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Ïðåäñòàâëåíî Ì.À. Øèøëåíèíûì

Abstract: The steady-state complex heat transfer model within
the P1-approximation of the radiative transfer equation is considered.
An inverse problem of reconstructing heat sources intensities with
given volume densities from the prescribed values of functionals of
heat sources densities on the temperature �eld calculated without
taking account of radiative e�ects is investigated. The uniqueness
of the inverse problem solution is proved.

Keywords: radiative heat transfer, inverse problem, integral overdeter-
mination.

1 Ââåäåíèå

Ìîäåëèðîâàíèå ïåðåíîñà òåïëà, ó÷èòûâàþùåå ýôôåêòû, ñâÿçàííûå ñ
ðàñïðîñòðàíåíèåì òåïëîâîãî èçëó÷åíèÿ, àêòóàëüíî êàê áëàãîäàðÿ ìà-
òåìàòè÷åñêîé íîâèçíå çàäà÷, òàê è â ñâÿçè ñ âîçìîæíûì ïðèìåíåíèåì
ðåçóëüòàòîâ òåîðåòè÷åñêîãî è ÷èñëåííîãî àíàëèçà íà ïðàêòèêå.
Îáøèðíîå êîëè÷åñòâî ëèòåðàòóðû ïîñâÿùåíî ìàòåìàòè÷åñêîìó èññëå-

äîâàíèþ óðàâíåíèé ñëîæíîãî òåïëîîáìåíà â ðàìêàõ P1-ïðèáëèæåíèÿ
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óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ. Â ðàáîòàõ [1, 2, 3, 4, 5, 6, 7] èññëåäîâà-
íà êîððåêòíîñòü ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ ìîäåëåé, â [8, 9, 10]
èçó÷åíû çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ãðàíè÷íûìè êîýôôèöèåíòà-
ìè äëÿ ýòèõ ìîäåëåé. Â ðàáîòàõ [11, 12] ðàññìîòðåíû îáðàòíûå çàäà÷è
âîññòàíîâëåíèÿ çàâèñÿùèõ îò âðåìåíè èíòåíñèâíîñòåé èñòî÷íèêîâ äëÿ
íåñòàöèîíàðíûõ óðàâíåíèé ñëîæíîãî òåïëîîáìåíà ñ èíòåãðàëüíûì ïå-
ðåîïðåäåëåíèåì, äîêàçàíà èõ îäíîçíà÷íàÿ ðàçðåøèìîñòü, êîãäà â êà÷å-
ñòâå ïåðåîïðåäåëåíèÿ áåðåòñÿ èíòåãðàë îò òåìïåðàòóðû, óìíîæåííîé íà
ôóíêöèþ, îïèñûâàþùóþ èñòî÷íèêè òåïëà. Íàêîíåö, â ñòàòüÿõ [13, 14]
äëÿ ñòàöèîíàðíûõ ìîäåëåé ñëîæíîãî òåïëîîáìåíà ïîñòàâëåíû îáðàòíûå
çàäà÷è âîññòàíîâëåíèÿ íåèçâåñòíûõ èíòåíñèâíîñòåé èñòî÷íèêîâ òåïëà
ïî èçâåñòíûì èõ îáúåìíûì ïëîòíîñòÿì è çàäàííîìó èíòåãðàëüíîìó ïå-
ðåîïðåäåëåíèþ � çíà÷åíèÿì ôóíêöèîíàëîâ èñòî÷íèêîâ íà ïîëå òåìïåðà-
òóðû. Äîêàçàíî, ÷òî ïî ýòèì äàííûì âñåãäà âîññòàíàâëèâàþòñÿ èíòåí-
ñèâíîñòè èñòî÷íèêîâ âìåñòå ñ ïîëåì òåìïåðàòóðû, íî åäèíñòâåííîñòü
òàêîãî âîññòàíîâëåíèÿ óñòàíîâëåíà ïðè äîñòàòî÷íî áîëüøîì êîýôôèöè-
åíòå òåìïåðàòóðîïðîâîäíîñòè. Ñõîäíûå îáðàòíûå çàäà÷è, íî äëÿ ëèíåé-
íûõ óðàâíåíèé, èçó÷àëèñü, íàïðèìåð, â ðàáîòàõ [15, 16, 17].
Â íàñòîÿùåé ðàáîòå îáðàòíàÿ çàäà÷à ïîñòàâëåíà ïî-äðóãîìó � ôóíê-

