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Abstract: This paper considers the time of fractional derivatives
thermoporoelasticity in a fracture and heterogeneous media. The
mathematical model is formulated as a related system of equations
that regulate the pressure of the fluid, temperature and mechanical
displacement. We use the finite element method (FEM) with a fine
mesh for spatial sampling integrated with a discrete fracture model
(DFM) to capture the complexity of fractures in the heterogeneous
media. Temporary sampling is achieved using an implicit scheme
of final differences. To increase the effectiveness of computing tech-
nology, we use the Generalized Multiscale Finite Element Method
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(GMSFEM) for coarse grid approximation, effectively reducing the
dimension of the problem while maintaining accuracy. A multiscale
approach uses precalculated offline functions and dynamically up-
dated online functions to process local residues, ensuring a rapid
decrease in errors. Numerical experiments demonstrate the ability
of the method to accurately imitate the temporal processes in
a fractured porous media, reaching significant computing savings
without lowering the accuracy of the solution.

Keywords: thermoporoelasticity, fractional derivatives, multiscale
methods, discrete fracture model, heterogeneous media, finite dif-
ference scheme.

1 Introduction

Thermoporoelasticity, a field that blends thermal, hydraulic, and mecha-
nical interactions within porous materials, plays a key role in understanding
subsurface environments like geothermal systems, hydrocarbon reservoirs,
and sites used for environmental purposes [1, 2, 3, 4]. It focuses on the
intricate dynamics between fluid movement, heat conduction, and mechanical
shifts within porous networks, which are frequently characterized by hetero-
geneity and the presence of fractures.

The inclusion of fractional derivatives in the mathematical models of these
processes has garnered considerable attention because of their ability to
represent memory effects and long-term temporal dependencies, which are
frequently observed in geological formations [5, 6, 7]. Compared to traditional
integer-order derivatives, fractional derivatives provide a more refined descrip-
tion of history-dependent behaviors [8, 9, 10]. This feature is especially useful
for modeling phenomena like anomalous diffusion and stress relaxation, which
are crucial in many engineering and geophysical contexts.

In media characterized by heterogeneity and the presence of fractures,
these complexities occur across multiple scales. Traditional numerical mode-
ling approaches often require highly detailed discretization, leading to heavy
computational demands, especially in large-scale simulations. To address
these issues, the Generalized Multiscale Finite Element Method (GMsFEM)
has emerged as a robust technique [11, 12, 13, 14, 15, 16]. GMsFEM enables
efficient modeling of both macroscopic behaviors and small-scale heteroge-
neities by utilizing coarse grid approximations enhanced by locally computed
basis functions that capture the essential system features. This method
is especially well-suited for fractured porous media, where it is critical to
accurately model the interactions between the porous matrix and fractures
[17, 18, 19].

A significant advancement in this study is the integration of online multi-
scale methods within the GMsFEM framework |20, 21, 22]. The online multi-
scale approach allows for the dynamic updating of basis functions based on
residual information during the simulation. This adaptive strategy enhances
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the accuracy and efficiency of the model by refining the multiscale basis
functions as the simulation progresses, focusing computational resources on
areas where they are most needed.

In this study, we develop and apply a multiscale model reduction technique
for the time fractional thermoporoelasticity problem in fractured and hetero-
geneous media. By integrating fractional time derivatives and online multi-
scale methods into the GMsFEM framework, we aim to capture the memory
effects and complex interactions between fluid flow, heat transfer, and mecha-
nical deformations in a computationally efficient manner. Additionally, the
use of a Discrete Fracture Model (DFM) within this framework enhances the
ability to explicitly model fractures, providing a more accurate and detailed
simulation of thermoporoelastic processes in fractured media.

The structure of this paper is as follows: Section 2 outlines the mathemati-
cal formulation of the thermoporoelasticity problem, incorporating fractional
derivatives. Section 3 discusses the fine grid approximation using the finite
element method, while Section 4 details the coarse grid approximation and
the construction of multiscale basis functions using GMsFEM, including the
implementation of online multiscale methods. Numerical results demonstra-
ting the effectiveness of the proposed method are presented in Section 5.
Finally, the study concludes with a summary in the concluding section.

