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Abstract: Typical Hamiltonian properties of the class of n-vertex
graphs of a fixed diameter k are studied. A new class of typical
n-vertex graphs of a given diameter is constructed.

The question of S.V. Avgustinovich on the Hamiltonian property
of almost all such n-vertex graphs has been solved. It is proved
that almost all n-vertex graphs of fixed diameter k = 1,2, 3 are
Hamiltonian, while almost all n-vertex graph of fixed diameter
k > 4 are nonHamiltonian graphs. All found typical Hamiltonian
properties of n-vertex graphs of a fixed diameter £ > 1 are also
typical for connected graphs of diameter at least k, as well as for
graphs (not necessarily connected) containing the shortest path of
length at least k.
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Introduction

We study Hamiltonian property for finite labeled ordinary n-vertex
graphs of a given diameter. For a connected graph G = (V, E), the distance
pc(u,v) between its vertices u,v € V' is defined as the length of the shortest
path connecting these vertices. In this case, d(G) = maxy yev pa(u,v) is the
diameter of graph G. A cycle which passes through every vertex of the graph
exactly once is called Hamiltonian. A graph is Hamiltonian (nonHamiltonian)
if it contains (does not contain) a Hamiltonian cycle.

Hamiltonicity is one of the central concepts of Graph Theory, also arising
in various applied problems, when it is required to find out the presence of
a Hamiltonian cycle for a graph modeling the problem under consideration.
By now, a huge number of papers have been written on this topic. Many
ideas that arose here still go back to the classical results of G.A. Dirac and
0. Ore, who first opened this "Pandora’s box". The main course of research
development and the results obtained on the topic of Hamiltonian graphs in
various directions can be found in the surveys [9] and [14]. As it turns out,
the problem of deciding whether a graph is Hamiltonian is an N P-complete
problem, and accordingly one cannot expect a simple classification of graphs
that have this property.

The complexity of the problem and the diversity of Hamiltonian graphs
encountered also led to the development of an asymptotic or probabilistic
approach to the study of Hamiltonicity, in particular, an approach conditioned
by the concept of almost all. A number of results were obtained along this
path, opening up the subject of research into Hamiltonicity in this direction.
Thus, considering all n-vertex graphs, Yu.D. Perepeliza [17] and J.W. Moon
|15] proved that almost all graphs are Hamiltonian. There are also a number
of papers in which the Hamiltonian property is studied within given classes of
graphs. Of particular interest here is the classes in which sufficient conditions
for the existence of a Hamiltonian cycle are satisfied for all or almost all
graphs, and the verification and construction of such a cycle is implemented
polynomially. In particular, problems about Hamiltonicity of regular and
Cayley graphs are known. It was found that almost all Cayley graphs [13]
and almost all r-regular graphs for every r > 3 [18] are Hamiltonian.

It is well-known that almost all graphs have diameter 2 [16]. From this
result of J.W. Moon and L. Moser, and Yu.D. Perepeliza’s Theorem, it is
easy to obtain that almost all n-vertex graphs of diameter 2 are Hamiltonian
(see, for detail, Section 2). In this regard, the question naturally arises about
a Hamiltonian property of almost all n-vertex graphs of a fixed diameter k.
This problem was posed by S.V. Avgustinovich.

In the present paper, an answer to this one is obtained. Previously, the
author investigated asymptotically the class of n-vertex graphs of a fixed
diameter. A number of typical properties of graphs under consideration were
found (for more information, see survey article [8]). In the present paper, for
every A, 0 < A <1, anew class H,, ; A of typical n-vertex graphs of a given
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diameter k is constructed in Section 2 (Theorem 2). In Section 3, based on
the found typical properties and Theorem 2, we establish when almost all
such graphs are Hamiltonian. It turned out that almost all n-vertex graphs
of given diameter k£ = 1,2,3 are Hamiltonian and are nonHamiltonian for
every fixed k > 4 (Theorem 4).

All obtained typical Hamiltonian properties for n-vertex graphs of a fixed
diameter k£ > 1 remain typical for connected graphs of diameter at least k,
as well as for graphs (not necessarily connected) containing a shortest path
of a length at least k£ (Corollary 2).