öèîíàëû èñòî÷íèêîâ âû÷èñëÿþòñÿ íà ñïåöèàëüíîì ïîëå òåìïåðàòóðû,
âû÷èñëÿåìîì áåç ó÷åòà ðàäèàöèîííûõ ýôôåêòîâ. Äëÿ òàêîé ïîñòàíîâêè
ïîêàçàíî, ÷òî ÿêîáèàí îòîáðàæåíèÿ èíòåíñèâíîñòåé èñòî÷íèêîâ â çíà-
÷åíèÿ ôóíêöèîíàëîâ ÿâëÿåòñÿ P -ìàòðèöåé, îòñþäà èç òåîðåìû Ãåéëà �
Íèêàéäî âûòåêàåò îäíîçíà÷íîñòü ýòîãî îòîáðàæåíèÿ. Òàêèì îáðàçîì,
óñòàíîâëåíà åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è.

2 Ïîñòàíîâêà îáðàòíîé çàäà÷è

Ïóñòü Ω ⊂ R3 � ëèïøèöåâà îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ,
â êîòîðîé ïðîèñõîäèò ïðîöåññ ðàäèàöèîííî-êîíäóêòèâíîãî òåïëîîáìå-
íà, îïèñûâàåìûé ôóíêöèÿìè θ � óñòàíîâèâøååñÿ ïîëå òåìïåðàòóðû, φ
� ïîëå èíòåíñèâíîñòè èçëó÷åíèÿ, óñðåäíåííîé ïî âñåì íàïðàâëåíèÿì.
Óñòàíîâèâøèéñÿ ïðîöåññ îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé äèôôåðåí-
öèàëüíûõ óðàâíåíèé:

−a∆θ + bκa(|θ|3θ − φ) =

m∑
i=1

qifi, (1)

−α∆φ+ κa(φ− |θ|3θ) = 0 (2)

ñ êðàåâûìè óñëîâèÿìè

a
∂θ

∂n
+ β(θ − θb) = 0, α

∂φ

∂n
+ γ(φ− θ4b ) = 0 íà Γ. (3)

Çäåñü âåëè÷èíû θ è φ ÿâëÿþòñÿ íîðìèðîâàííûìè. Ïîëîæèòåëüíûå ïî-
ñòîÿííûå ïàðàìåòðû a, b, α, κa õàðàêòåðèçóþò ðàäèàöèîííî-òåðìè÷åñêèå
ñâîéñòâà ñðåäû, ãðàíè÷íûå ôóíêöèè β, γ õàðàêòåðèçóþò îòðàæàþùèå
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ñâîéñòâà ãðàíèöû [3]. ×åðåç ∂/∂n îáîçíà÷åíà ïðîèçâîäíàÿ â íàïðàâëå-
íèè âíåøíåé íîðìàëè.
Äëÿ íàõîæäåíèÿ íåèçâåñòíûõ èíòåíñèâíîñòåé èñòî÷íèêîâ òåïëà qi äëÿ

ïîëÿ òåìïåðàòóðû çàäàåòñÿ èíòåãðàëüíîå ïåðåîïðåäåëåíèå:

(fj , Sθ) = rj , j = 1, . . . ,m. (4)

Çäåñü fj ∈ V ′ � çàäàííûå ôóíêöèîíàëû, âûðàæàþùèå îáúåìíûå ïëîò-
íîñòè èñòî÷íèêîâ, S � îïåðàòîð, êîòîðûé ïî ïîëþ òåìïåðàòóðû θ äàåò
ïîëå òåìïåðàòóðû, âû÷èñëåííîå áåç ó÷åòà ðàäèàöèîííûõ ýôôåêòîâ, îí
áóäåò îïðåäåëåí íèæå.
Äëÿ ôîðìàëèçàöèè êðàåâîé çàäà÷è áóäåì èñïîëüçîâàòü ïðîñòðàíñòâî

Ñîáîëåâà V = H1(Ω). ×åðåç (f, v) îáîçíà÷àåì çíà÷åíèå ôóíêöèîíàëà
f ∈ V ′ íà ýëåìåíòå v ∈ V è ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω), åñëè
f, v ∈ L2(Ω). Áóäåì ïðåäïîëàãàòü, ÷òî èñõîäíûå äàííûå óäîâëåòâîðÿ-
þò óñëîâèÿì:
(i) β, γ ∈ L∞(Γ), β ≥ β0 > 0, γ ≥ γ0 > 0, 0 ≤ θb ∈ L∞(Γ),
(ii) fj ∈ V ′, fj ëèíåéíî íåçàâèñèìû.
Îïðåäåëèì îïåðàòîðû A1, A2 : V → V ′ è ôóíêöèîíàëû h1, h2 ∈ V ′ ïî

