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Abstract: The residue number system is widely used in systems
using addition and multiplication operations to increase their per-
formance. However, operations such as converting numbers to and
from the reside number system, the sign detection, and the numbers
comparison are computationally complex in the residue number
system and limit its practical application.The article presents the
methods for calculating the number rank to the implementation
of the reverse conversion operation of numbers from the residue
number system to the positional number system. The possibility
of representing the core function as an algebraic polynomial over
ZP for e�cient calculation of the number rank is investigated.
The article develops methods for calculating the number rank
by an approximate method. The accuracy of calculations for the
approximate method was assessed.
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1 Ââåäåíèå

Ñèñòåìà îñòàòî÷íûõ êëàññîâ (Residue Number System � RNS) � ýòî
íåïîçèöèîííàÿ ñèñòåìà ñ÷èñëåíèÿ, â êîòîðîé ÷èñëà ïðåäñòàâëÿþòñÿ â
âèäå îñòàòêîâ îò äåëåíèÿ íà ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè ñèñòåìû.
Òàêèì îáðàçîì, ÷èñëî X ∈ Z ìîæåò áûòü îäíîçíà÷íî ïðåäñòàâëåíî â

RNS ñ íàáîðîì ìîäóëåé (p1, p2, . . . , pn) â âèäå X
RNS−→ (x1, x2, . . . , xn), n ∈

N. Ïðè ýòîì 0 ≤ X < P è P =
∏n

i=1 pi � äèíàìè÷åñêèé äèàïàçîí RNS.
Îïåðàöèè ñëîæåíèÿ, âû÷èòàíèÿ è óìíîæåíèÿ ïðîèçâîäÿòñÿ ïàðàëëåëüíî
ïî êàæäîìó ìîäóëþ RNS.
Ê ïðåèìóùåñòâàì RNS îòíîñèòñÿ âîçìîæíîñòü ïðåäñòàâëåíèÿ ÷èñåë

áîëüøîé ðàçðÿäíîñòè â âèäå îñòàòêîâ îò äåëåíèÿ ìåíüøåé ðàçðÿäíî-
ñòè, ÷òî óìåíüøàåò ñëîæíîñòü âû÷èñëåíèé ïî êàæäîìó êàíàëó, ñîîò-
âåòñòâóþùåìó ìîäóëÿì RNS. Åùå îäíèì äîñòîèíñòâîì RNS ÿâëÿåòñÿ
îòñóòñòâèå çàâèñèìîñòåé ìåæäó âû÷èñëèòåëüíûìè êàíàëàìè, ïîýòîìó,
îøèáêà â îäíîì êàíàëå íå ðàñïðîñòðàíÿåòñÿ íà äðóãèå, ÷òî, îáëåã÷àåò
ïðîöåññ îáíàðóæåíèÿ è èñïðàâëåíèÿ îøèáîê.
RNS øèðîêî ïðèìåíÿåòñÿ äëÿ óâåëè÷åíèÿ áûñòðîäåéñòâèÿ öèôðîâûõ

óñòðîéñòâ â ïðèëîæåíèÿõ öèôðîâîé îáðàáîòêè ñèãíàëîâ [1, 2], â ÷àñòíî-
ñòè, ïðè îáðàáîòêå è àíàëèçå èçîáðàæåíèé [3, 4, 5]. Òàê æå RNS èñïîëü-
çóåòñÿ â áåçîïàñíûõ ñèñòåìàõ õðàíåíèÿ è îáðàáîòêè äàííûõ [6, 7].
Íåñìîòðÿ íà äîñòîèíñòâà RNS ñóùåñòâóåò ðÿä îïåðàöèé, êîòîðûå ÿâ-

ëÿþòñÿ âû÷èñëèòåëüíî ñëîæíûìè â RNS. Ê íèì îòíîñÿò îïåðàöèþ ïðÿ-
ìîãî ïðåîáðàçîâàíèÿ èç ïîçèöèîííîé ñèñòåìû ñ÷èñëåíèÿ (Positional
Number System � PNS) â RNS è îáðàòíîå ïðåîáðàçîâàíèå èç RNS â PNS.
Êðîìå òîãî, îïåðàöèè îïðåäåëåíèÿ çíàêà ÷èñëà, ñðàâíåíèÿ ÷èñåë è äå-
ëåíèÿ òàê æå ÿâëÿþòñÿ âû÷èñëèòåëüíî ñëîæíûìè â RNS. Ñíèæåíèå âû-
÷èñëèòåëüíîé ñëîæíîñòè ïåðå÷èñëåííûõ îïåðàöèé ïîçâîëèò ðàñøèðèòü
îáëàñòè ïðèìåíåíèÿ RNS.
Îäíèì èç ïîäõîäîâ ê ðåøåíèþ ïðîáëåìû ïðåîáðàçîâàíèÿ ÷èñåë èç îä-

íîé ñèñòåìû ñ÷èñëåíèÿ â äðóãóþ ÿâëÿåòñÿ èñïîëüçîâàíèå ìîäóëåé ñïå-
öèàëüíîãî âèäà 2α è 2α ± 1, α ∈ N [8, 9, 10]. Äàííûé ïîäõîä ïîçâîëÿåò
çàìåíèòü îïåðàöèþ äåëåíèÿ ïî ìîäóëþ îïåðàöèÿìè ñëîæåíèÿ è áèòîâîãî
ñäâèãà, ÷òî ïîçâîëÿåò óìåíüøèòü âû÷èñëèòåëüíóþ ñëîæíîñòü.
Ïðîáëåìà óñêîðåíèÿ âû÷èñëèòåëüíî ñëîæíûõ îïåðàöèé â RNS, òà-

êèõ êàê îïðåäåëåíèå çíàêà ÷èñëà, ñðàâíåíèå ÷èñåë è ïåðåâîä ÷èñåë èç
RNS â ïîçèöèîííóþ ñèñòåìó ñ÷èñëåíèÿ, ìîæåò ðåøàòüñÿ çà ñ÷åò óìåíü-
øåíèÿ âû÷èñëèòåëüíîé ñëîæíîñòè àëãîðèòìà îïðåäåëåíèÿ ðàíãà ÷èñëà.
Îäíàêî, îñíîâíûì ïðèëîæåíèåì ôóíêöèè ðàíãà ÷èñëà, ïðåäñòàâëåííîãî
â RNS, ÿâëÿþòñÿ àëãîðèòìû îáíàðóæåíèÿ è èñïðàâëåíèÿ îøèáîê àðèô-
ìåòè÷åñêèõ âû÷èñëåíèé, è îò ýôôåêòèâíîñòè åãî âû÷èñëåíèÿ âî ìíî-
ãîì çàâèñèò ïðîèçâîäèòåëüíîñòü óêàçàííûõ àëãîðèòìîâ. ×òîáû äîáèòü-
ñÿ ïðèåìëåìîé çàäåðæêè, òðåáóåòñÿ ðàçðàáîòàòü òàêèå àëãîðèòìû âû-

÷èñëåíèÿ ðàíãà ÷èñëà, ïðåäñòàâëåííîãî â RNS X
RNS−−−→ (x1, x2, . . . , xn),

êîòîðûå áû ïîçâîëèëè âû÷èñëÿòü çíà÷åíèå ðàíãà çà âðåìÿ ìîäóëÿðíîãî
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ñóììèðîâàíèÿ íå áîëåå ÷åì n âû÷åòîâ ïî ìîäóëþ q. Ïðè ýòîì ïîäðà-
çóìåâàåòñÿ, ÷òî âåëè÷èíà ìîäóëÿ q ïðèáëèçèòåëüíî îäíîãî ïîðÿäêà ñ
âåëè÷èíîé ìîäóëåé RNS pi [11].
Ó÷èòûâàÿ, ÷òî â RNS ìîæíî ýôôåêòèâíî ðåàëèçîâàòü îïåðàöèè ñëî-

æåíèÿ è óìíîæåíèÿ ÷èñåë â ZP , îäíèì èç ñïîñîáîâ ðåøåíèÿ ïðîáëåìû
ýôôåêòèâíîãî âû÷èñëåíèÿ ðàíãà ìîãëî áû ñòàòü ïðåäñòàâëåíèå ôóíêöèè
ÿäðà â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP . Â äàííîé ñòàòüå ïîêà-
çàíî, ÷òî ôóíêöèþ ÿäðà, íîðìàëèçîâàííóþ ôóíêöèþ ÿäðà è ôóíêöèþ
ÿäðà Àêóøñêîãî íåëüçÿ âû÷èñëèòü ñ ïîìîùüþ àëãåáðàè÷åñêîãî ìíîãî-
÷ëåíà íàä ZP .
À òàêæå â ñòàòüå èññëåäîâàí âîïðîñ àïïðîêñèìàöèè ôóíêöèè ðàíãà

÷èñëà ñ ïîìîùüþ ïðèáëèæåííîãî ìåòîäà [12, 13] è äîêàçàí ðÿä àðèôìå-
òè÷åñêèõ ñâîéñòâ ôóíêöèè ðàíãà ÷èñëà. Ïðåäñòàâëåííûé â ðàáîòå ïðè-
áëèæåííûé ïîäõîä ê âû÷èñëåíèþ ðàíãà ÷èñëà ìîæåò áûòü èñïîëüçîâàí
äëÿ ðåàëèçàöèè âû÷èñëèòåëüíî ñëîæíûõ îïåðàöèé â RNS.
Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçäåëå 2 ïðåäñòàâëåí

îáçîð èçâåñòíûõ ìåòîäîâ äëÿ ïðåîáðàçîâàíèÿ ÷èñåë èç RNS â PNS. Â
ðàçäåëå 3 ðàññìîòðåíî ïîíÿòèå ðàíãà ÷èñëà, à òàêæå åãî ñâîéñòâà. Â
ðàçäåëå 4 èññëåäîâàíà âîçìîæíîñòü ïðåäñòàâëåíèÿ ðàíãà ÷èñëà â âèäå
àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP . Â ðàçäåëå 5 ðàçðàáîòàíû ìåòîäû
âû÷èñëåíèÿ ðàíãà ÷èñëà ñ èñïîëüçîâàíèåì ïðèáëèæåííîãî ìåòîäà è ïðî-
èçâåäåíà îöåíêà òî÷íîñòè âû÷èñëåíèé. Âûâîäû î ðåçóëüòàòàõ èññëåäî-
âàíèÿ ïðåäñòàâëåíû â ðàçäåëå 6.

2 Îáçîð èçâåñòíûõ ìåòîäîâ îáðàòíîãî ïðåîáðàçîâàíèÿ
èç RNS â PNS

Ðàññìîòðèì èçâåñòíûå ìåòîäû îáðàòíîãî ïðåîáðàçîâàíèÿ èç RNS â
PNS. Îñíîâíûìè ìåòîäàìè äëÿ ïåðåâîäà ÷èñåë ÿâëÿþòñÿ Êèòàéñêàÿ òåî-
ðåìà îá îñòàòêàõ, îáîáùåííàÿ ïîçèöèîííàÿ ñèñòåìà ñ÷èñëåíèÿ, äèàãî-
íàëüíàÿ ôóíêöèÿ, ôóíêöèÿ ÿäðà.
Â ñòàòüå [14] ïðåäñòàâëåí íîâûé àëãîðèòì îáðàòíîãî ïðåîáðàçîâàíèÿ

RNS â PNS äëÿ ïðîèçâîëüíîãî íàáîðà ìîäóëåé íà îñíîâå ôóíêöèè ÿä-
ðà. Àâòîðû ïðåäëîæèëè ìåòîä âûáîðà êîýôôèöèåíòîâ ôóíêöèè ÿäðà,
êîòîðûé ïîçâîëÿåò íàñòðàèâàòü äèíàìè÷åñêèé äèàïàçîí ôóíêöèè ÿäðà
è óïðîùàåò ñëîæíîñòü ïðåîáðàçîâàíèÿ.
Îáðàòíîå ïðåîáðàçîâàíèå íà îñíîâå Êèòàéñêîé òåîðåìû îá îñòàòêàõ