2 Problem formulation

For the mechanics of the thermoporoelastic multicontinuum media, we
have the following coupled system of equations

0" P, P divu
Cm T Im ™ T V- (knVPm) + Mng(m — ) =0, Q x (0,7),

0% py 98r divu
gy T g~V ke VPg) g (py = pm) = 0, 7 < (0,T),

a<m Tm 85771, divu
R e

+ vam : va -V (XMVTW)+

+Tmf(Tm - Tf) =0, Qx (O,T),

of Tf 9% divu

sf 555 + o + CuwVy - VTy =V - (xyVTy)+

-f—Tmf(Tf — Tm) =0, vx (O,T),

—dive(u) + v Vom + 7 Vps + 05 VT, + 6, VT =0, Q x (0,T),

(1)

where o denotes the stress tensor, u the displacement, -; the Biot coefficient,

M; the Biot modulus (¢; = ML,) for the i-th component. In the case of a linear
elastic stress-strain constitutive relation, we have

1
o(u) =2ue(u) + AdivuZ, e(u)= i(Vu + Vul),
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where € is the strain tensor, A and g are the Lame’s coefficients. Here we
have a volume force source that is proportional to the sum of the pressure
gradients for each continuum. The first continuum describes a flow in the
matrix of the porous media and the second continuum relates to the flow in
low dimensional fracture networks.

3 Fine grid approximation using FEM

This section presents a fine grid finite element approximation for the two-
dimensional time fractional thermoporoelasticity problem. For the temporal
approximation, we use uniform temporal grid with nodes t" = nr(n =
0,1,2,...,N7), where T denotes the final time for simulation and 7 =
NLT denotes temporal grid size. The values of pressures, temperature and
displacement at the temporal notes t" = n7(n =0,1,2,..., Np) are denoted
by (p', T7*,u") = (pi(t"), T;(t"), u(t™)), where p; and T; denote the pressure
and temperature of the ith continuum respectively. We begin with a variati-
onal form of the system (1). Then we exhibit the discrete system in matrix
form. The stability and convergence of the time derivative difference scheme
can be seen in this paper [23].

Variational form. For the spatial approximation, we use the continuous
Galerkin finite element method with linear basis functions. Let us define
functional spaces

W=[H'(Q)], Vm=H"(Q), V;=H(v),

and pp, € Vip,pp € Vi, Ty € Vi, Ty € V5,u e WL

We multiply the system (1) by test functions v, € Vp,vr € Vi, 2 €
Vin, zp € Vi, w € W, respectively. The variational form of the time fractional
thermoporoelasticity problem in multicontinuum media can be written as
follows: given (p?n,p?, 79,72, u°) € V,,, x Vi x Vip x Vy x W iteratively find
(p%,p}b,Tﬁl,T}‘,un) € Vin x Vi x Vi, x Vy x W such that

f('ai) pr. n—j+1 n_j,’l)i>+

Eml (pf —pp o) + €90 Y0 mE (1] P

o,
i M:
[\

3

+§$B’7)df(un —u" !, v;) + é&ﬂi) §§€izdf(u”_j+1 —u", v;)+

j=2
7, v0) + D (o = pfw) =0, Vo € Vigi =m, f,
JFi
n ) )
§m (T = T z) €90 3 ml (177 =10 2+

J

. 1

HEML (= z) + €0 YT dl (I a4
j=2
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+b31(1—1znvzl) +Zq£<j17,n_71]nazz) :07 vzi € V;:'L =m, f7
i

a(u",w) + > g’ (o, w)+ Y gl (TP, w) =0, VweW,
j J

For the bilinear forms, we have

bf(Pz',Uz‘)Z/ kiVp; - Vudz, m?(puvi):/ cipivide,

i Qi

ij(pi—Pj’Ui):/ nij(Pi — pj)vida, d]ij(uavi):/ i div uv;dz,

Q;

b;fF(Ti,zi):/ XNTi-inder/ Cw(V; - VT})2zdx, mZT(Ti,Zi)Z/ s;T;zidx,
Q; Q; Q.

i i

q;l;(ﬂ — er, Zl) = / T”(Tl — T])szl, d?(lh Zz) = / 5z div llZidZL',
Q; Q;
a(u,w) = / o(u) - e(w)dz,
Q

giT(Ti,w) :/ o VIywdz,
Q;

for i,j =m, f, with Qp, = Q,Q; = ~.

