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Ïðåäñòàâëåíî Î.Ñ. Ðîçàíîâîé

Abstract: In this paper we study a Rayleigh-type equation on a
semi-in�nite cylinder with a Coulomb-type potential. This equation
arises in the double-deck boundary layer structure in the problem
of �ow induced by a uniformly rotating disk with small periodic
irregularities on its surface for large Reynolds numbers. Using
combined numerical and analytical approach, the existence of a
unique solution to the Rayleigh-type equation is proven.

Keywords: existence and uniqueness of solution, Rayleigh-type
equation, double-deck structure.

1 Ââåäåíèå

Äâóõïàëóáíàÿ ñòðóêòóðà ïîãðàíè÷íîãî ñëîÿ, íàðÿäó ñ øèðîêî èçâåñò-
íîé òðåõïàëóáíîé [1, 2, 3, 4], ÿâëÿåòñÿ îäíîé èç øèðîêî èñïîëüçóåìûõ
ìàòåìàòè÷åñêèõ ìîäåëåé ïîãðàíè÷íîãî ñëîÿ â çàäà÷àõ îáòåêàíèÿ ìàëûõ
íåðîâíîñòåé, äîïóñêàþùèõ ÿâëåíèå îòðûâà ïîãðàíè÷íîãî ñëîÿ îò îáòåêà-
åìîé ïîâåðõíîñòè. Â ðàìêàõ ýòèõ ìîäåëåé, èñõîäíàÿ ñèñòåìà óðàâíåíèé
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Ðèñ. 1. Âðàùàþùèéñÿ äèñê ñ ìàëûìè ïåðèîäè÷åñêèìè
íåðîâíîñòÿìè, èç [14]

Íàâüå�Ñòîêñà è íåðàçðûâíîñòè ñ ïîìîùüþ ðàçëè÷íûõ àñèìïòîòè÷åñêèõ
ìåòîäîâ ðåäóöèðóåòñÿ ê áîëåå ïðîñòûì çàäà÷àì, äîïóñêàþùèì ïðîñòîå
àíàëèòè÷åñêîå èëè ÷èñëåííîå ðåøåíèå, ñì. ïîäðîáíåå â [5, 6]. Òàêîé ïîä-
õîä ïîçâîëÿåò èçáåæàòü ðåñóðñîåìêîãî ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâà-
íèÿ óðàâíåíèé Íàâüå�Ñòîêñà â îáëàñòè, ñîäåðæàùåé íåñêîëüêî ðàçíûõ
ìàñøòàáîâ, ïîðîæäàåìûõ ãåîìåòðèåé îáòåêàåìîé íåðîâíîñòè.
Â çàäà÷å îáòåêàíèÿ áûñòðîîñöèëëèðóþùèõ íåðîâíîñòåé äâóõïàëóá-

íàÿ ñòðóêòóðà âïåðâûå áûëà îòêðûòà â ðàáîòå Â.Ã. Äàíèëîâà è Ì.Â. Ìà-
êàðîâîé [7], è ñ òåõ ïîð îíà àêòèâíî èññëåäîâàëàñü â ðàçëè÷íûõ çàäà÷àõ
îáòåêàíèÿ � òå÷åíèÿ âäîëü ïëàñòèí ñ øåðîõîâàòîñòÿìè [8, 9, 10, 11, 12],
òå÷åíèÿ â òðóáàõ è êàíàëàõ ñ øåðîõîâàòûìè ñòåíêàìè [13]. Â îäíîé èç
íåäàâíèõ ðàáîò [14], äâóõïàëóáíàÿ ñòðóêòóðà áûëà ïîëó÷åíà â çàäà÷å î
òå÷åíèè, èíäóöèðîâàííîì ðàâíîìåðíî âðàùàþùèìñÿ äèñêîì ñ ìàëûìè
øåðîõîâàòîñòÿìè íà åãî ïîâåðõíîñòè, â òîì ÷èñëå � ñ ìàëûìè ïåðèîäè-
÷åñêèìè (áûñòðîîñöèëëèðóþùèìè) íåðîâíîñòÿìè, ñì. ðèñ. 1. Îòìåòèì,
÷òî ìíîãîïàëóáíûå ñòðóêòóðû äëÿ òàêîãî êëàññà çàäà÷ ðàíåå ïðàêòè-
÷åñêè íå ðàññìàòðèâàëèñü, ïîìèìî [14] èçâåñòíà ëèøü îäíà ðàáîòà [15].