ôîðìóëàì:

(A1θ, v) = a(∇θ,∇v) +

∫
Γ
βθv dΓ, (A2φ, v) = α(∇φ,∇v) +

∫
Γ
γφv dΓ,

(h1, v) =

∫
Γ
βθbv dΓ, (h2, v) =

∫
Γ
γθ4bv dΓ.

Îïðåäåëåíèå 1. Ïàðà {θ, φ} íàçûâàåòñÿ ñëàáûì ðåøåíèåì çàäà÷è (1)�
(3), åñëè

A1θ + bκa(|θ|3θ − φ) =
m∑
i=1

qifi + h1, A2φ+ κa(φ− |θ|3θ) = h2.

Òåîðåìà 1. [7] Ïóñòü âûïîëíåíû óñëîâèÿ (i), (ii). Äëÿ ëþáûõ ÷èñåë qj
ñëàáîå ðåøåíèå çàäà÷è (1)�(3) ñóùåñòâóåò è åäèíñòâåííî.

Îïðåäåëèì ïîëå òåìïåðàòóðû η, âû÷èñëÿåìîå áåç ó÷åòà ðàäèàöèîí-
íûõ ýôôåêòîâ, êîòîðîå ïîä÷èíÿåòñÿ óðàâíåíèþ

A1η =

m∑
i=1

qifi + h1.

Ìîæíî ïîêàçàòü, ÷òî ïðè èçâåñòíûõ ïîëÿõ θ, φ ïîëå η ìîæíî íàéòè ïî
ôîðìóëå η = θ+bA−1

1 (A2φ−h2). Ñëåäîâàòåëüíî, ìîæíî îïðåäåëèòü íåëè-
íåéíûé îïåðàòîð S : V → V , êîòîðûé çàäàííîìó ïîëþ θ ñîïîñòàâëÿåò
ïîëå η:

η = Sθ = θ + bκaA
−1
1 A2(A2 + κaI)

−1(|θ|3θ)− bκaA
−1
1 (A2 + κaI)

−1h2.
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Îïðåäåëåíèå 2. Âåêòîð q = (q1, . . . , qm) âìåñòå ñ ïàðîé {θ, φ} åñòü
ðåøåíèå îáðàòíîé çàäà÷è (1)�(4), åñëè äëÿ ñëàáîãî ðåøåíèÿ {θ = θ(q), φ =
φ(q)} âûïîëíÿþòñÿ ðàâåíñòâà

Fj(q) ≡ (fj , Sθ) = rj , j = 1, . . . ,m. (5)

3 Åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è

Ìåòîä èññëåäîâàíèÿ åäèíñòâåííîñòè ðåøåíèÿ íåëèíåéíîé ñèñòåìû (5)
ñîñòîèò â àíàëèçå ÿêîáèàíà ñèñòåìû. Ìû ïîêàæåì, ÷òî ÿêîáèàí äàííîé
ñèñòåìû ðàâåí îïðåäåëèòåëþ ìàòðèöû Ãðàìà îòíîñèòåëüíî ñêàëÿðíîãî
ïðîèçâåäåíèÿ, ïîðîæäåííîãî ïîëîæèòåëüíûì îïåðàòîðîì, îòêóäà ñëåäó-
åò ïîëîæèòåëüíàÿ îïðåäåëåííîñòü ÿêîáèàíà. Äàëåå ïðèìåíÿåòñÿ òåîðå-
ìà î ãëîáàëüíîé îäíîçíà÷íîñòè îòîáðàæåíèÿ ñ ïîëîæèòåëüíîé ìàòðèöåé
ßêîáè.

Ëåììà 1. Ñïðàâåäëèâà ôîðìóëà

∂Fj(q)

∂qi
=

(
fi, P [θ(q)](S′

θ[θ(q)])
∗fj

)
,

ãäå P [θ] : V ′ → V � îïåðàòîð, êîòîðûé ïî ôóíêöèè g äàåò ðåøåíèå
p1 = P [θ]g ñîïðÿæåííîé çàäà÷è

A1p1 + 4κa|θ|3(bp1 − p2) = g, A2p2 + κa(p2 − bp1) = 0,

S′
θ[θ] : V → V � îïåðàòîð, äåéñòâóþùèé ïî ôîðìóëå:

S′
θ[θ]h = h+ 4bκaA

−1
1 A2(A2 + κaI)

−1(|θ|3h).

