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Abstract: The numerical solution of the problem of optimal control
of the non-stationary flow of a viscous, heat-conducting compressible
medium in the one-dimensional case is considered., The initial state
velocity and velocity at the right boundary are used as control.
To solve the problem, the PINN method, is used. To do this,
the problem of minimizing a quadratic functional is solved. The
functional includes terms for the residuals of the equations, boundary
and initial conditions, and also, for the inverse problem, additional
information. Numerical experiments were performed in cases where
the velocity, density and temperature separately are minimized to
the given functions. The parameters of the medium correspond to
the physical parameters of real gases at high Reynolds numbers,
Re =1.5-10" — 2.4 - 103, and Peclet numbers, Pe = 3-107 — 1.6 -
108. The method allows to solve numerically complex nonlinear
problems of optimal control without discretization, linearization
and solving optimality systems.
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1 Introduction

Numerical solution of the system of equations including the equation of
motion, the continuity equation, and the heat equation is an actual problem
of modern mathematics, in particular, due to it’s significant importance in
the context of solving scientific and technical problems. It is worth noting
that the solution of these equations is especially difficult when they describe
the motion of a compressible medium. In this case, the system of equations
differs from the equations of hydrodynamics by the type of differential equa-
tions and the presence of large heterogeneity in the medium, caused by the
presence of small coefficients before the second derivatives. It is worth noting
that the behavior of this system of equations for a compressible medium was
fully studied in [1,2], but only in the one-dimensional case.

The solution of inverse problems of gas dynamics is of particular interest
due to its practical significance, for example, in problems of aerodynamics
[3,4], power engineering [5,6]. Problems of optimal control of gas flow are
also relevant when working with gas turbines and compressors [7]. The
ability to control gas flow can increase their operating efficiency, as well
as improve their reliability and durability, achieving optimal performance of
the mechanism.

The authors propose to use a method called Physics Informed Neural
Networks (PINN) to solve the optimal control problem. It involves approxi-
mating unknown functions using neural networks by minimizing a quadratic
quality functional, which includes terms for the residual equations, boundary
and initial conditions, as well as the term with an additional information
in the case of solving an inverse or ill-posed problem. The method was first
presented in the pioneering study [8] as a new way to solve partial differential
equations, and has since been widely used.

In [9] the method is considered to solve the direct problem of metal
melting, in which the motion of the liquid phase is described the Navier—
Stokes and heat equations. The authors solve the problem in a non-stationary
one-dimensional case without using additional information, making a compa-
rison with calculations performed using the finite element method. In addition,
the authors calculate the system of equations for a quasi-stationary three-
dimensional case, using data obtained by the finite element method as additio-
nal information for the neural network, after which they verify the obtained
results by comparing them with data from physical experiments.

In the paper [10] the application of PINN to solve the Reynolds equations
in two dimensional case at Reynolds numbers in the range Re = 10% —2-10°
is considered, also verifying the result by comparison with experimental data.
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In the paper [11] the authors use the method to calculate laminar flows of
the Navier-Stokes equations in two dimensional case, comparing the results
with the exact solution.

In addition, the method is also used to solve various inverse and ill-posed
problems. For example, in [12], the application of the PINN method to
reconstruct the parameters of the medium in solid mechanics problems was
studied, comparing the results with the exact solution. In [13], the solution of
the inverse problem of determining the optimal parameters of a multiphase
flow is considered. In [14-16], , variations of the PINN method suitable for
solving inverse problems are proposed.

Solving optimal control problems for gas dynamics equations is difficult
due to the high nonlinearity of the system of equations, which requires
linearization, as well as solving nonlinear conjugate optimality systems. The
presence of zones of rapid function growth requires the use of a small step
of the spatial grid, which also apply high computational costs. Using PINN
allows one to avoid both the need for linearization and solving optimality
systems. In addition, the method allows one to solve systems with high
heterogeneity of the medium, caused by large Reynolds numbers [10] on
a uniform sample of training data, which does not require thickening in the
area of rapid function growth.