Îäíàêî, ïîìèìî íåïîñðåäñòâåííî ñàìîãî âûâîäà óðàâíåíèé ñ ïîìî-
ùüþ àñèìïòîòè÷åñêèõ ìåòîäîâ, ÷òî áûëî ñäåëàíî â [14], âîçíèêàåò âî-
ïðîñ î ñóùåñòâîâàíèè ðåøåíèé ïîëó÷èâøèõñÿ ðåäóöèðîâàííûõ óðàâíå-
íèé. Îòâåò íà ýòîò âîïðîñ ðàâíîñèëåí îòâåòó íà âîïðîñ î ñóùåñòâîâàíèè
äâóõïàëóáíîé ñòðóêòóðû â ðàññìàòðèâàåìîé çàäà÷å.
Äâóõïàëóáíàÿ ñòðóêòóðà ñîñòîèò èç íèæíåé ïàëóáû (ñì. îáëàñòü I íà

ðèñ. 2) � òîíêîãî ïîãðàíè÷íîãî ñëîÿ è ñðåäíåé ïàëóáû (ñì. îáëàñòü II
íà ðèñ. 2) � îáëàñòè êëàññè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ Ïðàíäòëÿ (â çà-
äà÷å î òå÷åíèè âäîëü ïëàñòèíû), èëè ôîí Êàðìàíà (â çàäà÷å î òå÷åíèè
èíäóöèðîâàííîì âðàùàþùèìñÿ äèñêîì). Îòìåòèì, ÷òî òàêèå íàçâàíèÿ
ÿâëÿþòñÿ îáùåïðèíÿòûìè â òåîðèè ìíîãîïàëóáíûõ ñòðóêòóð (íàïðè-
ìåð, ñì. [3, 2]). Òå÷åíèå íà íèæíåé ïàëóáå îïèñûâàåòñÿ ñèñòåìîé óðàâ-
íåíèé Ïðàíäòëÿ ñ ñàìîèíäóöèðîâàííûì äàâëåíèåì (ñì. (5) íèæå), êîòî-
ðàÿ øèðîêî èññëåäîâàíà âî ìíîæåñòâå ðàáîò, ñì., íàïðèìåð, [8, 9, 10, 11].
À îñöèëëÿöèè òå÷åíèÿ â ñðåäíåé ïàëóáå îïèñûâàþòñÿ óðàâíåíèåì òèïà
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Ðèñ. 2. Ñå÷åíèå (r, z) ðàññìàòðèâàåìîé ãåîìåòðèè è
äâóõïàëóáíàÿ ñòðóêòóðà I � íèæíÿÿ ïàëóáà, II � ñðåä-
íÿÿ ïàëóáà

Ðýëåÿ (ñì. (6) íèæå), êîòîðîå îòëè÷àåòñÿ îò àíàëîãè÷íîãî äëÿ ñëó÷àÿ
îáòåêàíèÿ ïëàñòèíû [5, 9, 16] � ïîòåíöèàëû â íèõ êàðäèíàëüíî ðàç-
ëè÷àþòñÿ. À èìåííî, â ñëó÷àå òå÷åíèÿ, èíäóöèðîâàííîãî âðàùàþùèìñÿ
äèñêîì, ïîòåíöèàë â óðàâíåíèè òèïà Ðýëåÿ åñòü ïîòåíöèàë òèïà Êóëîíà,
ñì. ðèñ. 3, à â ñëó÷àå òå÷åíèÿ âäîëü ïëàñòèíû [16] ïîòåíöèàë ïðåäñòàâ-
ëÿë ñîáîé ìàëóþ ïîòåíöèàëüíóþ ÿìó, äëÿ êîòîðîãî â [16] áûëî äîêàçàíî
ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ óðàâíåíèÿ òèïà Ðýëåÿ. Ïîýòîìó
ðåçóëüòàòû èññëåäîâàíèÿ óðàâíåíèÿ òèïà Ðýëåÿ äëÿ ïëàñòèíû [16] íå
ìîãóò áûòü ïðîñòî ïåðåíåñåíû íà èññëåäóåìûé â äàííîé ðàáîòå ñëó÷àé.
Äëÿ äàëüíåéøåãî èçëîæåíèÿ, íåîáõîäèìî ïðèâåñòè ðåçóëüòàòû èç ðà-