Äîêàçàòåëüñòâî. Ñîñòàâëÿÿ è äèôôåðåíöèðóÿ ñòàíäàðòíûì îáðàçîì ôóíê-
öèþ Ëàãðàíæà

L(θ,q, p) = (fj , Sθ) + (F(θ,q), p),

ãäå F(θ,q) = 0 � óðàâíåíèå, ñâÿçûâàþùåå θ è q,

(F(θ,q), v) = (A1θ, v)+bκa
(
|θ|3θ − (A2 + κaI)

−1(bκa|θ|3θ), v
)
−

m∑
i=1

qi(fi, v),

ïîëó÷èì âûðàæåíèå äëÿ ãðàäèåíòà ôóíêöèîíàëà Fj(q) [18, ñ. 63]:

∂Fj(q)

∂qi
= L′

q(θ(q),q, p(q)),

ãäå p(q) � ðåøåíèå ñîïðÿæåííîé çàäà÷è

L′
θ(θ(q),q, p) = 0.

Îòñþäà ïîëó÷àåì óñëîâèå ëåììû. Îòìåòèì, ÷òî òðåáóåìîå óñëîâèå íåïðå-
ðûâíîé îáðàòèìîñòè îïåðàòîðà F ′

θ(θ,q) ñëåäóåò èç ðåçóëüòàòîâ [10]. □

Ñëåäñòâèå 1. Ñïðàâåäëèâà ôîðìóëà

∂Fj(q)

∂qi
=

(
fj , S

′
θ[θ(q)]P [θ(q)]∗fi

)
=

(
fj , A

−1
1 fi

)
,
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ãäå P [θ]∗ : V ′ → V � îïåðàòîð, êîòîðûé ïî ôóíêöèè g äàåò ðåøåíèå
u = P [θ]∗g ëèíåàðèçîâàííîé çàäà÷è

A1u+ bκa(4|θ|3u− z) = g, A2z + κa(z − 4|θ|3u) = 0.

Ñëåäñòâèå 2. ßêîáèàí
∂Fj(q)

∂qi
ÿâëÿåòñÿ P -ìàòðèöåé â ëþáîé òî÷êå

q.

Òåîðåìà 2. Îáðàòíàÿ çàäà÷à (1)�(4) èìååò íå áîëåå îäíîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî. Èç òåîðåìû Ãåéëà �Íèêàéäî [19] ñëåäóåò, ÷òî îòîáðà-
æåíèå q 7→ F(q) îäíîçíà÷íî. □

4 Ðåøåíèå îáðàòíîé çàäà÷è

Ïðèìåíèì ðåçóëüòàò àíàëèçà ðàññìîòðåííîé îáðàòíîé çàäà÷è äëÿ ðå-
øåíèÿ îáðàòíîé çàäà÷è â èñõîäíîé ïîñòàíîâêå: íàéòè íåèçâåñòíûå êî-
ýôôèöèåíòû qi, ïðè êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ èíòåãðàëüíîãî ïåðå-
îïðåäåëåíèÿ:

(fj , θ) = rj , j = 1, . . . ,m.

Äëÿ ðåøåíèÿ óêàçàííîé çàäà÷è ïðåäëàãàåòñÿ ñëåäóþùèé àëãîðèòì.

(1) Ïîëàãàåì s
(1)
j = rj äëÿ j = 1, . . . ,m. Ñ÷èòàåì k = 1.

(2) Ðåøàåì îáðàòíóþ çàäà÷ó

A1η =

m∑
i=1

qifi + h1,

(fj , η) = s
(k)
j , j = 1, . . . ,m,

íàõîäèì êîýôôèöèåíòû qi = q
(k)
i .

(3) Íàõîäèì θ = θ(k), φ = φ(k), ãäå θ, φ � ðåøåíèå çàäà÷è (1)�(3) ïðè

qi = q
(k)
i .

(4) Âû÷èñëÿåì s
(k+1)
j = rj+b(fj , A

−1
1 (A2φ

(k)−h2)). Ïîñêîëüêó (fj , θ
(k))+

b(fj , A
−1
1 (A2φ

(k) − h2)) = s
(k)
j , òî s

(k+1)
j = s

(k)
j + (rj − (fj , θ

(k))).