4 Coarse grid approximation using GMsFEM

We use the Generalized Multiscale Finite Element Method (GMsFEM) to
construct the coarse grid approximation of the time fractional thermoporo-
elasticity problem in a fractured and heterogeneous medium. In this computa-
tional algorithm, the first four steps are offline (preprocessing) steps for a
given fracture geometry and heterogeneity.

Offtine stage

e Coarse grid and local domains construction.

e The solution of the local problems with different boundary conditions
to construct a snapshot space in each local domain.

e An offline space construction via the solution of the local spectral
problems on the snapshot space.

e Generation of the projection matrix.

Next, we move on to the online stage that includes the construction of
the coarse grid system using the precalculated projection matrix with offline
multiscale basis functions.

Online stage

e Construction of the coarse grid system using projection matrix.
e Solving the problem on the coarse grid at the current time step.
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e The multiscale space enrichment by calculation of the online basis
functions, where we solve a coupled problem in each local domain
using local residual information. We enrich the offline space and
update the projection matrix using the obtained online basis func-
tions. After that, we repeatedly solve the current time step problem
on the coarse grid to update the solution.

e Moving to the next time step.

Let TH be the partition of the domain on the coarse grid and K; be the
jth cell of TH, we have

T = K;.

Let NH denote the number of nodes of 7. For each coarse grid node,
we can define local domain w;(l = 1,..., NM), which can be regarded as a
combination of the several coarse grid cells that each of them contains a [th
node.

We start with the construction of the offline space, where the generation
of the offline basis functions for pressure, temperature and displacements
are given separately. For more detailed construction of multiscale bases, see
[24]. The offline basis construction contains two steps: (1) snapshot space
construction and (2) solution of the local spectral problem on snapshot space.

Coarse grid system. With the multiscale basis functions for pressures,
temperatures, and displacements constructed as described above, we define

the projection matrix:

R, 0 0
R=|0 Rr © (2)
0 0 R,

Then we obtain the following reduced order model:
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g(ai)Mva Hn_‘__é‘ﬂl 7p Hn+B P Hn_'_ZQZ]vp Hn)

s
J#i

, Hp Hn—-1 _ i g , H 1 Hn—j

:g_(raz)Mi Ppi n a)z (a p n—j+ _ pHn ])

(2

Z

+§7(_,3i)DiH7puH,nfl Z 5(51 Hn —j+1 _ H,nfj),

g(gz)MHTTHn_'_éﬁl HT Hn+BHTTHn+ZQ Hn_TH,n)

J#i (3)
n
N rHTHn—1 . ) 2 pH,T /rnHn—j+1 Hn—j
= (M — 0N T M (I )
j=2
+€ HT utn—1 {5(51 ngﬂzl HT( Hn—j+1 H7n—j)7
7j=2

ZG D Hn+ZGHTTHn AH ano’
J

where
MZ-H”’ = RM{R", B;'"=RB/R", Q;"=RQR",
?=RDYR", M{"" = RM{R", B/"" =RB[R",
Q—MW“W%MWU¢%WW=
GiI"" = RGTRT, All = RA,R".

(4)

Following the acquisition of solutions at the coarse scale, we proceed to
reconstruct the solutions at the fine scale:

msn __ pT. Hmn

H
pi Tms,n _ RTT,Z ,n’ ums,n — RTUH’n.

Y

In the method outlined above, it’s worth noting that we exclusively store and
utilize information pertaining to the coarse-grid solutions from the preceding
time step.

