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LOCALLY ADJOINTABLE OPERATORS ON HILBERT
C*-MODULES

D.V. FUFAEV'® AND E.V. TROITSKY

Communicated by I.A. DYNNIKOV

Abstract: In the theory of Hilbert C*-modules over a C*-algebra
A (in contrast with the theory of Hilbert spaces) not each bounded
operator (A-homomorphism) admits an adjoint. The interplay be-
tween the sets of adjointable and non-adjointable operators plays a
very important role in the theory. We study an intermediate notion
of locally adjointable operator F': M — N/, i.e. such an operator
that F o~ is adjointable for any adjointable v : A — M. We
have introduced this notion recently and it has demonstrated its
usefulness in the context of theory of uniform structures on Hilbert
C*-modules. In the present paper we obtain an explicit description
of locally adjointable operators in important cases.

Keywords: Hilbert C*-module, dual module, multiplier, adjoint-
able operator, locally adjointable operator.

Definition 1. A (right) pre-Hilbert C*-module over a C*-algebra A is an
A-module equipped with a sesquilinear form on the underlying linear space
(,,.) : M x M — A such that

(1) (z,x) >0 for any = € M;

(2) (x,z) =0if and only if x = 0;

Furaev, D.V., TROITSKY, E.V., LOCALLY ADJOINTABLE OPERATORS ON HILBERT
C"-MODULES.
© 2024 FurakEv D.V., TRoITSKY E. V..
The work is supported by the Russian Foundation for Basic Research under grant
23-21-00097.
Recewed March, 4, 2024, Published February, 28, 2025.
38


https://orcid.org/0009-0007-0938-7167
https://orcid.org/0000-0002-3901-195X

LOCALLY ADJOINTABLE OPERATORS 39

(3) (y.x) = (x,y)" for any x,y € M;
(4) (x,y-a) = (z,y)a for any z,y € M, a € A.

|1/2 is called

A complete pre-Hilbert C*-module w.r.t. its norm ||z|| = ||(z, z)]
a Hilbert C*-module.

Any C*-algebra A can be considered as a module over itself with a ses-
quilinear form (a, b) 4 = a*b.

If a Hilbert C*-module M has a countable subset which C*-linear span is
dense in M, then it is called countably generated.

By & we will denote the orthogonal direct sum of Hilbert C*-modules.
We refer to [8, 11, 10] for the theory of Hilbert C*-modules.

Definition 2. The standard Hilbert C*-module ¢2(A) is a Hilbert sum of
countably many copies of A with the inner product (a,b) = ", a’b;, where
a = (ai,as,...), b = (b1,ba,...) and the series is norm-convergent. Denote
by 7k, k € N, the projection 7y, : £2(A) — A, a — ay.

If A is unital, then ¢2(A) is countably generated.

This example of Hilbert C*-modules is especially important due to the
Kasparov stabilization theorem: for any countably generated Hilbert C*-
module M over any algebra A, there exists an isomorphism of Hilbert C*-
modules (preserving the inner product) M @ £2(A) = (2(A) [7] (see [11,
Theorem 1.4.2]).

Definition 3. A bounded A-homomorphism F : M — N of Hilbert C*-
modules is called operator.

Definition 4. For an operator F : M — N on Hilbert C*-modules over
A, we say that F' is adjointable with (evidently unique) adjoint operator
F*: N — M if (Fz,y)n = (x, F*y) o for any x € M and y € N.

The following notion was introduced in a particular case of functionals
in [6] and turned out very useful in the description of A-compact operators
in terms of uniform structures there (see also [14] and [15] for the previous
research).

Definition 5. A bounded A-morphism F : M — N of Hilbert C*-modules
is called locally adjointable if, for any adjointable morphism ~ : A — M, the
composition F o~y : A — N is adjointable.

All these definitions are applicable in the case N' = A. In this case
bounded A-operators are called (A)-functionals, adjointable operators are
called adjointable functionals and locally adjointable operators are called
locally adjointable functionals. These sets are denoted by M’, M* and M/, 4,
respectively. Evidently

M C M, C M.
They are right Banach modules (for the last set see Theorem 1 below) with
respect to the action (fa)(z) = a*f(x), where f € M/, x € M, a € A.
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Typically M’ is not a Hilbert C*-module (see [9, 12] for a recent progress in
the field).

The following notion was introduced and studied in [3] and applied to the
frame theory in [1] (with developments in [4] and [5]). In [2] explicit results
for ¢5(A) were obtained. Denote by LM (A), RM(A), and M (A) left, right,
and (two-sided) multipliers of algebra A, respectively (the usual reference
is [13], see also [11]). For any Hilbert .A-module N a Hilbert M (A)-module
M (N) (which is called the multiplier module of N) containing A as an ideal
submodule associated with A, i.e. N'= M (N)A was defined in [3]. Namely,
M (N) is the space of all adjointable maps from A to N being a Hilbert
C*-module over M (A) with the inner product (ry,r2) = rjra. This is really
a multiplier because (ri,r2)a = rir2(a) € A. This is an essential extension
of N in sense of [3].

