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Abstract: A new numerical algorithm for solving Fredholm integ-
ral equations of the second kind is proposed on the segment [a,b]
of the real axis. The solution is search in the form of a Pad�e
approximant with indeterminate coe�cients. A speci�c form of
Pad�e approximant is found in an iterative process in which part of
the expression of a nonlinear equation is taken from the previous
iteration. By collocations of the approximate equation at speci�ed
points obtains an overdetermined system of linear equations with
respect to the Pad�e approximant coe�cients which is solved by
applying the QR decomposition to the matrix of the linear system.
Presented the results of numerical experiments on solving several
equations for which are known results obtained by other methods.
By comparing the results obtained by the proposed algorithm with
results achieved by other methods shown it's advantage in accuracy
of the approximate solution over the compared methods.
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1 Ââåäåíèå

Èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà øèðîêî âñòðå÷àþòñÿ â çàäà÷àõ
ôèçèêè, íàïðèìåð, òàêèõ êàê âîçäåéñòâèå ýëåêòðîìàãíèòíîãî ïîëÿ íà
ïðîâîäÿùåå òåëî [1]. Îíè ïîçâîëÿåò ñâÿçàòü ýêñïåðèìåíòàëüíûå ñïåê-
òðû ñ ðàçëè÷íûìè îñíîâíûìè ðàñïðåäåëåíèÿìè, íàïðèìåð, ñ ìàññîâûì
ðàñïðåäåëåíèåì ïîëèìåðîâ â ïîëèìåðíîì ðàñïëàâå [2] èëè ñ ðàñïðåäå-
ëåíèåì âðåì¼í ðåëàêñàöèè â ñèñòåìå [3]. Óðàâíåíèÿ Ôðåäãîëüìà òàêæå
âîçíèêàþò â çàäà÷àõ ìåõàíèêè æèäêîñòè, âêëþ÷àþùèõ ãèäðîäèíàìè-
÷åñêèå âçàèìîäåéñòâèÿ âáëèçè óïðóãèõ ãðàíèö êîíå÷íîãî ðàçìåðà [4].
Ïðèìåíåíèå óðàâíåíèé Ôðåäãîëüìà èìååò ìåñòî â êîìïüþòåðíîé ãðà-
ôèêå, ãäå îíè ïðèìåíÿþòñÿ ïðè ñîçäàíèè ôîòîðåàëèñòè÷íûõ èçîáðàæå-
íèé è äëÿ ìîäåëèðîâàíèÿ ïåðåíîñà ñâåòà îò åãî âèðòóàëüíûõ èñòî÷íè-
êîâ â ïëîñêîñòü èçîáðàæåíèÿ. Ïðè ðåøåíèè ïîäîáíûõ çàäà÷ óðàâíåíèÿ
Ôðåäãîëüìà ÷àñòî íàçûâàþò óðàâíåíèÿìè ðåíäåðèíãà. Ââèäó âàæíîñòè
òàêèõ ïðàêòè÷åñêèõ çàäà÷, âîçíèêàåò íåîáõîäèìîñòü ýôôåêòèâíîãî ðå-
øåíèÿ ýòèõ óðàâíåíèé. Â äàííîé ðàáîòå ïðåäëîæåí íîâûé ÷èñëåííûé
àëãîðèòì ðåøåíèÿ îäíîìåðíûõ íåîäíîðîäíûõ óðàâíåíèé Ôðåäãîëüìà
âòîðîãî ðîäà ìåòîäîì êîëëîêàöèè è íàèìåíüøèõ êâàäðàòîâ (ÊÍÊ) ñ
äðîáíî-ðàöèîíàëüíîé àïïðîêñèìàöèåé.
Íà äàííûé ìîìåíò ìåòîäîì ÊÍÊ ñ ïîëèíîìèàëüíîé àïïðîêñèìàöè-

åé ôóíêöèé c ïîâûøåííîé òî÷íîñòüþ ðåø¼í ðÿä çàäà÷ äëÿ ýëëèïòè÷å-
ñêèõ, ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé, êîòîðûå ïðèìåíÿ-
þòñÿ äëÿ ìîäåëèðîâàíèÿ ðàçëè÷íûõ ôèçè÷åñêèõ ïðîöåññîâ. Â ìåòîäå
ÊÍÊ ïðèáëèæ¼ííîå ðåøåíèå äèôôåðåíöèàëüíûõ [5�10] è èíòåãðàëü-
íûõ [11] óðàâíåíèé ñâîäèòñÿ ê ðåøåíèþ ïåðåîïðåäåë¼ííûõ ñèñòåì ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ). Íà ðåøåíèè ëèíåéíîé çàäà-
÷è íàèìåíüøèõ êâàäðàòîâ â ìåòîäå ÊÍÊ ìèíèìèçèðóåòñÿ ôóíêöèîíàë
íåâÿçêè óðàâíåíèé ÑËÀÓ, ÷òî ðàñøèðÿåò âîçìîæíîñòè ïðèìåíåíèÿ ìå-
òîäà êîëëîêàöèè.
Ñòîèò îòìåòèòü, ÷òî â ìåòîäàõ âû÷èñëèòåëüíîé ìàòåìàòèêè, â òîì

