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Abstract: The paper is concerned with the approximation of
the deterministic mean field type control system by a mean field
Markov chain. It turns out that the dynamics of the distribution
in the approximating system is described by a system of ordinary
differential equations. Given a strategy for the Markov chain,
we explicitly construct a control in the deterministic mean field
type control system. Our method is a realization of the model
predictive approach. The converse construction is also presented.
These results lead to an estimate of the Hausdorff distance between
the bundles of motions in the deterministic mean field type control
system and the mean field Markov chain. Especially, we pay the
attention to the case when one can approximate the bundle of
motions in the mean field type system by solutions of a finite
systems of ODEs. algebra.
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1 Introduction

The paper studies mean field type control systems. These systems describe
an evolution of many identical agents who play cooperatively and interact
via some external field. The mean field type control systems appear within
the modeling of swarm of robots, pedestrian flows, etc [10,16,18-20].

The concept of mean field models comes back to the model of plasma that
was proposed by Vlasov in 1938 [36,37] and was formalized within the theory
of McKean-Vlasov equation [31,35]. We will focus on the deterministic (first-
order) mean field type systems. This means that the dynamics of each agent
is described by an ordinary differential equation on the Euclidean space with
the right-hand side depending on his/her state, control and the distribution
of all agents.

Notice that the settings of the control theory include the study of optimal
control problems as well as the examination of the qualitative properties of
the bundle of trajectories.

The mean field type optimal control theory started with paper [1].
Nowadays, for the second order mean field type control system, i.e., when the
dynamics of each agent is determined by a stochastic differential equation,
the necessary and optimality conditions are derived (see [9,15,17,22,30,32,
33]). The case of first-order mean field type optimal control problems was
studied in papers [6,24,34], where the variants of dynamic programming and
Pontryagin maximum principle were obtained.

The qualitative theory for mean field type control systems studies the
general properties of bundle of motions as well as viability theory issues. For
the deterministic mean field type control systems, the existence theorem was
proved under the general assumption on the dynamics |8, 11, 24|, while the
Filippov and relaxation theorem are derived under additional assumption of
continuity of the vector field [12,14]. The viability theorem was obtained in
the terms of tangent cones (see [4,13]) and in the terms of proximal normal
cones [7].

The main object of the paper is an approximation of the bundle of motions
of the first order mean field type control system. Our approach is based on
so called Markov approximations. They appear when one replace the ODE
determining the dynamics of each agent by a continuous-time mean field
Markov chain. The latter can be regarded as a system of infinitely many
similar agents with the dynamics determined by transition rates depending,
in particular, on a current distribution of agents. In this case, the dynamics
of the whole distribution of agents obeys a nonlinear Kolmogorov equation.
If, additionally, one can assure that the agents in the original system do not
leave a compact space, the phase space for the approximating Markov chain
can be chosen to be finite. This leads to an approximation of the first-order
mean field type control system by a finite system of ODE.

The approximation of the deterministic control system by a Markov chain
was proposed in [3]. In that paper, the approximation of the value function
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of the zero-sum differential game was studied based on stochastic control
with guide approach. This concept comes back to research of Krasovskii and
Kotelnikova [26—-29]. The Markov approximation technique was extended to
mean field type differential games in [5]. There, based on a modification of
the extremal shift rule for the Kantorovich space and control of the guide
strategies, the value function of the mean field type differential game was
approximated by a solution of a finite dimensional differential game.

In the paper, we focus on the approximation of the mean field type control
system and implement the model predictive control approach (see [23] and
reference therein). Notice that, for the original deterministic mean field type
control system, we assume the open-loop strategies. They are distribution
of pairs consisting of an initial state and a control. Simultaneously, the
approximating mean field Markov chain implies the feedback strategies. The
latters can be regarded as a sequence of open loop strategies those work at
the appropriate state.

As it was mentioned above, we use the methodology of the model
predictive approach. For the considered deterministic mean field type control
system, this means that, given a feedback strategy in the Markov chain, an
agent uses on a small time interval a control borrowed from a state in the
approximating Markov chain. The weights of the controls are determined by
an optimal plan between the distribution in the original and approximating
system. To solve the converse problem which implies the design of a feedback
strategy in the Markov chain based on a given distribution of controls in the
mean field type system, one can on each small time interval integrate the
controls according to the optimal plan between distributions.