òðåáóåò âû÷èñëåíèÿ îñòàòêà îò äåëåíèÿ íà äèíàìè÷åñêèé äèàïàçîí ñè-
ñòåìû. Â ñòàòüå [12] àâòîðû ïðåäëàãàþò ïðèáëèæåííûé ìåòîä ïðåîáðà-
çîâàíèÿ ÷èñåë èç RNS â PNS íà îñíîâå Êèòàéñêîé òåîðåìû îá îñòàòêàõ,
êîòîðûé ïîçâîëÿåò èçáåæàòü âû÷èñëåíèÿ îñòàòêà îò äåëåíèÿ íà äèíàìè-
÷åñêèé äèàïàçîí ñèñòåìû. Êðîìå òîãî, àâòîðû ïðåäëîæèëè ìåòîä çàìå-
íû äðîáíûõ âû÷èñëåíèé àíàëîãè÷íûìè âû÷èñëåíèÿìè íà îñíîâå öåëûõ
÷èñåë äëÿ äàëüíåéøåé àïïàðàòíîé ðåàëèçàöèè àëãîðèòìà.
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Ìåòîä ïðåîáðàçîâàíèÿ ÷èñåë íà îñíîâå îáîáùåííîé ïîçèöèîííîé ñè-
ñòåìû ñ÷èñëåíèÿ òðåáóåò ìíîãîêðàòíîãî âû÷èñëåíèÿ îñòàòêîâ îò äåëå-
íèÿ íà ìîäóëè RNS è èñïîëüçóåò â âû÷èñëåíèÿõ ðåçóëüòàòû ïðåäûäóùèõ
èòåðàöèé, ÷òî çàòðóäíÿåò ðàñïàðàëëåëèâàíèå âû÷èñëåíèé. Â ðàáîòå [15]
ïðåäñòàâëåí ïîäõîä ê ïàðàëëåëüíîìó îáðàòíîìó ïðåîáðàçîâàíèþ èç RNS
â îáîáùåííóþ ïîçèöèîííóþ ñèñòåìó ñ÷èñëåíèÿ. Â ïðåäëàãàåìîì ìåòîäå
âû÷èñëåíèå öèôð îáîáùåííîé ïîçèöèîííîé ñèñòåìû ñ÷èñëåíèÿ ñâîäèò-
ñÿ ê ïàðàëëåëüíîìó ñóììèðîâàíèþ îñòàòêîâ â íåçàâèñèìûõ ìîäóëüíûõ
êàíàëàõ, ñîîòâåòñòâóþùèõ ìîäóëÿì RNS.
Â ðàáîòå [16] Áûëî ïîêàçàíî, ÷òî ïðåîáðàçîâàíèå RNS â PNS âîçìîæ-

íî ñ èñïîëüçîâàíèåì äèàãîíàëüíîé ôóíêöèè. Àâòîðû ïðîäåìîíñòðèðîâà-
ëè ñâÿçü ìåæäó Êèòàéñêîé òåîðåìîé îá îñòàòêàõ è äèàãîíàëüíîé ôóíê-
öèåé. Ââèäó ñëîæíîñòè îáîðóäîâàíèÿ ïðåîáðàçîâàíèå RNS â äâîè÷íóþ
ñèñòåìó ñ èñïîëüçîâàíèåì äèàãîíàëüíîé ôóíêöèè ìîæåò áûòü íå ïðè-
âëåêàòåëüíûì ïî ñðàâíåíèþ ñ äðóãèìè ìåòîäàìè, íî çà ñ÷åò âîçìîæíî-
ãî ñîâìåñòíîãî èñïîëüçîâàíèÿ ðåñóðñîâ ìåæäó îïåðàöèÿìè ñðàâíåíèÿ
è îáðàòíîãî ïðåîáðàçîâàíèÿ ìîæíî äîáèòüñÿ áîëåå áûñòðîãî ñðàâíå-
íèÿ, æåðòâóÿ ïðè ýòîì âðåìåíåì ïðåîáðàçîâàíèÿ. Ïîýòîìó äèàãîíàëüíàÿ
ôóíêöèÿ ÷àùå èñïîëüçóåòñÿ äëÿ ðåàëèçàöèè îïåðàöèè ñðàâíåíèÿ ÷èñåë
[13].
Îäíèì èç ïîäõîäîâ ê óìåíüøåíèþ âû÷èñëèòåëüíîé ñëîæíîñòè îïå-

ðàöèè îáðàòíîãî ïðåîáðàçîâàíèÿ ÿâëÿåòñÿ èñïîëüçîâàíèå ìîäóëåé ñïå-
öèàëüíîãî âèäà. Â ñòàòüÿõ [18] è [19] àâòîðû ïðåäëàãàþò óñòðîéñòâà íà
ïðåîáðàçîâàíèÿ ÷èñåë íà îñíîâå Êèòàéñêîé òåîðåìû îá îñòàòêàõ ñ ó÷å-
òîì îñîáåííîñòåé ìîäóëåé ñïåöèàëüíîãî âèäà 2α è 2α±1. Àâòîðû ðàáîòû
[20] ïðåäëàãàþò îáðàòíûé ïðåîáðàçîâàòåëü íà îñíîâå îáîáùåííîé ïîçè-
öèîííîé ñèñòåìû ñ÷èñëåíèÿ è ìîäóëåé ñïåöèàëüíîãî âèäà. Èñïîëüçîâà-
íèå îñîáåííîñòåé òàêîãî âèäà ìîäóëåé ïîçâîëÿåò óìåíüøèòü çàäåðæêó è
ïëîùàäü óñòðîéñòâà äëÿ ïåðåâîäà ÷èñåë. Òåì íå ìåíåå íàáîðû ìîäóëåé
ñïåöèàëüíîãî âèäà îáû÷íî áûâàþò íåñáàëàíñèðîâàííûå, ÷òî âëèÿåò íà
ðåàëèçàöèþ äðóãèõ àðèôìåòè÷åñêèõ îïåðàöèé.
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ñïîñîá ðåøåíèÿ ïðîáëåìû ýôôåêòèâíî-

ãî âû÷èñëåíèÿ ðàíãà ñ ïîìîùüþ ïðèáëèæåííîãî ìåòîäà. Ïðåäëàãàåìûé
ïîäõîä ïîçâîëÿåò óìåíüøèòü ñëîæíîñòü âû÷èñëåíèÿ ïîçèöèîííîé õàðàê-
òåðèñòèêè ÷èñëà, à ñëåäîâàòåëüíî è îïåðàöèè îáðàòíîãî ïðåîáðàçîâàíèÿ
èç RNS â PNS.

3 Ðàíã ÷èñëà è åãî ñâîéñòâà

Ðàçëè÷àþò òðè ôîðìû ïðåäñòàâëåíèÿ Êèòàéñêîé òåîðåìû îá îñòàò-
êàõ, êàæäîé èç êîòîðûõ ñîîòâåòñòâóåò ïîçèöèîííàÿ õàðàêòåðèñòèêà ÷èñ-
ëà, ïðåäñòàâëåííîãî â RNS.
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Ïåðâàÿ ôîðìà

X =

∣∣∣∣∣
n∑

i=1

∣∣P−1
i

∣∣
pi
· Pi · xi

∣∣∣∣∣
P

=
n∑

i=1

∣∣P−1
i

∣∣
pi
· Pi · xi − r (X) · P, (1)

ãäå r (X) =
⌊∑n

i=1
1
pi

·
∣∣P−1

i

∣∣
pi
· xi
⌋
� ðàíã ÷èñëà.

Âòîðàÿ ôîðìà

X =

∣∣∣∣∣
n∑

i=1

Pi ·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi

∣∣∣∣∣
P

=
n∑

i=1

Pi ·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
− r̂ (X) · P, (2)

ãäå r̂ (X) =

⌊∑n
i=1

1
pi

·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi

⌋
� íîðìàëèçîâàííûé ðàíã ÷èñëà.

Òðåòüÿ ôîðìà

C (X) ≡

∣∣∣∣∣
n∑

i=1

ci · xi

∣∣∣∣∣
CP

=
n∑

i=1

ci · xi − ř (X) · CP , (3)

ãäå ř =
⌊∑n

i=1 ci·xi

CP

⌋
� ðàíã ÷èñëà ôóíêöèè ÿäðà Àêóøñêîãî.

Ñâîéñòâî 1. r̂ (X) = −X
P +

∑n
i=1

∣∣∣|P−1
i |

pi
·xi

∣∣∣
pi

pi
.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ

r̂ (X) =

 n∑
i=1

∣∣∣∣∣P−1
i

∣∣
pi
· xi
∣∣∣
pi

pi

 =

⌊
1

P

n∑
i=1

∣∣∣∣∣P−1
i

∣∣
pi
· xi
∣∣∣
pi
· Pi

⌋
.

Òàê êàê
⌊
X
P

⌋
= X

P − |X|P
P , òî

r̂ (X) =
1

P

n∑
i=1

∣∣∣∣∣P−1
i

∣∣
pi
· xi
∣∣∣
pi
· Pi −

1

P
·

∣∣∣∣∣
n∑

i=1

∣∣∣∣∣P−1
i

∣∣
pi
· xi
∣∣∣
pi
· Pi

∣∣∣∣∣
P

.

Ñîãëàñíî Êèòàéñêîé òåîðåìû îá îñòàòêàõ,

∣∣∣∣∑n
i=1

∣∣∣∣∣P−1
i

∣∣
pi
· xi
∣∣∣
pi
· Pi

∣∣∣∣
P

=

X, ñëåäîâàòåëüíî, r̂ (X) = 1
P

∑n
i=1

∣∣∣∣∣P−1
i

∣∣
pi
· xi
∣∣∣
pi
· Pi − X

P .

Ñâîéñòâî äîêàçàíî. □

Ñâîéñòâî 2. r̂ (1) = − 1
P +

∑n
i=1

|P−1
i |

pi
pi

.

Äîêàçàòåëüñòâî. Èç Ñâîéñòâà 1 íàïðÿìóþ ñëåäóåò, ÷òî r̂ (1) = − 1
P +∑n

i=1

|P−1
i |

pi
pi

.

Ñâîéñòâî äîêàçàíî. □

Òðåòüÿ ôîðìà ÿâëÿåòñÿ îáîáùåíèåì ïîçèöèîííûõ õàðàêòåðèñòèê: äèà-
ãîíàëüíîé ôóíêöèè è ôóíêöèè Pirlo è Impedovo[17].
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Òåîðåìà 1. Ïóñòü çàäàíû ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè RNS p1 <

p2 < . . . < pn, ÷èñëî X
RNS−−−→ (x1, x2, . . . , xn) è âåñà ôóíêöèè ÿäðà Àêóø-

ñêîãî w̄1, w̄2, . . . , w̄n óäîâëåòâîðÿþùèå óñëîâèþ 0 ≤ X < P , òîãäà

ř (X) = r (X) +

⌊
C (X)

CP

⌋
. (4)

Äîêàçàòåëüñòâî. Âû÷èñëèì ci, ïîëó÷èì

ci = C (Bi) =

n∑
j=1

w̄j

⌊∣∣P−1
i

∣∣
pi
· Pi

pj

⌋
. (5)

Òàê êàê ∀i ̸= j:
∣∣P−1

i

∣∣
pi
· Pi ≡ 0 mod pj è ∀i:

∣∣P−1
i

∣∣
pi
· Pi ≡ 1 mod pi, òî

äëÿ i ̸= j:
⌊∣∣P−1

i

∣∣
pi
· Pi/pi

⌋
=

|P−1
i |

pi
·Pi

pi
, à äëÿ i = j:

⌊∣∣P−1
i

∣∣
pi
· Pi/pi

⌋
=

|P−1
i |

pi
·Pi−1

pi
, ñëåäîâàòåëüíî, êîýôôèöèåíò ci ìîæíî ïðåäñòàâèòü â ñëåäó-

þùåì âèäå

ci =
∣∣P−1

i

∣∣
pi
· Pi ·

n∑
j=1

w̄j

pj
− w̄i

pi
. (6)

Ó÷èòûâàÿ, ÷òî
∑n

j=1
w̄j

pj
= CP

P , òî (6) ïðåîáðàçóåòñÿ ê âèäó

ci =
∣∣P−1

i

∣∣
pi
· Pi ·

CP

P
− w̄i

pi
. (7)

Ïîäñòàâèì (7) â (3), ïîëó÷èì

ř (X) =

⌊∑n
i=1 ci · xi
CP

⌋
=

⌊
1

P
·

n∑
i=1

∣∣P−1
i

∣∣
pi
· Pi · xi −

1

CP
·

n∑
i=1

xi · w̄i

pi

⌋
.

