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Abstract: We study the �rst nonzero p-Steklov eigenvalue on
a two-dimensional compact Riemannian manifold with a smooth
boundary along the geodesic curvature �ow. We prove that the �rst
nonzero p-Steklov eigenvalue is nondecreasing if the initial metric
has positive geodesic curvature on boundary ∂M and Gaussian
curvature is identically equal to zero inM along the un-normalized
geodesic curvature �ow. An eigenvalue estimation is also obtained
along the normalized geodesic curvature �ow.

Keywords: p-Steklov eigenvalue, geodesic curvature, geodesic cur-
vature �ow.

1 Introduction

Let (Mn, g) be a compact Riemannian manifold of dimension n with
smooth boundary ∂M . For u ∈ C∞(M), we consider the following p-Steklov
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eigenvalue problem

∆pu = 0, in M,

|∇u|p−2∂u

∂ν
= λ|u|p−2u, on ∂M, (1)

where ∆pu = ∇(|∇u|p−2∇u), p ∈ (1,∞), is the p-Laplace operator and ∂u
∂ν is

the outer normal derivative of u. The above problem reduces to the classical
Steklov eigenvalue problem when p = 2. For the p-Steklov eigenvalue problem
[17, 18], there is a sequence of nonnegative eigenvalues

0 ≤ λ1(p) ≤ λ2(p) ≤ λ3(p) ≤ · · · .
The operator ∆p is conformally covariant [6], i.e., functions which are p-
harmonic with respect to g are also p-harmonic with respect to g̃ and vice
versa, where g̃ = eug is a conformal metric. Variational formula for the �rst
nonzero p-Steklov eigenvalue λ1(p) is given by

λ1(p) = inf
{∫

M |∇gu(t)|pdAg∫
∂M |u(t)|pdSg

: 0 ̸= u ∈ C∞(M),

∫
∂M

|u(t)|p−2u(t)dSg = 0
}
,

(2)
where dAg and dSg are the measures onM and ∂M respectively with respect
to the metric g.

De�nition 1. A Riemannian metric on a two-dimensional manifold is called
a �at metric if its Gaussian curvature is identically equal to zero.

De�nition 2. A two-dimensional Riemannian manifold with �at metric is
called a �at Riemannian surface.

Throughout the paper we consider (M, g0) is a compact �at Riemannian
surface with a smooth boundary ∂M .
In determining geometry and topology of a Riemannian manifold, the

study of eigenvalue of geometric operators plays a crucial role. Perelman
[13] proved that the �rst eigenvalue of −4∆ + R, where R is the scalar
curvature, is nondecreasing along the Ricci �ow. After that eigenvalues of
di�erent geometric operators on a Riemannian manifold evolves by geometric
�ows were studied by many authors, for instance see [4, 5, 8, 14, 15, 16].
Studying geometric �ows is also an active area of research in geometry.
Osgood, Phillips and Sarnak [12] proved the existence of a conformal metric
with Gaussian curvature identically equal to zero inM and constant geodesic
curvature on ∂M . In [2, 3], Brendle studied geodesic curvature �ow on a
surface with boundary. To study more results related to prescribing geodesic
curvature, one can see [1, 7, 19]. Recently in [9], Ho and Koo studied the �rst
nonzero Steklov eigenvalue on a compact Riemannian surface with a smooth
boundary along the geodesic curvature �ow. In [10], the so called canonical
deformation is introduced. The canonical deformation applies to any smooth
simply connected (probably multi-sheet) planar domain regardless to the
geodesic curvature of the boundary. Given such a domain Ω, let Ωt (t ∈
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[0,∞)) be the canonical deformation of the domain and ζΩt(s), the Steklov
zeta-function of Ωt. The main result of the paper is that ζΩt(s) does not
increase in t for any real s. The domain Ωt converges to the round disk of
the same perimeter as Ω when t → ∞ in the C∞ topology.
In section 2, we study the �rst nonzero p-Steklov eigenvalue along the

un-normalized geodesic curvature �ow and proved that the �rst nonzero p-
Steklov eigenvalue is nondecreasing along the �ow if the initial metric has
positive geodesic curvature on ∂M and Gaussian curvature is identically
equal to zero in M . In section 3, we derive an eigenvalue estimation of the
�rst nonzero p-Steklov eigenvalue along the normalized geodesic curvature
�ow.