1. Preliminary information

The article uses the generally accepted concepts and notation of graph
theory [2,12], as well as the standard concepts of combinatorial analysis [10].
We consider only finite ordinary (i.e., without loops and multiple edges)
graphs G = (V, E) with set of vertices V = {1,2,...,n}, n € N. As usual,
a graph G is s-connected if its connectivity is at least s, a set S C V is the
independence set of graph G if all vertices in S are pairwise non-adjacent
in G, the number of independence of a graph is the greatest cardinality of
its independent sets. Let a(G) denote the number of independence of graph
G, BY(v) = {u € V| pg(v,u) < i} is a ball of radius i centered at a vertex
v € V in the metric space of graph G with the metric pg, S&(v) = {u €
V]pa(v,u) =i} is a sphere of radius i centered at a vertexv € V, K,, — a
complete n-vertex graph. For a path P with endpoints vg and v, sequentially
passing through vertices vg, vy, . .., vy, the notation P(vg,v1,...,vy,) is used.
A shortest path of length d(G) is the diametral path of the graph G, and
under by a pair of diametral vertices we mean an unordered sample of two
vertices from the set V', the distance between which is equal to the diameter,
a vertex of degree 1 is pendant.

We will write [z] to denote the largest integer less or equal to a real
nonnegative number x and further apply the following well-known binomial

identity
S e

To denote the asymptotic equality of functions f(n) and g(n) as n tends to
infinity, we use the notation f(n) ~ g(n), which by definition means that
limy, 00 % =1 or, equivalently, f(n) = g(n)(1+ r(n)) for all large enough
n, where infinitesimal function r(n) is the approzimation error of g(n).

To estimate the measure of the number of graphs with a certain property,
the concept of almost allis often used; in this approach, the studied property
is considered for graphs with a large number of vertices. Let J, be the class
of labeled n-vertex graphs with the fixed set of vertices V' = {1,2,...,n},
n € N. Consider some property P, by which each graph may or may not
possess. Through J7 denote the set of all graphs from 7, that possess the
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P
property P. Almost all graphs possess the property P if lim, o0 ”?—:‘J' =1,
ie. |IFP| ~ |TJnl, and there are almost no graphs with the property P, if

. P
limg, oo —‘l‘%l‘ =0.

In the study and selection of almost all graphs in the class of graphs
under consideration it is often useful to define not characteristic properties
themselves for the notion of almost all, but directly select a subclass of typical
graphs itself (in [4], a more general concept of a class of typical combinatorial
objects for a given class of objects admitting the concept of dimension is
formulated, further we will also use this formal concept for graphs when the
dimension of a graph is understood as the number of its vertices). Let Q
be an arbitrary class of graphs such that Q, # @ for all large enough n,
where Q, = Q N J,. A subclass Q* C Q is the class of typical graphs of the
class Q if limy, o [2F]/|2] = 1. A property of graphs of the class under
consideration is typical if almost all graphs of this class have this property.

Let Jn,d=k, Jn,d>k, J, 4~ be the following classes of labeled n-vertex
graphs: graphs of diametérfk:; connected graphs of diameter at least k;
graphs (not necessarily connected) with the shortest path of length at least
k, respectively. In paper [5], it is proved that for £ > 3 all three classes of
graphs Jn d=k, In,d>k; j;" 4> have the same asymptotic cardinality, and

asymptotically exact value 2(3) &,k of the number of graphs in these classes
is found. Here
3 n—k+1 1 (k-1
fn,k:qk (n)k—l <2k771> ) qkzi(k_Q)Q (2)7
(n)y=nn—1)---(n—k+1), (n)o=(0)g=1and (n)r =0if n < k.
In [7], when studying the variety of metric balls in graphs, for every A,
0 < A < 1, it is defined a constant ea, depending only on A and 0 < ea < 1.
Then a class F,pa, k > 3 (the detailed definition of this class is given
in Section 2) of typical graphs for the classes Jy d=k, Jn d>ks Ty g>p 1S
constructed. -

Theorem 1 (asymptotics of |F, k.l [7]). Let k> 3,0 < A <1, ea <
e<1, and k, A, € do not depend on n. Then there exists a constant ¢ > 0

independent of n such that for every n € N the following inequalities are
valid

n n—k+1
2(2)‘£n,k (1 - C(%) )S | Frkal < | Tn, d=k|

n n—k+1
<o az] <177 gl <2060 (1+(%2)" ),

Note that for ¥ = 3 the upper bound in Theorem 1 takes the form

2(3)571,3 [4]. Moreover, this upper estimate is valid even for a class of graphs
containing additionally all disconnected graphs (which do not necessarily
have a connected component with shortest path of length 3). Class F, 3 A is
the union of the subclasses F,, 3 A(z,y) over all different z,y € V, and z,y is
the unique pair of diametral vertices of every graph from F,, 3 A (z, y). Further
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we use the following estimate of the number of graphs in class F, 3 a(z,y)
obtained in [7].