Online enrichment of multiscale space To enhance the accuracy of
the proposed multiscale approximation, we introduce the development of
online residual-based multiscale basis functions. These coupled online basis
functions are computed after solving the coarse-scale system in the offline
space, utilizing residual information during the online stage. To construct the
local residual-based online multiscale basis functions, we solve the following
local problems in each w;. Find (TEP, Th* YTy € Wh(w) x VI (w) x Vi (w;)
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such that

f(awl)mgl(wri;p7 +€Taul) Z (awl frl,p,n j+1 ) g B""l dp (Tlun )+

T

(ﬁwl Z 'BW’ b, Tl“" I ) +bgl(“r§f7”,v) = rfj’lk_l, Yo eV,

=2
n

g}S_Cwl)mZ:l(TZT,n (Cwl Z Tl Tn— j—‘,—l ) é- ﬁwl dT (Tl ,u,n )+
Jj=2

SR T S e
=2
Tlun _|_ Zgwl rrl,p, ) + Zgz;(TZT,n’ ) — Tuk 1, Vw € VVa
J

with
Viw) ={ve [H (w)]?:v=00n 0w}, W' (w)={weH" (w):w=0onduw}.

Here, we have the following bilinear forms
e, (p,v) :/ kapm~Vvdz+/ k¢Vpys - Vupde,
wi A
mﬁ,,(pw):/ cmpmvda:+/ crpyugpda,
w; Y@l
dﬂl(u,v):/ fymdivuvda:—i—/ vy divuvyde, awl(u,w):/ o(u)-e(w)dz,
w AL wr
b, (T, z) = / Xm VT, - Vads + / Cow(Vin - V) zda+
wy wi
—|—/ leVTf . szdx+/ lC’w(Vf -VTy)zpdez,
v v
dfl(mz):/ 5mdivuzdx+/ dr divuzypde,
w; ~@l
9o, (P, W) = /Q Y VpmWwdz + / VVpyweds,
i T
gfl(T,w):/ 5mVmeda:+/ 0 VT ywede, mgl(T,z):/ ST zdz+
wy et wy

for i,7 = m, f, with Q,, = Q,€Q; = ~. and the right-hand side is based on
the local residual information

K (Qw ) k, A (aw ) (aw ) K,
7’51 = _57' ! (pm? ! _p:;l317 ! Zf ! wl pm? I pmsj7v)

ms7

n
—ean, (bt —annt o) - 67 SR T — i o) - o, (e v),
j=2
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T‘T k _f(awl Z)’l (Trlflgy,—l T:fw 1’ ((le) Z ((le) TJ;: j Tﬂr;é]’ Z)
(Bu ) n— \p— (Bw ) (ﬁw ) n— n n
—& g (uns T Tt 2) — & Z S T i z) = 0 (TR 2),

wu,k E k,n E k,n
r - ms7 gwl pms7 gwl Tms ) ’

Using the constructed coupled online basis functions, we enrich the offline spaces
Vinss Vims and W,,s by adding Tﬁg’p, TL’T and Téfu

Vins = span{¢td, Y2 1 =1, NI j=1,. M k=12 .},
Vins = span{ot?, 00T 1 =1, N j=1,. M7 k=12 .}, (5)
Ws = span{®"I Y4 1 =1, NH j=1,. M k=12..1},

v

where k is the number of online iteration for the current time step. We will update
online basis functions for some time steps.

Next, we present an algorithm for the multiscale method with the online residual-
based multiscale basis functions. Let R°/f be the projection matrix constructed
using offline multiscale basis functions

RoIT 0 0
R =1 0 RY 0
0 0 R

H N’U
RfS = (@14 g
H N ,T
off (¢1 1 “.,¢NU M )T.
RO — (@1, NI MY T

)

Multiscale algorithm with online enrichment

e Define projection matrix R = R for the current time step n with R = R°ff
for n = 0 (R is the projection matrix from the previous time step).
e Construct and solve the coarse-scale problem at the current time step.
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— If we want to add/update online basis functions for the current time
step, we solve
é—(ai)MH7k71,p H,k,n +€,§_Bi)DlH’k71’puH7k7n + BiH,kappf{,k:,n