The main results of the paper includes also an approximation rates
of the aforementioned constructions. They depend only on the original
system, distance between the original and approximating systems, fineness
of partition and the maximal transition rate in the mean field Markov chain.
Notice also that, if the fineness of the partition tends to zero, the limiting
approximation rates are determined only by the original system and the
distance between the original and approximating systems. This, in particular,
provides the distance between the bundles of motions in the deterministic
mean field type control system and a finite dimensional control system. The
earlier results gave only one-side estimate.

The rest of the paper is organized as follows. In Section 2, we introduce
the general notation. The assumption on the deterministic mean field type
control system as well as the class of admissible controls are presented in
Section 3. The approximating mean field Markov chain is introduced in
Section 4. Here, we define the general system and show the way to construct
an approximating Markov chain for the original deterministic mean field
type system. Section 5 deals with the model predictive control for the
deterministic system. In this case, we assume that a feedback strategy for the
mean field Markov chain is given and estimate the approximation rate of the
constructed motion in the deterministic mean field type system. The model
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predictive control for the mean field Markov chain is discussed in Section 6.
Finally, we estimate the Hausdorff distance between the bundle of motions
in the deterministic mean field type control system and the Markov chain
(see Section 7).

2 General notation

e If n is a natural number, X1,..., X, are sets, i1,...,1; are indices
from {1,...,n}, then p% is a projection from X; x ... X, to
Xil X .. 'Xik; i.e,

Pt (gL m) 2 (g, L Ty )-

o If (X, px), (Y, py) are Polish spaces, then C(X,Y") denotes the space
of bounded continuous functions from X to Y. If YV is a normed
vector space, then Cy(X,Y) is also a normed vector space with usual
sup-norm. Moreover, Cp(X) = Cp(X,R).

o We always endow a Polish space (X, px) with the Borel o-algebra
denoted by B(X). Moreover, M(X) stands for the set of Borel
nonnegative measures, whereas P(X) denotes the set of all Borel
probabilities:

P(X) £ {meM(X):m(X)=1}.

We consider on M(X) the topology of narrow convergence, i.e., a
sequence of measures {m,, }°° ; converges to a measure m if, for each

Ch(X),
/X d(x)my (dx) — /X o(x)m(dz) as n — oo.

Notice that P(X) is closed w.r.t. the narrow convergence.

o If (0, F), (¥, F') are measurable spaces, m is a measure on F, whilst
h:Q — Q is F/F'-measurable, then we denote by hffm the push-
forward measure on F' defined by the rule: for each T € F,

(htm)(T) £ m(h™(Y)).

e If (X,px) and (Y, py) are two Polish space, m is a measure on X,
then we denote by A(X,m;Y) the set of measures on X x Y with
marginal distribution on X equal to m, i.e.,

AX,mY)E{ae M(X xY): p! oo =m}.

e A function f: X — P(X) is called weakly measurable if, for each
¢ € Cp(Y), the function

e /Y 6()B(x, dy)

is measurable. Furthermore, each weakly measurable function [
generates a measure m x 8 € A(X,m;Y) by the rule: for each
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6 € Ch(X x Y),

/X o) m B ) 2 /X /Y o, y)B(z, dyym(dz).

o If @ € A(X,m;Y), then there exists a weakly measurable function
B such that « = m x § [21, 1II-70]. These function is called a
disintegration of the measure o and denoted by z +— «a(-|x). The
disintegration exists and is unique a.e.

o If (X,px) is a Polish space, p > 1, then PP(X) is the space of
probabilities on X such that, for some (equivalently, every) x, € X,

/ P (z, x5 )m(dz) < oo.
X

If X is a normed vector space, then we will always choose z, = 0

and put y
solm) 2 | [ alPmian|

o The space PP(X) is endowed with the Kantorovich (also known as a
Wasserstein) metric defined by the rule: if mq, ms € PP(X), then

Wy(m1,ma) £ [inf{ P (x1, z2)m(d(21, 22)) :
XxX

1/p
TE H(ml,mg)}] .