2 p-Steklov eigenvalue along un-normalized geodesic

curvature �ow

Let (M, g0) be a compact �at Riemannian surface with smooth boundary
∂M . The un-normalized geodesic curvature �ow [9] is de�ned by

∂

∂t
g(t) = −2kg(t)g(t) on ∂M,

Kg(t) = 0 in M, g(0) = g0,
(3)

where kg(t) is the geodesic curvature of ∂M and Kg(t) is the Gaussian curva-
ture of M .
Following [9], clearly for a general metric g(t) = e2u(t)g0, conformal to g0,

the un-normalized geodesic curvature �ow (3) reduces to

∂

∂t
u(t) = −kg(t) on ∂M. (4)

Lemma 1. [9] Along the un-normalized geodesic curvature �ow, we have

min
∂M

kg(t) ≥ min
∂M

kg0 . (5)

Lemma 2. Let g(t), t ∈ [0, T ) be a solution of the un-normalized geodesic
curvature �ow (3) and λ(t) be the corresponding �rst nonzero p-Steklov
eigenvalue. Then for any t2 ≥ t1, t1, t2 ∈ [0, T ), we have

λ(t2) ≥ λ(t1) + p

∫ t2

t1

∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t)dt, (6)

where f(t) is a smooth function on M × [0, T ) satisfying

∆p,g(t)f(t) = 0 in M,

∫
∂M

|f(t)|p−2f(t)dSg(t) = 0 and

∫
∂M

|f(t)|pdSg(t) = 1,

(7)
such that f(t2) is the corresponding eigenfunction of λ(t2).
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Proof. At time t = t2, f(t2) is the corresponding eigenfunction of the �rst
p-Steklov eigenvalue λ(t2). Now, we consider a smooth function on ∂M by

h(t) =

(
eu(t2)

eu(t)

) 1
p−1

f(t2), (8)

where u(t) is the solution of (4). We normalized this function on ∂M by

f(t) =
h(t)

(
∫
∂M |h(t)|pdSg(t))

1
p

. (9)

Extend this function to a p-harmonic function in M with respect to g(t),
which we shall continue to denote as f(t) (see [11]). Now, we have∫

∂M
|f(t)|p−2f(t)dSg(t)

=
1

(
∫
∂M |h(t)|pdSg(t))

1− 1
p

∫
∂M

|h(t)|p−2h(t)dSg(t)

=
1

(
∫
∂M |h(t)|pdSg(t))

1− 1
p

∫
∂M

(
eu(t2)

eu(t)

)
|f(t2)|p−2f(t2)e

u(t)dSg0

=
1

(
∫
∂M |h(t)|pdSg(t))

1− 1
p

∫
∂M

|f(t2)|p−2f(t2)dSg(t2) = 0,

and ∫
∂M

|f(t)|pdSg(t) =
1

(
∫
∂M |h(t)|pdSg(t))

∫
∂M

|h(t)|pdSg(t) = 1.

Set

G(g(t), f(t)) =

∫
M

|∇g(t)f(t)|pdAg(t), (10)

which is a smooth function on t. Taking derivative with respect to t, we
obtain

G(g(t), f(t)) := d

dt
G(g(t), f(t)) =

∫
M

∂

∂t
|∇g(t)f(t)|pdAg(t)

= p

∫
M

|∇g(t)f(t)|p−2⟨∇g(t)f(t),∇g(t)ft(t)⟩dAg(t).