+ZQHk 1,p Hkn_pfl,kq,n)
J#i
n
D) pHk=1,p Hkn—1 i ) pHk=1,p, Hkn—j+1 Hk—1,n—j
:Ev(_ab)Mi ppllkn _&a)Zgj(il)MT P(pthkn J+ —p! =y
j:2
+£(51)DHk Lp Hokn—1 5(51)25 ﬁz)DHk l,p( H,k,n—j+1_uH,k—l,n—j)7

j=2
E(Q)MHk 1 TTH,k,n _|_£ ﬁ’)DHk 1,7 H k,n + BiH’k_l’TT;H’k’n—F

+ZQHk 1T Hkn_TjH,k—l,n)
J#i

_ f(Q)MH k—1, TTH k,n—1 é.(gl) Zg H k—1, T(T;H,k,n—j+1 _ TiH’k_l’n_j)
j=2
n

1 el (B p H k=17 Hkn—1 _ (ﬁi) Zgj(éil)DzH,k—l,T(uH,k,nfjJrl - uH,kfl,nfj),

Jj=2
H,kE—1 H H,kE-1,T Hk -
E G p +§ G; T AR R < 0,

for k = 1,2, ... with
M"" = RMPR", B!"" = RBPR", Q" =RQVR", D{""=RD'R",
M*T =RMFR", B"" =RBIR", Q"= RijRT, D" = RDI'RT,
GI"" = RGER", GI"" =RGTR", Al = RA,R",

and
ms,n __ pT H,n msn _ pT H,n ms,n _ pT. . Hn
D; =R'p, T, =R"T, u =R u™".
For the projection matrix, we have R* = R°/f for k = 0 and
RE0 0
k k
RP=10 R}y 0],
0 0 Rk

H H H
1,1 NH MNv P ~nlp Ny'.p Lp N p\T
= (¢, ..., 0 ,Tl ,...,T1” ,...,Tk ,...,Tk” ).
k 1,1 NH NS 1T NH T 1,7 NH T\T
Ri= (¢, ...,0" 0 Rl ,...,Tk ,...,Tk” )

H H H
k 11 NH MNv' v Anlu NH 1,u NH u\T
RF = (oM .. oM 5 GRS AR LS (IS

for k =1,2,....
Here, online basis functions (Y47, TZT, Tl’u) are calculated using
the solution from previous iteration (pF !, TFZ1 uk—1).

— Else, we solve equation 3 with 4.
e Move to the next time step.
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Fig. 1. Computation domain and grids. Coarse grid (blue
color), fine grid (green), and fractures (red).

In general, online basis functions can be adaptively added only in certain local
domains with a significant residual [20, 21]. Next, we provide numerical results for
heterogeneous and fractured poroelastic media.

5 Numerical results

8.000e-01 2 5 8.282e+00 7.389e-07  2e-6 Se-6 les 205 Se-5 0.0001 2981e-04 3.695e-02 0.1 0.2 5 1.490e+01
NIRRNIN I I

1 05 1 2
|G L e

Fic. 2. Elasticity coefficient  E(left), heterogeneous
permeability k,,(center) and thermal conductivity x,,(right).

In this section, we present the numerical results related to thermoporoelasticity
problems in heterogeneous and fractured media that incorporate fractional derivati-
ves. The coarse grid is characterized by uniform rectangular cells. Figure 1 illustrates
both the coarse and fine computational grids. The fine grid consists of 25,846 cells
and 12,944 vertices, whereas the coarse grid has 121 vertices and 100 cells. Our
analysis centers on the time-fractional diffusion equation relevant to the thermoporo-
elasticity issue within = (0, 50)2, specifically focusing on thermoporoelasticity in
fractured media. For the coefficients that represent the properties of the matrix and
fractures, we set v, = 0.1,y = 0,6,, = 0.1,65 = 0.1,s,,, = 10%, 5y = 102, ky =
1.0, My, = 10, My = 103, v = 0.3, x.m = 400, and X = 1.0. The computations are
performed with 7,4, = 86,400, using a time step of 7 = 8,640, n,,y = ky, and
T,.r = Xxs. The heterogeneous coefficients for Young’s modulus, permeability, and
thermal conductivity are depicted in Fig. 2. A numerical solution is provided under
the boundary conditions u, = 0,0, =0,2 € 'y UT'g,uy =0,0, =0,z € 'rUl'p
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for displacement, along with the initial conditions p° = 1 and T° = 40 for pressure
and temperature, respectively.