Hereinafter, II(m1,m2) stands for the set of probabilities 7 on X; x
X such that p’ §m = m;, i = 1, 2. The convergence within W), implies
the narrow convergence, the converse holds true only if X is compact
[2, Proposition 7.1.5]. Primary, we will consider the case p = 2.

e The set of all continuous curves in R? on [s,7] is denoted by T, =
C([s,r],R%).If t € [s,r], then we denote by e; the evaluation operator

defined by the rule: for z(-) € ',
er(2(-)) 2 2(t).
3 First-order mean field type control system

In the paper, we consider a mean field type control system formally
described by the continuity equation

Om(t) + div(f(t,z, m(t), u(t,xz))m(t)) = 0. (1)

Here, t € [0,T], € R? is a phase variable, m(t) stands for a current
distribution of agents, u(t,x) is a control implemented by an agent at the
time ¢ and the state x. We will assume that the control is chosen from a
set U. Notice that in (1) we indicate the dependence of the control u on
t and x. However, in fact we will use distributions of open-loop strategies
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(see Definition 1). The equivalence between the feedback controls and the
distributions of open-loop contols is proved in [24, Theorem 1]. System (1)
describes the behavior of the infinitely many identical agents such that the
dynamics of each agent is determined by the ODE:

d
Ze(t) = F(t(t),m(t) ult,(1))). 2)

Notice also that due to the equivalence of open-loop and feedback control for
control systems, one can replace in (2) the feedback control wu(t, z(t)) with
u(t). We impose the following conditions on U and f.

(C1) U is a metric compact;
(C2) f is a continuous function;
(C3) there exists a set K C R? such that, if supp(m) C K, then

ft,z,m,u) =0, = ¢K; (3)

(C4) f is bounded on [0,T] x K x P?(K) x U by a constant R;
(C5) f is Lipschitz continuous w.r.t. the space and measure variables on
[0,7] x K x P?(K) x U; the Lipschitz constant is denoted by Cy.

It is convenient to use the relaxation of the controls. This means that we
replace the set of instantaneous controls U with the set of probabilities on
U. The time-dependent relaxed controls are defined as follows.

For s,r € [0,T], s < r, put

USJ“ é A([Ser )\7 U)v

where X is the Lebesgue measure on [s,7]. An element of U, is a control
measure on [s, r]. Notice that U, is a compact subset of M([s,r] x U). For
now, assume that we are given with a flow of probabilities m(-) : [s,r] —
PP(RY). Furthermore, let y € R? be an initial state, and let £ € U, be a
relaxed control. Then, the corresponding motion of an agent is a solution of
the initial value problem

G0 = [ ra®.mo.wein), a) = ()

T

We denote this motion by z(-,s,y,m(:),€). Let us denote by traj;(.) the
operator assigning to y € R? and ¢ € U, the trajectory z(-,s,y,m(-),£) €
| R

Further, for m € PP(RY), put

Asr[m] & AR, m;Us ).
The set As,[m] is the set of distributions of pairs consisting of an initial

state and a relaxed control compatible with the initial probability m.

Definition 1. Let s,r € [0,T], s < r, ms € PP(RY), a € Alm.]. We say
that a function m(-) : [s,r] — PP(RY) is a motion of deterministic mean field
type system (1) produced by the initial time s and the distribution of controls
o € As[my] if there exists a measure x € P*(Ts,) such that
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o m(s) = my;
ST
o X = traj,y fo;
o m(t) = ey on [s,r].
Below we denote the motion of the system (1) produced by the initial time
s and the distribution of controls a € A, ,[my] by m(-, s, a).

Proposition 1. For each s,r € [0,T], r > s, m« € PX(K), Asr[m.], there
exists a unique motion m(-,s,a). Moreover, m(t,s,a) € P*(K) for all t €
[s,7].

This proposition is proved in [8].

Further, we introduce the concatenation of distributions of controls. First,
if sg,s1,82 € [0,T], so < 51 < 82, & € Usysy, &1 € Usy s, then the
concatenation & £ £y o, &1 of these controls is defined by its disintegration
w.r.t. the Lebesgue measure:

A [ &), teE]so,s1),
E(lt) = { &([t), te[s1,sa).
Definition 2. Let
® 50,581,892 € [07T], S0 < 81 < 895
® Mgy, mi € PQ(Rd);
o ap € Ay 5, [mol, a1 € Agy 5p[ma].
be such that
m1 = m(s1, 0, 20)-
A probability o € As, s,[mo) defined by the rule: for every ¢ € Cp(RxUs, 5,),

/ oy, )ald(y, €))
]Rdxusoys2

2 / / Oy, €0 0uy €101 (dE1|2°(y, €0)) oo (d(y, €0))
RixUsq,s; JU

51,52
1s called a concatination of distributions oy and «1. Here we use the
designations
Z,O(y’ 50) £ :E(Sl, Soayymo(')a&))v m(]() < m('vs(]vyam(]va(])’
With some abuse of notation, we denote the concatenation of distributions

by g 05, Q1.