Now using the Stokes' theorem, we have

d

dt
G(g(t), f(t)) = p

∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t).

Using the de�nition of G(g(t), f(t)), we get

G(g(t2), f(t2))−G(g(t1), f(t1)) =

∫ t2

t1

G(g(t), f(t))dt. (11)
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Since f(t2) is the corresponding eigenfunction of the p-Steklov eigenvalue
λ(t2), we deduce

G(g(t2), f(t2)) = λ(t2)

∫
∂M

|f(t2)|pdSg(t2) = λ(t2). (12)

Again from the variational formula for the �rst p-Stekolv eigenvalue, we infer

G(g(t1), f(t1)) ≥ λ(t1)

∫
∂M

|f(t1)|pdSg(t1) = λ(t1). (13)

Finally using (12) and (13) in (11), we have (6). □

Theorem 1. Under the un-normalized geodesic curvature �ow on a compact
Riemannian manifold M with smooth boundary ∂M , the �rst p-Steklov eigen-
value is nondecreasing if the initial metric g0 has positive geodesic curvature
on ∂M and the Gaussian curvature is identically equal to zero in M .

Proof. Since f(t2) is the corresponding eigenfunction of the p-Steklov eigen-
value λ(t2), we have∫
∂M

|∇g(t2)f(t2)|
p−2∂f(t2)

∂t

∂f(t2)

∂νg(t2)
dSg(t2)

= λ(t2)

∫
∂M

|f(t2)|p−2f(t2)
∂f(t2)

∂t
dSg(t2).

(14)

Di�erentiating
∫
∂M |f(t)|pdSg(t) = 1, we get

p

∫
∂M

|f(t)|p−2f(t)
∂f(t)

∂t
dSg(t) = −

∫
∂M

|f(t)|p ∂

∂t
(eu(t)dSg(0))

= −
∫
∂M

|f(t)|p∂u(t)
∂t

dSg(t)

=

∫
∂M

|f(t)|pkg(t)dSg(t)

≥ (min
∂M

kg(0))

∫
∂M

|f(t)|pdSg(t) = min
∂M

kg(0).

(15)

Thus,∫
∂M

|∇g(t2)f(t2)|
p−2∂f(t2)

∂t

∂f(t2)

∂νg(t2)
dSg(t2) ≥

λ(t2)

p
(min
∂M

kg(0)). (16)

It is clear by assumption that min
∂M

kg(0) > 0, hence for t su�ciently close to

t2, we deduce ∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t) ≥ 0. (17)

Hence using Lemma 2, we can conclude that λ(t2) ≥ λ(t1) for any t1(< t2)
su�ciently close to t2. Since t2 is arbitrary, hence the proof is complete. □
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3 p-Steklov eigenvalue along normalized geodesic curvature

�ow

With the initial metric g0, in this section we consider the following normali-
zed geodesic curvature �ow [9] de�ned by

∂

∂t
g(t) = −2(kg(t) − k̄g(t))g(t) on ∂M,

Kg(t) = 0 in M, g(0) = g0,
(18)

where kg(t) andKg(t) are de�ned as in (3). Here k̄g(t) is the average of geodesic
curvature on ∂M given by

k̄g(t) =

∫
∂M kg(t)dSg(t)∫

∂M dSg(t)
. (19)

It is proved in [3], the above initial value problem (18) has a solution on
a small time interval. Also it is clear form [9], under the conformal change

g(t) = e2u(t)g0, the normalized geodesic curvature �ow (18) reduces to

∂

∂t
u(t) = −(kg(t) − k̄g(t)) on ∂M. (20)

Along the normalized geodesic curvature �ow

d

dt

(∫
∂M

dSg(t)

)
= −

∫
∂M

(kg(t) − k̄g(t))dSg(t) = 0, (21)

which implies that ∫
∂M

dSg(t) =

∫
∂M

dSg0 for all t ≥ 0. (22)

