = 0.

Similarly, one can compute that operators 3)-5) from Theorem 5 are not
skew-symmetric.

Thus, we need to consider two cases: Ry = 0 and R; is of type 2 from
Theorem 5 with ¢ = 0.

Proposition 6. If Ry = 0, then there are x € sla(C) and 6 € C such that
R(s) = w(z,s)E, R(E) = —2z + 0E. (19)

Proof. Since R; = 0, we have that R(s) = a(s)E for all s € sl3(C). Suppose
that a(s) = w(zx, s) for all s € sly(C).

Let R(E) = p + 0E for some p € sl3(C) and § € C. For all s € slo(C) we
have

w(R*(E),s) =w(E, R(s)) = w(E,E)w(zx, s) = w(2z, s).

Therefore, R*(E) = 2z + aE. From (18) we deduce that p 4+ 2z = 0.
Since the image of R is an abelian subalgebra in ¢l2(C), R is a Rota—
Baxter operator of weight 0 for any = € sla(C), 6 € C. O

Proposition 7. Suppose that Ri(e12) = 0, Ri(e21) = —h, Ri(h) = 2e12.
Then there are 3,0 € C:

R(e12) =

1) =—h+ BE
(h) = 2612
R(E) = —2fe12 + aE.

R(es



94 M.E. GONCHAROV

Proof. Using similar arguments as above, we have that:
R(elg) = w(x, 612)E,
R(ezl) =—h-+ w(x, 621)E,
R(h) = 2e12 + w(z, h)E,
R(E) = -2z +0E, z € sl»(C), 6 € C.
Since R is a Rota—Baxter operator, we have that
0= [R(E), R(e12)] = R([E, R(e12)] + [R(E), e12]) = —2R([z, e12]).
Note that if (a1, a2) # (0,0), then R(ajea; + agh) # 0. Therefore, z =
Beia + vh for some B,y € C. Similarly,
— 45612 = [—25612 - 2’yh, —h] = [R(E), R(egl)]
= R([R(E), ea1]) = R(—26h + dyez) = —4fBe1z — 4vh.
Thus, v = 0 and = = [ejo. Note that in this case, the last condition
0 = [—2aeq2,2¢e12] = [R(E), R(h)] = R([R(E), h]) = R(4aeq2) =0
holds automatically. O
Theorem 6. Let r € gla(C)®gl2(C) be a solution of CYBE such that r+7(r)
is gla(C)-invariant and the corresponding map is a Rota—Bazter operator

of weight 0. Then, up to the action of Aut(gla(C)) and multiplication by a
nonzero scalar, r is equal to the one of the following:

r=c:E-E®z+aE®E, z€{0,e2,h},acC. (20)
r=h®e—ep@h+aE®E, a€0,1 (21)
r=h®ey—e20h+en@RE—E®es+aERE, aeC. (22)

Proof. If R is a map from Proposition 6, then the corresponding tensor
r:x®E—E®$+%E®E, z € slo(C), aeC

obviously satisfies CYBE. Finally, since the Jordan normal form of an element
x € slo(C) is either 0, 12 or ah for some a € C, we have that up to the action
of Aut(gl2(C)), r is equal to an element of type (20).

If R is a map from Proposition 7, then the corresponding tensor has a
form

r=h®en—ec2®h+pe2®E-E®en)+aE®E,
where «, 8 € C. Now we need to consider two cases: 8 = 0 and 8 # 0. In the
1

first case, the conjugation with 1., where v = a™2, gives us (21). Similarly,
if 5 # 0, we obtain elements of type (22). O

Remark 5. The tensor (20) form Theorem 6 with x = 0 coincides with
the tensor (14) in Theorem 4 since in this case, the corresponding map is a
Rota—Baxter operator of any weight.
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Theorem 7. Let r € glay(C)®gla(C) be a solution of CYBE such that r+7(r)
is glo(C)-invariant. Then, up to the action of Aut(gla(C)) and multiplication
by a monzero scalar, v is equal to the one of the following:

1
l.TZE@(/\E+9h)—h®(9E+Zh)—€21®612, A e{0,1}, 0 €C;

2.r=2E-E®z+adE®E, z¢€{0,e2,h},acC.
3.r=h®es—eh+aER®E, a€0,1
4 r=h®epr—e120h+e12E—-—E®en+aERE, aeC.

As a corollary of Theorem 7, we obtain a well known description of
solutions 7 of CYBE on sly(C) such that r + 7(r) is sla(C)-invariant.