÷èñëå ìåòîäå ÊÍÊ, êîëè÷åñòâî ðàáîò, ïîñâåù¼ííûõ ïîëèíîìèàëüíîé àï-
ïðîêñèìàöèè ïî î÷åâèäíûì ïðè÷èíàì, çíà÷èòåëüíî ïðåâîñõîäèò ÷èñëî
ðàáîò ñ ïðèìåíåíèåì àïïðîêñèìàöèè Ïàäå (ÀÏ). Ìíîãîòî÷å÷íàÿ ÀÏ
ôóíêöèé èìååò ïðåèìóùåñòâî ïî ñõîäèìîñòè è òî÷íîñòè íà áîëüøåé äëè-
íû îòðåçêàõ ïî ñðàâíåíèþ ñ ëîêàëüíîé àïïðîêñèìàöèåé, îñíîâàííîé íà
ðàçëîæåíèè ôóíêöèè â ðÿä Òåéëîðà è çà÷àñòóþ èìåþùåé ñóùåñòâåí-
íî îãðàíè÷åííûé ðàäèóñ ñõîäèìîñòè. Ïðèìåðàìè èññëåäîâàíèÿ ìíîãî-
òî÷å÷íîé ÀÏ ÿâëÿþòñÿ ðàáîòû [12, 13]. Ïðèìåíåíèþ ÀÏ äëÿ ðåøåíèÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) ïîñâÿù¼í ðÿä ðà-
áîò [14�17]. Â [17] äëÿ ýòîãî ïðèìåíåíà ìíîãîòî÷å÷íàÿ àïïðîêñèìàöèÿ.
Îäíàêî â ïðèëîæåíèè ê ðåøåíèþ èíòåãðàëüíûõ óðàâíåíèé âîçìîæíîñòè
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äðîáíî-ðàöèîíàëüíîé àïïðîêñèìàöèè äî ñèõ ïîð íå èçó÷åíû. Óñòðàíå-
íèþ ýòîãî ïðîáåëà è ïîñâÿùåíà ðàññìàòðèâàåìàÿ ðàáîòà. Å¼ öåëü � ïî-
êàçàòü âîçìîæíîñòü ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà âòî-
ðîãî ðîäà ïóò¼ì èòåðàöèîííîãî ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ, ïîëó-
÷åííîãî ìíîãîòî÷å÷íîé ÀÏ, ïðèâåñòè êîëè÷åñòâåííûå õàðàêòåðèñòèêè
ïðîöåññà è ðåçóëüòàòîâ ðåøåíèÿ.
Îäíèì èç âàæíåéøèõ ñâîéñòâ äðîáíî-ðàöèîíàëüíûõ ôóíêöèé ÿâëÿ-

åòñÿ âîçìîæíîñòü íàõîäèòü ñ èõ ïîìîùüþ âûñîêîòî÷íûå ïðèáëèæåíèÿ
ôóíêöèé, êîòîðûå ìîãóò áûòü çíà÷èòåëüíî òî÷íåå èõ ïîëèíîìèàëüíûõ
àïïðîêñèìàöèé. Äëÿ ÀÏ áóäåì èñïîëüçîâàòü îáùåïðèíÿòîå îáîçíà÷åíèå
[L/M ], ãäå L � ñòåïåíü ïîëèíîìà â å¼ ÷èñëèòåëå, à M � ñòåïåíü ïîëè-
íîìà â çíàìåíàòåëå.
Ïðåäëîæåííûé â äàííîé ðàáîòå âàðèàíò àëãîðèòìà ÷èñëåííîãî ðå-

øåíèÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà âòîðîãî ðîäà äîñòàòî÷íî
ëåãêî ðåàëèçóåòñÿ â êîìïüþòåðíîé ïðîãðàììå. Çäåñü ýòî ñäåëàíî ñ ïî-
ìîùüþ ñðåäñòâ ÿçûêà ïðîãðàììèðîâàíèÿ C++. Òàêàÿ ïðîãðàììà ïðè-
ìåíèìà äëÿ ðåøåíèÿ êîíêðåòíûõ èíòåãðàëüíûõ óðàâíåíèé, ïîëó÷åíèÿ
êîëè÷åñòâåííûõ õàðàêòåðèñòèê èõ ðåøåíèÿ è îöåíêè òî÷íîñòè ÷èñëåí-
íûõ ðåçóëüòàòîâ.
Âñå ÷èñëåííûå ðàñ÷¼òû â äàííîé ðàáîòå áûëè ïðîâåäåíû íà ïåðñî-

íàëüíîì êîìïüþòåðå ñ ïðîöåññîðîì Intel(R) Xeon(R) CPU X5675, èìåþ-
ùèì ÷àñòîòó 3.68GHz.

2 Ïîñòàíîâêà çàäà÷è è ñïîñîá å¼ ðåøåíèÿ.

Ðàññìîòðèì îäíîìåðíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà âòî-
ðîãî ðîäà íà îòðåçêå Ω = [a, b], âçÿòîì â êà÷åñòâå ðàñ÷¼òíîé îáëàñòè:

g(x)u(x) =

b∫
a

K(x, s)u(s)ds+ f(x), x ∈ [a, b], (1)

ãäå g(x), u(x), K(x, s), f(x) - çàäàííûå äîïîëíèòåëüíàÿ ôóíêöèÿ, èñêî-
ìîå ðåøåíèå, ÿäðî è ñâîáîäíûé ÷ëåí, ñîîòâåòñòâåííî. Çàäàäèì íà [a, b]
ðàâíîìåðíóþ ñåòêó èç n ðàâíûõ ÷àñòè÷íûõ îòðåçêîâ � ÿ÷ååê [ai, bi] äëè-
íû h = b−a

n , ãäå

ai = a+ (i− 1)h, bi = ai + h, i = 1, n. (2)

Ââåäåì èõ íóìåðàöèþ ñëåâà íàïðàâî. Îáîçíà÷èì ÷åðåç uhi ïðèáëèæ¼í-
íîå ÷èñëåííîå ðåøåíèå óðàâíåíèÿ (1) íà i-îì ÷àñòè÷íîì îòðåçêå. Êóñ-
êè ðåøåíèÿ uhi, i = 1, n íà ÷àñòè÷íûõ îòðåçêàõ áóäåì èñêàòü êàê ÀÏ
[Li/Mi] â âèäå

uhi(x) =
NLi(x)

DMi(x)
, (3)