Lemma 3. Let g(t), t ∈ [0, T ) be a solution of the normalized geodesic
curvature �ow (18) and λ(t) be the corresponding �rst nonzero p-Steklov
eigenvalue. Then for any t2 ≥ t1, t1, t2 ∈ [0, T ), we have

λ(t2) ≥ λ(t1) + p

∫ t2

t1

∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t)dt, (23)

where f(t) is a smooth function on M × [0, T ) satisfying

∆p,g(t)f(t) = 0 in M,

∫
∂M

|f(t)|p−2f(t)dSg(t) = 0 and

∫
∂M

|f(t)|pdSg(t) = 1,

(24)
such that f(t2) is the corresponding eigenfunction of λ(t2).

Proof. The proof is similar as Lemma 2. □

Theorem 2. Under the normalized geodesic curvature �ow on a compact
Riemannian manifold M with smooth boundary ∂M , the �rst nonzero p-
Steklov eigenvalue is nondecreasing if for the initial metric g0, (min

∂M
kg(t) −

k̄g(t)) ≥ 0 on ∂M and Gaussian curvature is identically equal to zero in M .
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Proof. Since f(t2) is the corresponding eigenfunction of the p-Steklov eigen-
value λ(t2), we have∫

∂M
|∇g(t2)f(t2)|

p−2∂f(t2)

∂t

∂f(t2)

∂νg(t2)
dSg(t2)

= λ(t2)

∫
∂M

|f(t2)|p−2f(t2)
∂f(t2)

∂t
dSg(t2)

= −λ(t2)

p

∫
∂M

|f(t2)|p
∂u(t2)

∂t
dSg(t2)

=
λ(t2)

p

∫
∂M

|f(t2)|p(kg(t2) − k̄g(t2))dSg(t2)

≥ λ(t2)

p

(
min
∂M

kg(t2) − k̄g(t2)

)
. (25)

Rest of the proof is same as the method applied in Theorem 1. □

Proposition 1. Along the normalized geodesic curvature �ow (18), the �rst
nonzero p-Steklov eigenvalue λ(t) satis�es

d

dt
log λ(t) ≥

(
min
∂M

kg(t) − k̄g(t)

)
for all t, (26)

where on the left side, the derivative is in the sense of the lim inf of backward
di�erence quotients.

Proof. Using (24) and the fact that f(t2) is the corresponding eigenfunction
of the �rst nonzero p-Steklov eigenvalue λ(t2), we have∫

∂M
|∇g(t2)f(t2)|

p−2∂f(t2)

∂t

∂f(t2)

∂νg(t2)
dSg(t2)

= λ(t2)

∫
∂M

|f(t2)|p−2f(t2)
∂f(t2)

∂t
dSg(t2)

= −λ(t2)

p

∫
∂M

|f(t2)|p
∂u(t2)

∂t
dSg(t2)

=
λ(t2)

p

∫
∂M

|f(t2)|p(kg(t2) − k̄g(t2))dSg(t2)

≥ λ(t2)

p

(
min
∂M

kg(t2) − k̄g(t2)

)
. (27)

Hence for any ϵ > 0, we have that∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t) ≥

λ(t2)

p

(
min
∂M

kg(t) − k̄g(t) − ϵ

)
(28)

for t su�ciently closed to t2. Thus the Lemma 3 gives

λ(t2)− λ(t1) ≥ λ(t2)

∫ t2

t1

(
min
∂M

kg(t) − k̄g(t) − ϵ

)
dt. (29)
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for t1 su�ciently closed to t2 and t2 > t1. Now dividing the equation (29)
by t2 − t1 and taking t1 → t2, we obtain

lim inf
t1→t2

λ(t2)− λ(t1)

t2 − t1
≥ λ(t2)

(
min
∂M

kg(t2) − k̄g(t2) − ϵ

)
. (30)