Corollary 1. Up to a multiplication by a nonzero scalar and the action of
Aut(sla(C)), there are only two solutions:

1
T1:Zh®h+€12®621.

ro=h® ez —e12® h.
The following result was obtained in [7]| using another technique.

Corollary 2. Up to the action of Aut(gl2(C)) and multiplication by a nonzero
scalar, there are two nontrivial quasitriangular Lie bialgebra structures 0y
(A=0,1) on glo(C) given by

1
(S,\(E) =0, 5,\(h) =0, 5)\(612) = ()\E—i- ih) N e12
1
5)\(621) = e921 N\ ()\E — §h> A€ {0, 1}

Proof. A quasitriangular Lie bialgebra structure is given by a non-skew-
symmetric solution of the CYBE. In Theorem 6, the symmetric part of the
tensors may be omitted since it gives a zero comultiplication. Thus, we need
to consider tensors (12) from Theorem 4.

If 7 and ry are conjugate by an automorphism ¢ € Aut(gla(C)), i.e.
71 = (p®¢)(r2), then the corresponding comultiplications satisfy d,, oo ~1 =
(0 '®@¢~1)0d,, (note that the converse is false: if 6,, and &,, are conjugate,
then 71 and 7y are not necessarily conjugate). Therefore, up to multiplication
by a scalar and the action of Aut(gla(C)), we have the following class of Lie
bialgebra structures on gla(C) depending on a parameter 6 € C:

1 1
59(E) =0, (59(}1) =0, (59(612) = (HE + ih) ®ejg —en® (9E + ih)

1 1
(59(621) =e91 ® (9E — ih) — (9E — ih) ®eo1, 6 €C.

If 6 =0, we get do. If 0 # 0, a conjugation with ¥y-1 will give us §;. O
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Corollary 3. Every nontrivial triangular Lie bialgebra structure on gla(C)
is of the form a(p~' o0 p), where a is a nonzero scalar, ¢ € Aut(gla(C))
and § is one of the following

L 6:(y) = [z, y] AE, x € {e12,h}, y € gla(C),
2. 5(E) =0, 5(612) =0, (5(h) =e19 A h, 5(621) = e13 N\ esq,

1
3. (5<E) = (5(612) =0, (5(h) =en ANh+EAes, (5(621) =e12 N\ e + ih A E.

Proof. Similar to corollary 2. ([

References

[1] N. Andruskiewitch, A.P. Jancsa, On simple real Lie bialgebras, Int. Math. Res. Not.,
2004:3 (2004), 139-158. MR2038773
[2] G. Baxter, An analytic problem whose solution follows from a simple algebraic
identity, Pac. J. Math., 10 (1960), 731-742. Zbl 0095.12705
[3] A.A. Belavin, V.G. Drinfel’d, Solutions of the classical Yang-Baster equation for
simple Lie algebras, Funct. Anal. Appl., 16, (1982), 159-180. Zbl 0511.22011
[4] A.A. Belavin, V.G. Drinfel’d, Triangle equations and simple Lie algebras, Sov. Sci.
Rev., Sect. C, Math. Phys. Rev., 4 (1984), 93-165. Zbl 0553.58040
[5] M. Cahen, S. Gutt, J. Rawnsley, Some remarks on the classification of Poisson Lie
groups, in Maeda, Yoshiaki (ed.) et al., Symplectic geometry and quantization, Cont.
Math., 179, AMS, Providence, 1994, 1-16. Zbl 0820.58018
[6] V.G. Drinfeld, Hamiltonian structures on Lie groups, Lie bialgebras and the geometric
meaning of the classical Yang-Bagzter equation, Sov. Math. Dokl., 27 (1983), 68-71.
Zbl 0526.58017
[7] M.A. Farinati, A.P. Jancsa, Trivial central extensions of Lie bialgebras, J. Algebra,
390 (2013), 56-76. Zbl 1286.17019
[8] M. Goncharov, Rota-Bazter operators and non-skew-symmetric solutions of the
classical Yang-Bazter equation on quadratic Lie algebras, Sib. Electron. Mat. Izv.,
16 (2019), 2098-2109. Zbl 1439.17020
[9] M. Goncharov, The description of Rota-Bazter operators of monzero weight on
complex general linear Lie algebra of order 2, Sib. Electron. Mat. Izv., 19:2 (2022),
870-879. MR4518794
[10] M.E. Goncharov, Structures of Malcev bialgebras on a simple non-Lie Malcev algebra,
Commun. Algebra, 40:8 (2012), 3071-3094. Zbl 1326.17020
[11] M. Goncharov, V. Gubarev, Double Lie algebras of a nonzero weight, Adv. Math.,
409, Part B (2022), Article ID 108680. Zbl 1522.16037
[12] M. Goncharov, V. Gubarev, Rota-Baster operators of nonzero weight on the
matriz algebra of order three, Linear Multilinear Algebra, 70:6 (2022), 1055-1080.
Zbl 1509.16045
[13] L. Guo, An Introduction to Rota-Baaster Algebra, Surveys of Modern Mathematics, 4,
International Press, Somerville, 2012. Zbl 1271.16001
[14] T.J. Hodges, On the Cremmer-Gervais quantization of SL(n), Int. Math. Res. Not.,
1995:10 (1995), 465-481. Zbl 0967.17015
[15] N. Jacobson, A note on non-associative algebras, Duke Math. J., 3:3 (1937), 544-548.
Zbl 0018.05005
[16] P.S. Kolesnikov, Homogeneous averaging operators on simple finite conformal Lie
algebras, J. Math. Phys., 56:7 (2015), Article ID 071702. Zbl 1330.17034