NLi(x) = Ni0 +Ni1x+ ...+NiLx
L, (4)

DMi(x) = Di0 +Di1x+ ...+DiMxM . (5)
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Â ðåçóëüòàòå àïïðîêñèìàöèè ïðèáëèæ¼ííîå ðåøåíèå óðàâíåíèÿ (1)
ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ:

g(x)uhi(x) =

b∫
a

K(x, s)uh(s)ds+ f(x), i = 1, n, (6)

ãäå uh(s) = {uhi(s), i = 1, n}. Îíî íåëèíåéíî îòíîñèòåëüíî íåèçâåñòíûõ
êîýôôèöèåíòîâ ïðåäñòàâëåíèÿ ðåøåíèÿ (3) äëÿ âñåõ i = 1, n. ×òîáû ñâå-
ñòè ïîñòðîåíèå ÀÏ ê ðåøåíèþ ÑËÀÓ, óìíîæèì óðàâíåíèå (6) íà DMi(x)
è ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ áóäåì èñêàòü â èòåðàöèîííîì ïðîöåñ-
ñå

g(x)Nk
Li(x) = Dk

Mi(x)

 b∫
a

K(x, s)uk−1
h (s)ds+ f(x)

 , k = 1, 2, ..., (7)

â êîòîðîì íà òåêóùåé k-îé èòåðàöèè çíà÷åíèÿ âñåõ âåëè÷èí, ïîìå÷åííûõ
èíäåêñîì k − 1, âîçüì¼ì ñ ïðåäûäóùåé èòåðàöèè. Äëÿ îäíîçíà÷íîñòè
îïðåäåëåíèÿ ÀÏ ïîëîæèì Di0 = 1, i = 1, n. Äëÿ êðàòêîñòè èçëîæåíèÿ
ââåä¼ì îáîçíà÷åíèå

rk−1(x) =

b∫
a

K(x, s)uk−1
h (s)ds+ f(x). (8)

Âñå ñëàãàåìûå, ñîäåðæàùèå èñêîìûå êîýôôèöèåíòû â ïðåäñòàâëåíèè
uhi(x) â (3), ïåðåíåñ¼ì â ëåâóþ ÷àñòü:

g(x)(Nk
i0+Nk

i1x+...+Nk
iLx

L)−(Dk
i1x+...+Dk

iMxM )rk−1(x) = rk−1(x). (9)

Ïîëó÷åííîå óðàâíåíèå íà k-îé èòåðàöèè ëèíåéíî îòíîñèòåëüíî êîýôôè-
öèåíòîâ èñêîìîé ÀÏ, ïîñêîëüêó rk−1(x) áåðåòñÿ ñ k − 1-îé èòåðàöèè.
Íà êàæäîì ÷àñòè÷íîì îòðåçêå çàäàäèì v òî÷åê êîëëîêàöèè, ïðè ýòîì
v ≥ L + M + 1. Â ðåàëèçîâàííîì çäåñü âàðèàíòå ìåòîäà òî÷êàìè çà-
ïèñè óðàâíåíèé êîëëîêàöèè íà êàæäîì ÷àñòè÷íîì îòðåçêå âçÿòû êîðíè
ïîëèíîìà ×åáûø¼âà ñòåïåíè v íà îòðåçêå [−1, 1], ñïðîåêòèðîâàííûå íà
[ai, bi], ò.å. òî÷êè ìíîæåñòâà

X = {xiι | xiι =
1

2
(bi + ai) +

h

2
cos

(
2ι− 1

2v
π

)
, i = 1, n; ι = 1, v}. (10)

Â èòåðàöèîííîì ïðîöåññå íà òåêóùåé k-îé èòåðàöèè íåèçâåñòíûå êîýô-
ôèöèåíòû {Nk

ij1
, i = 1, n; j1 = 0, L} è {Dk

ij2
, i = 1, n; j2 = 1,M} îïðå-

äåëÿþòñÿ èç óðàâíåíèé êîëëîêàöèè, êîòîðûå ïîëó÷àþòñÿ òðåáîâàíèåì
òîãî, ÷òîáû íåâÿçêà óðàâíåíèÿ (9) íà èñêîìîì ïðèáëèæ¼ííîì ðåøåíèè
â òî÷êàõ êîëëîêàöèè X îáðàùàëàñü â íóëü.
Èíòåãðàë â (8) â íåêîòîðîé ðàññìàòðèâàåìîé òî÷êå êîëëîêàöèè xcl âû-

÷èñëÿëñÿ çäåñü ïðèáëèæ¼ííî ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû Ãàóñ-
ñà [18]. Áûëè ïðèìåíåíû äâà ñïîñîáà åãî âû÷èñëåíèÿ. Â ïåðâîì ñëó÷àå
äëÿ åãî âû÷èñëåíèÿ ôîðìóëà Ãàóññà ïðèìåíÿëàñü îäèí ðàç ñ d óçëàìè íà
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âñ¼ì îòðåçêå [a, b]. Âî âòîðîì ñëó÷àå îí âû÷èñëÿëñÿ êàê ñóììà n èíòå-
ãðàëîâ, âû÷èñëåííûõ íà êàæäîì ÷àñòè÷íîì îòðåçêå ïî ôîðìóëå Ãàóññà
ñ d óçëàìè. Â ïåðâîì ñëó÷àå

b∫
a

K(xcl, s)u
k−1
h (s)ds ≈

d∑
σ=1

ωσK(xcl, ησ)u
k−1
h (ησ), (11)

ãäå ησ = 1
2(b+ a) + 1

2(b− a)ξσ è ωσ = 1
2(b− a)γσ. Âî âòîðîì ñëó÷àå

b∫
a

K(xcl, s)u
k−1
h (s)ds ≈

n∑
i=1

d∑
σ=1

ωσK(xcl, ηiσ)u
k−1
h (ηiσ), (12)