The papers [17] and [18] consider solving gas dynamics problems using
the DeepONet method, first presented in [19]. The principle of the method
is to use the theorem on the approximation of any nonlinear operator by
a fully connected neural network with one hidden layer [20]. However, the
DeepONet method differs from the PINN method proposed in the current
paper. [17] also mentions that the PINN method is more effective in solving
inverse problems.

In this paper, the approach proposed in [8] is used to solve the problem
of optimal control of the state of the system of motion, continuity, and
heat equations for a compressible medium, where the gas velocity initial
and right boundary conditions are used as control functions. The possibility
of controlling the unknown gas velocity, density, and temperature is studied.
The optimal control problem was first considered in [21], where the existence
of optimal control was proven, the necessary optimality conditions were
derived, and the compactness of the solution set was established. A numerical
experiment is calculated and presented for cases of control of each of the
unknowns. The advantages of the method used and the potential for its
application to solving inverse and ill-posed problems of gas dynamics are
shown.

2 Mathematical model

The mathematical model describing the non-stationary flow of a viscous
heat-conducting gas in one-dimensional space together with boundary and
initial conditions has the following form in dimensionless variables:
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ou ou 1 9%u 0
dp 0
Sha + 2 (up) =0, (2)
o0 90 1.9 17 [ou\? ou
uli=0 = up, pli=o0 = po, 0)t=0 = 6o, (4)
Ulp—0 = u1, plz=0 = p1, 0]z=0 = b1, (5)
u\le = U, 9|m:1 = 0o, T < [0, 1], t e [0, 1]. (6)

Here u, p, 8 — are unknown velocity, density and temperature of the gas
consequently, Sh — is the Strouhal number, Re — is the Reynolds number,
Pe — is the Peclet number, k, m — are dimensionless coefficients. The listed
above coefficients can be calculated as follows:

X X
Sh=_—", Re=222  ,_H
Tug v Ps
Pe — uspscfu)(7 k= RZS’ 71'257
K ug Cy

where ug, ps, 05 — are reference values of velocity, density and temperature
of the gas consequently, X — is the reference size value of the domain, T' — is
the total time of the process, u — is the dynamic viscosity of the gas, ¢, — is
the specific heat capacity of the gas, R — is the universal gas constant.

In [21], the optimal control of the state of the system s(v) = {u(v); p(v);
6(v)} is considered, which is a generalized solution of the system (1)-(6),
where the gas velocity initial state, ug, and velocity at the right boundary,
ug, are chosen as the control v={ug;us}. Then the optimal control problem
to minimize the following functional:

L ug () L Ous(t)
Jo=J(8)+ o /0 o dx + a2/0 T dt, (7)
Jo — min, (8)

where a1, ag — are non-negative constants, and the following functionals can

be used as J(s): o
Ju(s) = /0 /0 (1 — ug)? dud, (9)

1 1

7o) = [ | 0= o0 dear (10)
1 1

Jols) = /0 /O (0 — 0)° dadt, (11)

where ug = uq(x,t), pg = pa(x,t), 04 = 04(x,t) — are given functions.
We use the usual notation L (Wzl)) for spaces of functions integrable to
degree p > 1 (together with generalized derivatives up to order [ > 0).
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By L%(0,T; X) we denote the space of measurable functions mapping the
interval (0,7 into the space X, such that

T
1120 = / 17112 dt < oo.
0

By H?® we denote the space W2l, >0,
H*!' = {q € L*(0,T; H*(Q)): ¢ € H'(0,T; L*(Q)}.
Let us denote
Y = {{qi;q2:93} : 1,93 € H>'(Q) N L>(0,T; H'(0, 1)),

g2 € L>=(0,T; H'(0,1)), gor € L°°(0,T; L*(0,1)) N L>(0, T; H(0,1))}.

Definition. A generalized solution of problem (1)-(6) is a vector-function
s = {u; p; 0} belonging to the space Y, satisfying equations (1)—(6) almost
everywhere in (0,1) x (0,7") and accepting boundary and initial conditions
in the sense of traces of functions from the specified classes.