áîòû [14]. Êàê îòìå÷åíî âûøå, â äàííîé ðàáîòå äâóõïàëóáíàÿ ñòðóêòóðà
ïîñòðîåíà äëÿ ñòàöèîíàðíîé çàäà÷è î òå÷åíèè âÿçêîé íåñæèìàåìîé æèä-
êîñòè, èíäóöèðîâàííîì ðàâíîìåðíî âðàùàþùèìñÿ ñ áåçðàçìåðíîé óãëî-
âîé ñêîðîñòüþ ω = 1 äèñêîì c ìàëûìè ïåðèîäè÷åñêèìè íåðîâíîñòÿìè
ïðè áîëüøèõ çíà÷åíèÿ ÷èñëà Ðåéíîëüäñà Re. Îòìåòèì, ÷òî ðàññìàòðè-
âàåòñÿ àêñèàëüíî-ñèììåòðè÷íûé ñëó÷àé. Ïóñòü (r, φ, z) � áåçðàçìåðíàÿ
öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò, îñü z ñîâïàäàåò ñ îñüþ âðàùåíèÿ
äèñêà, φ ∈ [0, 2π], U =

(
u(r, z), v(r, z), w(r, z)

)
� áåçðàçìåðíûé âåêòîð

ñêîðîñòè, p(r, z) � áåçðàçìåðíîå äàâëåíèå, à ïîâåðõíîñòü äèñêà èìååò

âèä zs = ε4/3µ(r, r/ε), ãäå ε = Re−1/2 � ìàëûé ïàðàìåòð, ôóíêöèÿ
µ = µ(r, ξ) � íåêîòîðàÿ ãëàäêàÿ 2π � ïåðèîäè÷åñêàÿ ïî ξ ôóíêöèÿ,

òàêàÿ, ÷òî ∂kµ(r,ξ)
∂rk

|r=0 = 0, k = 0, 1, 2 (íåðîâíîñòè ãëàäêî íà÷èíàþòñÿ íà

íåêîòîðîì ìàëåíüêîì ðàññòîÿíèè δ îò öåíòðà äèñêà),
∫ 2π
0 µ(r, ξ)dξ = 0,

ñì. ðèñ. 1. Çíà÷åíèå δ òàêîå, ÷òî êëàññè÷åñêèé ïîãðàíè÷íûé ñëîé ôîí
Êàðìàíà [17] óæå ñôîðìèðîâàëñÿ íà ýòîì ðàññòîÿíèè.
Õîðîøî èçâåñòíî [18], ÷òî â çàäà÷àõ î òå÷åíèÿõ, èíäóöèðîâàííûõ ðàâ-

íîìåðíî âðàùàþùèìñÿ äèñêîì, ðàäèàëüíàÿ êîìïîíåíòà u âåêòîðà ñêîðî-
ñòè ïðåîáëàäàåò, è äëÿ âûïîëíåíèÿ óðàâíåíèÿ íåðàçðûâíîñòè âîçíèêàåò
ïîñòîÿííûé ¾ïîääåðæèâàþùèé¿ ïîòîê U∞ = (0, 0,−εu∞), íàïðàâëåí-
íûé ïðîòèâîïîëîæíî îñè z, ãäå u∞ îïðåäåëÿåòñÿ â ïðîöåññå ðåøåíèÿ
çàäà÷è (ñì. ïîäðîáíåå â Òåîðåìå 1 íèæå). Ðàññìàòðèâàåìàÿ çàäà÷à îïè-
ñûâàåòñÿ ñèñòåìîé óðàâíåíèé Íàâüå�Ñòîêñà è íåðàçðûâíîñòè [19], äî-
ïîëíåííîé óñëîâèÿìè ïðèëèïàíèÿ U|z=zs = (0, ωr, 0) è óñëîâèÿìè ñîãëà-
ñîâàíèÿ ñ ¾ïîääåðæèâàþùèì¿ ïîòîêîì U|z→∞ = U∞.
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: äëÿ ëþáîé ôóíêöèè f = f(ξ, ◦),1