ãäå ηiσ = 1
2(bi + ai) +

h
2 ξσ è ωσ = h

2γσ. Â îáîèõ ñëó÷àÿõ γσ è ξσ � âåñà è
óçëû êâàäðàòóðíîé ôîðìóëû Ãàóññà íà îòðåçêå [−1, 1] äëÿ çàäàííîãî d.
Íåçàâèñèìî îò ñïîñîáà ïîäñ÷¼òà èíòåãðàëà çíà÷åíèÿ óçëîâ è âåñîâ äëÿ
ëþáîãî d áðàëèñü ñ òî÷íûìè 16-òüþ äåñÿòè÷íûìè ðàçðÿäàìè.
Òàêèì îáðàçîì, îòíîñèòåëüíî êîýôôèöèåíòîâ èñêîìîé ÀÏ íà êàæäîì

÷àñòè÷íîì îòðåçêå êîëëîêàöèåé óðàâíåíèÿ (9) âûïèñûâàëàñü ïåðåîïðå-
äåë¼ííàÿ ñèñòåìà èç v ëèíåéíûõ óðàâíåíèé, ýëåìåíòû ìàòðèöû êîòîðîé
� ÷èñëà. Å¼ ìîæíî íàçâàòü ÷àñòè÷íîé ÑËÀÓ.
Â ðåçóëüòàòå îáúåäèíåíèÿ âñåõ ÷àñòè÷íûõ ÑËÀÓ ïîëó÷àåòñÿ ÑËÀÓ

âèäà:
AkCk = Bk, (13)

ãäå Ak � ïðÿìîóãîëüíàÿ ìàòðèöà ðàçìåðà n · v × n · (L+M + 1), Ck �
âåêòîð ñ n · (L+M +1) êîìïîíåíòàìè � íåèçâåñòíûìè êîýôôèöèåíòàìè

ïðåäñòàâëåíèÿ ðåøåíèÿ óðàâíåíèÿ (9) è Bk � âåêòîð ïðàâîé ÷àñòè ñ n ·v
êîìïîíåíòàìè.
Èç (13) íà îòðåçêå [a, b] ïîëíîñòüþ îïðåäåëÿåòñÿ êóñî÷íî-ðàöèîíàëüíàÿ

ôóíêöèÿ � ðåøåíèå óðàâíåíèÿ (9).
Âåëè÷èíó

ζ =
v

L+M + 1
(14)

íàçîâ¼ì ñòåïåíüþ ïåðåîïðåäåë¼ííîñòè ÑËÀÓ. Äëÿ ðåøåíèÿ ñèñòåìû (13)
ïðèìåíèì QR-äåêîìïîçèöèþ ìàòðèöû Ak. Íà ðåøåíèè ÑËÀÓ ñ ïîëó-
÷åííîé ìàòðèöåé R äîñòèãàåòñÿ ìèíèìóì ôóíêöèîíàëà íåâÿçêè ðåøà-
åìîé ÑËÀÓ [5]. Òî åñòü, îíî ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîé çàäà÷è íàè-
ìåíüøèõ êâàäðàòîâ. Äàëåå â ÷èñëåííûõ ýêñïåðåìåíòàõ áóäåò ïîêàçàíî,
÷òî îò ζ çàâèñèò òî÷íîñòü ïðèáëèæ¼ííîãî ÷èñëåííîãî ðåøåíèÿ. Ïðè-
÷èíà â òîì, ÷òî ζ âëèÿåò íà îáóñëîâëåííîñòü ïîëó÷àåìûõ ÑËÀÓ. Ñ åãî
ðîñòîì îò çíà÷åíèÿ ζ = 1 äî íåêîòîðîãî ïðåäåëà, êàê ïðàâèëî, óëó÷øàåò-
ñÿ îáóñëîâëåííîñòü ðàññìàòðèâàåìûõ â ìåòîäå ÊÍÊ ïåðåîïðåäåë¼ííûõ
ÑËÀÓ. Â ýòîì, â ÷àñòíîñòè, ïðîÿâëÿåòñÿ äîñòîèíñòâî ìíîãîòî÷å÷íîé àï-
ïðîêñèìàöèè. Íî ïðè äàëüíåéøåì ðîñòå ζ, êîãäà óâåëè÷èâàåòñÿ ðàçìåð
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ìàòðèöû ÑËÀÓ, ïðè ðåøåíèè å¼ ëþáûì ÷èñëåííûì ìåòîäîì óâåëè÷èâà-
åòñÿ ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, ÷òî ïðèâîäèò ê óâåëè÷åíèþ íà-
êîïëåíèÿ îøèáîê îêðóãëåíèé â ïðîöåññå âû÷èñëåíèé è ê ðîñòó ïîãðåø-
íîñòè ðåøåíèÿ. Àíàëîãè÷íî ïðîÿâëÿåòñÿ ñâîéñòâî àëãîðèòìà ïðè ðîñòå
çíà÷åíèé ïàðàìåòðîâ n, L è M , îò êîòîðûõ íåïîñðåäñòâåííî çàâèñèò
òî÷íîñòü ðåøåíèÿ. Ýòî â çíà÷èòåëüíîé ìåðå ïðîÿâëÿëîñü â ÷èñëåííûõ
ýêñïåðèìåíòàõ ïî ðåøåíèþ ïðåäëîæåííûì çäåñü àëãîðèòìîì ïðèìåðîâ
ðàçëè÷íûõ óðàâíåíèé.
Â êà÷åñòâå ìàòðèöû Qk çäåñü âçÿòà ìàòðèöà âðàùåíèé Ãèâåíñà. Èç