(8)
Ïîäñòàâëÿÿ (1) â (8), ïîëó÷èì

ř (X) =

⌊
r (X) +

X

P
− 1

CP
·

n∑
i=1

xi · w̄i

pi

⌋
. (9)

Ó÷èòûâàÿ, ÷òî

n∑
i=1

xi · w̄i

pi
=

n∑
i=1

(
X − pi ·

⌊
X
pi

⌋)
· w̄i

pi
= X ·

n∑
i=1

w̄i

pi
−

n∑
i=1

⌊
X

pi

⌋
· w̄i

= X · CP

P
− C (X) . (10)

Ïîäñòàâëÿÿ (10) â (9), ïîëó÷èì

ř (X) =

⌊
r (X) +

C (X)

CP

⌋
. (11)
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Òàê êàê r (X) ∈ Z, à ∀a ∈ R, n ∈ Z: ⌊a+ n⌋ = ⌊a⌋+ n, òî

ř (X) = r (X) +

⌊
C (X)

CP

⌋
. (12)

Òåîðåìà äîêàçàíà. □

Ñëåäñòâèå 1. Ïóñòü çàäàíû ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè RNS
p1 < p2 < · · · < pn, ÷èñëî X ∈ ZP è ôóíêöèÿ ÿäðà Àêóøñêîãî, íå ñîäåð-
æàùàÿ êðèòè÷åñêèõ ÿäåð, òîãäà ř (X) = r (X).

Äîêàçàòåëüñòâî. Ñîãëàñíî Òåîðåìå 1, ř (X) = r (X) +
⌊
C(X)
CP

⌋
. Ó÷è-

òûâàÿ, ÷òî ôóíêöèÿ ÿäðà Àêóøñêîãî íå ñîäåðæèò êðèòè÷åñêèõ ÿäåð,

∀X ∈ [0, P ): 0 ≤ C (X) < CP . Îòñþäà
⌊
C(X)
CP

⌋
= 0, è çíà÷èò ř (X) = r (X).

Ñëåäñòâèå äîêàçàíî. □

4 Ê âîïðîñó î ïðåäñòàâëåíèè ðàíãà ÷èñëà â âèäå
àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP

Âîçíèêàåò ïðîáëåìà âû÷èñëåíèÿ àëãåáðàè÷åñêîãî ìíîãî÷ëåíà, èíòåð-
ïîëèðóþùåãî ôóíêöèþ ðàíãà ÷èñëà.

Òåîðåìà 2. Ïóñòü çàäàíû ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè RNS p1 <

p2 < . . . < pn, ÷èñëî X
RNS−−−→ (x1, x2, . . . , xn) è îïðåäåëåíà ôóíêöèÿ ðàíãà

÷èñëà r (X) =

⌊∑n
i=1

|P−1
i |

pi
·xi

pi

⌋
, òîãäà ôóíêöèþ r (X) íåëüçÿ ïðåäñòà-

âèòü â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå, ïóñòü ôóíêöèþ ðàíãà ÷èñëà
r (X) ìîæíî ïðåäñòàâèòü â âèäå ìíîãî÷ëåíà ñòåïåíè ϕ (P ) − 2 (òàê êàê

Xϕ(P ) ≡ X mod P , ϕ (P ) � ôóíêöèÿ Ýéëåðà), ïîëó÷èì

r (X) =

ϕ(P )−2∑
i=0

ai ·Xi. (13)

Ó÷èòûâàÿ, ÷òî r (0) = 0, a0 = 0 è ôîðìóëà (13) ïðèìåò ñëåäóþùèé
âèä

r (X) =

ϕ(P )−2∑
i=1

ai ·Xi. (14)

Âû÷èñëèì çíà÷åíèå |r (p1)|p1 , èñïîëüçóÿ ôîðìóëó (14), ïîëó÷èì

|r (p1)|p1 ≡

∣∣∣∣∣∣
ϕ(P )−2∑
i=1

ai · pi1

∣∣∣∣∣∣
p1

≡
ϕ(P )−2∑
i=1

∣∣ai · pi1∣∣p1 ≡ 0.
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Âû÷èñëèì çíà÷åíèÿ r (p1 − 1) è r (p1), èñïîëüçóÿ ôîðìóëó
r (X + Y ) = r (X) + r (Y )−

∑
xi+yi≥pi

∣∣P−1
i

∣∣
pi
èç ðàáîòû [21], ïîëó÷èì

r (p1 − 1) = (p1 − 1) · r (1) ,
r (p1) = r (p1 − 1) + r (1)−

∣∣P−1
1

∣∣
p1

= (p1 − 1) · r (1) + r (1)−
∣∣P−1

1

∣∣
p1

= p1 · r (1)−
∣∣P−1

1

∣∣
p1
. (15)

Èñïîëüçóÿ ôîðìóëó (15), âû÷èñëèì çíà÷åíèå |r (p1)|p1 , ïîëó÷èì

|r (p1)|p1 ≡ −
∣∣P−1

1

∣∣
p1
. (16)

Òàê êàê gcd (P1, p1) = 1, òî −
∣∣P−1

1

∣∣
p1

̸≡ 0 mod p1. Ó÷èòûâàÿ, ÷òî ñî-

ãëàñíî ôîðìóëå (15) |r (p1)|p1 ≡ 0, à ñîãëàñíî ôîðìóëå (16) |r (p1)|p1 ̸≡ 0,

èìååò ìåñòî ïðîòèâîðå÷èå, ñëåäîâàòåëüíî, ôóíêöèþ r (X) íåëüçÿ âûðà-
çèòü â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP .
Òåîðåìà äîêàçàíà. □

Ñëåäñòâèå 2. Ïóñòü çàäàíû ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè RNS
p1 < p2 < . . . < pn, ôóíêöèÿ ÿäðà Àêóøñêîãî, íå ñîäåðæàùàÿ êðèòè÷å-
ñêèõ ÿäåð, è ÷èñëî X ∈ ZP , òîãäà ôóíêöèþ ř (X) íåëüçÿ ïðåäñòàâèòü
â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP .

Äîêàçàòåëüñòâî. Ñîãëàñíî Ñëåäñòâèþ 1 ř = r (X). Îáðàòèì âíèìàíèå,
÷òî ñîãëàñíî Òåîðåìå 2 r (X) íåëüçÿ ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî
ìíîãî÷ëåíà íàä ZP .
Ñëåäñòâèå äîêàçàíî. □

Äîêàæåì òåîðåìó î òîì, ÷òî ôóíêöèþ r̂ (X) íåëüçÿ ïðåäñòàâèòü â
âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà.

Òåîðåìà 3. Ïóñòü çàäàíû ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè RNS p1 <
p2 < . . . < pn è ÷èñëî X ∈ ZP , òîãäà ôóíêöèþ r̂ (X) íåëüçÿ ïðåäñòàâèòü
â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå, ÷òî ôóíêöèþ r̂ (X) ìîæíî
ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà ñòåïåíè ϕ (P )−2, ïîëó-
÷èì

r̂ (X) =

ϕ(P )−2∑
i=0

ai ·Xi. (17)

Ñîãëàñíî ôîðìóëå (2), ðàíã ÷èñëà r̂ (0) = 0, ñëåäîâàòåëüíî, a0 = 0, è
ôîðìóëà (17) ïðèìåò âèä

r̂ (X) =

ϕ(P )−2∑
i=1

ai ·Xi. (18)

Ðàññìîòðèì äâà ñëó÷àÿ.
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Ñëó÷àé 1. Åñëè n = 2. Ïðåäïîëîæèì, ÷òî r̂ (1) = 0, òîãäà ñîãëàñíî
Êèòàéñêîé òåîðåìû îá îñòàòêàõ, çàäàííîé óðàâíåíèåì âî âòîðîé ôîðìå

(2), ïîëó÷èì
∣∣∣ 1p2 ∣∣∣p1 ·p2+

∣∣∣ 1p1 ∣∣∣p2 ·p1 = 1. Òàê êàê gcd (p1, p2) = 1, òî
∣∣∣ 1p2 ∣∣∣p1 ≥ 1

è
∣∣∣ 1p1 ∣∣∣p2 ≥ 1, ñëåäîâàòåëüíî,

∣∣∣ 1p2 ∣∣∣p1 ·p2+
∣∣∣ 1p1 ∣∣∣p2 ·p1 ≥ p1+p2. Ó÷èòûâàÿ, ÷òî

p1 ≥ 2 è p2 ≥ 3,
∣∣∣ 1p2 ∣∣∣p1 ·p2+

∣∣∣ 1p1 ∣∣∣p2 ·p1 ≥ 5 è
∣∣∣ 1p2 ∣∣∣p1 ·p2+

∣∣∣ 1p1 ∣∣∣p2 ·p1 ̸= 1. Òàêèì

îáðàçîì, èìååò ìåñòî ïðîòèâîðå÷èå è r̂ (1) ̸= 0. Ó÷èòûâàÿ, ÷òî ∀X ∈
[0, P ): r̂ (X) ∈ {0, 1} è r̂ (1) ̸= 0, r̂ (1) = 1. Ñëåäîâàòåëüíî, åñëè ôóíêöèþ
ÿäðà r̂ (X) ìîæíî ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä
ZP , òî åãî êîýôôèöèåíòû ai óäîâëåòâîðÿþò ñðàâíåíèþ

r̂ (1) =

ϕ(P )−2∑
i=1

ai ≡ 1 mod P. (19)

Âû÷èñëèì çíà÷åíèå r̂

(∣∣∣ 1p1 ∣∣∣p2 · p1
)
. Ó÷èòûâàÿ, ÷òî

∣∣∣ 1p1 ∣∣∣p2 · p1
RNS−−−→

(0, 1), è, èñïîëüçóÿ Ñâîéñòâî 1, ïîëó÷èì

r̂

(∣∣∣∣ 1p1
∣∣∣∣
p2

· p1

)
= −

∣∣∣ 1p1 ∣∣∣p2 · p1
P

+

∣∣∣ 1p1 ∣∣∣p2
p2

= −

∣∣∣ 1p1 ∣∣∣p2
p2

+

∣∣∣ 1p1 ∣∣∣p2
p2

= 0. (20)

Îáðàòèì âíèìàíèå, ÷òî

(∣∣∣ 1p1 ∣∣∣p2 · p1
)2

≡
∣∣∣ 1p1 ∣∣∣p2 ·p1 mod P , ñëåäîâàòåëü-

íî, ∀i ∈ N:
(∣∣∣ 1p1 ∣∣∣p2 · p1

)i

≡
∣∣∣ 1p1 ∣∣∣p2 · p1 mod P . Èç (20) ñëåäóåò, ÷òî åñëè

ôóíêöèþ ÿäðà r̂ (X) ìîæíî ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî ìíîãî-
÷ëåíà íàä ZP , òî åãî êîýôôèöèåíòû ai óäîâëåòâîðÿþò ñðàâíåíèþ

r̂

(∣∣∣∣ 1p1
∣∣∣∣
p2

· p1

)
=

∣∣∣∣ 1p1
∣∣∣∣
p2

· p1 ·
ϕ(P )−2∑
i=1

ai ≡ 0 mod P. (21)

Óìíîæèì (19) íà
∣∣∣ 1p1 ∣∣∣p2 · p1 è âû÷òåì èç ðåçóëüòàòà (21), ïîëó÷èì∣∣∣∣ 1p1

∣∣∣∣
p2

· p1 ≡ 0 mod P. (22)

Òàêèì îáðàçîì, èìååò ìåñòî ïðîòèâîðå÷èå, ñëåäîâàòåëüíî, ïðè n = 2
ôóíêöèþ ðàíãà ÷èñëà r̂ (X) íåëüçÿ ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî
ìíîãî÷ëåíà íàä ZP .
Ñëó÷àé 2. Åñëè n ≥ 3. Èñïîëüçóÿ ôîðìóëó (18), âû÷èñëèì çíà÷åíèå

|r̂ (pn)|pn , ïîëó÷èì

|r̂ (pn)|pn =

∣∣∣∣∣∣
ϕ(P )−2∑
i=1

ai · pin

∣∣∣∣∣∣
pn

≡
ϕ(P )−2∑
i=1

∣∣ai · pin∣∣pn ≡ 0. (23)
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Ó÷èòûâàÿ, ÷òî pn
RNS−−−→