îïðåäåëèì ñðåäíåå çíà÷åíèå ïî ôîðìóëå f(◦) = 1
2π

∫ 2π
0 f(ξ, ◦) dξ, îñöèë-

ëèðóþùóþ ÷àñòü ñîãëàñíî ôîðìóëå f̃(ξ, ◦) = f(ξ, ◦) − f(◦), è îñöèëëè-

ðóþùóþ ïåðâîîáðàçíóþ F (ξ, ◦) =
∫ ξ
f̃(ξ, ◦) dξ òàê, ÷òî F = 0.

Â ðàáîòå [14] ïîëó÷åíî ñëåäóþùåå àñèìïòîòè÷åñêîå ðåøåíèå ðàññìàò-
ðèâàåìîé çàäà÷è.

Òåîðåìà 1. Ïóñòü r ≥ δ > 0. Òîãäà ôîðìàëüíîå àñèìïòîòè÷åñêîå
ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è èìååò âèä

u(r, z) = rf(τ) + ε1/3
[
uI1(r, ξ, θ) + µ(r, ξ)rf ′(τ)

]
+O(ε2/3), (1)

v(r, z) = rg(τ) + ε1/3
[
vI1(r, ξ, θ) + µ(r, ξ)rg′(τ)

]
+O(ε2/3), (2)

w(r, z) = ε2/3
[
wI
2(r, ξ, θ) + w̃II

2 (r, ξ, τ)
]

+ ε

[
wI
3(r, ξ, θ) + w̃II

3 (r, ξ, τ) + h(τ) + µ
∂w̃II

2

∂τ

]
+O(ε4/3), (3)

ãäå θ = (z− zs)/ε
4/3, τ = (z− zs)/ε, ξ = r/ε, è p0 = const. Çäåñü ïîãðàíñ-

ëîéíûå ïåðåìåííûå (ξ, θ) èñïîëüçóþòñÿ â íèæíåé ïàëóáå (ñì. îáëàñòü
I íà ðèñ. 2), à ïåðåìåííûå (ξ, τ) � â ñðåäíåé ïàëóáå (ñì. îáëàñòü II íà
ðèñ. 2). Îòìåòèì, ÷òî èñêðèâëåííàÿ ãðàíèöà îáòåêàåìîé ïîâåðõíîñòè
z = zs ñòàíåò ïëîñêîé â ïåðåìåííûõ θ è τ (ò.å., θ = 0 è τ = 0).
Ôóíêöèè f(τ), g(τ) è h(τ) ÿâëÿþòñÿ ðåøåíèåì êëàññè÷åñêîé ñèñòå-

ìû ÎÄÓ ôîí Êàðìàíà [18, 17] (îíà ÿâëÿåòñÿ ðåøåíèåì íåâîçìóùåííîé
çàäà÷è)

f2 − g2 + hf ′ − f ′′ = 0, 2fg + hg′ − g′′ = 0, 2f + h′ = 0, (4)

f(0) = h(0) = 0, g(0) = 1, f(∞) = g(∞) = 0.

Ñêîðîñòü ¾ïîääåðæèâàþùåãî¿ ïîòîêà u∞ îïðåäåëÿåòñÿ êàê u∞ = −h
∣∣
τ→∞.

Ôóíêöèè uI1(r, ξ, θ), v
I
1(r, ξ, θ), w

I
2(r, ξ, θ) èìåþò âèä

uI1 = u∗1 − (θ + µ(r, ξ))rf ′(0), wI
2 = w∗

2 − w̃II
2 |τ=0, vI1 = v∗1 − θrg′(0),

1Ñèìâîë ◦ îáîçíà÷àåò ëþáûå äðóãèå ïåðåìåííûå.