ïðåîáðàçîâàííîé ÑËÀÓ îòáðàñûâàþòñÿ n(v − (L + M + 1)) ïîñëåäíèõ
óðàâíåíèé, èìåþùèõ ëèøü íóëè â ëåâîé ÷àñòè. Èõ ïðàâûå ÷àñòè ñóòü
íåâÿçêè íà èñêîìîì ðåøåíèè ÑËÀÓ. Òåîðåòè÷åñêè ñ ðîñòîì ÷èñëà íåèç-
âåñòíûõ â ÑËÀÓ ïðè îòñóòñòâèè îøèáîê îêðóãëåíèé â ñõîäÿùåìñÿ ÷èñ-
ëåííîì ðåøåíèè îíè ñòðåìÿòñÿ ê íóëþ. Ïîëó÷åííàÿ ÑËÀÓ ñ ìàòðèöåé
Rk ðåøàåòñÿ îáðàòíûì õîäîì ïîñëåäîâàòåëüíîãî èñêëþ÷åíèÿ íåèçâåñò-
íûõ ïî Ãàóññó.
Â èòåðàöèîííûîì ïðîöåññå ðåøåíèÿ óðàâíåíèÿ (9) äëÿ èñêîìûõ âåëè-

÷èí çàäà¼òñÿ íà÷àëüíîå ïðèáëèæåíèå â âèäå ÷èñåë

N0
ij1 = c0ij1 , D0

ij2 = c0ij2 , i = 1, n, j1 = 0, L, j2 = 1,M. (15)

Ïðè ðåøåíèè âñåõ ðàññìîòðåííûõ â äàííîé ðàáîòå òåñòîâûõ ïðèìåðîâ,
â òîì ÷èñëå òåõ, êîòîðûå çäåñü îïóùåíû, íàáëþäàëàñü ñõîäèìîñòü îò
íà÷àëüíîãî ïðèáëèæåíèÿ (15). Âî âñåõ ñëó÷àÿõ ïðîâîäèëàñü 1000 èòåðà-
öèé. Ïîñëå êàæäîé èòåðàöèè â ðàâíîìåðíîé íîðìå ïîäñ÷èòûâàëñÿ ìàê-
ñèìóì ïîãðåøíîñòè ðåøåíèÿ â îáëàñòè Ω:

Er = ∥ ut − uh ∥C = max
W

|ut(xw)− uh(xw)|, (16)

ãäå ut � òî÷íîå ðåøåíèå óðàâíåíèÿ (1), W = {xw | xw = a+ w(b−a)
999 , w =

0, . . . , 999} � ìíîæåñòâî òî÷åê â îáëàñòè Ω. Òî åñòü, äëÿ ïîäñ÷¼òà âåëè-
÷èíû ïîãðåøíîñòè â îáëàñòè áðàëàñü 1000 òî÷åê, ðàñïîëîæåííûõ â íåé
ðàâíîìåðíî, âêëþ÷àÿ òî÷êè a è b. Ñðàâíåíèåì âåëè÷èí ïîãðåøíîñòåé
íà ïîñëåäîâàòåëüíûõ èòåðàöèÿõ îïðåäåëÿëñÿ ìèíèìóì ïîãðåøíîñòè âî
âñ¼ì öèêëå 1000 èòåðàöèé è ñîîòâåòñòâóþùèé åìó íîìåð èòåðàöèè.

3 ×èñëåííûå ýêñïåðèìåíòû.

Äàëåå ïðèâåäåíû òàáëèöû ðåçóëüòàòîâ ÷èñëåííîãî ðåøåíèÿ ïî èçëî-
æåííîìó àëãîðèòìó ïðèìåðîâ, âçÿòûõ, íà÷èíàÿ ñî âòîðîãî, èç ïóáëèêà-
öèé äðóãèõ àâòîðîâ, ðåø¼ííûõ äðóãèìè ìåòîäàìè. Â òàáëèöàõ ïðèâåäå-
íû íîìåð èòåðàöèè (it), íà êîòîðîé áûëà äîñòèãíóòà ñîîòâåòñòâóþùàÿ
åìó ïîãðåøíîñòü Er â öèêëå èç 1000 èòåðàöèé. Òàì òàêæå ïðèâåäåíû
ñîîòâåòñòâóþùèå ÷èñëà îáóñëîâëåííîñòè (cond) ìàòðèö ÑËÀÓ Rk, êî-
òîðûå áûëè ðåøåíû íà óêàçàííîì íîìåðå èòåðàöèè. Äëÿ ïîäñ÷¼òà ÷èñëà
îáóñëîâëåííîñòè èñïîëüçîâàëàñü íàïèñàííàÿ íà C++ âíåøíÿÿ áèáëèî-
òåêà Eigen âåðñèè 3.4.0, äîñòóïíàÿ äëÿ ñêà÷èâàíèÿ ïî ññûëêå
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Ñ å¼ ïîìîùüþ ñíà÷àëà îòûñêèâàëîñü SVD-ðàçëîæåíèå ìàòðèöû Rk. Äà-
ëåå ÷èñëî îáóñëîâëåííîñòè îïðåäåëÿëîñü êàê ðåçóëüòàò äåëåíèÿ ìàêñè-
ìàëüíîãî ñèíãóëÿðíîãî ÷èñëà ìàòðèöû íà ìèíèìàëüíîå. Ïðè ìåëü÷åíèè
ñåòêè, à òàêæå ïðè óâåëè÷åíèè ñòåïåíè ïîëèíîìîâ â [L/M ] íàáëþäàë-
ñÿ ðîñò çíà÷åíèÿ ÷èñëà îáóñëîâëåííîñòè âïëîòü äî òîãî, ÷òî ïðèìåíÿå-
ìàÿ áèáëèîòåêà Eigen âûäàâàëà ðåçóëüòàò, ÷òî ìèíèìàëüíîå ñèíãóëÿð-
íîå ÷èñëî ìàòðèöû ðàâíî íóëþ, â ñèëó ÷åãî ÷èñëà îáóñëîâëåííîñòè òàêèõ
ìàòðèö îáðàùàëèñü â áåñêîíå÷íîñòü. Â ýòèõ ñëó÷àÿõ â òàáëèöàõ çíà÷å-
íèå ÷èñëà îáóñëîâëåííîñòè îáîçíà÷åíî êàê INF.