Lemma 1 (lower bound [7]). Let z,y be different vertices in V', A is arbitrary

constant independent of n, and 0 < A < 1. Then the following inequality

holds as n tends to infinity |Fn3a(z,y) > an(l —r(n)), where r(n) is a
n

iHive i tesi ; —9(3)8(3
positive infinitesimal function and a, = 2(3) g3

2. Class of graphs H,, ;A

For every integer k > 3 and A, 0 < A < 1, the class F, . a of typical
graphs of class J,, 4= was constructed by author in [7]. In this section we
define a subclass H, i A of class Fy, p a. To define this class, first consider
the following properties of n-vertex graphs F' of diameter 3 with vertex set
V and fixed vertices z,y € V.

a) Non-Pendant condition: vertices z,y are not pendant in F;

b) Existence of a pole: pp(z,z) = pp(z,y) = 2 for some vertex z € V;

c¢) Property of diametral vertices: d(F) = 3 and graph F has the unique
pair of diametral vertices z, y;

d) Nonexistence of a shuttlecocks: graph F does not contain shuttlecocks
(subgraphs defined in [3]) or, equivalently, does not contain coinciding balls
of radius 1 with centers at different vertices;

e) Property of spheres intersections:

1SE (w) N §F (v)] > L%AJ +1 Yu,v € V\{z,y} and u # v,

SF@ s = |5A] +1 vue V\ {a,y} ¥z € {ay):

f) Property of cardinality of independence sets: a(F') < [2logyn].

In [7], Fnsa(x,y) was defined for z,y € V as the class of all graphs
F € J, with the properties a), b), c), d), e). Let H,, 3 A(z,y) be the class
of all graphs in F, 3 a(x,y) possessing property f) additionally. Now, for
k > 3, we define a class H, ;A as follows. Let v = (ug,u1,...,ur—2)
be an arbitrary ordered sequence of different vertices from the set V. Fix
an arbitrary pair of neighboring elements us; and us41. On the set V' '\
{ug, ..., Us—1,Ust2, ..., up_2} of n—k+ 3 vertices, define an arbitrary graph
F from the class H,_k4+33 A (us, us+1). Finally, join by edges the vertices
Ui, uipq for i # s and 0 < i < k — 2. Denote the so-obtained graph by
G(u, s, F). Let H,, i, A be the class of all graphs G(u, s, F') constructed under
condition 0 < s < |%53|. Note that if, in defining the graphs G(u, s, F),
instead of class of graphs H,,—+3.3A(Us, Us+1), We use Fp_ k133 A (Us, Ust1),
then we arrive at the definition of class F,, ;A |7|. Hence, we have

Hnza(x,y) C Fozal®,y), Hoza € FnzA- (2)
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Therefore, all properties of graphs G(u, s, F') obtained earlier in [5,7] will
also hold for graphs of class H, A or can be proven in a similar way. In
particular, the properties stated in Lemmas 2 and 3 are valid.
Lemma 2 (properties of graphs G(u,s,F)). Let k > 3, 0 < A < 1 and
G =G(u,s, F) € Hpra. Then the following properties hold:

(i) G € Tnd=k;

(i) us,ust+1 are not pendant vertices in F;

(iil) wp, ug—o is the unique pair of diametral vertices of graph G and every
its diametral path contains vertices ug, u1,...,Ugp_2.

Using Lemma 2, as in [5, 7] one can express the number of graphs of class
Hn kA through the number of graphs of class Hy, 3.4 (2, y).

Lemma 3 (number of graphs in H,, ;. a). Let k>3, 0 <A < 1. Then

1
Hukal =5k = 2)(n)1[Hn-r+s3a(z,y)], where z 7 y.

Estimate the number of graphs in #H, 3 a(z,y). For this we need the
following classes of graphs and estimates of the number of such graphs
obtained in Lemma 5 below. Let z, y be different elements of V', o« = |21log, n ],

Sn(@,y) ={G € Jo| Bf (z) N Bf (y) = @ and o(F) > |2logyn|},

and S, (x,y;2), Sp(x,y;2,v), Sp(x,y; D) be the classes of n-vertex graphs
G € J, such that BS(x) N B (y) = @, there is an independent a-element
set S and the following inclusions hold: z € S,y ¢ S; x € S,y € S; z ¢ S,
y ¢ S, respectively. It is obvious that the following inclusions of the sets hold

Sn(x,y) C Snlx,y; D) USp(z,y;2) USn(x,y;y) USn(z, y52,y).  (3)

Lemma 4. Let A > 0, X does not depend on n and o = [2logyn|. Then the
following equality is fulfilled as n tends to infinity

<Z> 9-(3) = )\ai/aO(l).