182 Ð.Ê. ÃÀÉÄÓÊÎÂ

ãäå ôóíêöèè u∗1(r, ξ, θ), v
∗
1(r, ξ, θ), w

∗
2(r, ξ, θ) ÿâëÿþòñÿ ðåøåíèåì êðàåâîé

çàäà÷è äëÿ ñèñòåìû óðàâíåíèé Ïðàíäòëÿ ñ ñàìîèíäóöèðîâàííûì äàâëå-
íèåì

u∗1

(
∂u∗1
∂ξ

− ∂u∗1
∂θ

∂µ

∂ξ

)
+ w∗

2

∂u∗1
∂θ

− ∂2u∗1
∂θ2

− rf ′(0)w∗
2

∣∣
θ→∞ = 0,

u∗1

(
∂v∗1
∂ξ

− ∂µ

∂ξ

∂v∗1
∂θ

)
+ w∗

2

∂v∗1
∂θ

− ∂2v∗1
∂θ2

= 0,

∂w∗
2

∂θ
+
∂u∗1
∂ξ

− ∂u∗1
∂θ

∂µ

∂ξ
= 0,

(5)

u∗1
∣∣
θ=0

= w∗
2

∣∣
θ=0

= 0, v∗1
∣∣
θ=0

= −µ(r, ξ)rg′(0),
w∗
2

∣∣
ξ
= w∗

2

∣∣
ξ+2π

, u∗1
∣∣
ξ
= u∗1

∣∣
ξ+2π

, v∗1
∣∣
ξ
= v∗1

∣∣
ξ+2π

,

∂u∗1
∂θ

∣∣∣∣
θ→∞

→ rf ′(0),
∂u∗1
∂ξ

∣∣∣∣
θ→∞

→ ∂µ

∂ξ
rf ′(0),

∂v∗1
∂θ

∣∣∣∣
θ→∞

→ rg′(0),
∂w∗

2

∂θ

∣∣∣∣
θ→∞

→ 0.

Ðàäèóñ r èãðàåò â ýòîé çàäà÷å ðîëü ïàðàìåòðà � ðàññòîÿíèå îò öåíòðà
äèñêà, íà êîòîðîì èññëåäóåòñÿ òå÷åíèå.
Ôóíêöèÿ w̃II

2 ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òèïà
Ðýëåÿ

f(τ)∆ξ,τ w̃
II
2 = w̃II

2 f
′′(τ), (6)

w̃II
2

∣∣
τ=0

= w̃∗
2

∣∣
θ→∞, w̃II

2

∣∣
τ→∞ → 0, w̃II

2

∣∣
ξ
= w̃II

2

∣∣
ξ+2π

, (7)

ãäå ∆ξ,τ � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì ξ è τ .

Îñòàëüíûå ôóíêöèè, âõîäÿùèå â ðàçëîæåíèÿ (1)�(3), ðàâíî êàê è âû-
ðàæåíèå äëÿ äàâëåíèÿ p(r, z), íå ïðåäñòàâëÿþò èíòåðåñà â ðàìêàõ äàííîé
ðàáîòû, ñì. ïîäðîáíîñòè â [14].

2 Óðàâíåíèå òèïà Ðýëåÿ

Äëÿ óäîáñòâà, ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: q(ξ, τ)
def
= w̃II2 (ξ, τ),

γ(ξ)
def
= w̃∗

2

∣∣
θ→∞. Ïåðåïèøåì çàäà÷ó (6), (7) âèäå:

−∂
2q

∂ξ2
− ∂2q

∂τ2
+ V (τ)q = 0, (8)

q
∣∣
τ=0

= γ, q
∣∣
τ→∞ = 0, q

∣∣
ξ
= q

∣∣
ξ+2π

, (9)

ãäå ïîòåíöèàë V (τ) = f ′′(τ)/f(τ), f(τ) � ðåøåíèå çàäà÷è (4), ñì. [18, 20].
Îòìåòèì, ÷òî çàäà÷à (4) ýôôåêòèâíî ðåøàåòñÿ ÷èñëåííî êîìáèíàöèåé
ìåòîäà ñòðåëüáû è ìåòîäà Ðóíãå�Êóòòû, ïðè ýòîì ïîëó÷àþòñÿ ñëåäóþ-
ùèå äîïîëíèòåëüíûå êðàåâûå óñëîâèÿ [20]

f ′(0) = α ≈ 0.51023, g′(0) = β ≈ −0.61592, (10)
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ïðè ýòîì ¾ïîääåðæèâàþùàÿ¿ ñêîðîñòü ðàâíà u∞ ≈ 0.88446.
Ïîòåíöèàë V (τ) èçîáðàæåí íà ðèñ. 3. Îòìåòèì, ÷òî íîëü ïîòåíöèà-