Any (modular) multiplier m € M(N) represents an A-functional m on
N by the formula m(z) = (m,z). This functional is adjointable and its
adjoint is given by the formula m*(a) = ma. In fact this map gives rise to
an identification of M (N') and the module N* of adjointable functionals on
N (see, [3, 2]), in particular,

(2(A))* = M(£2(A)). (1)

In [2, Theorem 2.3] the following isomorphism was obtained (we write it
keeping in mind the difference between left and right modules):

(C2(A)) = Lyrong(RM(A)), (2)

strong

where the last module is formed by all sequences I'; € RM (A) such that the
series Y . I'fT'; is strongly convergent in B(H) (assuming that A is faithfully
and non-degenerately represented on Hilbert space H).

Below in Lemma 2 we will prove some “intermediate variant” of these
isomorphisms (1) and (2):

(*(A))pa = (M(£P(A))) (3)
Now we pass to results of the present paper.

Lemma 1. A bounded A-morphism F : K — N of Hilbert C*-modules
is adjointable if and only if, for any y € N, the morphism F,, : K — A,
Fy(z) = (y, F(x)) is adjointable.

Proof. Suppose that F' is adjointable. Then, for any x € K, a € A
(Fy(z),a)a = (y, F(z))"a = (F*(y),z)"a = (z, F"(y)a), (Fy)"(a) =F"(y)a,

and F(z) is adjointable.
Conversely, suppose that each F}, is adjointable. Then, for an approximate
unit {uy} in A, one has

(F'(x), y)ur = (y, F'(x)) uxr = Fy(z) ux = (Fy(x),ur)a = (2, (F)) ux)k.
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Since
[(Fy) (ux —uwu) = sup  |[(z, (Fy)"(un — up))|| =
zeK, ||z]|<L1
= sup |[(Fy(2),un —upall = sup [[{y, F(2))"(ur —wu)|| =
2eK, |lzlI<1 2eK, |lzlI<1
= sup |[(F(2),y(ur — )Wl < N [ly(us = u)ll,
zeK, ||z]|<1

we obtain (see [11, Lemma 1.3.8]) that the net {(F})*uy} is a Cauchy net.
So we can define an operator G by G(y) = liin(Fy)*u,\. The operator G is

evidently bounded by its defining formula. Since the above limit is in norm
topology, for any = € K, y € N, we have

(F (@), 5) = (P (@), yhuy = (g, F(@) u = Tn{Fy (@), )4 =

= li/r\n(x, (Fy)*uy) = <x,li§n(Fy)*u>\> = (z,G(y)),

so, F' is adjointable. O

Corollary 1. A bounded A-morphism F : M — N of Hilbert C*-modules
is locally adjointable if and only if, for any adjointable morphism v : A — N
and any y € N, the morphism F,, : A — A, F,  (a) = (y,F o~(a)) is
adjointable.

Theorem 1. Locally adjointable operators from M to N form a Banach

subspace of the Banach space of all bounded A-morphisms from M to N.
In particular, locally adjointable endomorphisms of M form a Banach

subalgebra of the algebra End 4(M) of all bounded A-endomorphisms.

Proof. Indeed, if {F,} is a sequence of locally adjointable morphisms and
F,, — F in norm, then for any adjointable morphism v we have that || F,, o
vy—Fon| <||F,—F| |7, so F,oy — F o~ in norm too and F o~ is
adjointable. O

Proposition 1. The dual module (M (¢2(.A))) of M(¢2(.A)) consists of all
sequences o; € M(A) such that

1) the partial sums of Y, o, are bounded, i.e. this series is strong
convergent in B(H);

2) the series >, alB; is left strict convergent for any B = {fB;} €
M(6(A);

3) its limit belongs to M(A) C LM(A).

Proof. Suppose, a € (M (¢2(A))), a: M(la(A)) — M(A). Then its restric-
tion on the submodule (M (A)) defines (by [2, Theorem 2.3|) a sequence
a; € M(A) which has to satisfy the property 1). It also can be restricted to
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l5(A) = M (¢2(A))A, and also by |2, Theorem 2.3| the action is given by

oo
Z a; Bia, {Bi} € M(¢2(A)), a € A, the series is norm-convergent.
i=1

(4)
This gives 2).
Two left multipliers w and v coincide, if ua = va for any a € A. Thus, the
equality

a(B)a=a(Ba) =) ajpa= (Z af@-) a
=1 i=1

implies
a(B) = aiBi (5)
=1

and hence 3).
Also, (5) implies that the linear mapping a — {o;} is injective.
Conversely, if {«; } satisfies 1)-3), then (5) defines an element of the module
(M (¢2(.A))) . Indeed, everything is evident, one needs only to verify that this
a is bounded. For any m < n and a € A we have by the Cauchy inequality
([11, 1.2.4])

n 2 n * n n n
S| = |(Sein) Yoia| < |Soiad |30
i=m i=m i=m =m i=m
Hence, « is bounded, and the mapping is surjective. O

Recall that an A-functional I' : ¢3(A) — A is defined by a sequence
{Ti}ien, I'i € RM(A), such that

Z I';T; strongly converges in B(H) (6)
i

(see |2] and (2) above). The action on o = (o, a,...) € l3(A) is defined
by I'(er) = >, I'fov; and the series is norm-convergent.