Proof. Using Stirling’s formula, we obtain

(") _"on) = (%)aiou). )

Q@ a! e
Using the inequality [z] > z — 1, we obtain
9-(3) — g-allozan-1 (1) — <f)a0(1). (5)

From (4),(5) we conclude

()20 = G Jrow=(3)"Jgow
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Lemma 5. Let x,y be different vertices of V, ¢ > 1, q does not depend on
n, and o = |2logyn|. Then the following equalities are fulfilled as n tends
to infinity

Proof. (i) From the definition of class S,(x,y;x), it is easy to understand
that all graphs of this class are contained among graphs G constructed as
follows:

1) choose an (a — 1)-element subset S C V \ {z,y}, there are (Zj)
possibilities. In graph G, the vertices of set S U {z} will remain pairwise
non-adjacent, resulting in S U {x} being an a-element independent set;

2) choose an i-element subset V, C V\ (SU{z,y}),0<i<n—1-—q, and
join each vertex from V,, by an edge with x, as a result we have 51G (x) = Vi

3) choose a j-element subset of V,, C V'\ (V,U{z,y}),0 < j <n—2—iand
join each vertex from V}, by an edge with y, as a result we obtain SE(y) = Vy
and V, NV, = &;

4) on (n — 2)-element set V' \ {z,y} define an arbitrary graph in which
there are no (0‘51) edges between the vertices of the set S.

Thus, using the Newton’s Binomial Theorem, the binomial identity (1),
Lemma 4 and the inequality a < |5 |, valid for all large enough n, we obtain
as n — o0

S, v )| :<Z - ?)"‘i“(n - 1 - a)n—f(n _5 - z‘)Q(";)(“zl)ou)

i=0 =0
-2y (n\ (e " m—1—a o
_ o5 >( >2 (5) o < | >2n 2-i0(1)
o i
i=0
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(ii) Similarly to the proof of the statement (i), we construct graphs forming
a superclass of the class S, (z,y;x,y) and obtain the following estimates

st = (232 (") z; ("= a0
_ 9("Ygn-a <Z>2—<a;2>0<1)

_ 2<z>(j)"(§)“<z)2—<;>om
“Lon.

1
- 1
an(q) \/a (
(iii) The estimate of the number of graphs of class S, (z,y; @) is proved
similarly:

Sul@,y;2)| = (” . 2) gj (" N 2) v (“ b i)z(”f)@)ou)

=0
= 20) (Z)n (Z) 2-(3)0(1) = an@)a\/laO(l)-

Lemma 6. Let x,y be different vertices in V, 0 < A < 1 and A is arbitrary
constant independent of n. Then |H, 3.a(x,y) > an(l —r(n)) as n tends to
infinity, where r(n) is a positive infinitesimal function.

O

Proof. Directly from the class definitions we obtain

Fn,S,A(xa y) \ Sn(xa y) - Hn,?),A(xa y)

Hence, |[Hp3a(z,y)| > |Fnsalz,y)|—|Sn(x,y)|. It remains to apply Lemmas
1, 5 and relation (3). O

Lemma 7 (lower bound). Let k > 3 and 0 < A < 1 are constants independent
of n. Then the following inequality holds as n tends to infinity

[l 2 26601 (1 = (),
where r(n) is a positive infinitesimal function.

Proof. Using Lemmas 3 and 6, the definitions of numbers a,, and &, 1, and
the binomial identity (1), we conclude

Hopal > 5 k=220 S ()7 0o

= 2(2) gy (n)j_y 27 (A @)HH (1—r(n)

4
= 2) 6,4 (1 —r(n)).



ARE ALMOST ALL GRAPHS OF GIVEN DIAMETER HAMILTONIAN? 1557

The following theorem follows directly from Lemma 7, relation (2) and
Theorem 1.

Theorem 2 (asymptotics of [H,, xal). Let k>3, 0< A <1 and k, A do
not depend on n. Then the following inequalities hold as n tends to infinity
20, k(1 = r1(n)) < [Hopal < 1Fukal < 1Tnackl < 2G)6 (1 +72(n)).

Here r1(n), ra(n) are positive infinitesimal functions.