ëà äîñòèãàåòñÿ â òî÷êå τ ≈ 1.81197, è îí îãðàíè÷åí ñâîèì çíà÷åíèåì
ïðè τ → ∞: V

∣∣
τ→∞ ≈ 0.78227. Äëÿ ôóíêöèè f(τ) íåñëîæíî íàïèñàòü

àñèìïòîòèêè ïðè τ → +0 è τ → ∞ (ñì. [18]):

f(τ) = ατ − 1

2
τ2 +O(τ3), τ → +0,

f(τ) = Ae−u∞τ +O(e−2u∞τ ), τ → ∞,

ãäå A ≈ 0.93. Òîãäà äëÿ ïîòåíöèàëà V (τ) èìååì ñëåäóþùèå àñèìïòîòèêè

V (τ) =
−1 +O(τ)

ατ +O(τ2)
= − 1

ατ
(1 +O(τ)), τ → +0, (11)

V (τ) = u2∞(1 +O(e−u∞τ )), τ → ∞. (12)

Îòìåòèì, ÷òî óðàâíåíèå (8) ñ îäíîé ñòîðîíû ïðîùå, ÷åì óðàâíåíèå
òèïà Ðýëåÿ äëÿ ñëó÷àÿ ïëàñòèíû [16], ò.ê. â äàííîì ñëó÷àå îíî íå ñîäåð-
æèò ïàðàìåòðà, íî ñ äðóãîé ñòîðîíû, ïîòåíöèàë V (τ) èìååò îñîáåííîñòü
ïðè τ → +0, ñì. (11).
Ðàçëîæèì ôóíêöèþ q â ðÿä Ôóðüå:

q =
∑
k ̸=0

qk(τ)e
ikξ (13)

(k ̸= 0 ò.ê. q̄ =
∫ 2π
0 q(τ, ξ)dξ = 0 ïî åå îïðåäåëåíèþ). Òîãäà çàäà÷à (8), (9)

ïðèìåò âèä

−q′′k + (V + k2)qk = 0, k ∈ Z \ 0, (14)

qk(0) = γk, qk
∣∣
τ→∞ = 0,

ãäå γk � êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè γ(ξ).
Ïåðåéäåì îò çàäà÷è (14) ê çàäà÷å ñ íóëåâûìè êðàåâûìè óñëîâèÿìè.

Ââåäåì ñðåçàþùóþ ôóíêöèþ gk(τ) ∈ C∞[0,+∞), òàêóþ ÷òî gk
∣∣
τ=0

= 1,

2 4 6
τ

-20

-15

-10

-5

V

Ðèñ. 3. Ïîòåíöèàë V (τ)
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gk
∣∣
τ→∞ = O(τ−N ) ∀N ∈ Z+. Ââåäåì íîâóþ ôóíêöèþ

φk(τ) = qk(τ)− gk(τ)γk.

Òîãäà çàäà÷à (14) ïðèìåò âèä

(L̂+ k2)φk = −γk(L̂+ k2)gk, k ∈ Z \ 0, (15)

φk(0) = 0, φk
∣∣
τ→∞ = 0,

ãäå îïåðàòîð

L̂ = − d2

dτ2
+ V (τ). (16)

Î÷åâèäíî, ÷òî óðàâíåíèå (15) èìååò åäèíñòâåííîå ðåøåíèå òîãäà è òîëü-

êî òîãäà, êîãäà −k2 íå ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì îïåðàòîðà L̂ �
òîëüêî â ýòîì ñëó÷àå KerL̂ = ∅. Ñôîðìóëèðóåì ðåçóëüòàò â âèäå ñëåäó-
þùåãî óòâåðæäåíèÿ.