Using the same argument used (in (2.21), [8]), we can say that

lim inf
t1→t2

log λ(t2)− log λ(t1)

t2 − t1
≥ 1

λ(t2)
lim inf
t1→t2

λ(t2)− λ(t1)

t2 − t1
. (31)

Now (30) and (31) yields

lim inf
t1→t2

log λ(t2)− log λ(t1)

t2 − t1
≥ min

∂M
kg(t2) − k̄g(t2) − ϵ. (32)

Since ϵ is arbitrary, we have our result. □

Lemma 4. Let g(t), t ∈ [0, T ) be a solution of the normalized geodesic
curvature �ow (18) and λ(t) be the corresponding �rst nonzero p-Steklov
eigenvalue. Then for any t2 ≥ t1, t1, t2 ∈ [0, T ), we have

λ(t2) ≤ λ(t1) + p

∫ t2

t1

∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t)dt, (33)

where f(t) is a smooth function on M × [0, T ) satisfying

∆p,g(t)f(t) = 0 in M,

∫
∂M

|f(t)|p−2f(t)dSg(t) = 0 and

∫
∂M

|f(t)|pdSg(t) = 1,

(34)
such that f(t1) is the corresponding eigenfunction of λ(t1).

Proof. We de�ne a function on the boundary ∂M of M by

h(t) =

(
eu(t1)

eu(t)

) 1
p−1

f(t1), (35)

where u(t) is the solution of (20). We normalized the function on ∂M by

f(t) =
h(t)

(
∫
∂M |h(t)|pdSg(t))

1
p

. (36)

Extend this function to a p-harmonic function in M with respect to g(t),
which we shall continue to denote asf(t). Now we have∫

∂M
|f(t)|p−2f(t)dSg(t) =

1

(
∫
∂M |h(t)|pdSg(t))

1− 1
p

∫
∂M

|f(t1)|p−2f(t1)dSg(t1)

= 0,

and ∫
∂M

|f(t)|pdSg(t) =
1

(
∫
∂M |h(t)|pdSg(t))

∫
∂M

|h(t)|pdSg(t) = 1.
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Set

G(g(t), f(t)) =

∫
M

|∇g(t)f(t)|pdAg(t), (37)

which is a smooth function on t. Taking derivative with respect to t, we get

G(g(t), f(t)) := d

dt
G(g(t), f(t)) =

∫
M

∂

∂t
|∇g(t)f(t)|pdAg(t)

= p

∫
M

|∇g(t)f(t)|p−2⟨∇g(t)f(t),∇g(t)ft(t)⟩dAg(t).

So by using the Stokes' theorem, we obtain

d

dt
G(g(t), f(t)) = p

∫
∂M

|∇g(t)f(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t).

Using the de�nition of G(g(t), f(t)), we deduce

G(g(t2), f(t2))−G(g(t1), f(t1)) =

∫ t2

t1

G(g(t), f(t))dt. (38)

Since f(t1) is the corresponding eigenfunction of the p-Steklov eigenvalue
λ(t1), we conclude

G(g(t1), f(t1)) = λ(t1)

∫
∂M

|f(t1)|pdSg(t1) = λ(t1). (39)

Again form the variational formula for the �rst p-Stekolv eigenvalue, we have

G(g(t2), f(t2)) ≥ λ(t2)

∫
∂M

|f(t2)|pdSg(t2) = λ(t2). (40)

Finally using (39) and (40) in (38), we arrive at (33). □

Proposition 2. Under the normalized geodesic curvature �ow the �rst non-
zero p-Steklov eigenvalue λ(t) satis�es

d

dt
log λ(t) ≤

(
max
∂M

kg(t) − k̄g(t)

)
for all t, (41)

where on the left hand side, the derivative is in the sense of the lim sup of
backward di�erence quotients.
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Proof. By using (34) and since f(t1) is the corresponding eigenfunction of
the �rst nonzero p-Steklov eigenvalue λ(t1), we have∫

∂M
|∇g(t1)f(t1)|

p−2∂f(t1)