Ïðèìåð 3.1. Ïðåæäå âñåãî äëÿ âåðèôèêàöèè ïðåäëîæåííîãî àëãîðèò-
ìà è ðåàëèçóþùåé åãî êîìïüþòåðíîé ïðîãðàììû áûë èñïîëüçîâàí òå-
ñòîâûé ïðèìåð ñ ïðîñòûìè, ãëàäêèìè ôóíêöèÿìè â (1):

g(x) = 1,

ut(x) = sin(x)ex,

K(x, s) = sessin(x+ s),

fb(x) = e2b((1− 2b)sin(2b+ x) + (4b− 2)cos(x)− 2bcos(2b+ x)),

fa(x) = e2a((1− 2a)sin(2a+ x) + (4a− 2)cos(x)− 2acos(2a+ x)),

f(x) = ut(x)−
1

16
(fb(x)− fa(x)),

ïðè a = −1, b = 1. Íà äàííîì òåñòîâîì ïðèìåðå ñî çíà÷åíèÿìè ïà-
ðàìåòðîâ d = 30 (âî âñåé îáëàñòè), ζ = 1, L = 5, M = 6, n = 3
è íà÷àëüíîì ïðèáëèæåíèè c0ij1 = c0ij2 = 1 äëÿ âñåõ i, j1, j2 ïîñëå 418

èòåðàöèé ïîãðåøíîñòü ïðèáëèæ¼ííîãî ðåøåíèÿ Er = 1.33 · 10−15 (cì.
òàáëèöó 1 è ðèñ. 1). Òî åñòü, îíà áëèçêà ê ìàøèííîìó íóëþ (èëè ê âåëè-
÷èíå ïîãðåøíîñòè îêðóãëåíèÿ) â àðèôìåòèêå ÷èñåë â ôîðìàòå double.
Â ïîñëåäíèõ äâóõ ñòðîêàõ òàáëèöû 1 âèäíî, ÷òî óâåëè÷åíèå ÷èñëà óðàâ-
íåíèé ÑËÀÓ ïðè ôèêñèðîâàííîé ðàçðÿäíîñòè ïðåäñòàâëåíèÿ ÷èñåë íà
êîìïüþòåðå ïîñëå äîñòèæåíèÿ íåêîòîðîé òî÷íîñòè ðåøåíèÿ ìîæåò
ïðèâåñòè ê ðîñòó ïîãðåøíîñòè ðåøåíèÿ. Öèêë èç 1000 èòåðàöèé çàíÿë
0.45 ìèíóòû.

Ïðèìåð 3.2. Â êà÷åñòâå ñëåäóþùåãî òåñòà áûë âçÿò ïðèìåð 3.9 èç
êíèãè [19] (ñì. ñòð. 162)

g(x) = cos(x),

ut(x) = 8.5 +
128

17
cos(2x),

K(x, s) =
3

6.4πcos2(x+s
2 )− 10π

,

f(x) = g(x)ut(x) + 16.5− 16sin2(x)− 128

17
cos(2x),

â êîòîðîì a = −π, b = π. Â åãî ðåøåíèè ïî ïðåäëîæåííîìó àëãîðèòìó
ñ ïàðàìåòðàìè d = 3 (â êàæäîé ÿ÷åéêå), ζ = 2, L = 5,M = 6, n = 23 è
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Ðèñ. 1. Ãðàôèêè ïîãðåøíîñòè (ñëåâà) è ïðèáëèæ¼ííîãî
÷èñëåííîãî ðåøåíèÿ (ñïðàâà) òåñòîâîãî ïðèìåðà 1.

n L M ζ Er it cond
1 1 2 1 2.62 · 10−1 210 1.73 · 101
1 1 2 2 8.35 · 10−2 5 1.59 · 101
1 3 4 2 4.17 · 10−6 466 4.11 · 104
1 5 6 2 5.01 · 10−11 843 3.89 · 108
2 1 2 1 5.23 · 10−3 61 2.22 · 102
2 5 6 1 1.03 · 10−14 431 1.62 · 1012
2 5 6 1.5 7.98 · 10−15 424 1.6 · 1012
3 1 2 1 7.84 · 10−4 90 9.06 · 102
3 3 4 2 2.21 · 10−9 490 1.18 · 108
3 5 6 1 1.33 · 10−15 418 2.97 · 1014
3 5 6 1.5 1.55 · 10−15 419 2.95 · 1014

Òàáëèöà 1. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ïðèìåðà 1. .

