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Abstract: The global solvability of the boundary value problem
for mass transfer equations has been proven, in which the coeffici-
ents of mass expansion and reaction nonlinearly depend on the
concentration of the substance, and also depend on spatial variables.
The mathematical apparatus is adapted to a specific boundary
value problem to prove its solvability with minimal requirements
for the initial data. Additional properties of the weak solution are
established and their applications are discussed.
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1 Bsegenwne. IlocTaHoBKa KpaeBoii 3amadn

Uccnenosanme KpaeBbIX W 9KCTPEMATBHBIX 3379 M/ YPABHEHWI TETLTO-
MaCCOTePeHOCca HAYaI0Ch C U3yIeHnst MOJeael B paMKax npubsnxenns Byc-
cunecka (cMm. [1, 2, 3, 4, 5, 6, 7]). OgHako 3aBUCHMOCTH HEKOTOPBIX KOID-
GUTTHEHTOB PACCMATPUBAEMBIX MOEIeN OT KOHIEHTPAIINN BEIECTBA W TE€M-
mepaTyphl IB/ISIETCS BIIOJHE €CTECTBEHHON ¢ (PU3HUECKON TOUYKN 3PEHUd H,
CJIe/I0BATEJIBHO, 1 JIOJIKHA OBITh yuTeHa. HekoTopyro npoMeKyTouHYIO Hu-
my 3arumaror paborsr (8, 9, 10, 11| 1o ucciesoBannio KpaeBbiX U 9KCTPE-
MaJIbHBIX 3314 JIJTs] HEJIMHEHHOM MOen peakinu—andQy3nn—KOHBEKITUT ¢
3aBUCUMBIMU OT PeIleHrns KO3(DPUuiimenTaMu, Kak B ypaBHEHWH, TaK U B I'Pa-
HUYHbBIX YCJIOBUSIX, a Takxke crarbu [12, 13, 14], nocesiuenHble ucciejosa-
HUIO OJTM3KUX MOJIesell CI0KHOro Ternooomena. Hakorer, orMmeruM paboTh
[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32|, mocssiieH-
HBIE MCCJIETOBAHUIO KPAEBBIX U IKCTPEMATBHBIX 3334 I PA3THIHBIX MOJIe-
Jieii, obobrmatorux npubaukenre byccurecka. OTAebHO CTOUT YIOMAHYTH
crarbu [33, 34, 35, 36, 37, 38, 39, 40, 41, 42|, B KOTOPBIX PACCMATPUBAIOTCST
yCJIO2KHEHHBIE, B TOM YHCJIE U PEOJIOTUYUECKHe, MOJEAN THIPOINHAMUKH.

B nmacrosmeii pabore ucciemyercs Kpaepas 3ajiava Jjisi ypaBHEHUI Mac-
COTIEPEHO0Cca, B KOTOPOH KO3 PUIMEHTH MaccOOMEHA U PEAKIINYT HEJUHEHHO
3aBUCAT OT KOHIIEHTPAIIUU BEIIECTBA, a TAK YK€ 3aBUCAT OT ITPOCTPAHCTBEH-
HBIX [TEPEMEHHBIX.

B orpanmdennoit obracru ) C R? ¢ rpanumneit I' paccmarpusaercs ciejry-
FOIAs KpaeBas 3a/1a4a;

—vAu+ (u-V)u+ Vp=1£f+ B(p,x)pG, divu =0 na Q, (1)
—div(A(x)Ve) +u-Vo+k(p,x)p = f BQ, (2)
u=g, ¢=0mal. (3)

31ech u — BeKTOp CKOpocTH, DYHKINS (0 MMEET CMBICJ KOHIEHTPAIAN TIPH-
mecu, p = P/p, tie P — namienne, p = const — IJIOTHOCTH YKHJKOCTH,
v = const > 0 — KuHEMaTHYeCKas BA3KOCTb, A = A(x) > 0 — koaddunment
muddysun, tae x € Q, B = B(p,x) — kKoahdunmenT MaccoBoro pacrmpe-
ausi, G = —(0,0,G) — yckopenme cBobomuoro mamenus, f u f — obbemuble
ILJIOTHOCTH, COOTBETCTBEHHO, BHEMIHUX CUJI W BHEIIHUX MCTOYHUKOB MPUME-
cu, byukuusa k = k(p,x) umeer cmbica kKoyddunmenra peakuu. Huke ma
sagaqy (1)—(3) npu samannbix dbysxnuax £, f, A, 5,k u g Gyaem cebuiarbes
KaK Ha 337ady 1.