(
|pn|p1 , |pn|p2 , . . . , |pn|pn−1

, 0
)
, âû÷èñëèì çíà-

÷åíèå r̂ (pn), èñïîëüçóÿ Ñâîéñòâî 1, ïîëó÷èì

r̂ (pn) = −pn
P

+
n−1∑
i=1

∣∣∣∣∣P−1
i

∣∣
pi
· |pn|pi

∣∣∣
pi

pi
. (24)

Ïóñòü ∀i = 1, n− 1: P̂i = P
pn·pi , òîãäà

∣∣∣∣∣P−1
i

∣∣
pi
· |pn|pi

∣∣∣
pi

=
∣∣∣P̂−1

i

∣∣∣
pi

è

pn
P = 1

Pn
. Ñ ó÷åòîì ïîñëåäíèõ ñîîòíîøåíèé ïîëó÷èì

r̂ (pn) = − 1

Pn
+

n−1∑
i=1

∣∣∣P̂−1
i

∣∣∣
pi

pi
. (25)

Îöåíèì ïðàâóþ ÷àñòü ôîðìóëû (25). Ó÷èòûâàÿ, ÷òî ∀i = 1, n− 1:

gcd
(
P̂i, pi

)
= 1, 1 ≤

∣∣∣P̂−1
i

∣∣∣
pi

≤ pi−1, òîãäà çíà÷åíèå r̂ (pn) óäîâëåòâîðÿåò

íåðàâåíñòâó

− 1

Pn
+

n−1∑
i=1

1

pi
≤ − 1

Pn
+

n−1∑
i=1

∣∣∣P̂−1
i

∣∣∣
pi

pi
≤ − 1

Pn
+

n−1∑
i=1

pi − 1

pi
. (26)

Ó÷èòûâàÿ, ÷òî

n−1∑
i=1

1

pi
=

1

Pn

n−1∑
i=1

P̂i, (27)

n−1∑
i=1

pi − 1

pi
= n− 1−

n−1∑
i=1

1

pi
= n− 1− 1

Pn

n−1∑
i=1

P̂i, (28)

íåðàâåíñòâî (26) ïðèìåò âèä

− 1

Pn
+

1

Pn

n−1∑
i=1

P̂i ≤ − 1

Pn
+

n−1∑
i=1

∣∣∣P̂−1
i

∣∣∣
pi

pi
≤ − 1

Pn
+ n− 1− 1

Pn

n−1∑
i=1

P̂i. (29)

Òàê êàê n ≥ 3, òî P̂1 ≥ 3, − 1
Pn

+ 1
Pn

∑n−1
i=1 P̂i > 0, − 1

Pn
+ n − 1 −

1
Pn

∑n−1
i=1 P̂i < n − 1, ñëåäîâàòåëüíî, r̂ (pn) ∈ (0, n− 1). Ó÷èòûâàÿ, ÷òî

r̂ (pn) ∈ Z, r̂ (pn) ∈ {1, 2, . . . , n− 2}. Ó÷èòûâàÿ, ÷òî ∀i ̸= j: gcd (pi, pj) = 1,
ìîæåò ñóùåñòâîâàòü òîëüêî äâå ïàðû ÷èñåë (îñíîâàíèé RNS), óäîâëåòâî-
ðÿþùèõ óñëîâèþ pi+1 − pi = 1, äëÿ âñåõ îñòàëüíûõ ïàð pi+1 − pi ≥ 2,
çíà÷èò pn ≥ p1 + 2 + (n− 3) · 2 = p1 + 2n − 4. Ó÷èòûâàÿ, ÷òî p1 ≥ 2,
ïîëó÷èì íåðàâåíñòâî pn ≥ 2n − 2. Òàê êàê ñîãëàñíî óñëîâèþ òåîðåìû
n ≥ 3, 2n − 2 > n − 2 è pn > n − 2, ñëåäîâàòåëüíî, 0 < r̂ (pn) < pn,
çíà÷èò |r̂ (pn)|pn ̸≡ 0. Òàêèì îáðàçîì, èìååò ìåñòî ïðîòèâîðå÷èå: ñ îäíîé

ñòîðîíû, |r̂ (pn)|pn ≡ 0, ñ äðóãîé ñòîðîíû, |r̂ (pn)|pn ̸≡ 0. Ñëåäîâàòåëüíî,

ôóíêöèþ ðàíãà r̂ (X) íåëüçÿ ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî ìíî-
ãî÷ëåíà íàä ZP .
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Îáúåäèíÿÿ ðåçóëüòàòû, ïîëó÷åííûå â ïåðâîì è âòîðîì ñëó÷àå, äåëàåì
âûâîä, ÷òî ôóíêöèþ ðàíãà r̂ (X) íåëüçÿ ïðåäñòàâèòü â âèäå àëãåáðàè÷å-
ñêîãî ìíîãî÷ëåíà íàä ZP .
Òåîðåìà äîêàçàíà. □

Ñâîéñòâî 3. ř (1) = − 1
P +

∑n
i=1

|P−1
i |

pi
pi

.

Äîêàçàòåëüñòâî. Ñîãëàñíî Òåîðåìå 1, çíà÷åíèå ř (1) ðàâíî ř (1) = r (1)+⌊
C(1)
CP

⌋
. Ó÷èòûâàÿ, ÷òî ∀i: pi ≥ 2,

⌊
1
pi

⌋
= 0, ñëåäîâàòåëüíî, C (1) =∑n

i=1 w̄i

⌊
1
pi

⌋
= 0, çíà÷èò ř (1) = r (1). Âû÷èñëèì çíà÷åíèå r (1), èñïîëü-

çóÿ ôîðìóëó (1), ïîëó÷èì

ř (1) = r (1) =

⌊∑n
i=1 Pi ·

∣∣P−1
i

∣∣
pi

P

⌋
. (30)

Ó÷èòûâàÿ, ÷òî
⌊
X
P

⌋
= X

P − |X|P
P , è ñîãëàñíî Êèòàéñêîé òåîðåìû îá

îñòàòêàõ
∣∣∣∑n

i=1

∣∣P−1
i

∣∣
pi
· Pi

∣∣∣
P
= 1, ôîðìóëà (30) ïðèìåò âèä

ř (1) = − 1

P
+

∑n
i=1 Pi ·

∣∣P−1
i

∣∣
pi

P
= − 1

P
+

n∑
i=1

∣∣P−1
i

∣∣
pi

pi
. (31)

Ñâîéñòâî äîêàçàíî. □

Ñâîéñòâî 4. Åñëè ìîäóëè RNS óäîâëåòâîðÿþò óñëîâèþ p1 < p2 < . . . <
pn, òî

ř (p1) = p1 · r (1)−
∣∣P−1

1

∣∣
p1

+

⌊
w̄1

CP

⌋
. (32)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ Òåîðåìó 1, ïîëó÷èì

ř (p1) = r (p1) +

⌊
C (p1)

CP

⌋
. (33)

Ó÷èòûâàÿ, ÷òî r (p1) = p1 · r (1)−
∣∣P−1

1

∣∣
p1

è C (p1) = w̄1, ïîëó÷èì

ř (p1) = p1 · r (1)−
∣∣P−1

1

∣∣
p1

+

⌊
w̄1

CP

⌋
.

Ñâîéñòâî äîêàçàíî. □

Ñâîéñòâî 5. Åñëè ìîäóëè RNS óäîâëåòâîðÿþò óñëîâèþ p1 < p2 < . . . <
pn è 1 ≤ t ≤ n, òî

ř
(∣∣P−1

t

∣∣
pt
· Pt

)
= 0. (34)
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Äîêàçàòåëüñòâî. Ó÷èòûâàÿ, ÷òî Bt =
∣∣P−1

t

∣∣
pt

· Pt
RNS−−−→ (b1, b2, . . . , bn),

ãäå ∀i ̸= t: bi = 0, à bt = 1, âû÷èñëèì C (Bt) ïî îïðåäåëåíèþ

C (Bt) =
n∑

i=1

ci ·bi− ř (Bt) ·CP = ct− ř (Bt) ·CP = C (Bt)− ř (Bt) ·CP . (35)

Èç (35) ñëåäóåò, ÷òî ř (Bt) · CP = 0. Ó÷èòûâàÿ, ÷òî CP ̸= 0, ïîëó÷èì,
÷òî ř (Bt) = 0.
Ñâîéñòâî äîêàçàíî. □

Òåîðåìà 4. Ïóñòü çàäàíû ïîïàðíî âçàèìíî ïðîñòûå ìîäóëè RNS p1 <
p2 < . . . < pn è ÷èñëî X ∈ ZP , òîãäà ôóíêöèþ ř (X) íåëüçÿ ïðåäñòàâèòü
â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP .

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî íàä ZP ñóùåñòâóåò àëãåáðàè÷åñêèé
ìíîãî÷ëåí

ř (X) =

ϕ(P )−2∑
i=0

ai ·Xi. (36)

Âû÷èñëèì ř (0) ñ èñïîëüçîâàíèåì ôîðìóëû (36), ïîëó÷èì, ÷òî ř (0) =
a0 = 0, ñëåäîâàòåëüíî, (36) ïðåîáðàçóåòñÿ ê âèäó

ř (X) =

ϕ(P )−2∑
i=1

ai ·Xi. (37)

Èñïîëüçóÿ ôîðìóëó (37) âû÷èñëèì çíà÷åíèÿ ř (1) è ř (Bn), ïîëó÷èì

ř (1) =

ϕ(P )−2∑
i=1

ai, (38)

ř (Bn) =

ϕ(P )−2∑
i=1

ai ·Bi
n. (39)

Ó÷èòûâàÿ, ÷òî ∀i ∈ N: Bi
n ≡ Bn mod P , ôîðìóëà (39) ïðåîáðàçóåòñÿ ê

âèäó

ř (Bn) ≡ Bn ·
ϕ(P )−2∑
i=1

ai mod P. (40)

Ñ äðóãîé ñòîðîíû, ñîãëàñíî Ñâîéñòâó 5

ř (Bn) = 0.

Ñîñòàâèì ñèñòåìó ñðàâíåíèé íàä ZP{∑ϕ(P )−2
i=1 ai ≡ ř (1) mod P,

Bn ·
∑ϕ(P )−2

i=1 ai ≡ 0 mod P.
(41)

Ñèñòåìà ñðàâíåíèé (41) ðàâíîñèëüíà ñðàâíåíèþ

Bn · ř (1) ≡ 0 mod P. (42)
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Òàê êàê Bn = Pn ·
∣∣P−1

n

∣∣
pn
, òî gcd (Bn, P ) = Pn, òîãäà (42) ðàâíîñèëüíî

ñðàâíåíèþ ∣∣P−1
n

∣∣
pn

· ř (1) ≡ 0 mod pn. (43)

Òàê êàê gcd
(∣∣P−1

n

∣∣
pn

, pn

)
= 1, òî (43) ðàâíîñèëüíî ñðàâíåíèþ

ř (1) ≡ 0 mod pn. (44)

Èç (44) ñëåäóåò, ÷òî ÷òîáû ïðèéòè ê ïðîòèâîðå÷èþ íåîáõîäèìî è äî-
ñòàòî÷íî ïîêàçàòü, ÷òî ñðàâíåíèå íå èìååò ðåøåíèé.
Äëÿ íà÷àëà ïîêàæåì, ÷òî ř (1) íå ðàâíî íóëþ. Ñîãëàñíî Ñâîéñòâó 3,

çíà÷åíèå ř (1) âû÷èñëÿåòñÿ ïî ôîðìóëå ř (1) = − 1
P +
∑n

i=1

|P−1
i |

pi
pi

è ř (1) ∈
Z.
Òàê êàê n ≥ 2, òî P1 ≥ 2, P2 ≥ 3, ñëåäîâàòåëüíî,

∑n
i=1

∣∣P−1
i

∣∣
pi
· Pi ≥∣∣P−1

1

∣∣
p1

· P1 +
∣∣P−1

2

∣∣
p2

· P2 ≥ 2 ·
∣∣P−1

1

∣∣
p1

+ 3 ·
∣∣P−1

2

∣∣
p2
. Ó÷èòûâàÿ, ÷òî

gcd (P1, p1) = 1 è gcd (P2, p2) = 1,
∣∣P−1

1

∣∣
p1

≥ 1 è
∣∣P−2

2

∣∣
p2

≥ 1. Çíà÷èò,∑n
i=1

∣∣P−1
i

∣∣
pi
· Pi ≥ 5. Ïîäñòàâèì ïîëó÷åííûé ðåçóëüòàò â ř (1)

ř (1) = − 1

P
+

n∑
i=1

∣∣P−1
i

∣∣
pi

pi
= − 1

P
+

1

P
·

n∑
i=1

∣∣P−1
i

∣∣
pi
·Pi ≥ − 1

P
+

5

P
=

4

P
(45)

Ó÷èòûâàÿ, ÷òî ř (1) ∈ Z è ř (1) ≥ 4
P > 0, òî ř (1) ≥ 1. Òàêèì îáðàçîì,

ř (1) ̸= 1.
Ïîêàæåì, ÷òî ř (1) < pn. Äëÿ ýòîãî íàéäåì âåðõíþþ ãðàíèöó çíà÷åíèÿ

ř (1). Ó÷èòûâàÿ, ÷òî ∀i ∈ 1, n:
∣∣P−1

i

∣∣
pi

≤ pi − 1, ïîëó÷èì

ř (1) = − 1

P
+

n∑
i=1

∣∣P−1
i

∣∣
pi

≤ − 1

P
+

n∑
i=1

pi − 1

pi
= n− 1

P
− 1

P

n∑
i=1

Pi = n− 1

P
− SQ

P
≤ n.