Corollary 1. Let k > 3 and 0 < A < 1 be independent of n. Then H, i.A

is the class of typical graphs of the class of n-vertex graphs of diameter k and
the following asymptotic equalities hold as n — oo

Hoso | ~ | Fnsea] ~ 1T aet] ~ 2E)&, 4.

3. Hamiltonian property of almost all graphs of diameter &

Note that K, is the unique n-vertex graph of diameter £ = 1. For
n > 3 its Hamiltonian cycle is constructed by graph vertex traversal and
K5 is nonhamiltonian. Therefore, almost all graphs of diameter £k = 1 are
Hamiltonian. A similar fact for graphs of diameter 2 also trivially follows
from well-known theorems.

Lemma 8. Almost all graphs of diameter 2 are Hamiltonian.

Proof. Through K denote the set of all Hamiltonian graphs from class K.
It is well known that almost all graphs are Hamiltonian |17] and almost all
graphs have diameter 2 [16]. Thus,

T | ~ | Tal ~ | T, a=l-
Hence, as n — oo we infer
Titacel _ | Vnamel = Tdlacsl 1l =171 ATl
| T, d=2| | T, d=2] N | T | T, d=2| ‘
O

Now for k£ = 3, let us investigate Hamiltonian property for graphs in
the classes of typical graphs F,, x A and H, ;. A. Obviously, 2-connectivity is
a necessary condition for a graph to be Hamiltonian. Note that not every
graph of class F, 3 A is 2-connected. Indeed, using graph properties a), b)
and c), it is easy to see that F,, 34 = & if n < 7. Let us consider graph F!

shown in Fig. 1. Given the equality |Sf% ()N Sf?’1 (x1)| = 1, it is not difficult

to understand that F! € Fna. if and only if 7 < n < 6/A. At the same
time, for all admissible values of n and A, F! € F,3a and graph F}! is
not 2-connected, since there are no two vertex-disjoint paths connecting its
diametral vertices x and y.
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U1 Un—17 1

Fic. 1. Graph F}

Lemma 9. For n > 6/A and 0 < A < 1, all graphs in class Fp3 A are
2-connected.

Proof. Let G € Fp3a and n > 6/A. Then |S¢(u) N SF(v)| > 2 if {u,v} #
{z,y} due to the property of spheres intersections. By Whitney’s Theorem
(see, for example, [12]), it sufficient to connect every two vertices u, v by two
vertex-disjoint paths.

Let P(x,z1,y1,y) is a diametral path of graph G. If u,v are not a pair
of diametral vertices then there are exist different vertices w1, ws € S (u) N
Slc(v). Hence, P(u,w;,v), i = 1,2, are two vertex-disjoint paths. Therefore,
we further assume that {u,v} = {z,y}. Vertex z is not pendant. Hence, there
is exist a vertex xo € V' \ {z1} adjacent to x. Note that zo & {x,z1,y1,v},
otherwise pg(z,y) < 2. Further, there is exist a vertex yo € (S (x2) N
S (y)\ {y1}. Similarly, we have ys & {z, 3, 1,41, 9} Thus, P(z,21,91,9),
P(x,x2,y2,y) are required two vertex-disjoint paths. O

Note that not every 2-connected graph in class F,, 3 A is Hamiltonian.
Indeed, using the properties of graphs of class F, 3 A, it is easy to prove that
Fnsa =@ if 6/A <n <9 (see also [6], page 350). Let us consider graph F>
shown in Fig. 2 for n > 9. Obviously, F? is a 2-connected graph. Moreover,

Fic. 2. Graph F?

|Sf’?(:z:) N Sf’% (z2)| = 2. Now, it is not difficult to prove that F? € F,3a
if and only if 9 < n < 12/A. Note that graph F2 is Hamiltonian for n =
9,10,11 (as example, the Hamiltonian cycle of graph F? is shown in Fig. 3)
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and it is nonHamiltonian if n = 12. Besides, in all these cases F2 € F, 3.
for any A, 0 < A < 1. In addition, F? € F, 3 and F? is nonHamiltonian,
for example, if n = 13,14,...,18 and A < 12/n. The verification of the
Hamiltonian property for the above graphs was performed on a computer,
you can also use the online service [11] or similar.

Now we will show that all graphs of class F, 3 A have sufficiently high
connectivity.

Lemma 10. Let A does not depend onn and 0 < A < 1. Then all graphs
in class Fp3 A are sx-connected, where » = [n A/18].