∂t

∂f(t1)

∂νg(t1)
dSg(t1)

= λ(t1)

∫
∂M

|f(t1)|p−2f(t1)
∂f(t1)

∂t
dSg(t1)

= −λ(t1)

p

∫
∂M

|f(t1)|p
∂u(t1)

∂t
dSg(t1)

=
λ(t1)

p

∫
∂M

|f(t1)|p(kg(t1) − k̄g(t1))dSg(t1)

≤ λ(t1)

p

(
max
∂M

kg(t1) − k̄g(t1)

)
. (42)

Thus, for any ϵ > 0 we get∫
∂M

|∇g(t)|p−2∂f(t)

∂t

∂f(t)

∂νg(t)
dSg(t) ≤

λ(t1)

p

(
max
∂M

kg(t) − k̄g(t) + ϵ

)
, (43)

for t su�ciently closed to t1 and t2 > t1. Hence by using (33), we �nd

λ(t2)− λ(t1) ≤ λ(t1)

∫ t2

t1

(
max
∂M

kg(t) − k̄g(t) + ϵ

)
, (44)

for t1 su�ciently closed to t2. Dividing both sides by t2 − t1 and taking
t2 → t1, it follows

lim sup
t2→t1

λ(t2)− λ(t1)

t2 − t1
≤ λ(t1)

(
max
∂M

kg(t1) − k̄g(t1) + ϵ

)
. (45)

By similar argument used (in (2.21), [8]), we get

lim sup
t2→t1

log λ(t2)− log λ(t1)

t2 − t1
≤ max

∂M
kg(t1) − k̄g(t1) + ϵ. (46)

Since ϵ > 0 is arbitrary, we have (41). □

Theorem 3. Assume that for a initial metric g0, Gaussian curvature is
identically equal to zero in M and ∂M has negative geodesic curvature. Also
gc is the metric conformal to g0 with respect to which the Gaussian curvature
identically equal to zero in M and constant geodesic curvature on ∂M such
that the lengths of ∂M of gc and g0 are the same. If λ(gc) and λ(g0) are the
�rst nonzero p-Steklov eigenvalue of gc and g0 respectively, then1−

min
∂M

kg0

max
∂M

kg0

 ≤ log
λ(gc)

λ(g0)
≤ −

1−
min
∂M

kg0

max
∂M

kg0

 . (47)

Proof. It was proved in [3] that g → g∞ as t → ∞ along the normalized
geodesic curvature �ow (18) such that g∞ is conformal to g0 and has constant
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geodesic curvature on ∂M and Gaussian curvature is identically equal to zero
in M . Now from (22), we have∫

∂M
dSg∞ =

∫
∂M

dSg0 . (48)

By assumption it is given that∫
∂M

dSgc =

∫
∂M

dSg0 . (49)

From (48) and (49), we get∫
∂M

dSg∞ =

∫
∂M

dSgc . (50)

Now from Gauss-Bonnet theorem, it follows that

kg∞

∫
∂M

dSg∞ =

∫
M

Kg∞dAg∞ +

∫
∂M

kg∞dSg∞ = 2πχ(M) (51)

and

kgc

∫
∂M

dSgc =

∫
M

KgcdAgc +

∫
∂M

kgcdSgc = 2πχ(M), (52)

where χ(M) is the Euler characteristic on M. It is given that for the initial
metric g0, M has Gaussian curvature which is identically equal to zero and
∂M has negative geodesic curvature, so it is clear that the Euler characteristic
function is negative. So using (50), we �nd

kg∞ = kgc < 0. (53)

If g(t) = e2u(t)g0 then we obtain

−∆g0u+ kg0 = kge
2u in M, (54)

∂u

∂νg0
+ kg0 = kge

u on ∂M, (55)

where ∂
∂νg0

is the normal derivative with respect to g0.