Ó÷èòûâàÿ, ÷òî ř (1) < n è ř (1) ∈ Z, ř (1) ≤ n−1. Ðàíåå áûëî ïîêàçàíî,
÷òî pn ≥ 2n− 2, ñëåäîâàòåëüíî, pn > n− 1 è ř (1) < pn.
Òàêèì îáðàçîì, 0 < ř (1) < pn, ñëåäîâàòåëüíî, ñðàâíåíèå (44) ðåøåíèé

íå èìååò. Çíà÷èò ôóíêöèþ ðàíãà ÷èñëà ÿäðà Àêóøñêîãî ř (X) íåëüçÿ
ïðåäñòàâèòü â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP .
Òåîðåìà äîêàçàíà. □

5 Ðàçðàáîòêà ìåòîäîâ âû÷èñëåíèÿ ðàíãà ÷èñëà ñ
èñïîëüçîâàíèåì ïðèáëèæåííîãî ìåòîäà

Òåîðåìà 5. Åñëè äëÿ ôèêñèðîâàííîãî N , ∀i ∈ 1, n è xi ∈ [1, pi − 1]
âûïîëíÿåòñÿ óñëîâèå

2N ≥
xi ·

∣∣∣∣∣P−1
i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣xi · ∣∣P−1

i

∣∣
pi

∣∣∣
pi

, (46)
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òî
n∑

i=1

⌊∣∣P−1
i

∣∣
pi
· xi

pi

⌋
=

n∑
i=1

⌊
ki · xi
2N

⌋
, (47)

ãäå ki =

⌊ |P−1
i |

pi
·2N

pi

⌋
.

Äîêàçàòåëüñòâî. Ïîäñòàâèì ki =
⌊

1
pi

·
∣∣P−1

i

∣∣
pi
· 2N

⌋
â
⌊
ki·xi
pi

⌋
, ïîëó÷èì⌊

ki · xi
2N

⌋
=

⌊⌊
1

pi
·
∣∣P−1

i

∣∣
pi
· 2N

⌋
· xi
2N

⌋
. (48)

Òàê êàê

⌊ |P−1
i |

pi
·2N

pi

⌋
= 1

pi
·
(∣∣P−1

i

∣∣
pi
· 2N −

∣∣∣∣∣P−1
i

∣∣
pi
· 2N

∣∣∣
pi

)
, òî (48)

ïðèìåò âèä⌊
ki · xi
2N

⌋
=

⌊
1

pi
·
(∣∣P−1

i

∣∣
pi
· 2N −

∣∣∣∣∣P−1
i

∣∣
pi
· 2N

∣∣∣
pi

)
· xi
2N

⌋
=

⌊∣∣P−1
i

∣∣
pi
· xi

pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
· xi
2N · pi

⌋
. (49)

Ó÷èòûâàÿ, ÷òî ∀a ∈ Z, b ∈ N: a
b =

⌊
a
b

⌋
+
{
a
b

}
=
⌊
a
b

⌋
+

|a|b
b , è ∀c ∈ R, d ∈ Z:

⌊c+ d⌋ = ⌊c⌋+ d, (49) ïðåîáðàçóåòñÿ ê âèäó⌊
ki · xi
2N

⌋
=

⌊∣∣P−1
i

∣∣
pi
· xi

pi

⌋

+

⌊
1

pi
·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

xi
2N · pi

⌋
. (50)

Èç ôîðìóëû (50) ñëåäóåò, ÷òî
⌊
ki·xi

2N

⌋
=

⌊ |P−1
i |

pi
·xi

pi

⌋
, òîãäà è òîëü-

êî òîãäà, êîãäà

⌊
1
pi

·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

xi

2N ·pi

⌋
= 0. Óñëîâèå⌊

1
pi

·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

xi

2N ·pi

⌋
= 0 âûïîëíÿåòñÿ, åñëè

0 ≤ 1

pi
·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

xi
2N · pi

< 1. (51)

Óìíîæèì (51) íà pi · 2N > 0, ïîëó÷èì

0 ≤ 2N ·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
· xi < 2N · pi. (52)

Òàê êàê
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi

≤ pi − 1 è
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

≥ 0, òî ∀N ∈ N:

2N ·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi

−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

· xi < 2N · (pi − 1). Ñëåäîâàòåëüíî,
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ïðàâàÿ ÷àñòü íåðàâåíñòâà (52) âûïîëíÿåòñÿ ïðè ëþáîì N . Òàêèì îá-

ðàçîì,

⌊
1
pi

·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

xi

2N ·pi

⌋
= 0, åñëè âûïîëíÿåòñÿ

íåðàâåíñòâî

0 ≤ 2N ·
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
· xi. (53)

Ðàññìîòðèì äâà ñëó÷àÿ.

Ñëó÷àé 1. Åñëè xi = 0, òî
∣∣∣∣∣P−1

i

∣∣
pi
· xi
∣∣∣
pi
−
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
· xi = 0, è

íåðàâåíñòâî (53) âûïîëíÿåòñÿ ïðè ëþáîì N .
Ñëó÷àé 2. Åñëè xi ̸= 0, òî íåðàâåíñòâî (53) ïðèìåò âèä

2N ≥
xi ·

∣∣∣∣∣P−1
i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣xi · ∣∣P−1

i

∣∣
pi

∣∣∣
pi

.

Òåîðåìà äîêàçàíà. □

Ñëåäñòâèå 3 (âåðõíÿÿ ãðàíèöà). Ïóñòü ìîäóëè RNS � ïîïàðíî âçàèìíî
ïðîñòûå ÷èñëà p1 < p2 < . . . < pn, òîãäà ñóùåñòâóåò õîòÿ áû îäíî
çíà÷åíèå N ≤ ⌈2 log2 (pn − 1)⌉, óäîâëåòâîðÿþùåå óñëîâèþ Òåîðåìû 5.

Äîêàçàòåëüñòâî. Òàê êàê 1 ≤ xi ≤ pi − 1,
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi

≤ pi − 1 è∣∣∣xi · ∣∣P−1
i

∣∣
pi

∣∣∣
pi

≥ 1, òî

xi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣xi · ∣∣P−1

i

∣∣
pi

∣∣∣
pi

≤ (pi − 1)2

1
≤ (pn − 1)2 .

Ñëåäîâàòåëüíî, åñëè 2N ≥ (pn − 1)2, òî óñëîâèå Òåîðåìû 5 âûïîëíÿåò-
ñÿ. Òàêèì îáðàçîì, ïðè âûáîðå N = ⌈2 log2 (pn − 1)⌉, óñëîâèå Òåîðåìû 5
âûïîëíÿåòñÿ. Çíà÷èò ñóùåñòâóåò õîòÿ áû îäíî N ≤ ⌈2 log2 (pn − 1)⌉, óäî-
âëåòâîðÿþùåå óñëîâèþ Òåîðåìû 5.
Ñëåäñòâèå äîêàçàíî. □

Ñëåäñòâèå 4 (íèæíÿÿ ãðàíèöà). Äëÿ ëþáîãî N < log2 U óñëîâèå Òåî-
ðåìû 5 íå âûïîëíÿåòñÿ, ãäå U = maxi=1,n,gcd (pi,2)=1 |Pi|pi .

Äîêàçàòåëüñòâî. Òàê êàê xi ̸= 0, òî åãî ìîæíî ïðåäñòàâèòü â âèäå xi =
|a · Pi|pi , ãäå a ∈ [1, pi − 1] è a =

∣∣xi · P−1
i

∣∣
pi
. Âû÷èñëèì çíà÷åíèÿ ïðàâîé

÷àñòè íåðàâåíñòâà (46) â òî÷êàõ xi, ïîëó÷èì

xi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣xi · ∣∣P−1

i

∣∣
pi

∣∣∣
pi

=
|a · Pi|pi ·

∣∣∣∣∣P−1
i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣|a · Pi|pi ·

∣∣P−1
i

∣∣
pi

∣∣∣
pi

. (54)
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Òàê êàê
∣∣∣|a · Pi|pi ·

∣∣P−1
i

∣∣
pi

∣∣∣
pi

= a, òî ôîðìóëà (54) ïðèìåò âèä

xi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣xi · ∣∣P−1

i

∣∣
pi

∣∣∣
pi

=
|a · Pi|pi

a
·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
. (55)

Ïîêàæåì, ÷òî
|a·Pi|pi

a ≤ |Pi|pi , äëÿ ýòîãî ïðåäñòàâèì |a · Pi|pi â âèäå

|a · Pi|pi =
∣∣∣a · |Pi|pi

∣∣∣
pi

= a · |Pi|pi − pi ·
⌊
a·|Pi|pi

pi

⌋
. Òàê êàê a · |Pi|pi ≥ 1, òî⌊

a·|Pi|pi
pi

⌋
≥ 0, ñëåäîâàòåëüíî, |a · Pi|pi ≤ a·|Pi|pi , çíà÷èò

|a·Pi|pi
a ≤

a·|Pi|pi
a ≤

|Pi|pi . Îáðàòèì âíèìàíèå íà òîò ôàêò, ÷òî â íåðàâåíñòâå
|a·Pi|pi

a ≤ |Pi|pi
ðàâåíñòâî äîñòèãàåòñÿ ïðè a = 1. Ïîäñòàâëÿÿ ïîëó÷åííûé ðåçóëüòàò â
(55), ïîëó÷èì

xi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi∣∣∣xi · ∣∣P−1

i

∣∣
pi

∣∣∣
pi

≤ |Pi|pi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
. (56)

Ðàâåíñòâî â íåðàâåíñòâå (56) äîñòèãàåòñÿ â òî÷êå xi = |Pi|pi .
Åñëè gcd (pi, 2) = 1, òî

∣∣∣∣∣P−1
i

∣∣
pi
· 2N

∣∣∣
pi

≥ 1, ñëåäîâàòåëüíî, åñëè 2N <

U , òî óñëîâèå Òåîðåìû 5 íå áóäåò âûïîëíåíî õîòÿ áû â îäíîé òî÷êå
xt = U , ãäå t � èíäåêñ, ïðè êîòîðîì U = |Pt|pt .
Ñëåäñòâèå äîêàçàíî. □

Èç ôîðìóëû (56) ñëåäóåò, ÷òî äëÿ òîãî, ÷òîáû íàéòè ìèíèìàëüíîå N ,
äëÿ êîòîðîãî áû âûïîëíÿëîñü óñëîâèå Òåîðåìû 5, íåîáõîäèìî è äîñòà-

òî÷íî ïðîâåðèòü óñëîâèå ∀i = 1, n: 2N ≥ |Pi|pi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
.