íà÷àëüíûì ïðèáëèæåíèåì c0ij1 = c0ij2 = 1 äëÿ âñåõ i, j1, j2 ïîñëå 409 èòå-

ðàöèé Er = 9.11 · 10−13 (cì. òàáëèöó 2 è ðèñ. 2). Â ýòîì ïðèìåðå 1000
èòåðàöèé çàíÿëè 2.03 ìèíóòû. Â [19] ýòîò ïðèìåð ðåøàëñÿ ìåòîäîì
êâàäðàòóð íà àäàïòèâíîé ñåòêå ñ 36 ÷àñòè÷íûìè îòðåçêàìè. Àâòîðà-
ìè [19] ïðè ðåøåíèè ýòîãî ïðèìåðà áûëà äîñòèãíóòà òî÷íîñòü ðåøå-
íèÿ ïîðÿäêà 10−6. Çàìåòèì, ÷òî ýòîò ïðèìåð ïðåäúÿâëÿåò ê ÷èñëåí-
íûì ìåòîäàì ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé áîëåå æåñòêèå òðåáî-
âàíèÿ, ÷åì ïðåäûäóùèé. Âî-ïåðâûõ, â íåì ïðàâàÿ ÷àñòü óðàâíåíèÿ è ñà-
ìî ðåøåíèå èìåþò áîëåå ñëîæíîå ïîâåäåíèå â îáëàñòè Ω, ÷åì â ïåðâîì
ïðèìåðå. Âî-âòîðûõ, ó åãî ðåøåíèÿ â Ω ïÿòü ýêñòðåìóìîâ è ãðàäèåíòû
áîëüøå, ÷åì ó ðåøåíèÿ â ïåðâîì ïðèìåðå. Ïîýòîìó ÑËÀÓ ïðè ðåøåíèè
âòîðîãî ïðèìåðà ïîëó÷àåòñÿ õóæå îáóñëîâëåííîé, ÷åì â ïåðâîì ñëó÷àå.
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Âñëåäñòâèå ýòîãî ïðè ðåøåíèè ÑËÀÓ âî âòîðîì ïðèìåðå â ðåçóëüòàòå
àðèôìåòè÷åñêèõ äåéñòâèé êîïèòñÿ áîëüøàÿ îøèáêà îêðóãëåíèé, è ðå-
øåíèå ïîëó÷àåòñÿ ìåíåå òî÷íûì. ×àñòîòà è àìïëèòóäà îñöèëëÿöèé
íà ãðàôèêàõ ïîãðåøíîñòè ðåøåíèÿ â îáîèõ ïðèìåðàõ óêàçûâàþò, ÷òî
îíè â çíà÷èòåëüíîé ñòåïåíè ñâÿçàíû ñ îøèáêàìè îêðóãëåíèé, êîòîðûå
ïðè àðèôìåòè÷åñêèõ âû÷èñëåíèÿõ íà êîìïüþòåðàõ èìåþò ñëó÷àéíûé
õàðàêòåð. Àìïëèòóäà îñöèëëÿöèé ïî âåëè÷èíå áëèçêà ê ñàìîé ïîãðåø-
íîñòè, òî åñòü, âåëè÷èíà ïîãðåøíîñòè â çíà÷èòåëüíîé ìåðå îïðåäå-
ëÿåòñÿ ðåçóëüòàòîì îêðóãëåíèÿ, óâåëè÷åííîãî èç-çà ïëîõîé îáóñëîâ-
ëåííîñòè ðåøàåìûõ çäåñü ÑËÀÓ. Êàê èçâåñòíî, â ìåòîäàõ ÷èñëåííîãî
ðåøåíèÿ çàäà÷ àïïðîêñèìàöèè ôóíêöèé è äèôôåðåíöèàëüíûõ óðàâíåíèé
íà âåëè÷èíó ïîãðåøíîñòè ìîæíî âîçäåéñòâîâàòü àäàïòàöèåé ðàñ÷¼ò-
íîé ñåòêè. Òàêæå ñóùåñòâåííîãî óòî÷íåíèÿ ðåøåíèÿ ìîæíî äîñòè÷ü
óâåëè÷åíèåì êîëè÷åñòâà ðàçðÿäîâ ïðåäñòàâëåíèÿ ÷èñåë íà êîìïüþòåðå.

Ðèñ. 2. Ãðàôèêè ïîãðøåíîñòè (ñëåâà) è ïðèáëèæ¼ííîãî
÷èñëåííîãî ðåøåíèÿ (ñïðàâà) ïðèìåðà 3.9 èç [19].

Ïîñëåäóþùèå ïðèìåðû ðåøåíèÿ óðàâíåíèé ìåòîäîì ÊÍÊ äëÿ êðàò-
êîñòè èçëîæåíèÿ ïðèâåäåíû áåç òàáëèö è ðèñóíêîâ. Îòìåòèì, ÷òî è ïðè
èõ ðåøåíèè íàáëþäàåòñÿ �ïåëåíà� îñöèëëÿöèé íà ãðàôèêàõ ïîãðåøíî-
ñòè, êîãäà îíà ñòàíîâèòñÿ áëèçêîé ê ïîãðåøíîñòè ïðåäñòàâëåíèÿ ÷èñåë
â ôîðìàòå double.

Ïðèìåð 3.3. Â çàïèñè óðàâíåíèÿ (1) â ïðèìåðå 1, ðåøåííîãî â [20],
èñïîëüçîâàíû ñëåäóþùèå ôóíêöèè

g(x) = 1,

ut(x) = ex,

K(x, s) = s,

f(x) = ut(x)− 1,
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n L M ζ Er it cond
21 1 2 1 2.17 · 10−1 48 1.01 · 106
21 1 2 2 1.46 · 10−1 65 9.63 · 107
21 3 4 1 8.47 · 10−7 155 3.61 · 1013
21 3 4 1.5 4 · 10−7 155 3.62 · 1013
21 5 6 1 1.81 · 10−10 260 INF
21 5 6 1.5 6.08 · 10−11 260 INF
21 5 6 2 3.42 · 10−11 260 INF
23 5 6 1 1.25 · 10−12 942 INF
23 5 6 2 9.11 · 10−13 409 INF

Òàáëèöà 2. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ïðèìåðà 3.9
èç [19].

è a = 0, b = 1. Â ðåçóëüòàòå ðåøåíèÿ ýòîãî ïðèìåðà ïðèìåíåíèåì ïðåä-
ëîæåííîãî çäåñü àëãîðèòìà ñ ïàðàìåòðàìè d = 10 (âî âñåé îáëàñòè),
ζ = 2, L = 3, M = 4, n = 5 è íà÷àëüíîì ïðèáëèæåíèè c0ij1 = c0ij2 = 1 äëÿ

âñåõ i, j1, j2 ïîñëå 51 èòåðàöèè Er = 1.77 ·10−15. Öèêë èç 1000 èòåðàöèé
çàíÿë 0.26 ìèíóòû. Àâòîðàìè ðàáîòû [20] â ðåøåíèè ýòîãî ïðèìåðà
áûëà ïîëó÷åíà ïîãðåøíîñòü ïîðÿäêà 100.