Proposition 2. Assume that so < sy < s2, mg,m; € P*K), ap €
Asy .51 [mo], cn € Ag, s,[ma] are such that

m1 = m(s1, S0, ).
Then,

e m(t, sg, a0 05, a1) = m(t, so, ) when t € [sg, $1];
o m(t, sg, a0 05, 1) = m(t,s1,a1) when t € [s1, sa).
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This proposition directly follows from the definition of concatenation.

Let us complete this section with the equivalent formalization of the
motion in mean field type control system (1). The following result is proved
in |24, Theorem 1].

Proposition 3. Let m(:) : [s,7] — P%(K) be equal to m(-,s,a) for some
distribution of controls . Then, there exists a velocity field v : [s,7] x R —
Re such that

(V1) v(t,z) € co{f(t,z,m(t),u) : w € U} for a.e. t € [s,r], m(t)-a.e.
z e RY;
(V2) the continuity equation
Om(t) + div(v(t,z)m(t)) =0

holds in the sense of distributions, i.e., for every ¢ € CL([s,r] x R%),

/’" /Rd [0id(t, z) + (Vo(t, x),v(t, z))|m(t, dx)dt = 0.

Conversely, if m(-) and v(-,-) satisfy conditions (V1), (V2), then there ezits
a distribution of controls o such that

m(-) =m(-,s, ).

4 Mean filed Markov chains

In this section, we introduce a controlled nonlinear Markov chain. Let § C
K be at most countable set. Distributions on S are described by sequences

i = (pz)zes such that
pz >0, Z pz = 1.
zeS
The set of such distributions is the simplex on & denoted below by 3.
Furthermore, let 32 be a set of sequences 1 = (uz)zes such that

D lzlPus < oo

zeS
If S is finite, the sets ¥ and X2 coincide. There is a natural isomorphism
between X and P(S):

p=(pa)ees = I (1) 2 dapia,
TES
Hereinafter, §, stands for the Dirac measure concentrated at z.

For t € [0,T], p € 3% u € U, let Q(t, p,u) = (Qug(t, p,u))z ges be a
Kolmogorov matrix, i.e., Qz5(t, p,u) > 0 when z # g and, for each z € S,

> Qaglt, pyu) = 0.

yeS
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Given pu € X2, u € U, the quantity (QQz,5 is a probability rate of the transfer
from the state  to the state g at the time ¢ in the case when the distribution
of all agent is u, while the implemented control is u.

Now let us introduce a mean field Markov chain generated by this
Kolmogorov matrix. To this end, we first consider a relaxation of the control
space. As above, a relaxed control on [s,7] is an element of Us,. We will
use the feedback approach. This means that we are given with a sequence of
relaxed control (s = ((z)zes. Notice that the set of feedback controls is Z/{g,,.
In this case, the instantaneous probability rate for transition from Z to g is
equal to

Qs gt p,Cs) = /UQ:f,g(tv )Gz (dult).
Moreover, we denote
Q(t7 H, CS) = (Qi,:l](t> M, (S))f,ges-

Definition 3. Given a time interval [s,r], an initial distribution of states
ws € X2 and a feedback control (s = ((z)zes, we say that u(-) is a motion in
the mean field Markov chain if it satisfies the following initial value problem:

d
a#g(t) = Zﬂi(t) Qay(t, (1), Cs), py(s) = pug- (5)
zeS
Notice that system (5) can be rewritten in the vector form
d
Hl) = pQL u(t),Cs), puls) = pa (6)

To guarantee the existence of the distribution u(-), it is sufficient to
assume that () has continuous entries, for each Z only finite number of
entries Qz y(t, 11, u) are non-zero and the dependence of the matrix @ on
w is Lipschitz continuous.

Let us also give a probabilistic interpretation of Definition 3. Set

e Q.. = D([s,7];S), where D([s,r];S) stands for a Skorokhod space
of cadlag functions;

* Fsr = B(D([s,7]; S));

o Py, = {Fi hielsy), Where FL, C F, is a o-algebra such that
projections of its elements on [s,t] form the whole o-algebra
B(D([s,t];S)), while the projection on [¢,r] is a trivial o-algebra;

o X(t,w) 2 w(t).