https://doi.org/10.1155/S107379280421011X
https://doi.org/10.1007/BF01081585
https://doi.org/10.1007/BF01081585
https://doi.org/10.1016/j.jalgebra.2013.05.011
https://doi.org/10.33048/semi.2019.16.149
https://doi.org/10.33048/semi.2019.16.149
https://doi.org/10.33048/semi.2022.19.073
https://doi.org/10.33048/semi.2022.19.073
https://doi.org/10.1080/00927872.2011.560587
https://doi.org/10.1016/j.aim.2022.108680
https://doi.org/10.1080/03081087.2020.1751036
https://doi.org/10.1080/03081087.2020.1751036
https://www.intlpress.com/site/pub/files/preview/bookpubs/00000391.pdf
https://doi.org/10.1155/S107379289500033X
https://doi.org/10.1215/S0012-7094-37-00343-0
https://doi.org/10.1063/1.4927068
https://doi.org/10.1063/1.4927068

[17]

[18]
[19]
20]
21]

22]

23]

ON CONNECTION OF RB-OPERATORS AND CYBE ON gl,(C) 97

H. Lang, Y. Sheng, Factorizable Lie bialgebras, quadratic Rota-Baster Lie algebras
and Rota-Bazter Lie bialgebras, Commun. Math. Phys., 397:2 (2023), 763-791.
Zbl 7678019

Yu Pan, Q. Liu, C. Bai, L. Guo, PostLie algebra structures on the Lie algebra sl(2, C),
Electron. J. Linear Algebra, 23 (2012), 180-197. Zbl 1295.17020

J. Pei, C. Bai, L. Guo, Rota-Bazter operators on sl(2,C) and solutions of the classical
Yang-Bazter equation, J. Math. Phys., 55:2 (2014), Article ID 021701. Zbl 1287.82011
M.A. Semenov-Tyan-Shanskii, What is a classical r-matriz?, Funct. Anal. Appl., 17:4
(1983), 259-272. Zbl 0535.58031

A. Stolin, Some remarks on Lie bialgebra structures on simple complex Lie algebras,
Commun. Algebra, 27:9 (1999), 4289-4302. Zbl 0957.17026

L.A. Takhtajan, Lectures on quantum groups, in Introduction to Quantum Group
and Integrable Massive Models of Quantum Field Theory, Nankai Institute of
Mathematics, China, 1990, 69-197.

V.N. Zhelyabin, On a class of Jordan D-bialgebras, St. Petersbrg. Math. J., 11:4
(2000), 589-609. Zbl 0981.17024

MaxiM GONCHAROV

SOBOLEV INSTITUTE OF M ATHEMATICS,
AcADEMICIAN KOPTYUG AVENUE, 4,
630090, NovosiBIRSK, Russia

Email address: goncharov.gme@gmail.com


https://doi.org/10.1007/s00220-022-04501-y
https://doi.org/10.1007/s00220-022-04501-y
https://doi.org/10.13001/1081-3810.1514
https://doi.org/10.1063/1.4863898
https://doi.org/10.1063/1.4863898
https://doi.org/10.1007/BF01076717
https://doi.org/10.1080/00927879908826696
https://doi.org/10.1142/9789814503471_0002

	Introduction.
	Motivation and preliminary results.
	Connection between solutions of the CYBE and Rota—Baxter operators on gln(R).
	Classification of solutions of CYBE with an ad-invariant symmetric part on gl2(C), the case of weight 1.
	Classification of solutions of CYBE with an ad-invariant symmetric part on gl2(C), the case of weight 0.