(5) Ïåðåõîäèì ê øàãó 2, óâåëè÷èâ k íà 1.

Ïî ñðàâíåíèþ ñî ñòàíäàðòíûì ìåòîäîì Íüþòîíà, êîòîðûé ìîæåò áûòü
èñïîëüçîâàí äëÿ ðåøåíèÿ äàííîé îáðàòíîé çàäà÷è, ïðåäñòàâëåííîé â êà-
÷åñòâå ñèñòåìû íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, â ïðåäëàãàåìîì
àëãîðèòìå íà øàãå 2 ïîëó÷àåòñÿ íåâûðîæäåííàÿ ñèñòåìà ëèíåéíûõ óðàâ-
íåíèé äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ qi.
Äðóãèì ìåòîäîì ðåøåíèÿ èñõîäíîé îáðàòíîé çàäà÷è ìîæåò âûñòóïèòü

ìåòîä êâàçèëèíåàðèçàöèè, àíàëîãè÷íûé íåïîëíîìó ìåòîäó Íüþòîíà äëÿ
ðåøåíèÿ ïðÿìîé çàäà÷è [20]. Åñëè íà êàæäîé èòåðàöèè ïðåäëîæåííîãî
àëãîðèòìà ðåøàåòñÿ ëèíåéíàÿ îáðàòíàÿ çàäà÷à òåïëîïðîâîäíîñòè, òî íà
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êàæäîé èòåðàöèè ìåòîäà êâàçèëèíåàðèçàöèè áóäåò ðåøàòüñÿ ëèíåàðè-
çîâàííàÿ îáðàòíàÿ çàäà÷à ñëîæíîãî òåïëîîáìåíà, â êîòîðîé äëÿ óïðî-
ùåíèÿ òåîðåòè÷åñêîãî àíàëèçà íåëèíåéíûé ÷ëåí ëèíåàðèçóåòñÿ òîëüêî
â óðàâíåíèè äëÿ òåìïåðàòóðû:

A1θ + bκa

(
|θ̃|3θ̃ + 4|θ̃|3(θ − θ̃)− φ̃

)
=

m∑
i=1

qifi + h1,

A2φ̃+ κa(φ̃− |θ̃|3θ̃) = h2,

(fj , θ) = rj , j = 1, . . . ,m.

Çäåñü θ̃ � ýòî ïðèáëèæåíèå äëÿ ïîëÿ òåìïåðàòóðû ñ ïðåäûäóùåé èòå-
ðàöèè.
Íàêîíåö, òðåòèé ñïîñîá ñîñòîèò â çàìåíå âòîðîãî øàãà àëãîðèòìà íà

ðåøåíèå óêàçàííîé ëèíåàðèçîâàííîé çàäà÷è. Â îòëè÷èå îò ìåòîäà êâà-

çèëèíåàðèçàöèè, çäåñü ïðèáëèæåíèå θ̃ áóäåò âû÷èñëÿòüñÿ êàê ðåøåíèå
ïðÿìîé çàäà÷è ïðè êîýôôèöèåíòàõ qi, íàéäåííûõ èç ëèíåàðèçîâàííîé
îáðàòíîé çàäà÷è.

5 Âûâîäû

Òàêèì îáðàçîì, äëÿ êîððåêòíîé ïîñòàíîâêè îáðàòíîé çàäà÷è ìîæíî
îòíåñòè äàííûå èçìåðåíèé íå ê ñàìîìó ïîëþ òåìïåðàòóðû, à ê ñïåöè-
àëüíîìó ïîëþ, âû÷èñëåííîìó áåç ó÷åòà ðàäèàöèîííûõ ýôôåêòîâ. Ïðè
òàêîì âûáîðå ôóíêöèîíàëîâ â ïåðåîïðåäåëåíèè îáðàòíàÿ çàäà÷à äëÿ
óðàâíåíèé ñëîæíîãî òåïëîîáìåíà îáëàäàåò ñâîéñòâàìè àíàëîãè÷íîé îá-
ðàòíîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè è ÿâëÿåòñÿ ëèíåéíîé.
Ïîýòîìó äëÿ åå ðåøåíèÿ ïîäîéäóò ñòàíäàðòíûå ÷èñëåííûå ìåòîäû, îðè-
åíòèðîâàííûå íà ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.
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