Further, we define the generator L[u, (s] by the rule: for ¢ € Cy(S),
Lilp, Cs)p(x) £ Qay(t, 11, Cs)()-
yes
Definition 4. Let [s,r] be a time interval, p. be an initial distribution of

states, (s € Z/I;SW and let p(-) = p(-, s, s, Cs). We say that a probability P,
on Fs, realizes pu(-) if

o 1uz(t) =P, {w(t) =7};
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o for each ¢ € Cy(S), the process

SOX(0) = [ Llu(e) Gl X (¥t
is a Fg-martingale.

Below, if Py, is a realization of pu(-), Es, stands for the corresponding
expectation.

Notice that there exists at least one representation of flow u(-) [25,
Theorem 5.4.2].

The main result of the paper is proved under the following approximation
assumptions.

(A1)

A
maxmin [lz — g <

(A2) entries of the matrix @ are uniformly bounded by a number Byg.
(A3) foreach t € [0,T],2€ S, p€ ¥? and u € U,

| #2700 = 3~ 2)Qa gt pw)|[< &
yeS
(A4) foreach t € [0,T],2€ S, p€ ¥? and u € U,
D 15— 2P Qag(t pw) < €2
JeES
Without loss of generality, we assume that ¢ < 1.
An example of the Markov chain that satisfies assumptions (A1)—(A4) can

be constructed on a regular lattice as follows. First, we represent f in the
coordinate-wise form

F(tz m, ) = (filt, @, m,u)iy.

Let h > 0, K" £ K+ By, where B}, is a ball centered at the origin and radius
h, and let e; denote the i-th coordinate vector. We put

S2K'"nhz, 1)
ijg(t7 /’LJ u)
W filt 2,5 (), ), j=1
- d +h Sgn(fz(t’f’joj’)vu)ku (8)
—h S |t E T (), 5=,
0, otherwise.

One can directly show that this Markov chain satisfies conditions (A1)—(A4)
with Bg = dRh™! and ¢ £ max{h, VhdR}.

Notice that if K is compact, the phase space for Markov chain introduced
by rules (7), (8) is finite and equation (6) is a system of the finite number of
ODEs.
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5 Model predictive control of the first-order mean field
type system

In this section, we show that a feedback control in the mean filed type
Markov chain can be used directly to construct a motion in the first order
mean filed type control system.

Let pug € X2, (s € Z/{()":T. Notice that there exists a unique motion in the
mean field Markov chain on the time interval [0, 7] produced by the control
(s and the initial distribution pg. For shortness, we denote it by u(-). Let
mo € PAK), A = {s;}", be a partition of [0, T]. Further, let {; assign to
r € K and ¥ € § a measure (z € Uy, 5, ,. A model predictive strategy for
the first order mean field game is constructed as follows.

(D1) Let mp be an optimal plan between mg and 7 (uo). We define
ao £ (p', Go)tmo.

(D2) Assume now that we already construct controls «y, 1 =0,..., k — 1,
and a flow of probabilities m(-) on [0, s;| such that

; € Ag; 500, [m(si)], 1=0,...,k—1,

m<t) = m(t7 07 (&%)} <>81 e Osk71 Oék;—l), t € [O, Sk].

Set my, & m(sk, 0, s, . . .05, _, c—1) and choose 7, to be an optimal
plan between my, and # (u(sk)). As above 7 (+|x) is a disintegration
of this plan w.r.t. mx. We put

ap 2 (pt, &)
and, for ¢t € [sg, Sk11],
m(t) £ m(sk, 0,0 ©g, - .. Os,_, Qk—1 Os), AL)-

Theorem 1. If A = {s;}7, is a partition of [0,T], with d(A) < 1, while
QQ, - - -, a1 are constructed by the rules (D1), (D2) and m(-) £ m(-,0, apos,
c O, Q1) then

Wy(m(t), 7 (u(1))) < CoWa((p0),mo) + Cie + Cod"/?(A)
+ C3d(A) + C4€BQd(A) + C5BQd2(A).
Here, the constants Cy, . ..,Cs depend only on f and T.

Lemma 1. Let p(-) be a distribution of agents in the mean field Markov
chain, Ps ;. be its realization. Then,

Esr(IX(8) = X (s)[*1X (5) = 2) < 2(t = 5) + O} (t — )%,

where
Ch 2 4(R+1)e2E+DT /3,
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Proof. For fixed z € S, let us denote

(@) £ 7 — 31

We have that
Lilp, ulqz(Z) = ZQf,g(t>Ma )|y — 2|
yeS

= Qaglt,muw) (g — 2| + ||z - 2|° + 2y — 7,7 - 2))
yes

=3 Quyltmw)llg — 72 + (3 Quylts ) (5 — 2),7 — 7).

yeS geS

Due to assumption (A4), we have that the first term is bounded by £2.