M \ DOFy \ er, (%) \ ey, (%) \ e’iz (%) \ eﬂ’h (%) \ efz (%) 651 (%) \
Offline Basis

1 484 9.191 32.819 5.121 79.421 0.258 97.072
2 968 5.078 18.778 3.880 66.501 0.203 47.761
4 1936 2.109 11.579 2.142 46.316 0.098 30.354
8 3872 0.978 7.360 1.185 33.598 0.046 19.767
12 5808 0.716 5.877 0.824 27.569 0.032 15.951
16 7744 0.614 5.221 0.695 25.133 0.028 14.716

Online basis
141 968 6.328 26.291 2.525 46.063 0.144 30.067
2+1 1452 3.101 13.439 2.166 40.867 0.138 30.273
4+1 2420 1.114 7.071 1.007 25.237 0.053 16.027
8+1 4356 0.343 3.063 0.451 15.412 0.017 7.620
12+1 | 6292 0.190 2.027 0.281 11.627 0.007 4.134
16+1 | 8228 0.149 1.518 0.238 10.346 0.007 3.978
Tabauna 1. Relative errors for displacement, pressure and
temperature with fractional order derivative o = 0.8.

M \ DOFy \ er, (%) \ ey, (%) \ @122 (%) \ e’}h (%) \ efz (%) egl (%) \
Offline Basis

1 484 8.390 27.900 7.463 69.941 0.570 51.236
2 968 4.376 15.820 3.880 96.429 0.388 40.967
4 1936 1.854 9.029 2.274 36.302 0.170 25.355
8 3872 0.813 5.387 1.054 24.103 0.070 15.639
12 5808 0.572 4.304 0.700 19.316 0.047 12.614
16 7744 0.484 3.809 0.604 17.792 0.041 11.699

Online basis
141 968 4.858 21.841 3.762 44.260 0.290 29.900
2+1 1452 2.674 11.409 2.818 38.431 0.250 27.642
4+1 2420 0.807 5.493 1.286 22.869 0.085 14.166
8+1 4356 0.228 2.193 0.446 12.219 0.025 6.334
12+1 | 6292 0.117 1.492 0.245 8.382 0.009 3.341
16+1 | 8228 0.084 1.068 0.221 7.701 0.009 3.210
Tapauna 2. Relative errors for displacement, pressure and
temperature with fractional order derivative a = 0.9.

Tables 1-3 enhance our analysis by displaying the relative 77, and energy H;
errors associated with the use of offline and online basis functions. The comparative
evaluation of errors between fine-scale and multiscale solutions, considering the
different types of basis functions, reveals a significant trend: a notable reduction in
error as the number of basis functions increases for each fractional order derivative.
This demonstrates the effectiveness of both offline and online approaches in impro-
ving solution accuracy.
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M ‘ DOFy ‘ er, (%) ‘ ey, (%) ‘ 6122 (%) ‘ e%l (%) ‘ eﬂ (%) eEl (%) ‘
Offline Basis

1 484 9.060 25.4 8.677 63.328 1.300 48.331
2 968 4.502 14.211 4.900 48.362 0.772 37.176
4 1936 1.616 7.248 1.931 28.852 0.284 21.761
8 3872 0.773 4.037 0.792 17.814 0.116 13.437
12 5808 0.596 3.255 0.517 14.176 0.082 11.060
16 7744 0.514 2.901 0.457 13.169 0.073 10.310

Online basis
1+1 968 4.007 18.806 4.550 43.186 0.613 30.385
2+1 1452 2.730 10.299 3.001 34.879 0.512 27.055
4+1 2420 0.584 4.341 1.154 19.103 0.131 12.230
8+1 4356 0.147 1.614 0.321 8.991 0.036 5.465
12+1 | 6292 0.075 1.125 0.162 5.832 0.014 2.937
16+1 | 8228 0.050 0.826 0.148 5.388 0.012 2.586
Tabanna 3. Relative errors for displacement, pressure and
temperature with fractional order derivative a = 1.0.