Ëåììà 1. Ðåøåíèå óðàâíåíèÿ òèïà Ðýëåÿ (8) ñóùåñòâóåò è åäèíñòâåí-

íî òîãäà è òîëüêî òîãäà, êîãäà ñïåêòð îïåðàòîðà L̂ (16) íå ñîäåðæèò
îòðèöàòåëüíûõ öåëî÷èñëåííûõ ( −k2, k ∈ Z\0 ) ñîáñòâåííûõ çíà÷åíèé.

3 Ñïåêòð îïåðàòîðà L̂

Ðàññìîòðèì çàäà÷ó Øòóðìà�Ëèóâèëëÿ

−ψ′′
ττ + V ψ = Eψ, ψ(0) = 0, ψ(∞) = 0. (17)

Íàøåé öåëüþ ÿâëÿåòñÿ ïîêàçàòü, ÷òî ó çàäà÷è (17) íåò îòðèöàòåëüíûõ
öåëî÷èñëåííûõ ñîáñòâåííûõ çíà÷åíèé.
Ïóñòü V̂ (τ) = V (τ) − u2∞. Òîãäà èç (11), (12) ñëåäóåò, ÷òî V̂ (τ) =

−1/(ατ)+O(1) ïðè τ → +0, è V̂ (τ) = O(e−u∞τ ) ïðè τ → +∞. Îáîçíà÷èì

Ê = E − u2∞. Òîãäà çàäà÷à (17) ïðèìåò âèä

−ψ′′
ττ + V̂ ψ = Êψ, ψ(0) = 0, ψ(∞) = 0. (18)

Îòìåòèì, ÷òî ôàêòè÷åñêè íàì íóæíî ïîêàçàòü, ÷òî â çàäà÷å (18) íå

ñóùåñòâóåò òàêîãî ñîáñòâåííîãî ÷èñëà Ê, ÷òî Ê + u2∞ ∈ Z−. Âîîáùå
ãîâîðÿ, ñ ó÷åòîì òîãî, ÷òî u2∞ /∈ Z, âåñüìà î÷åâèäíî, ÷òî ýòî âåðíî.
Ðàññìîòðèì ñëåäóþùóþ âñïîìîãàòåëüíóþ çàäà÷ó:

−y′′ττ −
1.1

ατ
y = λy, y(0) = 0, y(∞) = 0. (19)

Ñäåëàâ çàìåíó η = τ/(α/1.1), ïîëó÷èì ñïåêòðàëüíóþ çàäà÷ó ñ ïîòåíöè-
àëîì Êóëîíà

−y′′ηη −
1

η
y = λ̂y y(0) = 0, y(∞) = 0, (20)

ãäå λ̂ = (α/1.1)2λ. Åå ðåøåíèå èçâåñòíî [21]: íåïðåðûâíûé ñïåêòð (0,+∞)
è ñåðèÿ îòðèöàòåëüíûõ äèñêðåòíûõ ñîáñòâåííûõ çíà÷åíèé

λ̂i = − 1

4(i+ 1)2
, i = 0, 1, 2, . . . .
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2 4 6
τ

-10

-8

-6

-4

-2

V (τ )

Ðèñ. 4. Ïîòåíöèàëû V̂ (τ) (ñïëîøíàÿ ëèíèÿ) è V1(τ) =
−1.1/(ατ) (ïóíêòèðíàÿ ëèíèÿ)

Âèäíî, ÷òî 0 > λ̂i ≥ −1/4, i = 0, 1, 2, . . .. Î÷åâèäíî, ÷òî îòðèöàòåëüíûé

äèñêðåòíûé ñïåêòð èñõîäíîé çàäà÷è (19) èìååò âèä λi = λ̂i/(α/1.1)
2 /∈ Z,

i = 0, 1, 2, . . .. Áîëåå òîãî, ëåãêî âèäåòü, ÷òî λi ∈ [−1/(4(α/1.1)2), 0),
ãäå −1/(4(α/1.1)2) ≈ −1.163, ò.å. λi ∈ [−1.163, 0), i = 0, 1, 2, . . ., ïðè÷åì
î÷åâèäíî ÷òî λi ̸= −1 (â ñèëó ìíîæèòåëÿ 1/(α/1.1)).