As shown in [22]|, when the conditions on the initial data are satisfied,

Uug, panﬂeHl(Oa]-)v U17u27pl791 GHl(OvT)

there exists a unique generalized solution u, p, 6 of problem (1)-(6) that has
the following properties:

0<m<p 0<M<oo, |s|ly<C,

where the constant C' does not depend on 7.
We define the set of admissible controls as follows:

U={h={hi,ho}: hy € H(0,1), hy € H(0,T), h1(1) = hy(0)},

which is a closed convex set in H1(0,1) x H(0,T).

The optimal control problem is formulated as follows. Let the state of
the system s = {u; p; 0} be defined as a generalized solution of the problem
(1)=(6). It is required to find vy € U such that

Ja(vo) = ‘}relfU{Ja(V)}

Here J,(v) is defined in (7).

In [21] the following theorem is proved.

Theorem. Let a; > 0, ag > 0. Then there exists at least one solution to
the optimal control problem.

3 PINN method

The PINN method involves the approximation of unknown functions using
neural networks by minimizing the quadratic functional R. To solve the direct
problem (1)-(6), the functional R must include terms for the residuals of
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equations (1)-(3), R,, as well as terms RY, R}, RY, R, R? RS RY, RS,
corresponding to the initial and boundary conditions (4)—(6):

R=R,+ RY+ R} + RY + R, + R} + RS + RY + R}, (12)
Wr o~ N 7 r ry -~ r
R, =N [7“1( xj,t]) p(xj,t]) H(m],t])>+r2( (x],t]) p(x],tj))—i-

03 (8 (5. 85) 5 (25.45) 0 (o5.5) )|

where u, p, 9 — are approximations of unknowns u, p, 8 by neural networks,
ri(z,t), ra(z,t), r3(x,t) are residuals of equations (1)—(3), 27 € (0,1),t] €

<

(0,1].
All other terms of the functional have the form:
N.
Wi — o o
Ri= > [0 (@i, 1) —w(ad, 1], i=0,1,2,
7=1
N; ,
Rzp FZ [[A)(Zﬂj,t;) pl(xjvt;)] ) i:Oalv
1
7=1
N;
Wi enrr . S92
RO="1 [e(x;,t;)—ei(x;,t;)} . i=0,1,2,

7
J

where 2% € [0,1],1} = 0, zj = 0,t; € [0,1], 25 = 1,7 € [0,1].

In the current work, a separate neural network is used to approximate each
unknown function. This approach is used due to the fact that each unknown
function has its own dependence on spatio-temporal characteristics. Each
approximation of the unknown function can be represented as a superposition
of activation functions and weight matrices of the neural network:

I
-

a(X) = stish (Htanh (Htanh (XWIU) W2u) WZ;L) Wfa (13)
b\(X) = stish (Htanh (Htanh (lep) WQP) W?,p) sza (14)
é\(X) - stz’sh (Htanh (Htcmh (lee) Wg) W3€> W497 (15)

where X = (2,t), Hopish = /(1 + € %), Hygnp, = (¢* — ™) /(e® + e %), W/
— is the weight matrix between hidden ¢ and the previous layer for a neural
network approximating function j, where i =1,2,3,4,j = u, p, 0.

The activation functions used are the hyperbolic tangent functions, Rqpnp,
which have shown the best results in solving partial differential equations
[8], [10], and the modified logistic function, Rgyisn, which, according to [23],
allows to solve the vanishing gradient problem [9], arising in neural network
related problems.

The neural networks used in the work are feedforward. Every neural
network have the same architecture, which simplifies the task of finding
hyperparameters. The architecture of the neural networks is shown at the
figure 1 using the example of a neural network for approximating an unknown



NUMERICAL SOLUTION OF GAS FLOW OPTIMAL CONTROL PROBLEM B7

function . In three hidden layers, 64, 32 and 16 neurons were used sequentially,
starting from the first hidden layer.

Fia. 1. Architecture of a neural network approximating an
unknown function wu.

The training dataset for the neural network is a set of points, where
denotation j = 1 corresponds to the left boundary, j = 2 corresponds to
the right boundary, j = r corresponds to the domain Q = {z,t: 0 < z <
1,0 < t < 1}. The points are generated using a random sampling from a
uniform distribution. In the current work, an approach is used when the
pre-generated data inside the region € at the initial setup of training of
the neural network is selected not over the entire intervals, but with a small
indentation from the boundaries. This is done so that the neural network can
approximate the transition layer at the boundaries in the solution, caused
by the presence of small coefficients before the second derivatives in the
equations of motion (1) and thermal conductivity (3). As the neural network
is training, the indentation from the boundaries decreases until it becomes
equal to the step of the spatio-temporal grid. The training sample at the
beginning and end of the training process is schematically shown at figures
2.a and 2.b, respectively.