Proof. Without loss of generality, we assume s > 1. Let G € F,, 3 A and z,y
is the unique pair of diametral vertices of graph G. By Whitney’s Theorem,
it is sufficient to connect every two vertices u,v by s vertex-disjoint paths.

Let pc(u,v) < 3. Then |[S{(u) N SF(v)] > 2A > 3 by the property
of sphere intersections. So further we assume {u,v} = {x,y}. Using the
property of sphere intersections we obtain the following relations

Bf(z) N By (y) = 2,
[SF(@)] = §A, 1T ()] = §A, (6)
ST (2') N ST (Y| = §A, if 2’ € S{(x) and ¢ € ST (y).

We will construct step by step a sequence of pairwise disjoint 3-element sets

Vi = {x,yi, z;} such that P;(x,z;,v;,y) is a simple path of graph G.
Step 1. Consider arbitrary vertices 71 € S{(z) and y; € S{(y). By virtue
of (6) there is a vertex z; € S¥(x1) N S¥(y1). Using (6) and property c)
for graph G, it is also easy to see that graph G contains a simple path

Py(x,21,21,y1,y). We define Vi = {z1,y1, 21}
Step @ + 1. Let the sets V1,...,V; be constructed and ¢ < 3. Then

\UVS\:Z%<3%§%A. (7)

s=1

By virtue of (6) and (7) the following vertices exist:
iv1 € ST () \ Uiy Vi,

Fi1a. 3. Hamiltonian cycle of graph F121 € Fi13.A
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yir1 € ST (y) \ Uiy Vi,
Zig1 € ST (wiy1) N ST (yir1) \ Uiy V.
We define V11 = {®i+1, Yi+1, zi+1}. Using property c) for graph G, we obtain
Piv1(x, 241, 2it1,Yitr1,y) is a simple path of graph G.
Thus, at step s, the vertex-disjoint simple paths P;,¢ = 1,...,5 with
endpoints z,y will be constructed. O

Let us turn to graphs of class H, i a. We apply the following sufficient
condition of V.Chvatal and P.Erdds for a graph to be Hamiltonian.

Theorem 3 (V.Chvdtal and P.Erdés [1]). Let G be a graph with at least
three vertices. If for some s, graph G is s-connected and o(G) < s, then G
has a Hamiltonian cycle.

Lemma 11. Let k > 3. Then all graphs of class H,, p—3 A are Hamiltonian
for all large enough n and every graph in H, 1 A is nonHamiltonian if k > 4.

Proof. There is an integer N > 0 such that for all n > N the following
inequality holds |2logyn] —1 < [nA/18]. Let n > N, G € H, 3 and
s = |2logyn| — 1. By the property of cardinality of independence sets,
a(G) < s. In addition, G is s-connected due to (2) and Lemma 10. Therefore,
graph G is Hamiltonian by Theorem 3.

It remains to note that for £ > 4 every graph in class H, ;A contains a
pendant vertex due to the definition of graph G(u, s, F). O

Lemma 8, Corollary 1 and Lemma 11 imply the following theorem.

Theorem 4. Almost all n-vertex graphs of fized diameter k = 1,2,3 are
Hamiltonian, while almost all n-vertex graph of fired diameter k > 4 are
nonHamiltonian graphs.

By Theorem 1, for k > 3 all three classes of graphs J, 4=k, Jn, d>k: ‘7;7 >k
have the same asymptotic cardinality. Therefore, we obtain the following
corollary.

Corollary 2. For every fixred k = 1,2,3, almost all n-vertex graphs of each
of the following classes Ty a>k, J) 4> are Hamiltonian, while almost all
n-verter graphs of these classes are nonHamiltonian for every fized k > 4.

4. Conclusion

Note that the existence of a Hamiltonian cycle in Theorem 3 is based
on Dirac’s generalization of Theorem of Menger on s-connected graphs. This
requires considering a large variety of paths to construct s vertex-disjoint
paths starting at a given vertex x and terminating in a given cycle C' if
x ¢ V(C). This makes this method of constructing a Hamiltonian cycle
algorithmically complex. In this connection, a fairly effective method for
constructing a Hamiltonian cycle for almost all n-vertex graphs of diameter
3 is of further interest.



ARE ALMOST ALL GRAPHS OF GIVEN DIAMETER HAMILTONIAN? 1561

In conclusion, the author is grateful to S.V. Avgustinovich, who attracted
him to the topic of Hamiltonian graphs, and also to the Referee for careful
reading of the article.
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