C upukiiaHON TouKM 3peHust, Mojesb (1)—(3) yuurbiBaer JOBOJIBHO 1IPO-
M3BOJIHLHYIO 3aBUCUMOCTE CKOPOCTH PACIaia MPUMECH OT ee KOHIEHTPAINH, a
TaKKe HEOTHOPOJIHOCTH MPOTEKAHNS JTAHHONH Peakluu B mpocTpancTse. [o-
crieJiHee MOXKET OBITH BBI3BAHO JIEHCTBHEM peareHTa, IpeIHA3HAYeHHOTO JIJIst
OYHCTKM BOJIOEMA OT 3arpsi3HeHuii. B 3ToM ciiydyae ecTeCTBEHHO, YTO KO3-
uIMeHT peakIuu A TaK ¥Ke 3aBUCUT U OT MPOCTPAHCTBEHHBIX TIEPEMEHHBIX.
B kagecTBe mpuMepa TAaKOro KoM PUIEEHTa PEaKIMi MOXKHO PACCMOTPETH
dbysrmmo k(p,x) = a(x)p?, rae GYEKIHA «, MOAEIHPYIOMAsT 3aBICAMOCTh
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CKOpOCTH peakiu 0T X € ), MOXKeT UrpaTh POJib YIIPABJECHUS B COOTBET-
crByoeif skcrpeMatboil 3asade (eum. [9]). IIpu neobxomumocru moryT 6brh
peain30BaHbl AHAJOTUYIHBIE BAPUAHTHI KOA(MD@UITMEHTA MACCOBOTO pacIupe-
i B(p, ).

B nmammoit cratbe ¢ mcmonk3oBanueM mpuHInTa Jlepe-Illaynepa mokasbl-
BaeTcs TJioDaJibHAsT PAa3pENInMOCTh 33jiadu 1, a Tak JKe YCTAHABIUBAIOTCS
JIOCTATOYHBIE YCJIOBUS JIOKAJbHON enuHcTBeHHOCTH. ClesaB akieHT Ha 3a-
BUCUMOCTH OT ¢ Kodbuiimenta § MOKHO MPEIIOJIO0KATH, YTO TIOJTYI€HHBIH
PE3YJIBTATHI SIBJISIETCA JACTHBIM CJIyIaeM pe3yabTaToB [17| B BUIY mCmoJib-
3oBaHus B pabore omHopojHoro yciaosust dupuxie mas . OnHako smo xe
yCJIOBUE II03BOJISIET OTKA3aTbCsl OT TpeboBaHUsl OTpaHUYEHHOCTH K03hdu-
nueHTa 3, Kak [17], 3aMeHUB €ro yCcJ0BHEM CTEIEHHOTO POCTa (CM. yCJIOBHE
(v))-

B cBoro ovepenpb, OrpaHHYeHHOCTE OIM3KOM HemHelHOCTH B 17| mqocTur-
HYTa 33 CYET YCTAHOBJIEHHOTO B IIUTHUPYEMOil paboTe MPUHIIAIA MUHUMYMA
s Temmeparypol. [lomydennsiit B |25 npuHimna MakcuMyMa W MHUHUAMY-
Ma JIJId KOHIIEHTPAIIUN @ TTO3BOJIAET HE TOJBKO MTPUMEHUTDH TTOJAXO/T pa6OTbI
[17] k nccnepopanuio 3a7a4uun 1 ¢ HEOAHOPOIHBIM TPAHUIHBIM YCJIOBUEM JIJIsT
KOHIIEHTPAIINY, HO W HECKOJILKO PACITUPUTH BAPUAHTHI YCIOBUM Ha (PYHK-
o (@, x). OpHaKO TaKoil MPUHIIUI YCTAHOBJIEH TIPU KECTKUX YCIOBUAX
Ha, Ipyroit 3aBucuMbIit 0T  Kodddumment k. Tlo 3T0it mpuvunte MbI 1 BbIze-
JIMJTA KPAEBYIO 33129y ¢ OJHOPOAHBIM yeaosueM Jlupuxie mis .

Tak ke OTMeTHM, 4YTO HACTOsiIasl CraTbst obobmaer pesyabrarsl 22| un
[24], a Tak ke HekoTOpble pesyabrarsl [23| u [25] 3a cyer Hanuung B ypasHe-
HUASX MOJIE/IHU IBYX 3aBUCUMBIX OT KOHIICHTPAIINY BEIeCTBa KOIPOUITMEHTOB.

2 PaspemmumocTh KpaeBoii 3agaun

Bynem ucnonbzosars npocrpancrea Cobonesa H*(D), s € R. 3necs D
o3nagaer obsacts ) mwiam ee momobsacte () C 2 mawm rpamumy . Yepes
- s, | - s, # (-, +)s,@ 0GO3HAMIM, COOTBETCTBEHHO, HOPMY, HOJIYHOPMY #
ckangpuoe npoussegenne B H9((Q). Hopumbl u ckansipable MpOM3BeeHUs B
L*(Q), L*(Q) u L*(T') obosnauum, coorsercrsento, uepes | - o u (-, )0,
I -lle G o 1 e )

Beegem caegytonme hyHKIMOHATBHBIE MHOKECTBA:

LY (D) ={k e LP(D) : k > 0}, p > 3/2,
HS () ={Ae H*(Q) : A > X >0}, s >3/2,

1 [IPOCTPAHCTBO

LE(Q) = {h € L*(Q) : (h,1) = 0}.

Onpegem/IM IIPOCTPAHCTBO TECTOBBIX cbyHKLU/Iﬁ JJ19d BEKTOPa CKOPOCTH:
V ={veH}(Q)?: divv=08Q}.

Bynem mcmomb30BaTh TPOM3BEIEHNS TPOCTPAHCTB

H = H}(Q)® x H}(Q), W=V x H\Q),
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HaAeJICHHBIC HOPMAMM:

(W, )1 = l(w, D)[fy = wliq + 12170,
u asoiicrBennabie K H u W dyHKImonabHbIE TPOCTPAHCTBA
H*=H ' Q)?xHYQ), W*=V*x H Q).