To solve the optimal control problem, the terms R and R in the quadratic
functional (12), are not taken into account, but the functional J,, responsible
for control, are added. Then the quadratic functional of the neural network
for solving the optimal control problem R; will take the following form:

Ri(s) = R, + RY + Rj + R? + RS+ R{ + RS + Ji(s)+

L dug () L Ous (1) (16)
—I-Oq/o 8xdﬂc+ozg/0 e dt,

where, depending on the selected index ¢ = wu, p, 0, by minimizing this
functional, the problem of controlling the gas velocity, (9), gas density, (10),
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(a) The begin of training (b) The end of training

FiGg. 2. Training dataset a) at the begin of neural network
training, b) at the end of neural network training.

or gas temperature, (11) to the given functions will be solved:

R;(s) — min. (17)

4 Numerical experiments

In the current work, three numerical experiments were calculated to solve
the optimal control problem (17) for the cases of gas velocity, density, and
temperature control.

As described earlier, the gas temperature at the beginning of the process,
uo(z), and at the right boundary, us(t), are used as control. The following
coefficients were used in all numerical experiments:

Al = Qg = 10_3, WT = 1, W() = W1 = WQ = 15,

As a training sample, 10,000 points were generated in the XT space
and 200 points for each of boundary and initial state. The PINN method
implementation is performed using the Tensorflow [24] library of the Python
programming language. The Adam [25] algorithm is used as a training method,
and the constant Ir = 10~* is used as a learning rate.

For the first numerical experiment, the functional (9) is chosen for ¢ = u,
which corresponds to the problem of optimal control of the gas velocity to
match the given function ug(x,t). The physical characteristics of the medium
correspond to carbon dioxide. The reference values of the unknown functions,
dimensionless coefficients, and other parameters are as follows:

K
us:15[g}, pszz{%}, 0, = 444 [K],
S m

X =50[m], T = 3600 [s],
Sh =19.26-10"2, Re =3.0-107, Pe =4.7-10",
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ui(0,t) = 0.5 —0.1¢,  po(x,0) = 0.7+ 0.1z%,  p1(0,t) = 0.7 + 0.1¢,
0o(z,0) =0.840.1z%,  0;(0,t) =0.8+0.1¢,  62(1,t) = 0.9+ 0.1¢.
The function uy is as follows:
ug(z,t) = 0.5 — 0.1t — 0.01z%, (18)

The obtained solution is shown at figures 3.a, 3.b, 3.¢c, 3.d at different
moments of time.

11 t=0c 11 t=60 c
1.0 1.0 *—\
0.9 > 0.9 ‘__/‘
.8 —u = u o Uboundary o ° =[S Seuner
07 —— P == Pmta e Puoundary o7 Z ! Péoundery
5 — 0 == Onita ®  Oboundary s ®  Ovoundary
0.6 0.6 — Ud
05 0.5
0.4 0.4
03 03
00 02 04 06 08 10 00 02 04 06 08 10
X X
(a) t=0s. (b) t =60 s.
t=1800 ¢ t=3600 ¢
u
10
it \C
0 0
B o
os os
e =T
oal™"P e p 0al™"? o pm
—° e G A
o
(c) t = 1800 s. (d) t = 3600 s.

FiG. 3. Solution of the optimal control problem (17) with
condition (18) at different moments of time.

The control profile of functions ug and us is presented at figures 4.a and
4.b.

For the second experiment, the functional (10) is chosen for i = p, which
corresponds to the problem of optimal control of gas density to match the
given function pg(z,t). The physical characteristics of the medium correspond
to air. All other process parameters were chosen as follows:

m kg
us = 10 [ﬂ . ps=135 [mg] . 0, =403[K],
X =100[m], T =600,
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0.8 0.8
0.6 0.6

0.4 0.4

0.2 0.2

0.0 0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x t

(a) uo(x). (b) ua(t).