Moreover, condition (A3) implies that

Z Qzg(t, p,u)(j—7)|| < R+e.

yeS

Using these estimates and Definition 4, we conclude that that

Es,r([X () = X (s)[I*1X (5) = 2)

< 2(t— ) +2/ (R + &) (Bor| X () = X(s)[|| X (s) = 2)dt".

Since we assume that € < 1, we have that
Eor(|X(1) = X (s)[I*|X (s) = 2) < CY (¢ - s),

where
Ci/ A 62(R+1)T

Plugging this estimate to (9), we obtain the statement of the lemma.

O

Lemma 2. Assume that s,7 € [0,T], s <7, vx = (Vuz)zes € X2, (s € Z/{;fr,

w(-) : [0,T] = 2, while v(-) satisfies

%V(t) = v(t)Q(t, u(t), Cs(1)), v(s) = va.

Then, for each T € S,
V() — vea| < Bolt — 5).
Proof. We have that

(10)

)~ veal < | /U S vyt Qpat, wlt). w) |Gy (dult)dt’ < Bo(t - 5).

yeES

O
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Proof of Theorem 1. Let us estimate the squared Kantorovich distance

W2(u(t),m(t)) for t € [sg,sp41), k=0,...,n—1.Let zx(-, y, Z) be a solution
on [sg, sk+1] of the differential equation

:/Uf(t,x(t),m(t),u)gz(duyt), z(sk) = .

Notice that m(t) = axi(t,-,-)imk, while by construction 7(u(t)) 2
X (t)fPs,s,,,- Recall that IE”S,wSk+1 is a probability that realizes a flow
of distributions u(-) on [sk,Sky1], whereas E is the corresponding
expectation. Thus, we have that

W3 (I (u(t)), m(t))
=/ Esp e (1X(8) = 2i(ty, 2) 21X (s) = 2)mi(d(y, 2)).
KxS

SksSk+1

(11)

Now, let us evaluate the quantity Es, s, ., (| X (t) — zx(t, y, 2)||?| X (sk) = 2).
First, notice that

1X(t) = zx(t,y, 212 < X (sx) — x5k, 9, 2) |1
+2[|X () — X (sp) 1> + 2|z (t, v, 2) — 2 sk, 2)|°
+2(X(t) — X(sk), X(sk) — 2 (5K, Y, 2))
— 2z (t,y, 2) — k(8K Y, 2), X (8k) — 21(8k, Y, 2))-

Thus,
Espsipn (1IX(8) = zi(ty, 2) 21X (sk) = 2) < |ly — 2|
+2Es, 50 (1X (1) = 2121 X (1) = 2) + 2[|z(t,y, 2) — I

H(Eop 51 (X (8) — 2| X (s) = 2),Z2 — y)
_<$k(t7y72) —Y,Z— y>

(12)

Due to Lemma 1, and the boundness of f, we have that

2By 50 (1X(1) = 221X (s1) = 2) + 2|k (t, y, 2) — ylI?
< 26%(t — ) + 20 (t — )% + R2(t — 5)%.

Further,

Eap 0 (X () = 21X (s1) = 2)

Esy 5641 (/ ZQX(t’)y X)X (s) = 2) dt'.

kges

SkySk+1
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This and condition (A3) yield that

Esysppr (X (8) = 2[X (s8) = 2)

—/ Esk,sHl(/ F, X (), 7 (u(t), w)Cx vy (dult) | X (s) =Z> dt'
Sk U
< e(t— sk).

Recall that
Esy 51 (/Uf(t’,X(t’),f(u(t)),U)Cxuf)(dUIt')lX(S) = 2) dt'

- Z /U f(t/’ Z, j('u(t))7 U)CX(t/)(dUIt/)y*j_

Thus, due to Lemma 2, we have that

Eay s (X () — 21X (55) = ) — / /U Pt 2 (u(t)), ) (dult)
<e(t — s) + RBg(t — s1,)*.