Ïðèìåð 1. Ïóñòü çàäàíà RNS ñ ìîäóëÿìè p1 = 23, p2 = 25, p3 =
27, p4 = 29. Âû÷èñëèì íàèìåíüøåå N , óäîâëåòâîðÿþùåå óñëîâèÿì Òåî-
ðåìû 5.
Âû÷èñëèì äèàïàçîí RNS: P =

∏n
i=1 pi = 23 · 25 · 27 · 29 = 450225.

Âû÷èñëèì Pi: P1 = P
p1

= 450225
23 = 19575, P2 = P

p2
= 450225

25 = 18009,

P3 =
P
p3

= 450225
27 = 16675, P4 =

P
p4

= 450225
29 = 15525.

Âû÷èñëèì |Pi|pi : |P1|p1 = |19575|23 = 2, |P2|p2 = |18009|25 = 9, |P3|p3 =

|16675|27 = 16, |P4|p4 = |15525|29 = 10.

Ñëåäîâàòåëüíî, U = maxi=1,n,gcd (pi,2)=1 |Pi|pi = max (2, 9, 16, 10) = 16,

çíà÷èò N ≥ log2 U = 4. Ñ äðóãîé ñòîðîíû, N ≤ ⌈2 log2 (pn − 1)⌉ =
⌈2 log2 28⌉ = 10.
Òàêèì îáðàçîì, ìèíèìàëüíîå N , óäîâëåòâîðÿþùåå óñëîâèÿì Òåîðå-

ìû 5, ïðèíàäëåæèò îòðåçêó 4 ≤ N ≤ 10.
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Òàáëèöà 1. Çíà÷åíèÿ |Pi|pi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
äëÿ i = 1, 4 è

N = 4, 10

N 4 5 6 7 8 9 10

b1,N = |P1|p1
·
∣∣∣∣∣P−1

1

∣∣
p1

· 2N
∣∣∣
p1

16 32 18 36 26 6 12

b2,N = |P2|p2
·
∣∣∣∣∣P−1

2

∣∣
p2

· 2N
∣∣∣
p2

216 207 189 153 81 162 99

b3,N = |P3|p3
·
∣∣∣∣∣P−1

3

∣∣
p3

· 2N
∣∣∣
p3

16 32 64 128 256 80 160

b4,N = |P4|p4
·
∣∣∣∣∣P−1

4

∣∣
p4

· 2N
∣∣∣
p4

190 90 180 70 140 280 270

bmax,N = max (b1,N , b2,N , b3,N , b4,N ) 216 207 189 153 256 280 270

2N 16 32 64 128 256 512 1024

Íàéäåì ìèíèìàëüíîå N , óäîâëåòâîðÿþùåå óñëîâèþ Òåîðåìû 5. Äëÿ

ýòîãî âû÷èñëèì çíà÷åíèÿ |Pi|pi ·
∣∣∣∣∣P−1

i

∣∣
pi
· 2N

∣∣∣
pi
, ðåçóëüòàòû âû÷èñëå-

íèé çàíåñåì â òàáëèöó 1. Èñõîäÿ èç ïîëó÷åííûõ ðåçóëüòàòîâ (òàáë. 1)
äåëàåì âûâîä, ÷òî ìèíèìàëüíîå N , ïðè êîòîðîì âûïîëíÿþòñÿ óñëîâèÿ
Òåîðåìû 5, ðàâíî N = 8.

Èç ðåçóëüòàòîâ, ïîëó÷åííûõ â ïðèìåðå 1, ìîæíî ñäåëàòü âûâîä, ÷òî
ïðè âûáîðå 5-áèòíûõ ìîäóëåé RNS íåîáõîäèìî èñïîëüçîâàòü N = 8 áèò,
÷òî â 1.6 ðàçà ïðåâûøàåò ðàçìåð ìîäóëåé. Âîçíèêàåò çàäà÷à: âûáðàòü
ìîäóëè RNS òàê, ÷òîáûN ìàêñèìàëüíî ïðèáëèçèëîñü ê íèæíåé ãðàíèöå.
Îäíèì èç ïóòåé ðåøåíèÿ äàííîé çàäà÷è ÿâëÿåòñÿ íàëîæåíèå äîïîëíè-
òåëüíûõ óñëîâèé íà ìîäóëè RNS, íàïðèìåð, åñëè ∀i = 1, n: |Pi|pi = 1,

òîãäà N ≤ ⌈log2 pn⌉. Èññëåäóåì âîïðîñ î êîëè÷åñòâå íàáîðîâ ìîäóëåé,
óäîâëåòâîðÿþùèõ óêàçàííîìó óñëîâèþ, äëÿ n ≤ 10. Äëÿ ýòîãî äîêàæåì
ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1. Åñëè ìîäóëè RNS {p1, p2, . . . , pn} óäîâëåòâîðÿþò óñëîâèþ
∀i = 1, n: |Pi|pi = 1, òî n ≥ 3.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî íå ñóùåñòâóåò äâóõìîäóëüíîé RNS, óäî-
âëåòâîðÿþùåé óñëîâèþ ∀i = 1, n: |Pi|pi = 1. Áåç ïîòåðè îáùíîñòè áó-
äåì ñ÷èòàòü, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî p1 < p2. Ïðåäïîëîæèì, ÷òî
ñóùåñòâóåò äâóõìîäóëüíàÿ RNS, óäîâëåòâîðÿþùàÿ óñëîâèþ ∀i = 1, n:
|Pi|pi = 1. Ñëåäîâàòåëüíî, |p1|p2 = 1 è |p2|p1 = 1. Èç óñëîâèÿ |p1|p2 = 1
ñëåäóåò, ÷òî p1 ìîæíî ïðåäñòàâèòü â âèäå p1 = b · p2 + 1, ãäå b ∈ Z. Ó÷è-
òûâàÿ, ÷òî p1 < p2, b ·p2+1 < p2, ñëåäîâàòåëüíî, b < 1− 1

p2
, çíà÷èò b ≤ 0.

Îáðàùàÿ âíèìàíèå íà òî, ÷òî, ñ îäíîé ñòîðîíû, p1 ≥ 2, ñ äðóãîé ñòî-
ðîíû, p1 ≤ 1, îáíàðóæèì ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, äâóõìîäóëüíîé
RNS, óäîâëåòâîðÿþùåé óñëîâèþ ∀i = 1, n: |Pi|pi = 1, íå ñóùåñòâóåò.
Ëåììà äîêàçàíà. □
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Ïðèìåð 2. Ïóñòü RNS çàäàíà ìîäóëÿìè {2, 3, 5}, òîãäà P = p1 · p2 ·
p3 = 30, P1 = P

p1
= 15, P2 = P

p2
= 10, P3 = P

p3
= 6, ñëåäîâàòåëüíî,

|P1|p1 = |15|2 = 1, |P2|p2 = |10|3 = 1 è |P3|p3 = |6|5 = 1. Çíà÷èò äëÿ

äàííîãî íàáîðà ìîäóëåé âûïîëíÿåòñÿ óñëîâèå ∀i = 1, n: |Pi|pi = 1.

Ëåììà 2. Ìîäóëè RNS {p1, p2, . . . , pn} óäîâëåòâîðÿþò óñëîâèþ ∀i =
1, n: |Pi|pi = 1 òîãäà è òîëüêî òîãäà, êîãäà

Pn +

∣∣∣∣∣
n−1∑
i=1

Pi

∣∣∣∣∣
P

= P + 1. (57)

Äîêàçàòåëüñòâî. Òàê êàê |Pn|pn = 1, Pn ìîæíî ïðåäñòàâèòü â âèäå

Pn = a · pn + 1, ãäå a ∈ ZPn . Ó÷èòûâàÿ, ÷òî ∀i = 1, n− 1: |Pn|pi = 1,

òî ∀i = 1, n− 1: |a · pn + 1|pi = 0, ñëåäîâàòåëüíî, a ≡
∣∣∣− 1

pn

∣∣∣
pi
. Âû-

÷èñëèì çíà÷åíèå a, èñïîëüçóÿ Êèòàéñêóþ òåîðåìó îá îñòàòêàõ, ïîëó-

÷èì a =

∣∣∣∣∣∑n−1
i=1

∣∣∣∣∣∣∣P̂−1
i

∣∣∣
pi
·
∣∣∣− 1

pn

∣∣∣
pi

∣∣∣∣
pi

· P̂i

∣∣∣∣∣
Pn

. Çàìåòèì, ÷òî ∀i = 1, n− 1:∣∣∣∣∣∣∣P̂−1
i

∣∣∣
pi
·
∣∣∣− 1

pn

∣∣∣
pi

∣∣∣∣
pi

=
∣∣∣− 1

Pi

∣∣∣
pi
. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî |Pi|pi = 1,

çíà÷èò
∣∣∣− 1

Pi

∣∣∣
pi

= pi − 1. Òàêèì îáðàçîì, a =
∣∣∣∑n−1

i=1 (pi − 1) · P̂i

∣∣∣
Pn

. Òàê

êàê P̂i · pi = Pn, òî

a =

∣∣∣∣∣
n−1∑
i=1

(pi − 1) · P̂i

∣∣∣∣∣
Pn

=

∣∣∣∣∣
n−1∑
i=1

Pn −
n−1∑
i=1

P̂i

∣∣∣∣∣
Pn

= Pn −

∣∣∣∣∣
n−1∑
i=1

P̂i

∣∣∣∣∣
Pn

. (58)

Ó÷èòûâàÿ, ÷òî a = Pn −
∣∣∣∑n−1

i=1 P̂i

∣∣∣
Pn

, ïîëó÷èì

Pn = a · pn+1 = pn ·

Pn −

∣∣∣∣∣
n−1∑
i=1

P̂i

∣∣∣∣∣
Pn

+1 = P − pn ·

∣∣∣∣∣
n−1∑
i=1

P̂i

∣∣∣∣∣
Pn

+1. (59)

Òàê êàê

pn ·

∣∣∣∣∣
n−1∑
i=1

P̂i

∣∣∣∣∣
Pn

= pn ·

(
n−1∑
i=1

P̂i − Pn ·

⌊∑n−1
i=1 P̂i

Pn

⌋)

=
n−1∑
i=1

Pi − P ·

⌊∑n−1
i=1 Pi

P

⌋
=

∣∣∣∣∣
n−1∑
i=1

Pi

∣∣∣∣∣
P

. (60)

Ñëåäîâàòåëüíî, Pn +
∣∣∣∑n−1

i=1 Pi

∣∣∣
P
= P + 1.
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Äîêàæåì, ÷òî åñëè Pn+
∣∣∣∑n−1

i=1 Pi

∣∣∣
P
= P+1, òî ∀i = 1, n: |Pi|pi = 1. Òàê

êàê Pn +
∣∣∣∑n−1

i=1 Pi

∣∣∣
P
= P +1, òî, ñëåäîâàòåëüíî, âûïîëíÿåòñÿ ñðàâíåíèå

Pn +

∣∣∣∣∣
n−1∑
i=1

Pi

∣∣∣∣∣
P

= P + 1 mod pi.

Ó÷èòûâàÿ, ÷òî ∀i = 1, n: P ≡ 0 mod pi è Pn +
∣∣∣∑n−1

i=1 Pi

∣∣∣
P
≡ Pi mod pi,

ïîëó÷èì ∀i = 1, n: Pi ≡ 1 mod pi.
Ëåììà äîêàçàíà. □

Ëåììà 3. Åñëè ìîäóëè RNS p1 < p2 < . . . < pn óäîâëåòâîðÿþò óñëîâèþ
∀i = 1, n: |Pi|pi = 1 è 2 ≤ n ≤ 58, òî

∑n
i=1 Pi = P + 1.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ∀i ∈ 1, n: |
∑n

i=1 Pi|pi = |Pi|pi . Ñîãëàñíî
óñëîâèþ ëåììû, ∀i = 1, n: |Pi|pi = 1, ñëåäîâàòåëüíî, ∀i ∈ 1, n: |

∑n
i=1 Pi|pi

= 1, çíà÷èò, ñîãëàñíî Êèòàéñêîé òåîðåìå îá îñòàòêàõ, |
∑n

i=1 Pi|P = 1. Èç
ðàâåíñòâà |

∑n
i=1 Pi|P = 1 ñëåäóåò, ÷òî

∑n
i=1 Pi = 1 + a · P , ãäå a ∈ Z.