Fia. 4. Control profile, a) ug, b)us.

Sh=2.77-1073, Re =2.4-108, Pe =1.6- 108,
u1(0,t) = 0.85 — 0.35t,  po(x,0) =1.0,  p1(0,¢) = 1.0 — 0.1¢,
0o(z,0) = 1.0 — 0.12%,  61(0,t) =1.0 —0.1¢,  6y(1,t) = 0.9 — 0.1¢.
Function pg has the following form:
pa(z,t) =1.0—0.1¢. (19)

The obtained solution is shown in figures 5.a, 5.b, 5.¢, 5.d at different moments
of time.

The control profile of functions ug and wue is presented in figures 6.a and
6.b.

For the third numerical experiment, the functional (17) is chosen for
i = 6, which corresponds to the problem of optimal control of the gas
temperature to match the given function 84(x, t). The physical characteristics
of the medium also correspond to carbon dioxide. The reference values of the
unknown functions, dimensionless coefficients, and other process parameters
are as follows:

us = 15 [—} ps = [—} 6, = 343 [K] .
X=25[m], T=60[],
Sh=2.78-1072, Re=1.5-10", Pe =3.0-10",
u1(0,t) = 0.5 — 0.025¢t,  po(x,0) = 0.8+ 0.0252%,  p1(0,1) = 0.8,
0o(x,0) = 1.0-0.02522,  0,(0,) = 1.0—-0.025¢,  65(1,¢) = 0.975—0.025t.
The function 64 has the following form:
Bq(z,t) = 1.0 — 0.025¢ — 0.02522. (20)

The obtained solution is shown in figures 7.a, 7.b, 7.c, 7.d at different moments
of time.

The control profile of functions ug and wus is presented in figures 8.a and
8.b.

The calculation of all experiments was stopped upon reaching the value of
R; = 10~*, which the authors consider an optimal value for such problems [8§].
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F1G. 5. Solution of the optimal control problem (17) with
condition (19) at different moments of time.
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(a) uo(w). (b) ua(t).

Fia. 6. Control profile, a) ug, b)us.

The training of PINN for each numerical experiment took approximately
2 hours. From the presented graphs it is evident that the approximated
functions u, p and 6 almost completely match the specified functions wug, pq,
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Fi1a. 7. Solution of the optimal control problem (17) with
condition (20) at different moments of time.
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(a) uo(w). (b) ua(t).

Fia. 8. Control profile, a) ug, b)us.

04. In this case, the control profile is actually linear. It is also worth noting
that the solution of the optimal control problems was performed on a uniform
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grid even in the presence of transition layers in the solution due to very high
Reynolds and Strouhal numbers.

All numerical experiments were performed using the following computational
resources: Inter core i7-12700H CPU, NVIDIA GeForce RTX 3070 TT laptop
GPU, 8 GB VRAM.

5 Conclusion

The current work presents a numerical experiments of the viscous heat
conducting gas flow control problem. The parameters of the medium in
performed experiments are close to the real parameters of the gases, including
very high Reynolds and Peclet numbers. Due to the complexity of the system
of equations for a compressible medium, the calculation was performed with
the case of one-dimensional gas flow. In the future, it is planned to study
the possibility of applying the developed technique to the multidimensional
case.

It is worth noting that this is the first case of a numerical solution of the
inverse problem for the Navier-Stokes equations in the case of a compressible
medium, taking into account viscosity and thermal conductivity. Previously,
such problems were considered only theoretically, since the numerical solution
of even a direct problem by other numerical methods seems difficult. The
possibility of numerically solving inverse problems of gas dynamics, shown
in the work, can lay the foundation for solving many practical problems that
arise in engineering and oil production.

The advantage of using the PINN method to solve the inverse problem
of a highly nonlinear, singularly perturbed system of equations is shown.
Those are the absence of the need to linearize the system and solve the
optimality system, as well as the possibility of solving the problem on a
relatively small amount of training dataset (about 10% points), while classical
methods require a extremely small step of the computational grid for such
cases. It is shown that the use of the method does not require excessive
computing resources for operation.
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