1.000e+00 1.43 1522400 37356401 391 40006401 -23426-01  -0.12

W S

012 2447e-01  -2.790e-

1.000e+00 012 2447e-01  -2.790e
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Fia. 3. Thermoporoelasticity problem in fractured and
heterogeneous media: Distribution of pressure, temperature
and displacement along X and Y at final time for fractional
order derivative o = 0.8 (from left to right).
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FiG. 4. Thermoporoelasticity problem in fractured and
heterogeneous media: Distribution of pressure, temperature
and displacement along X and Y at final time for fractional
order derivative v = 0.9 (from left to right).

Figures 3-5 provide a comprehensive view of the spatial distribution of pressure,
temperature, and displacement at the final time step. The first row presents the fine-
scale solution obtained through the finite element method, serving as a benchmark
for accuracy. The second row displays multiscale solutions using eight basis functions
within the GMsFEM framework, showcasing the method’s effectiveness in capturing
complex patterns along the X and Y directions. Additionally, the third row introdu-
ces the multiscale solution incorporating eight multiscale basis functions one online
residual-based multiscale basis function. This enhancement further refines the solu-
tion, illustrating the method’s adaptability and improved precision. This visual
comparison not only validates the accuracy and robustness of the proposed approach
but also highlights its applicability in real-world scenarios where understanding the
detailed spatial distribution of pressure, temperature, and displacement is crucial.

The analysis focused on evaluating how the number of multiscale basis functions
affects the accuracy of the solution. The results indicate that as the number of basis
functions increases, there is a significant reduction in relative Lo and energy H;
errors for displacement, pressure, and temperature. For example, with the fractional
order derivative set at o = 0.8, increasing the number of offline basis functions led
to a marked decrease in errors, with the relative error for displacement reducing
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from approximately 9.1% to less than 0.6%, and similar trends observed for pressure
and temperature.

The use of online basis functions, which were updated dynamically based on
residual information, further improved accuracy. The introduction of even a single
online basis function per local domain substantially reduced errors compared to the
offline basis function approach alone. For instance, the relative error for displacement
was reduced to approximately 0.3% when four online basis functions were used in
conjunction with the offline basis set. This highlights the efficiency of the online
enrichment approach in capturing local solution features more effectively. Finally,
the computational efficiency of the method was assessed by comparing the offline
and online approaches. The results showed that while the offline method required
less computational effort, the online enrichment approach provided superior accuracy
with only a moderate increase in computational cost. This balance between accuracy
and efficiency makes the proposed method well-suited for large-scale simulations of
thermoporoelasticity in fractured media.

1.000e400 152 203 254 3.029e400 z79|=~mzw 39806401 -2575e-010 0.49 099 17206400 -1.090e+00 -0.58 u 12416400
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Fia. 5. Thermoporoelasticity problem in fractured and
heterogeneous media: Distribution of pressure, temperature
and displacement along X and Y at final time for fractional
order derivative o = 1.0 (from left to right).

6 Conclusions

In this study, we developed and applied a multiscale model reduction technique
for the time fractional thermoporoelasticity problem in heterogeneous and fractured
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media. By integrating fractional derivatives with the Generalized Multiscale Finite
Element Method (GMsFEM) and implementing online residual-based basis function
enrichment, we were able to achieve a highly accurate and computationally efficient
simulation approach.

Our numerical experiments demonstrated that the use of multiscale basis func-
tions significantly improves the accuracy of the solution, particularly when enhanced
by online updates that adaptively target areas with high residuals. The results
showed that increasing the number of basis functions effectively reduces errors, and
that the incorporation of online basis functions yields even greater improvements in
accuracy, especially in capturing the complex interactions within fractured porous
media.

Overall, the proposed method offers a robust and flexible framework for modeling
complex thermoporoelastic processes in fractured and heterogeneous media. Its
ability to balance computational efficiency with high accuracy makes it an attractive
tool for large-scale simulations in geomechanics, geothermal energy, and related
fields.
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