Lemma 2. An A-functional T' : lo(A) — A is locally adjointable if and
only if its above defined collection of coefficients I'; determines an element

of (M(l2(A)))".

Proof. Suppose that I' is locally adjointable. Consider an arbitrary adjoin-
table morphism 7 : A — f5(.A). The set of these morphisms is isomorphic, on
the one hand, to the space (¢2(A))* of adjointable A-functionals, and on the
other hand, to the module M (¢3(A)) (see [3, 2]). Namely there exist (by [3,
Theorems 1.8 and 2.1|) 7; € M(.A) such that ), v/, is strictly convergent
and

v(a) = (ma,a,...), a€ A (7)
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Then

FO’Y ZFZ’W

where the series ), I'fy; = p is convergent in left strict topology and defines
an element p € LM(A). This gives property 2) of Proposition 1. This
morphism A — A has to be adjointable and hence we have Z vy e M(A).
This gives 3) of Proposition 1. In particular, for v = (0,...,0,157(4),0,...),
we have that I'7 is an adjointable left multiplier, i.e. Fi € M (A). Together
with (6) this gives 1) of Proposition 1.

The converse is similar. Indeed, from 1) it follows that the sequence {I';}

o0
defines an element of (¢2(.A))’ which acts by formula I'(z) = Y T'fz;, where
=1

i=
series is norm-convergent. In particular, for any adjointable v : A — (?(A)

and any a € A we have I'(y(a)) Z I*~ia. From 2) it follows that

=1

<2r )a— 3. P = T(3(a)), and from 3) it follows that (2 rﬂz>

M(2(A)), i.e. 2 I'!~; = T" o v is adjointable. O

The following statement will be used below and also seems to be of
independent interest.

Theorem 2. A bounded A-morphism F : M — l3(A) is adjointable if and
only if all projections m o F', k € N, are adjointable.

Proof. If F is adjointable then 7 o F' is adjointable since the projections my
are adjointable.

Suppose that for any projection 7 we have that m; o F' is adjointable.
Then, for any y = (y1,v2,...) € £2(A),

S (m o F) (m)|| = sup <Z=Z(7Tk0F)*(7Tk(y))> -
k=p M

= sup <Z(7TkOF)(Z)a7Tk(y)> =
A

zeM, ||z||<1 k—p

zeM, ||z|I<1

< [|F[l - Zﬂm =IE1- |, Zykyk -
k=p

= s <F<z>,§jwm<y>> <
k=p
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o
Since the series > y;yr is norm-convergent, this implies that, for every
k=1

o
y € la(A), the series Y (m, o F)*(mr(y)) is also norm-convergent in M

and the equality S(y) = > (mx o F)*(mx(y)) defines a bounded A-operator,
k=1
S 2(A) — M. Also, for any x € M, y € (2(A),

(F( =3 {m 0 F(2), mely))a =
k=1

=3, (m 0 BY (m(y))) = (2, S(w)),

k=1

so F'is adjointable with S being the adjoint operator. O

Corollary 2. 1). A bounded A-morphism F : M — {ls(A) is locally
adjointable if and only if all of its projections mp, o F', k € N, are
locally adjointable.

2). An endomorphism F of the module ¢2(A) is locally adjointable if and
only if its matriz rows belong to M (2(A))" (“i-th matriz row”, i € N,
is the functional ;0 F defined by the sequence {m; 0 F om;}jen if we
consider the operator I as an infinite matriz {F; j = mjoFom;}; jen).

Corollary 3. M({2(A)) C (@(A))’LA
Proof. Indeed, M ({5(A)) = (L2(A))* C (b2(A))} 4- O

Corollary 4. For a countably generated Hilbert A-module M (for example,
for an orthogonal direct summand of A" or l2(A) when A is o-unital) we
have that M(M) C (l2(A))7 4-

Proof. Indeed, by using Kasparov’s stabiilization theorem and the fact that
any adjointable functional can be extended from the summand to the sum
we have that M (M) = M* — (l2(A))* C (L2(A))] 4-

Extension of F € M* to F' € (M & N)* is defined by formula F'(m,n) =
F(m); its adjoint is defined by formula F*(a) = (F*(a),0) since for any
ac A meM, neN

(F"(a), (m,n)) man = (F"(a),m)pm + 0 = (a, F(m)) 4 = {a, F(m,n)).
O
Acknowledgment: we thank the referee for helpful comments and an

interesting suggestion that leaded to an extension of the paper by Corollary
4.
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