Òàê êàê n ≥ 2, òî Pn−1 ≥ 2, Pn ≥ 3 è
∑n

i=1 Pi ≥ 5. Ñëåäîâàòåëü-

íî, a ≥ 4
P . Ó÷èòûâàÿ, ÷òî a ∈ Z, ïîëó÷èì a ≥ 1. Ñ äðóãîé ñòîðîíû,∑n

i=1 Pi = P
∑n

i=1
1
pi
. Òàê êàê p1 ≥ 2, p2 ≥ 3, è òàê äàëåå, pn ≥ prn, ãäå

pri � ïîñëåäîâàòåëüíîñòü ïðîñòûõ ÷èñåë, òî
∑n

i=1
1
pi

≤
∑n

i=1
1
pri

. Ó÷èòû-

âàÿ, ÷òî
∑58

i=1
1
pri

≈ 1.998 è
∑59

i=1
1
pri

≈ 2.002, ïîëó÷èì, åñëè n ≤ 58, òî

ñïðàâåäëèâî íåðàâåíñòâî 1 + a · P < 2 · P , ñëåäîâàòåëüíî, a < 2− 1
P < 2.

Òàê êàê a ∈ Z, a ≥ 1 è a < 2, ïîëó÷èì a = 1, ñëåäîâàòåëüíî, åñëè n ≤ 58,
òî
∑n

i=1 Pi = 1 + P .
Ëåììà äîêàçàíà. □

Èç Ëåììû 3 ñëåäóåò, ÷òî åñëè 2 ≤ n ≤ 58 è âûïîëíåíû óñëîâèÿ Ëåì-
ìû 2, òî SQ = P + 1.
Èññëåäóåì ïîäðîáíåå âîïðîñ ñóùåñòâîâàíèÿ òðåõ-, ÷åòûðåõ- è ïÿòè-

ìîäóëüíûõ RNS, óäîâëåòâîðÿþùèõ óñëîâèþ ∀i = 1, n: |Pi|pi = 1.

Òåîðåìà 6. Ïóñòü ìîäóëè RNS � ïîïðàíî âçàèìíî ïðîñòûå ÷èñëà p1 <
p2 < . . . < pn, óäîâëåòâîðÿþùèå óñëîâèþ ∀i = 1, n: |Pi|pi = 1, òîãäà
ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ

(1) Åñëè n = 3, òî ìîäóëè RNS {2, 3, 5}.
(2) Åñëè n = 4, òî ìîäóëè RNS {2, 3, 7, 41} èëè {2, 3, 11, 13}.
(3) Åñëè n = 5, òî ìîäóëè RNS {2, 3, 7, 43, 1805}, {2, 3, 7, 83, 85} èëè

{2, 3, 11, 17, 59}.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïåðâîå óòâåðæäåíèå, êîãäà n = 3. Äëÿ
íà÷àëà ïîêàæåì, ÷òî óñëîâèå òåîðåìû âûïîëíÿåòñÿ òîëüêî òîãäà, êîãäà
p1 = 2, äëÿ ýòîãî ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü ñóùåñòâóåò òðåõìî-
äóëüíàÿ RNS, óäîâëåòâîðÿþùàÿ óñëîâèþ òåîðåìû, äëÿ êîòîðîé p1 ≥ 3.
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Òàê êàê ∀i = 1, n: |Pi|pi = 1 è n = 3 ≤ 58, òî ñîãëàñíî Ëåììå 3, âû-
ïîëíÿåòñÿ ðàâåíñòâî SQ = P + 1. Ðàçäåëèì SQ = P + 1 íà P , ïîëó÷èì∑3

i=1
1
pi

= 1 + 1
P , ò.å.

∑3
i=1

1
pi

> 1. Ñ äðóãîé ñòîðîíû, òàê êàê p1 ≥ 3, òî∑3
i=1

1
pi

≤ 1
3 +

1
4 +

1
5 = 47

60 < 1, ñëåäîâàòåëüíî, èìååò ìåñòî ïðîòèâîðå÷èå,
çíà÷èò p1 = 2.
Ïîäñòàâëÿÿ p1 = 2 â SQ = P+1, ïîëó÷èì 2·p2+2·p3+p2·p3 = 2·p2·p3+1,

ñëåäîâàòåëüíî,

p3 =
2 · p2 − 1

p2 − 2
= 2 +

3

p2 − 2
. (61)

Ó÷èòûâàÿ, ÷òî p3 ∈ N, èç ôîðìóëû (61) ñëåäóåò, ÷òî 3
p2−2 ∈ N, çíà÷èò

p2 − 2 = 1 èëè p2 − 2 = 3. Ðåøàÿ óðàâíåíèÿ, ïîëó÷èì p2 = 3 èëè p2 = 5.
Ïîäñòàâëÿÿ â ôîðìóëó (61) p2 = 3, ïîëó÷èì p3 = 5, à ïîäñòàâèâ p2 = 5,
ïîëó÷èì p3 = 3. Ó÷èòûâàÿ, ÷òî p1 < p2 < p3, ñóùåñòâóåò åäèíñòâåí-
íûé íàáîð òðåõìîäóëüíîé RNS, óäîâëåòâîðÿþùèé óñëîâèþ òåîðåìû, �
{2, 3, 5}.
Äîêàæåì âòîðîå óòâåðæäåíèå, äëÿ n = 4. Åñëè p1 ≥ 3, òî

∑4
i=1

1
pi

≤
1
3+

1
4+

1
5+

1
7 = 389

420 < 1, ñëåäîâàòåëüíî, àíàëîãè÷íî ñëó÷àþ ïðè n = 3, ïî-
ëó÷àåì, ÷òî p1 = 2. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò íàáîð ìîäóëåé RNS,
óäîâëåòâîðÿþùèé óñëîâèþ òåîðåìû, äëÿ êîòîðîãî p2 > 3, ñëåäîâàòåëü-
íî, p2 ≥ 5. Òîãäà 1

2 +
1
p2
+ 1

p3
+ 1

p4
> 1, îòêóäà 1

p2
+ 1

p3
+ 1

p4
> 1

2 . Òàê êàê 5 ≤
p2 < p3 < p4 è ∀i = 2, 4: gcd (2, pi) = 1, 1

p2
+ 1

p3
+ 1

p4
≤ 1

5 +
1
7 +

1
9 = 143

315 < 1
2 .

Ñëåäîâàòåëüíî, èìååò ìåñòî ïðîòèâîðå÷èå è p2 = 3. Ïîäñòàâëÿÿ p1 = 2
è p2 = 3 â óðàâíåíèå SQ = P + 1, è âûðàæàÿ p4 ÷åðåç p3, ïîëó÷èì

p4 =
6 · p3 − 1

p3 − 6
= 6 +

35

p3 − 6
. (62)

Òàê êàê p3, p4 ∈ N è 3 < p3 < p4, òî p3 − 6 = 1 èëè p3 − 6 = 5.
Ñëåäîâàòåëüíî, p3 = 7 èëè 11, à p4 = 41 èëè 13 ñîîòâåòñòâåííî. Çíà-
÷èò, ñóùåñòâóåò äâà íàáîðà ÷åòûðåõìîäóëüíûõ RNS, óäîâëåòâîðÿþùèõ
óñëîâèþ òåîðåìû, � {2, 3, 7, 41} è {2, 3, 11, 13}.
Ðàññìîòðèì òðåòüå óòâåðæäåíèå, äëÿ n = 5. Òàê êàê åñëè p1 ≥ 4, òî∑5
i=1

1
pi

≤ 1
4 + 1

5 + 1
7 + 1

9 + 1
11 = 11017

13860 < 1, p1 = 2 èëè p1 = 3.

Ïóñòü p1 = 2. Ïðåäïîëîæèì, ÷òî p2 ≥ 7, òîãäà
∑5

i=2
1
pi

≤ 1
7 + 1

9 +
1
11 + 1

13 = 3800
9009 < 1

2 . Ñ äðóãîé ñòîðîíû,
∑5

i=2
1
pi

= 1
2 + 1

P , èìååò ìåñòî

ïðîòèâîðå÷èå, ñëåäîâàòåëüíî, 3 ≤ p2 < 7. Çíà÷èò, åñëè p1 = 2, òî p2 = 3
èëè p2 = 5.
Ðàññìîòðèì ñëó÷àé, êîãäà p1 = 2 è p2 = 3, òîãäà

5∑
i=3

1

pi
= 1− 1

2
− 1

6
+

1

P
=

1

6
+

1

P
. (63)
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Åñëè p3 ≥ 17, òî ëåâàÿ ÷àñòü ðàâåíñòâà (63) óäîâëåòâîðÿåò íåðàâåí-

ñòâó
∑5

i=3
1
pi

≤ 1
17 + 1

19 + 1
23 = 1151

7429 < 1
6 , ïðè ýòîì ïðàâàÿ ÷àñòü ðàâåí-

ñòâà (63) áîëüøå 1
6 . Ñëåäîâàòåëüíî, p3 ≤ 16 è gcd (p3, 6) = 1, îòñþäà

p3 = 7, 11 èëè 13.
Åñëè p1 = 2, p2 = 3 è p3 = 7, òî

p5 =
42 · p4 − 1

p4 − 42
= 42 +

1763

p4 − 42
. (64)

Ó÷èòûâàÿ, ÷òî 1763 = 41 · 43, ïîëó÷èì, p4 − 42 = 1 èëè p4 − 42 = 41.
Ñëåäîâàòåëüíî, p4 = 43 èëè 83, à p5 = 1805 èëè 85 ñîîòâåòñòâåííî.
Òàêèì îáðàçîì, îñíîâàíèÿ RNS, óäîâëåòâîðÿþùèå óñëîâèþ òåîðåìû, �
{2, 3, 7, 43, 1805} è {2, 3, 7, 83, 85}.
Åñëè p1 = 2, p2 = 3 è p3 = 11, òî

p5 =
66 · p4 − 1

5 · p4 − 66
= 13 +

p4 + 857

5 · p4 − 66
. (65)

Òàê êàê p4+857
5·p4−66 ∈ N, òî p4+857

5·p4−66 ≥ 1, ñëåäîâàòåëüíî, p4+857 ≥ 5 ·p4−66,

çíà÷èò p4 ≤ 923
4 . Ïðîâåðèâ âñå âîçìîæíûå âàðèàíòû, ïîëó÷èì ÷òî äëÿ

p4 ∈ [14, 230]: p4+857
5·p4−66 ∈ N, p4 = 17 èëè 59, ñëåäîâàòåëüíî, p5 = 59

èëè 4, ñîîòâåòñòâåííî. Ó÷èòûâàÿ, ÷òî p1 < p2 < p3 < p4 < p5, ïîëó-
÷èì, ÷òî óñëîâèþ òåîðåìû â ýòîì ñëó÷àå óäîâëåòâîðÿþò îñíîâàíèÿ RNS
{2, 3, 11, 17, 59}.
Åñëè p1 = 2, p2 = 3 è p3 = 13, òî

p5 =
78 · p4 − 1

7 · p4 − 78
= 11 +

p4 + 857

7 · p4 − 78
. (66)

Ó÷èòûâàÿ, ÷òî p4+857
7·p4−78 ∈ N, p4+857

7·p4−78 ≥ 1, ñëåäîâàòåëüíî, p4 + 857 ≥
7 · p4 − 78, çíà÷èò p4 ∈ [14, 155]. Ïðîâåðÿåì, âñå âîçìîæíûå çíà÷åíèÿ ïî-
ëó÷àåì, ÷òî ïðè óêàçàííûõ óñëîâèÿõ óðàâíåíèå â öåëûõ ÷èñëàõ ðåøåíèÿ
íå èìååò.
Ðàññìîòðèì ñëó÷àé, êîãäà p1 = 2 è p2 = 5. Äëÿ òàêèõ RNS

∑5
i=3

1
pi

=

1− 1
2 −

1
5 −

1
P = 3

10 +
1
P . Åñëè p3 ≥ 9, òî

∑5
i=3

1
pi

≤ 1
9 +

1
11 +

1
13 = 359

1287 < 3
10 .