IlycTh BBITOMHSIOTCS CJIEYIONIHE YCIOBHIS:

(i) Q - orpammuennas obnacTh B npocTpancTse R3 ¢ rpammmeit I' € C%1,
cocrosmeit u3 N cBa3ubix xkommorent IV, j = 1,2, ..., N;

(i) A e H3 (), s >3/2, f e H'(Q)?, f e H'(Q);

(iii) g € HY/*(I3, (g,n)p; =0, j =1,2,..., N;

(iv) nma mo6oit dynxman w € HE(Q) mveer mecto Bioxkenue B(w
LA (), me p > 5/3 u me 3aBucur or w, u Ha aoboM mape B, =
HE(Q) : |lw||1.0 < r} pamuyca 7 cnpaBe/IMBo HEPABEHCTBO:

,‘)
{w

1B(w1, ) = Blwa, Moy < Lallwr = wall () Ywr,wa € Hy(Q),

rae Lg — KOHCTaHTa, 3aBHCAIIAdA OT 7', HO HE 3aBUCAIIAA OT wi, w2 € By
(v) dyukuusa S(p,-) sBASIETCS OTPAHUYEHHONW B TOM CMBIC/E, UTO CYIIe-
CTBYIOT TOJIOKHUTEIbHbIE KOHCTAHTHI A, B, 3aBucsinue ot [3, Takue, 9To

1BCe. Mooy < Allellio+ B, p=5/3, t > 0; (4)

(vi) mist sroboit dyHKImMM v € H&(Q) cripaBeIuBO BiIOKeHUe k(v, ) €
L% (Q) mns p > 5/3, tae p He 3aBUCHT OT v, U Ha a060M mape B, = {v €
HY(Q) : ||v|l1.a < r} paauyca r cipaBemuBo HePaBEHCTBO:

[E(v1,+) = k(v2, )| o) < Lillvr — val ) Vo1, ve € Hy(Q),

e L — KOHCTaHTA, 3aBUCAINAA OT I, HO HEe 3aBUCSIIAs OT V1, V3 € By;
Ormernm, uro ycmosus (iv), (v), m ycaosue (vi) ONMCBIBAIOT OTEPATOPHI,
neiicreytonue n3 H(Q) B LP(Q), rae p > 5/3. DT0 1m03BOIFET yUNTHIBATE
3aBUCUMOCTDH KO3(MMHUIIMEHTOB MacCOOOMeHa W PEeAKITNH, KAK OT KOMIIOHEHTHI
¢ pemenus (u,p,p) 3agaun 1, TaK ¥ OT TPOCTPAHCTBEHHBIX EPEMEHHBIX
x € (.
Hamnpuwmep,

B=¢ el (mm f=1/(1+¢%) B Q1 CQn
B=PBo(x) € L7(Q2) B Q2 =0\ Q1,
k=¢?5Q1CQuk=Fk(x)ecLY*Q) B Q.

C ¢dusuueckoit Touky 3perus Ko3OPUIUEHT k 0OTBEIACT CUTYAINH, KOTIA B
nomobsiactu (1 C ) CKOPOCTh paciajia IPUMECH TTPOMOPITNOHAIbHA KBaIpa-
Ty ee KOHIIEHTPAIIUH, B TO BpeMs, Kak BHe 1mof06/1actu ()1, CKOPOCTh JAaHHOiT
XUMUYECKOU PEeAKITHU 3aBUCUT TOJBKO OT MPOCTPAHCTBEHHBIX TIEPEMEHHBIX.
AnasornaHo, KO3 PHUIHEHT MACCOBOTO PACIIUPEHUsT [ MOXKET TaK Ke Me-
HSITH 3aBUCAMOCTD OT (0 Ha 3aBUCHMOCTH OT X € ().
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Hanommum, uro no reopeme sioxenus Cobosesa, npocrpancrso H(Q)
BKJIaibiBaeTCs B npocrpancrso L*(£) menpepbisao npu § < 6 u KOMIAKT-
HO ipu s < 6, U ¢ HekoTOpBIMU KOHCTaHTaMu C, 3aBUCAIMMHA OT S U ),
CIIpaBeIINBA, OEHKA,

lia Ve € HY(Q). (5)

lellzs ) < Cslle

CupasejiiBa cieyromas TexHnaeckas jgemma (M. nogpobuo B 3, 44]).

Jlemma 1. ITyemo ewnoansemca ycaosue (i), fo, ko € LA (Q),p > 5/3,
uc HY(Q)3, divu =0, ) € H} (Q), s > 3/2. Toeda cywecmeyrom noso-
orcumenvhve Konemarnmo, Co, C1, 80, 01,771,715 V2: Vas Vp» B1, B2, sasucausue
om Q uau om L up, ¢ KOMOPOIMU GVNOAHAIOMCA CACOYIOULUE COOMHOUEHU:

(Vv, V)| < Collvihalwlie Yw,v e H'(),

|(BohG, V)| < B1llBoll e IR

Lollvilie Vv € HY(Q)3, h € HY(Q),

(W - V)h, 2)[<y1[[wl L2l hllLellzlie <
< nliwlielhliellzlie ¥w, bz € H(Q)°, (6)
(u-V)v,w) = —((u-V)w,v), (u-V)v,v) =0Vv € Hj(Q)?, we H' (Q)?,
(7)
v(Vv,Vv) > I/*”VH%’Q, v, = v Vv € H}(Q)3, (8)
sup  —(divv,p)/|Ivlne = Aallplle Vp € L§(S), (9)
vEH}(Q)3,v£0