Ïîòåíöèàë V̂ â çàäà÷å (18) áîëüøå2 ïîòåíöèàëà èç âñïîìîãàòåëüíîé
çàäà÷è (ñì. ðèñ. 4):

V̂ > −1.1

ατ
= V1(τ), τ ∈ (0,+∞).

Òîãäà〈(
− d2

dτ2
+ V̂

)
ψ,ψ

〉
=

〈(
− d2

dτ2
+ V1 + V̂ − V1

)
ψ,ψ

〉
=

=

〈(
− d2

dτ2
+ V1

)
ψ,ψ

〉
︸ ︷︷ ︸

≥−1.163∥ψ∥2

+
〈(
V̂ − V1

)
ψ,ψ

〉︸ ︷︷ ︸
≥0

≥ −1.163∥ψ∥2.

Ñëåäîâàòåëüíî, Ê ≥ −1.163 (ò.ê. ∥ψ∥ = 1). Çíà÷èò, ñîáñòâåííûå çíà÷åíèÿ

îïåðàòîðà L̂
E ≥ −1.163 + u2∞ ≈ −0.38.

Òîãäà î÷åâèäíî, ÷òî íå ñóùåñòâóåò òàêîãî k ∈ Z \ 0, ÷òî −k2 = E. Â
èòîãå ìû äîêàçàëè ñëåäóþùåå óòâåðæäåíèå.

2Â ñèëó îòñóòñòâèÿ àíàëèòè÷åñêîãî âûðàæåíèÿ äëÿ V̂ ýòî ìîæíî ëèøü ïðîâåðèòü
÷èñëåííî, îòêóäà è áûëà ïîäîáðàíà êîíñòàíòà 1.1. Â îêðåñòíîñòè íóëÿ è áåñêîíå÷íî-
ñòè ýòî íåðàâåíñòâî ñòðîãî îáóñëîâëåíî àñèìïòîòèêîé (11), (12) ñ ó÷åòîì çàìåíû V

íà V̂
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Ëåììà 2. Ñïåêòð îïåðàòîðà L̂ íå ñîäåðæèò îòðèöàòåëüíûõ öåëî÷èñ-
ëåííûõ ( −k2, k ∈ Z \ 0 ) ñîáñòâåííûõ çíà÷åíèé.

Äàííàÿ ëåììà äîêàçûâàåò ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèå óðàâ-
íåíèÿ òèïà Ðýëåÿ (6), ñì. Ëåììó 1. Îòìåòèì, ÷òî êîíå÷íî ýòîò ïîäõîä íå
ïîëíîñòüþ ñòðîãèé, ò.ê. îñíîâàí íà êîìáèíàöèè êàê àíàëèòè÷åñêèõ, òàê
è ÷èñëåííûõ ìåòîäîâ, íî â ñèëó îòñóòñòâèÿ ÿâíîé àíàëèòè÷åñêîé ôîðìû
ðåøåíèÿ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òèïà Ðýëåÿ, ïîëíîñòüþ ñòðîãîãî
(àíàëèòè÷åñêîãî) äîêàçàòåëüñòâà íåâîçìîæíî ïðåäñòàâèòü.

4 Çàêëþ÷åíèå

Â ðàáîòå äîêàçàíî, ÷òî ðåøåíèå êðàåâîé çàäà÷è íà óðàâíåíèå òèïà
Ðýëåÿ (6), (7) ñóùåñòâóåò è åäèíñòâåííî. Ýòî äîêàçûâàåò ñóùåñòâîâà-
íèå è åäèíñòâåííîñòü äâóõïàëóáíîé ñòðóêòóðû ïîãðàíè÷íîãî ñëîÿ â ñòà-
öèîíàðíîé çàäà÷å î òå÷åíèè, èíäóöèðîâàííîì ðàâíîìåðíî âðàùàþùèì-
ñÿ äèñêîì ñ àêñèàëüíî-ñèììåòðè÷íûìè áûñòðîñöèëëèðóþùèìè ìàëûìè
íåðîâíîñòÿìè íà åãî ïîâåðõíîñòè ïðè äîñòàòî÷íî áîëüøèõ ÷èñëàõ Ðåé-
íîëüäñà.
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