Ñ äðóãîé ñòîðîíû,
∑5

i=3
1
pi

= 3
10 + 1

P > 3
10 , ñëåäîâàòåëüíî, 5 < p3 < 9 è

gcd (p3, 10) = 1, çíà÷èò p3 = 7.
Ïîäñòàâèì p1 = 2, p2 = 5 è p3 = 7 â ðàâåíñòâî SQ = P + 1, ïîëó÷èì

p5 =
70 · p4 − 1

11 · p4 − 70
= 6 +

4 · p4 + 419

11 · p4 − 70
. (67)

Ó÷èòûâàÿ, ÷òî 7 < p4 < p5 è p5 ∈ N, 4·p4+419
11·p4−70 ∈ N, ñëåäîâàòåëüíî,

p4 > 7,

11 · p4 − 70 > 0,
4·p4+419
11·p4−70 ≥ 3.

(68)
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Ðåøàÿ ñèñòåìó íåðàâåíñòâ ïîëó÷èì, ÷òî 7 < p4 ≤ 629
29 . Ó÷èòûâàÿ,

÷òî p4 ∈ N è gcd (p4, 70) = 1, âîçìîæíûìè ðåøåíèÿìè ÿâëÿþòñÿ p4 ∈
{9, 11, 13, 17, 19}. Ïðîâåðèì êàêèå èç ÷èñåë {9, 11, 13, 17, 19} ïðè ïîäñòà-

íîâêå â f (p4) = 4·p4+419
11·p4−70 óäîâëåòâîðÿþò óñëîâèþ f (p4) ∈ N, ïîëó÷èì

f (9) = 455
29 ̸∈ N, f (11) = 463

51 ̸∈ N, f (13) = 471
73 ̸∈ N, f (17) = 487

117 ̸∈ N è

f (19) = 495
139 ̸∈ N. Çíà÷èò íå ñóùåñòâóåò ïÿòèìîäóëüíûõ RNS ñ ìîäóëÿìè

p1 = 2 è p2 = 5, óäîâëåòâîðÿþùèõ óñëîâèþ ∀i = 1, n: |Pi|pi = 1.

Ðàññìîòðèì ñëó÷àé, êîãäà p1 = 3, òîãäà
∑5

i=2
1
pi

= 1− 1
3 +

1
P = 2

3 +
1
P >

2
3 . Åñëè p2 ≥ 5, òî

∑5
i=2

1
pi

≤ 1
5 + 1

7 + 1
8 + 1

11 = 1721
3080 < 2

3 , òàêèì îáðàçîì,
èìååò ìåñòî ïðîòèâîðå÷èå, ñëåäîâàòåëüíî, 3 < p2 < 5, çíà÷èò p2 = 4.
Îöåíèì çíà÷åíèÿ, êîòîðûå ìîæåò ïðèíèìàòü p3.

∑5
i=3

1
pi

= 1− 1
3 −

1
4 +

1
P = 5

12 + 1
P > 5

12 . Åñëè p3 ≥ 7, òî
∑5

i=3
1
pi

≤ 1
7 + 1

11 + 1
13 = 311

1001 < 5
12 ,

ñëåäîâàòåëüíî, èìååò ìåñòî ïðîòèâîðå÷èå, è p3 óäîâëåòâîðÿåò óñëîâèÿì
4 < p3 < 7 è gcd (p3, 12) = 1, çíà÷èò p3 = 5.
Ïîäñòàâèì p1 = 3, p2 = 4 è p3 = 5 â SQ = P + 1, ïîëó÷èì

p5 =
60 · p4 − 1

13 · p4 − 60
= 4 +

8 · p4 + 239

13 · p4 − 60
. (69)

Ó÷èòûâàÿ, ÷òî 5 < p4 < p5, gcd (p5, 60) = 1 è p5 ∈ N, p4 ≥ 7, p5 ≥ 11,
8·p4+239
13·p4−60 ≥ 7 è 8·p4+239

13·p4−60 ∈ N, ñëåäîâàòåëüíî


p4 ≥ 7,

13 · p4 − 60 > 0,
8·p4+239
13·p4−60 ≥ 7.

(70)

Ó÷èòûâàÿ, ÷òî p4 ∈ N, p4 = 7 � åäèíñòâåííîå ðåøåíèå, óäîâëåòâî-
ðÿþùåå ñèñòåìå íåðàâåíñòâ (70). Ïðîâåðèì ÿâëÿåòñÿ, ëè íàòóðàëüíûì

÷èñëîì g (p4) =
8·p4+239
13·p4−60 â òî÷êå p4 = 7, ïîëó÷èì g (7) = 295

31 ̸∈ N. Ñëåäî-
âàòåëüíî, íå ñóùåñòâóåò ïÿòèìîäóëüíûõ RNS, äëÿ êîòîðûõ âûïîëíÿëèñü
áû óñëîâèÿ p1 = 3 è ∀i = 1, n: |Pi|pi = 1.
Òåîðåìà äîêàçàíà. □

Òåîðåìà 7. Íå ñóùåñòâóåò ïîïàðíî âçàèìíî ïðîñòûõ ÷èñåë (îñíîâà-
íèé RNS) p1 < p2 < . . . < pn < 2 · p1, óäîâëåòâîðÿþùèõ óñëîâèÿì
∀i = 1, n: |Pi|pi = 1.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî åñëè ∀i = 1, n: |Pi|pi = 1, òî p1 < n.
Ïðåäïîëîæèì ïðîòèâíîå, ÷òî ñóùåñòâóåò íàáîð ìîäóëåé RNS, äëÿ êî-
òîðûõ âûïîëíÿþòñÿ óñëîâèÿ ∀i = 1, n: |Pi|pi = 1 è p1 ≥ n. Òàê êàê

âûïîëíÿþòñÿ óñëîâèÿ ∀i = 1, n: |Pi|pi = 1, òî, ñëåäîâàòåëüíî, âûïîëíÿ-

þòñÿ óñëîâèÿ Ëåììû 2, è Pn +
∣∣∣∑n−1

i=1 Pi

∣∣∣
P
= P + 1. Ðàçäåëèì ðàâåíñòâî
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Pn +
∣∣∣∑n−1

i=1 Pi

∣∣∣
P
= P + 1 íà P , ïîëó÷èì

1

pn
+

{
n−1∑
i=1

1

pi

}
= 1 +

1

P
, (71)

ãäå {x} � äðîáíàÿ ÷àñòü âåùåñòâåííîãî ÷èñëà x.

Òàê êàê n ≤ p1 < p2 < . . . < pn, òî
∑n−1

i=1
1
pi

≤
∑n−1

i=1
1
n = n−1

n < 1,

ñëåäîâàòåëüíî,
{∑n−1

i=1
1
pi

}
=
∑n−1

i=1
1
pi
, òîãäà ôîðìóëà (71) ïðèìåò âèä

n∑
i=1

1

pi
= 1 +

1

P
. (72)

Ó÷èòûâàÿ, ÷òî n ≤ p1 < p2 < . . . < pn, ëåâàÿ ÷àñòü ðàâåíñòâà (72) óäî-
âëåòâîðÿåò óñëîâèþ

∑n
i=1

1
pi

≤
∑n

i=1
1
n = 1, à ïðàâàÿ ÷àñòü 1+ 1

P > 1, ñëå-

äîâàòåëüíî, åñëè p1 ≥ n, òî èìååò ìåñòî ïðîòèâîðå÷èå. Òàêèì îáðàçîì,
íå ñóùåñòâóåò RNS ñ ìîäóëÿìè, óäîâëåòâîðÿþùèìè óñëîâèÿì ∀i = 1, n:
|Pi|pi = 1 è p1 ≥ n. Çíà÷èò óñëîâèåì p1 < n ÿâëÿåòñÿ íåîáõîäèìûì.
Ñ äðóãîé ñòîðîíû, ðàíåå áûëî ïîêàçàíî, ÷òî pn ≥ p1+2 ·n−4. Ó÷èòû-

âàÿ, ÷òî ñîãëàñíî óñëîâèþ òåîðåìû pn < 2 ·p1, pn < 2 ·n. Ðåøàÿ íåðàâåí-
ñòâî p1+2 ·n−4 < 2 ·n, ïîëó÷èì, ÷òî óñëîâèþ p1 < p2 < . . . < pn < 2 ·p1
ìîãóò óäîâëåòâîðÿòü çíà÷åíèÿ p1 < 4, ò.å. p1 = 2 è p1 = 3. Åñëè p1 = 2, òî
pn < 4, ñëåäîâàòåëüíî, åñëè è ñóùåñòâóþò ïîäõîäÿùèå RNS, òî òîëüêî
äâóõìîäóëüíàÿ RNS {2, 3}, ÷òî ïðîòèâîðå÷èò Ëåììå 1, ñîãëàñíî êîòîðîé
n ≥ 3 ïðè óêàçàííûõ â ôîðìóëèðîâêå òåîðåìû óñëîâèÿõ. Ðàññìîòðèì
ñëó÷àé, åñëè p1 = 3. Òîãäà pn < 6, ñëåäîâàòåëüíî, âîçìîæåí òîëüêî îäèí
âàðèàíò, ïðè óñëîâèè ÷òî n ≥ 3, ðàâíûé {3, 4, 5}, íî îí íå óäîâëåòâîðÿ-
åò óñëîâèþ ∀i = 1, n: |Pi|pi = 1. Ñëåäîâàòåëüíî, íå ñóùåñòâóåò ìîäóëåé

RNS, óäîâëåòâîðÿþùèõ óñëîâèÿì: p1 < p2 < . . . < pn < 2 · p1 è ∀i = 1, n:
|Pi|pi = 1.
Òåîðåìà äîêàçàíà. □

Èç Òåîðåìû 7 ñëåäóåò, ÷òî åñëè ìîäóëè RNS óäîâëåòâîðÿþò óñëîâèÿì
∀i = 1, n: |Pi|pi = 1, òî îíè íå ÿâëÿþòñÿ êîìïàêòíîé èëè ñáàëàíñèðîâàí-
íîé ïîñëåäîâàòåëüíîñòüþ.

6 Çàêëþ÷åíèå

Â ñòàòüå ðàññìîòðåíà ïðîáëåìà âû÷èñëåíèÿ ðàíãà ÷èñëà äëÿ ðåàëèçàöèè
îïåðàöèè îáðàòíîãî ïðåîáðàçîâàíèÿ ÷èñåë èç RNS â PNS. Âûäâèíóòî
ïðåäïîëîæåíèå, ÷òî îäíèì èç ñïîñîáîâ ðåøåíèÿ ïðîáëåìû ýôôåêòèâíî-
ãî âû÷èñëåíèÿ ðàíãà ÷èñëà ìîãëî áû ñòàòü ïðåäñòàâëåíèå ôóíêöèè ÿäðà
â âèäå àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP . Ïîêàçàíî, ÷òî ôóíêöèþ ÿä-
ðà íåëüçÿ âû÷èñëèòü ñ ïîìîùüþ àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íàä ZP . Â
ñòàòüå ðàçðàáîòàíû ìåòîäû âû÷èñëåíèÿ ðàíãà ÷èñëà ñ èñïîëüçîâàíèåì
ïðèáëèæåííîãî ìåòîäà. Ïðîèçâåäåíà îöåíêà òî÷íîñòè âû÷èñëåíèé äëÿ
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ïðèáëèæåííîãî ìåòîäà. Ðàññ÷èòàíà âåðõíÿÿ è íèæíÿÿ ãðàíèöà N , äëÿ
ãàðàíòèðîâàííîãî òî÷íîãî ïåðåâîäà ÷èñåë. Èññëåäîâàíà çàäà÷à âûáîðà
ìîäóëåé RNS òàê, ÷òîáû N ìàêñèìàëüíî ïðèáëèçèëîñü ê íèæíåé ãðàíè-
öå.
Ðåçóëüòàòû ïðåäñòàâëåííîãî â ñòàòüå èññëåäîâàíèÿ ìîãóò èñïîëüçîâàòü-
ñÿ äëÿ ðåàëèçàöèè âû÷èñëèòåëüíî ñëîæíûõ îïåðàöèé â RNS, ÷òî ïîçâî-
ëèò ðàñøèðèòü îáëàñòü ïðèìåíåíèÿ RNS íà ïðàêòèêå.
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