[(AVR, V)| < Crl[MsellbllLalinllie,

| (Koh, m)| < vpllkoll ooy 1Rl[1.allnllLe (10)

[(u- Vh,n)| < %llallzsslhlalnllie <
< yellulallbllielnllie Vh,n € H (), (11)
(w-Vh,h) =0, (AVA,Vh) > A|hli o Vh € Hy(Q), A=dido.  (12)

ITpu mokazarenbCTBE PA3PENIMMOCTH HEOJIHOPOJAHON KpaeBoi 3asaun (1)
(3) BaxkHYIO POB MIpaer caeayoomas jgemma o0 JudruHre ckopocru. Ilog
AUPTUHIOM CKOPOCTH Mbl HOHUMaeM PyHKIMIO Ug € H1 (Q)3, YZA0BJIETBOPSI-
IOLLYIO PPAaHUYHOMY YCI0BUIO Ug|r = g (M. [3, 43, 44]).

Jlemma 2. ITycmov swnoansemcs ycaosue (i) u Pynryus g yoosaemeops-
em ycaosuto (11). Toeda dasn npouseosvnozo (manoeo) € > 0 cywecmeyem
pynwyua u. € H'(Q)3, maxas wmo

divue =068, u. =g nal,

lucllie < Cellglljor, (v V)ue,v)| <eliglhzrliviio ¥veVv. (13)

3decv xoncmanma C, 3asucum om € u om ).
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U3 Bropoit ouenxu (10) gys dbyuxnuu k(gp, ), ya0BIETBOPAIOMIEH yCIOBUIO
(Vi), BbITEKAET HEPABEHCTBO:

[((R(p1, ) = k@2, ), m)| <

< wLiller — w2l lleliallnlie Ye,e1,02,ne€ H'(Q).  (14)
Jlnst mokasarenbeTBa rIobaIbHON Pa3peIMMOCTH 3808491 1 MBI TPUMEHIM
teopemy Jlepe-Illaymepa.
Yumuoxkum neppoe ypapuenne & (1) ma dbyrkmuio v € H} (Q)?, a ypasrenne
(2) ymmoxum wa byrkmmo h € H () n npownterpupyem 1o ) ¢ mpuvere-
aueMm ¢opmya I'puna. Ipuxonum k craboit hopmynuposke 3agaun 1:

v(Vu, Vv) + ((u- V)u,v) — (p,divv) =

= (£.v) + (B(p,") 9G,v) Vv € Hy(Q2)°, (15)
(AVSD’ Vh) + (k(% ‘)@7 h) + (u ’ V(,O, h) = <f7 h> Vh € H&(Q)’ (16)
divu=08Q, u=gmnal. (17)

Tpoitky (u,¢,p) € HY(Q)? x H} () x LE(?), yaosrersopstiontyio (15)—(17),
HAa30BeM CaabbiM permenneM 3agaqm 1.
Pacecmorpum cyxenue (15) na npocrpanctso V:

v(Vu,Vv) + ((u-Viu,v) = (£, v) + (B(p, ) ¢G,v) Vv e V. (18)

151 mokasaresbCTBa CYIIECTBOBAHMS CIab0TO pelreHns 3a1aqn 1 gocTta-
TOYHO JOKa3aTh CylecTBoBanue permenus (u, ) € HY(Q)? x H}(Q) zamaun
(16)—(18). O BoccTanoBaeHNN TaBiieHns p u3 ypasHenns (18) cm. [44, c. 89].

Bribupas € u3 ycsoBust

e =0 < ov/(2lgllijor) = (v V)us, v)| < (Gov/2)|vI[E o Vv €V, (19)

Oy1eM UCKaTh CKOPOCTh U B BHJE CYMMBI: U = Ug+W, e UYg =Uu,, uw €V
— HenusBecTHast DYHKIMS.
IMoscrasass u =ug + w B (18), (16), HPUXOUM K COOTHOIIEHUSIM

v(Vw,Vv)+ ((ug - V)w,v) + ((w- V)ug,v) + (w-V)w,v) =

= <f17V> + (6(907 )90 G’V) Vv € ‘/a (20)
(AVQDa Vh) + (k(@a ')@a h)"’
+(ug - Vi, h) + (w -V, h) = (f,h) Vh € H}(Q). (21)
B1ech
(f1,v) =(f,v) —v(Vuy, Vv) — ((up - V)uy, v) (22)

U CIPaBe/InBa OIEHKA:
Ifill-10 < Mgy, = [If|-1.0 + vCollglijor + nCE gl o (23)
Croxus (20), (21), moaygaem
a((w, ), (v, h)) + (g - V)w,v) + ((w - V)ug, v)+

+((W ’ V)W?V) - (6(%)7 ) QOG,V) + (k((p, ‘)SO) h)+
+(up-Vo,h)+ (w-Vo,h)=(F,(v,h))gxg V(v,h) € H. (24)
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Baech
a((w, ), (v, h)) = v(Vw,Vv) 4+ (AVp, Vh),
<F7 (Va h)>H*><H = <f17v> + <f7 h) V(V, h) eEW=Vx H(%(Q)