This and definition of the motion z(-,y, z) imply that
(s 00 (X(1) = 21X (s%) = 2), 2 — y) — (2a(t,9,2) =y, 2~ y)

< / IR

= f(tx(t) y, 2), m(t), w)l| G (dult))dt - [ly — ]
+ (e(t = s1) + RBq(t — s)*)|ly — 2|

Using the Lipschitz continuity of the function f, we obtain the following;:

(Egp 00 (X () = 2| X (s1) = 2),2 —y) — (an(t,9,2) — 9,2 — y)

<CyR(t = s)Plly ~ 2
40y [ Wl () m(e ]y 2|

+ (e(t = s1) + RBq(t — s)) |y — 2.
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Plugging this estimate into (12) and taking into account (13), we derive the
estimate:

Eopsees (1X(8) — 24t DIPIX (58) = 2) < 1y — 212
+ 262 (t — s1,) + 20" (t — 8)3/% + R(t — s)?
+ CrR(t — s1)* + CrR(t — s1) ||y — 2|2
+ Cp(t — sp) W3 (I (u(sk)), m(s)) + 3Cs(t — sp)lly — 2|
+ Cpe(t — sp)? + C1C(t — 51)°2 + ROs(t — s1,)°
+ (e 4 RBg(t — s1,))(t — s1) + (t — s) ly — 2/
< |ly=z2lI* + O3t — si)lly — 2|
T Oyt — ) WET (i), mlsh)
+ 3e(t — s3,) + 2C4(t — s)>/? + C4(t — s3,)?
+ CeBo(t — sip)? + R*Bj(t — si,)°.
Due to (11), we arrive at the inequality
WE(T (u(8)), m()) < (1+ Ch(t — sk ))WE (lsi)), m(si)
+3e(t — s) + 201 (t — )% + C4(t — 1) (14)
+ CleBo(t — s1)* + RQBé(t — 1)

Applying this inequality sequentially, we deduce the statement of the
theorem. 0

6 Model predictive control for Markov chains

In this section, given an initial distribution for the deterministic mean field
type control system mg € P?(K), a distribution of controls o € Uy, such
that o € Agr[mo], and an initial system for mean field Markov chain pg €
%2, we construct a feedback strategy (s such that the corresponding motion
of the Markov chain starting at po approximates the motion m(-,0, a).
Within this section, we denote

m(-) £ m(-,0,a).
Further, for (y,&) € RY x Uy r and s € [0,T], we put
‘ojs(y7 g) £ l'(S, 07 Y, m()v é)
Notice that, if (y/, &) = T5(y, &), then
Q?(', 07 Y, m()7 6) = .73(', S, y/7 m()a 6/)
Informally, the operator I ° transfers the initial condition and the control
from ¢ = 0 to the time s.

Below, if (s, (s are feedback controls for the Markov chain on [s, 7] and
[, 0] respectively, then we denote by (s ¢, (s the feedback control such that

¢s or Cfg = (Cﬂ? O Cg,z):fes-
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Finally, let A = {s;}!" , be a partition of [0, T].
The construction is stepwise.

(M1) Let my be an optimal plan between mg and % (o) and let mo(-|Z)
be its disintegration w.r.t. #(ug). We define a probability (so =
(¢z0)z € US o, by the rule: for ¢ € Cy([s0,s1] x U)

/ ot w)Crold(t, u))
[So,sl]XU

é//’ / B(t, u)E(d(t, u))ao(E]y)mo(dy|T).
K JUsy,s; J[s0,51]xU

Hereinafter, ag is a restriction of a on [sg, s1].
(M2) Assume now that we already constructed controls (sp,...,(s k-1
and put, for ¢ € [0, sg],
/“L(t) é lu’(t’ 05 /‘1’07 <$,0 <>81 e <>8]6,1 Cs,k—l)'

To extend the control to the next time step, we first set o to be a
restriction of the distribution of controls I **f« to the time interval
[k, Sk+1]. Further, let m; be an optimal plan between .7 (u(sy)) and
m(sy). A feedback control (s, = ((zk)zes € us is defined by

[5k,8k+1]
the rule: if ¢ € C([sk, sk+1] x U), then

/ (L, w)Cap(d(t, )
[s0,s1]xU

é/}C/Usk,skH /[Sk,skH]XU¢(t7U)€(d(t’u))ak(d§y)ﬂk(dmm)'

Theorem 2. Let conditions (A1)-(A4) hold true and let p(-) =
M(.’O’M(]?CS,O Cs1 v+ Csp (S,nfl); then

Wy (m(1), 7 (u(1))) < CoWa (S (o), mo) + Cie + Cad'/?(A)
+ C3d(A) + C4€BQd(A) + C5BQd2(A).
Here Cy, ..., C5 are the same constant as in Theorem 1.