From the Gauss-Bonnet theorem, (18), (5), and (22), we have

k̄g(t) =

∫
M Kg(t)dAg(t) +

∫
∂M kg(t)dSg(t)∫

∂M dSg(t)
=

2πχ(M)∫
∂M dSg(t)

for t ≥ 0. (56)

Hence gc and g∞ are conformal to g0. With respect to all of them Gaussian
curvature is identically equal to zero, if gc = e2vg0 then we infer{

∆g0u = 0 in M,
∂u
∂νg0

+ kg0 = k∞eu on ∂M,
and

{
∆g0v = 0 in M,
∂v

∂νg0
+ kg0 = kgce

v on ∂M.

Since k∞ = kg0 , we obtain

∆g0(u− v) = 0 in M,

∂(u− v)

∂νg0
= kgc(e

u − ev) on ∂M.
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Thus

(u− v)
∂(u− v)

∂νg0
= kgc(e

u − ev)(u− v) on ∂M. (57)

Integrating of above equation over ∂M with respect to g0, we infer

0 ≤
∫
M

|∇g0(u− v)|2dAg0 (58)

=

∫
∂M

(u− v)
∂(u− v)

∂νg0
dSg0

= kgc

∫
∂M

(eu − ev)(u− v)dSg0 .

On the other hand kgc < 0 and (eu − ev)(u− v) ≥ 0, then the left hand side
of (58) is non positive. Therefore

∫
∂M (eu − ev)(u− v)dSg0 = 0 which yields

u = v on ∂M and since u − v is harmonic in M , we get u = v in M . It
implies that gc = g∞.
Again from Lemma 2.9 of [9], we have

kg(t) ≤ k̄g0 +

(
max
∂M

kg0 −min
∂M

kg0

)
+

(
max
∂M

kg0

)∫ t

0

(
max
∂M

kg(τ) − k̄g(τ)

)
dτ.

(59)
It follows from (56) and (59) that(

max
∂M

kgt − k̄gt

)
−
(
max
∂M

kg0 −min
∂M

kg0

)
(60)

≤
(
max
∂M

kg0

)∫ t

0

(
max
∂M

kg(τ) − k̄g(τ)

)
dτ.

If t → ∞, then

−

1−
min
∂M

kg0

max
∂M

kg0

 ≥
∫ ∞

0

(
max
∂M

kg(τ) − k̄g(τ)

)
dτ. (61)

Integrating (41) with respect to t on interval [0,∞) and using (61) and
gc = g∞, we conclude

log
λ(gc)

λ(g0)
= log

λ(g∞)

λ(g0)
≤
∫ ∞

0

(
max
∂M

kg(τ) − k̄g(τ)

)
dτ ≤ −

1−
min
∂M

kg0

max
∂M

kg0

 .

(62)
From Lemma 2.10 of [9], we obtain

kg(t) ≥ k̄g0 −
(
max
∂M

kg0 −min
∂M

kg0

)
+

(
max
∂M

kg0

)∫ t

0

(
min
∂M

kg(τ) − k̄g(τ)

)
dτ.

(63)
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Then we get (
k̄g(t) −min

∂M
kg(t)

)
−
(
max
∂M

kg0 −min
∂M

kg0

)
(64)

≤ −
(
max
∂M

kg0

)∫ t

0

(
min
∂M

kg(τ) − k̄g(τ)

)
dτ.

As t → ∞, we conclude1−
min
∂M

kg0

max
∂M

kg0

 ≤
∫ ∞

0

(
min
∂M

kg(τ) − k̄g(τ)

)
dτ. (65)

Integrating (41) and using (65) and gc = g∞, we infer

log
λ(gc)

λ(g0)
= log

λ(g∞)

λ(g0)
≥
∫ ∞

0

(
min
∂M

kg(τ) − k̄g(τ)

)
dτ ≥

1−
min
∂M

kg0

max
∂M

kg0

 .

(66)
This completes the proof of theorem. □
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