U3 jlemmbl 1 BBITEKAET HENPEPLIBHOCTH M KO3PIUTUBHOCTL GUIMHEHHO
dopmbl @ Ha npocrpancTse H:

CL((V, h)7 (V7 h)) > 6*(”"”%,9 + ||h||%,ﬂ) V(V, h) € H7 5* = min{V*, )‘*}

(25)

Jnga nokazarenscrsa paspermmmocTn 3agaqau (24) mpumenun teopemy Jle-
pe-ITayznepa (cm. [13]). Has sroro nonoxkum z = (w,p) € W n BBejgem
HeJIMHENHBIT oniepaTop G 1o dopmysie

a(G(2), (v, h)) = (F(2), (v, 1)) g-xn =
= ((uo ’ V)W, V) + ((W : V)UO,V) + ((W ’ V)W?V) - (5(907 ) ()DGa V)+
+(k(<p7 ) ®, h)"‘(uOQO, h)+(wv<ﬂ7 h’) - <F7 (V7 h)>H*><H \V/(V, h) ew. (26)
C yuerom (25), no reopeme Jlakca—Munbrpava u3z (26) caemyer, uro sst
m000it maper z = (W, ) € W cymecrsyer enuacTBeHHast napa s = (S1, S2) €
W u crpaBeimBo Caeayoiee paBeHCTBO:
a((s1,52), (v, h)) = (F(2), (v, h)) e xmr V(v,h) € W.
B raxom ciayuae, onepatop G, onpesesenuslii hopmysioit (26), neficteyer u3
W B W u craBuT B COOTBETCTBUE KaxKjoil nape dyukiuii z = (w,p) € W
ssrement G(z) € W.
st moxazaTeqbcTBa CyIMIECTBOBAHWS DeIieHus 3a7a49u (24) m1ocTaToaHo
JIOKA3aTh CYIIECTBOBaHUE pelleHus z € W oneparopHOro ypaBHEHMs
z+G(z) =08 W. (27)
Borunras (26), sanucamnoro aist z = zo € W, u3 (26) npu z =z € W,
oIy gaemM
a(G(z1) — G(z2), (v, h)) = (a0 - V)(wW1 — w2),v) + (W1 — w2) - V)ug, v)+
+((w1 - V)(w1 —wz),v) + (w1 — wz) - V)wa, v)—
—[((B(e1,-) = B2, ))1G, v) + (B2, ) (1 — ¢2) G, v)]+
+((k(e1, ) = k(p2, )1, h) + (k(p2, ) (1 — @2), h)+
+(uo - V(g1 — @2), h) + (W1 —wa) - Vior, h)+
+(wa - V(g1 —p2),h) Y(v,h) € Hy(Q)* x Hy(9). (28)
IMpumensa nemmy 2.1, mHepaBencrso [enbaepa, yaureiBas csoiicrsa (iv) n

(vi), onenky (5), u3 (28) mpuUxO MM K HEPABEHCTBY
|a(G(z1) — G(22), (v, h))| < 27}[ug

lLellwi — wallpaps|vio+

Yi(lwillie + [[wallo)llwi — wall L@ IviiLa+
+Csl|B(p2, )l a3yl — p2llLs @ IviLe+
+LsCollo1 — @2l La) le2ll Lo [IVII1,.0+
WwLilp1—e2l @ lletllellblle+Collk (02, ) 153y llor—e2l Ls @) 1 7]1,0+
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+yslluollialler — w2llLa@ lbllne + vallwallieller — w2l a@)s lAlho+
+nleilhelw: = wella@psllhlle Y(v,h) € W. (29)
[onoxum y = (v, h). 113 (29) BBITEKaeT HEPABEHCTBO
a(G(2z1) — G(22),y)| < (271 ]luollr.allwi — wall 1)+
7wl + lwallio)lwi — wal| () +
+CsllB(p1s )l psrs (o ller — w2l s @)+
+LsCsll¢1 — p2lla() Il )+
+Liller — o2l za@llerllne + Collk(w2, )l /sy ller — w2lls @)+
+yslluollieller — wa2llLa) +llwallialler — wallpag)s+
+nlleillellwe — wal o) lyllw Yy € W (30)
IMonaras y = G(z1) — G(z2) B (30), c yuerom (25) mpuxoanm K OreHKe
1G(21) — G(22) |1 < 271[lwo
Y (willne + [[wallLo)llwi — wall Ly q)s+
+Csl1B(e1, ) o3 ller — p2llLs )+
+LsCsll¢1 — p2llao) Il )+
+Liller — w2llza el + Collk(w2, Ml psrs o1 — @215+
+yslluollieller — wallza) + wllwallialler — wallLa)s+
+ralletlliellwe — wallpaq)s- (31)
B cuiTy HepepuIBHOCTH 1 KOMTAKTHOCTH Biaowennit H(Q) C LP(Q) n
H'(Q)? C LP(Q)3 npu p < 6, mepasernctro (31) 03HAUAET HEMPEPHIBHOCTH 1
KOMITAKTHOCTB omeparopa G : W — W.
Hapsiny ¢ (27), paccMOTpuM OmepaTopHOe ypaBHEHME
z, +pG(z,) =0in W, pe (0,1]
1 BApHAIOHHOE PABEHCTBO
(W @), (¥, 1)) + (10 - V), v) + (% - V)uag, v)+
(Wi - VW, v) = u(B(p; ) 0u Gy v) + ik (pp, ) us h)+
+u(uo - Voo, h) + p(wy - Veou, h) = p(F, (v, h)) w+xm V(v,h) € H. (32)