Proof. The proof mimics the proof of Theorem 1. We consider a time interval
[Sk, Sk+1] and choose Py, s, ., to be a realization of the flow u(-) on [sg, sp41].
Ift e [Skfl, Sk}, then

W3 (m(t),.7 (u(t)))
S /ICXS/U E5k75k+1(”X(t) - xk(t;y,£)|’2’X(Sk) = 2) (15)

SkoSk+1
T (d(y, 2)).

Here, as above, we denote

xk(tvyvg) £ $(t, Sk> Y, m()?f)
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Further, we have that
By (1X () = 2t 9, 21X (s1) = 2) < |12 = y?
+ 2B 54, (1X(8) = X (s1) %1 X (s8) = 2)

+ 2k (t, y,€) -yl
+ QESk,5k+1(<X(t) - X(sk)7 Z— y>‘X(sk) - 2)
- 2<$k(t,y,§) —Y,Z— y>

Using Lemma 1, we conclude that

2By 50 (1X (1) = X (si) 21X (1) = 2) + 2]l (t, 9, 2) — y]?

16
< 26%(t — 5) + 20 (t — 5)*% + R2(t — 5)%. 16)

Further, as in the proof of Theorem 1, we have that

E%mxxw—axww=a—/ Lﬂﬂafww»w@Amwmﬂ

< e(t — sg) + RBg(t — si)*.

Simultaneously,

t
mwua—y:/ wawua%0mm%wamwmﬂ

Plugging this into (15) and taking into account the definition of (s, we
conclude that

W3 (m(t), 7 (u(t))) < Wi (m(s), 7 (u(sk)))
+ 26 (t — 5) + 200 (t — 8)32 + R(t — 5)* + e(t — s) + Bo(t — s1,)*

s,

SkoSk+1

‘éowwﬂMWDwKMMﬂ

-1AfWJAﬂy@»mw»mammv-W—yw

Estimating the last term as in the proof of Theorem 1, we obtain the
inequality:

W3 (I (u(t)),m(t)) < (1+ Cglt — s1))W3 (T (u(sk)), m(sr))
+3e(t — sp,) + 201 (t — 51)>? + Ch(t — s3)? (17)
+ CteBo(t — s1.)* + RQBCQQ(t — )3

Here the constants are the same as in (14). Applying (17) sequentially, we
arrive at the statement of the theorem. ([l
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7 Hausdorff distance between bundles of flows

In this short section, we consider the bundles of flows of probabilities
generated by the original first order mean field type control system and the
mean field Markov chain. To define them, let

X(mg) = {m(-,O,a) o€ Ao,T[mg]},

XQ(MO) £ {M('vomu? CS) (s € Z/{(‘)S;T}
Notice that X (mo) C C([0,T]; P2(R%)), while Xg C C([0,T]; £?)
If m(-) € C([0, T); P2(RY)), u € C(]0,T); £?), we denote

d(m(-), u(-)) = sup Wa(m(t), 7 (u(t))).
te[0,7)

If Y1 c O(0,T];P2(RY)), Yo C C([0,T],%?) are closed sets, then we
introduce the Hausdorff distance in the standard way:

H(Yy,T2)

2maxd sup inf d(m(),u(), sup inf d(m(), u() b.
m(-)ex; H()ET2 (- Ty M(-)ETY
The main result of this short section is the following.

Proposition 4. Assume that the approzimation conditions (A1)—-(A4) are
in force. Then,

H(X (mo), Xq(po)) < CoWa(F (o), mo) + Cie,
where Cy and C1 are constants dependent only on f and T

Proof. From Theorem 2, it follows that, given m(-) € X(my) and arbitrary
d > 0, one can find a partition of [0,7] A = {s;}, and controls
¢S, ---,(s,n—1 such that

d(m(-), u(-)) < CoWa((po), mo) + Cre + 6,

where p(-) = p(-,0,10,(5,0 ©s;, - -- ©s,_1 Cgn—1)- Passing to the limit while
0 — 0, we conclude that

sup inf  d(m(-), u()) < CoWa(F (ko). mo) + Cre.
m(-)€X (mo) H(-)EXQ (o)

The inequality

sup inf —d(m(-), u(-)) < CoWa(F (o), mo) + Cie
1(-)€Xq (1) M()EX (Mo)

is proved in the similar way using Theorem 1. ([l
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