IMonarass v =0wu h = ¢, B (32) u yunreBas (12), IpuxoIuM K COOTHO-
IIEHUTO

10[[W1 — wal[pa o)+

(AVeu, Vou) + nlk(eu, )ou) = 1(f; opu)- (33)
C yuerom semmbl 1 3 (33) BBIBOAMM OIEHKY
lpullie < uMe, My = Cif| fll-10, w1 € (0,1]. (34)

Ilonaras v =w, u h =0 B (32) u yunrsBag (7), IPUXOJUM K COOTHOIIIE-
HUTO

(kua VWM) + M((Wu - V)uy, Wu) = u(ﬁ(g&u, ')‘PMG’ Wu) + i, Wu>~ (35)
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U3 (35) ¢ yuerom siemmbr 2 u (19) u croiicrsa (v) nosyuaem HEPABEHCTBO

(0+/2)wulre < pbi(Alleulll o + B)l@ulle + e, (36)

rie napamerp Mg, oupeneren B (23).
C yuerom (34) oTCIO/Ia TPUXOIUM K OI[EHKE

IWillie < pMw, My = (2/0.)[B1(AM; + B)My + Mg ). (37)
N3 (37) u (34) BBIBOAMM
zull1,0 < n(Mw + M), p € (0,1]. (38)
W13 ouenku (38) BbITeKaeT, 4To
llzpll1,0 < My + M. (39)

B Takom cimyuae, B cuny Teopembl Jlepe-Illayaepa cymecTByeT perrenue
z € W omneparopHoro ypasHeHusi (27), SKBUBaJEHTHOTO 3ajgade (24), mis
KOTODOTO CIIpaBe/inBa oreHKa (39).

DT0 03HAUAET, UTO CYIMIECTBYeT craboe pemenue (u, ) € W samaun (16)-
(18), Tme u = W + ug ¥ JJisi HErO CIIPABE/TUBLI OICHKH

[ullio < My = My + Cg[gll1/2r, (40)
lpllie < My = Cuf| fll-1,0. (41)

B cuny (9), ang nasaenus p u as 1060ro (IpOU3BOIBHO MAJIOT0) YUCIA
§ > 0 cymecrsyer dbyukmus vo € HLH(Q)3, vo # 0 Taxag, aro

—(divvo,p) > Bsllvolrallplle, B3 = (B2 —3d) > 0.

IMonarast v .= vg B (15), ¢ y4eToM TOCAEIHEN0 HEPABEHCTBA W JIEMMBI 1,
OJTyIaeM, ITO

Bsllvolliellplle < vCollvoliallullie +lvollielluli o+

+B1(Allell o + Bllelallvollie + £l -1.alvollie.
Paznenms na ||vo|l1,o # 0 u yumresas omenkn (40), (41), orcioma BBIBO-
JIAM, 9TO

Iplle < My = 85 [(Co + 1 Mu) Mu + ||| 1.0 + S1(AM + B)M,]. (42)
Jasee ycTaHOBUM JIOCTATOYHBIE YCIOBUS €MHCTBEHHOCTH DEIeHUs 33710~
n (15)-(17). Tycrs (i, ¢i,pi) € HY(Q)3 x HY Q) x L3(Q), i = 1,2, —

pemenus 3agaun (15)—(17). Hecoxkuo nmokasars, 910 pasHOCTH

(p=(p1—(p2€H01(Q), u=u —uw eV
Y/IOBJIETBOPSIIOT COOTHOIIEHUSIM
(AV@, Vh) + (k(p1,-)e, h) + (w1 - Vo, h) =
= —((k(p1,-) = k(p2,-))p2, h) — (u- Vo, h) Vh € Hy(2),  (43)
v(Vu,Vv) + ((u; - V)u,v) =

= (((6(8017 ) - B(‘P% '))902G7 V) + (6(9017 )‘pG, V)_

—((u-V)ug,v) ¥veV. (44)
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IMosnarass h = ¢ B (43) u v = u B (44), uz siemmnr 1 ¢ yuerom (5), npuxoum
K OLCHKaM

Adlellne < vpLleMpllellie +v2My([ull1a, (45)
velullue < BiLsMyllellie + Bi(AM + B)|¢llie + mMulullie.  (46)
ITycrb BBIHOJIHAIOTCS CIEYIONIHIEe YCIOBUS MAJOCTH:

YoMy + y1 My < v,
YoLxMy + Bi1LgM, + B1(AM$) + B) < A (47)
Torna u3 orenok (45) u (46) Brirexaer, uro ||¢|l1,0 = 0 u [|ulj1,o = 0 wm
p1 =2 uu; =ug B
Berauraa (15) mpu (ug, w2,p2) w3 (15) npu (u1,p1,p1) U OpEHEMAS BO

BHUMaHHKe, 9TO U = 0 m ¢ = 0, mosydaeM, ITO Pa3HOCTH P = P — P2
VJIOBJIETBOPSIET YPABHEHUIO

—(p,divv) =0 Vv € H3(Q)3.

Torma na ocnosanwum (9) 3axmouaem, ato p = 0, T.e. p1 = pPa.
Cdopmynupyem nojiydennbie pe3y/IbTaThl B BUJIE CIeYIOIei TeopeMbl.

Teopema 1. ITyemv ewnoanaomes yeaosus (1)—(vi). Tozda cywecmeyem
caaboe pewenue (u,,p) € H(Q)3x HY(Q) x LE(Q) sadauu 1, daa xomopozo
cnpasedauevl ouenry (40), (41) u (42). Ecau, & momy oce, 6bnosHAIOMCA
yeaosua (47), mo caaboe pewenue 3adauu 1 edunHcmseenHo.

3 CsgoiicTBa cjgaboro perieHusd

IMpumenus oramanbiii or [17] Maremarwyaeckuit ammapar, Mbl JIOKa3an
r100ATBHYIO PA3PeIuMOCTh 3amaun 1 6e3 JOmOIHUTEIbHBIX TPeOOBAHMI HA
ee ucxojiabie ganabie. OHAKO B ClIydae HEOAHOPOJHOTO ycioBus Jlupuxie
I KOHIIEHTPAIuu @ moao0ubix TpeboBannit n30ekaTh BPAI JIM YAACTCA.
Hanpuwep, B [17] gonosHuTeIbHBIE YCIOBUS HA UCXO/HBIE JaHHBIE KPAEBO
zajaan 0becedniu CIpaBeInBOCTD IPUHITAITA MUHIMYMA, JJIs TeMIIepaTy-
po1 cpeanr (anasor @), npu srom (ynaknmst 3(t) cauranacs yopiBaromei.

3ameuanue 1. [Ipu BBIBOME ampPUOPHBIX OIEHOK M3 BAPUAIMOHHOTO Pa-
BeHcTBA (32) orenka (34) ays ¢, aBiasgercd Karodesoil. IIpn HeonxHOpPOLHOM
yenosun Jlupuxse jjist KOHIEeHTpanuu ¢, BMecto (34) momyuaercs “mpome-
Kyrounast” ounenka suja (cMm. [24, 25]):

loulle < Cliwplig

U IpUMeHNUTH ycsioBust (V) juist onenkn LP-wopwmbl dbyukimn (g, ) He yaacT-
cs1. 371eCh Ke OTMeTuM, 9To npuMmenss Tteopemy [llaynepa w BBITIOJHUE CO-
OTBETCTBYIOIIYIO JIMHEAPUZAINIO, Mbl CTOJKHEMCS C TOW ¥Ke TPodIeMoii u B
CJIy9ae OFHOPOIHOTO TPAHUIHOTO YCJIOBUS IS (.

Byneum nanee canrtars, uro ypasuenns (1), (2) paccMaTpuBatoTCst pu cie-
JYIOIUX TPAHUYIHBIX YCIOBUIX:

u=g, =1t mnal, (48)
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rae ¥ € H'Y2(D) - sapannas dyskius.

Huxe na 3agaay (1), (2), (48) upu sagannbix dyuxkuuax f,f, 5,k u g, ¢
6y/IeM CChLIATHCS Kak Ha 3aja49y 2.

[TokaxkeMm manee, IpW KaKUX YCJOBUSIX HA MCXOJHBIE JTaHHBIE 33a9W 2 W,
B 9ACTHOCTH, 334891 1, CIpaBe/INB TPUHITAIT MAKCUMYMa ¥ MUHUMYMa, JJTsT
KOHIIEHTPAITIH BEIECTBA.

[TycTs BHIMOMHSIETCST CAEAYIONIEE YCIOBHE:

(Vll) Ymin < Y < Ymax B HA L, frin < f < fiax, Amin < A < Ajpax ILB.
B (L

371€Ch Ymin, Ymax ¥ fmin; fmax — HEOTPHIATETBHBIE TUCIA, & Amin X Amax
— TOJIOKUTETbHBIE TUCTA.

Bynem Tax ke cunTaTh, 9TO

(viil) HesmHeRHOCTE K (0, - )¢ ABIAETCS MOHOTOHHOM B CJIEIYIOIIEM CMBICIIE:

(k(p1, )1 — k(2, )2, 01 — 92) > 0 V1,00 € H'(Q).

IIpu srom KoabdumenT peakiiuu k uMeer CACIYIONINN BU:
(ix) k(p,x) = a(x)k1(p), tae k1(:) : R — R4 — menpepbiBHas yHKIHS,
0 < amin < a(x) < amax < 00 M.B. B §) 1 DYHKIHOHATIBHBIE YDABHEHUST

kl(s) s = fmax/amin n kl(t) t= fmin/amaxa s,t € (01 +OO)

UMEIOT, TI0 KpaliHeil Mepe, Mo OJJHOMY PEIIeHNIO Sy U iy, COOTBETCTBEHHO.
W3 pesysnbraros [25] BeITeKaeT cieyomiasi TeopeMa.

Teopema 2. ITycmo svnoansomes yeaosus (i)-(ix) u i € HY?(T). To-
2da ecau cywecmeyem caaboe pewenue (U, p,p) € HY(Q)3 x HY(Q) x L3(Q)
3adauu 2, Mo 04 €20 KOMNOHEHMbL O CNPABEIAUE CAEIYIOWUT NPUHUUN MAK-
CUMYMA U MUHUMYMA:

m< <M ns. s,

M = max{tmax, M1}, m = min{¢min, m1}. (49)
3decv My — munumarvnvil (nososcumesvuoill) KoOpeno YpasHenus
k1 (M1) My = fimax/@min, @ M1 — MaKCUMGABHBT (NOAOKHCUMEALHDIT) KOPEND
ypasnerua k(mi)mi = fmin/@max

3ameuanue 2. g cremenabix KOdGQ@PUIMEHTOB PEAKITUH MaPAMETPEI
Mj n my nmerko Buraucastorcs. Hampumep, aaa k(p) = ¢? momyaaem, aro

M1=f§1/§<ﬂm1= 1/3

min*
Hecnoxkuo 3aMeTUTh, YTO U3 TEOPEMBI 2 BLITEKAET CJIETYIONIasd

Teopema 3. ITycmw svnoanaromes ycaosus (1)-(ix). Tozda das xomnorer-
mut @ caabozo pewenua (U, p,p) € HY(Q)3 x HY(Q) x L3(Q) sadawu 1 cnpa-
6e0AUE CACOYIOWUT NPUHUUN MAKCUMYMA U MUHUMYMG:

0< ¢ < M ns. s, (50)

3decv My — munumarvnvil (nososcumesvuoill) KoOpers YpasHenus

kl (Ml)Ml = fmax/amin'
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3ameuanue 3. Kak BuiHo u3 reopem 2 v 3, UPUHIUIT MAKCUMYM U MUHU-
MyMa, Jijis KOHIIEHTPAIUNA 3aBUCUT OT BUJA, KO3 PUIMEHTa, peakiuu. 31eCh
ormeruM pabory [11], B KOTOPOiil yCTAHOB/IEH MPUHITUIT MAKCUMYMa JJIsT KO-
s dunmerToB peakiun 6osee obIIEro BUIa.

W3 BBINIECKA3aHHOTO BBITEKAET, UTO TPU HEOJHOPOIHBIX YCIOBUSX JJIs
KOHIIEHTDAINH, UCTIOJB3YsT TEOPEMY 2 MBI MOYKEM TIPEJINoJIararh, Kak B [17],
9T0 KO3PDHUIIUEHT MACCOBOr0 PACIINPEHHS OMUCHIBAETCSA HEIPEPLIBHON YOBI-
Batoreit dynknueit f1(t), t € R, ¢ makcuMmyMoMm B Touke £ = m (CM. Teope-
My 3.1), MOCKOJIBKY KOHIIGHTDAIMH HE OIMYCTUTCs HUXKe 3HadeHus m. Jlu-
60, Haobopor, dyukuus [(t) Moxker ObITH HE BO3pACTAOIIEH, TAKOW dYTO
Bimax = B(M), mockosnbky ¢ < M 1.B. B (2

AHaAJIOTHYIHbIE PACCYZKIEHUS MOTYT OBITH MPUMEHEHBI K KOIPDUITHEHTY
MAaccoBOro paciupenus 6osee obmero suga: B(p,x) = a(x)B1(p) + b(x),
KOTODBIiT Jommyckaror yeaosus (iv), (v).

Hakomert, 6oJiee rpy6oii aaprepHATHBOM TOAX0AY [17], mpuMensemomy mpu
HEOJTHOPOHOM TPAHUYHOM YCJIOBUH /I KOHIIEHTPAIUU UJIN TeMIIepaTyphl,
MOXKeT BBITh orpanndeHHOCTh Koddhduimenta B(p,-) M0 cooTBETCTBYOMEH
LP—mopwe.

4 3akJjroudeHue

B macrosmeit pabore mgokazana riobasibHas pa3pemruMOCTb W JIOKAJIb-
Hasl eJIMHCTBEHHOCTH PEIeHUs KPaeBoil 3a/1a4u JIJIsi MO MacCOIepeHoca,
obobrraromeit npubimkenne byccunecka. QO6obieHne 3aKIF0YAETCS B TOM,
9T0 KO DUITUEHTH MACCOBOT0 PACIIIUPEHUS U PEAKIINN B YPABHEHUSIX MOJIe-
JI HEJIMHENHO 3aBUCIT OT KOHIEHTpaIWK BetecTBa. [Ipenyioxenubiii MmeTo1
HCIIOJIB3YET MUHUMAJ/IbHbIE TpeDOBaHUS HA UCXOJIHBIE JaHHBIE KPAEBOil 3a/1a-
YU U MOXKET ObITb IIPUMEHEH JJisi OJIM3KUX 33/1a49, B KOTOPBIX JIOIYCKAETCS
[IOCTAHOBKA, 110 KpaiiHell Mepe, Ha YACTH 'PAHUIBI OJIHOPOJIHOIO YCJIOBUS
Jupuxse 1g KOHIEHTpAUu BeIIecTBa (WM TeMIepaTypbl KuakocTn). B
caydae HeOTHOPOAHOTO ycaoBus Jlupuxie OyayT MCMOIB30BAHBI JTOTIOJIH-
TeJIbHbIE CBONCTBA KOHIEHTPAIMK (MW TEMIIEPATYPHI), MPEICTABIEHHBIE B
pasja. 3.
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