Ïðèìåð 3.4. Â ðåøåíèè óðàâíåíèÿ â ïðèìåðå 3, â ðàáîòå [21] ñ ôóíê-
öèÿìè

g(x) = 1,

ut(x) = e2x,

K(x, s) = xe−2s,

f(x) = ut(x)− x

ïðè a = 0, b = 1 ñ ïàðàìåòðàìè èçëîæåííîãî çäåñü àëãîðèòìà d = 10
(âî âñåé îáëàñòè), ζ = 2, L = 5, M = 6, n = 2 è íà÷àëüíûì ïðèáëèæå-
íèåì c0ij1 = c0ij2 = 1 äëÿ âñåõ i, j1, j2 ïîñëå 26 èòåðàöèé Er = 3.55 · 10−15.

Öèêë èç 1000 èòåðàöèé çàíÿë 0.24 ìèíóòû. Â [21] ðåøåíèå ýòîãî óðàâ-
íåíèÿ ïîëó÷åíî ñ òî÷íîñòüþ ïîðÿäêà 10−8.

Ïðèìåð 3.5. Â ïðèìåðå 4, â ðàáîòå [21] ïðèâåäåíî ðåøåíèå óðàâíåíèÿ
(1) ñ ôóíêöèÿìè

g(x) = 1,

ut(x) = cos(x) + 1.5x(sin(1) + cos(1)− 1),

K(x, s) = xs,

f(x) = cos(x)

è çíà÷åíèÿìè a = 0, b = 1. Àâòîðàìè â [21] áûëî ïîëó÷åíî ðåøå-
íèå ñ òî÷íîñòüþ 10−3. Ïðè ðåøåíèè ýòîãî ïðèìåðà ïî èçëîæåííîìó
â äàííîé ðàáîòå àëãîðèòìó ñî çíà÷åíèÿìè ïàðàìåòðîâ d = 10 (âî âñåé
îáëàñòè), ζ = 2, L = 6, M = 7, n = 1 è íà÷àëüíîì ïðèáëèæåíèè
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c0ij1 = c0ij2 = 1 äëÿ âñåõ i, j1, j2 çà 31 èòåðàöèþ Er = 8.88 · 10−16. Ïðè
ýòîì öèêë èç 1000 èòåðàöèé çàíÿë 0.27 ìèíóòû.
Ðåøåíèå óðàâíåíèÿ Ôðåäãîëüìà âî âñåé îáëàñòè Ω â äàííîì ïðèìåðå

ïîëó÷èëîñü â âèäå îäíîé äðîáíî-ðàöèîíàëüíîé ôóíêöèèè [6/7] çíà÷åíèå
êîòîðîãî â ëþáîé òî÷êå îáëàñòè ìîæåò áûòü âû÷èñëåíî çà íåáîëüøîå
÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé ñ òî÷íîñòüþ, áëèçêîé ê òî÷íîñòè
ïðåäñòàâëåíèÿ ÷èñåë â ôîðìàòå double

[6/7] = (0.9999999999999997 + 0.5444463736574465x−
−0.4832153444651037x2 + 0.0315091129403880x3 +

+0.0249432826404293x4 − 0.0001470293168347x5 −
−0.0003235475451131x6)/(1− 0.0282135623566072x+

+0.0329414323488064x2 − 0.0014619067791112x3 +

+0.0005845075791663x4 − 0.0000371415332684x5 +

+0.0000063040707481x6 − 0.0000004507294061x7).

Çàêëþ÷åíèå

Íà îñíîâå ïðèìåíåíèÿ ìåòîäà êîëëîêàöèè è íàèìåíüøèõ êâàäðàòîâ
ïðåäëîæåí è ðåàëèçîâàí íà êîìïüþòåðå èòåðàöèîííûé àëãîðèòì ïîñòðî-
åíèÿ ìíîãîòî÷å÷íîé àïïðîêñèìàöèè Ïàäå [L/M ] ðåøåíèÿ íåîäíîðîäíîãî
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà. Â í¼ì ïîñòðîåíèå
ÀÏ ñâåäåíî ê ðåøåíèþ ïðåäâàðèòåëüíî ëèíåàðèçîâàííîãî ïðèáëèæ¼ííî-
ãî íåëèíåéíîãî óðàâíåíèÿ, ïîëó÷åííîãî àïïðîêñèìàöèåé èñõîäíîãî óðàâ-
íåíèÿ. Ïîêàçàíà âîçìîæíîñòü âûñîêîòî÷íîãî ðåøåíèÿ èíòåãðàëüíîãî
óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ìåòîäîì ÊÍÊ ñ ÀÏ. Èññëåäîâàíû
çàâèñèìîñòü ïîãðåøíîñòè ïðèáëèæ¼ííîãî ðåøåíèÿ è ÷èñëà îáóñëîâëåí-
íîñòè ÑËÀÓ, ðåøåíèå êîòîðîé îïðåäåëÿåò èñêîìóþ ÀÏ, îò å¼ ñòåïåíè
ïåðåîïðåäåë¼ííîñòè, îò êîëè÷åñòâà ÷àñòè÷íûõ îòðåçêîâ ðàçáèåíèÿ îò-
ðåçêà, íà êîòîðîì ðåøàåòñÿ óðàâíåíèå, îò ñòåïåíåé L è M ÷èñëèòåëÿ è
çíàìåíàòåëÿ àïïðîêñèìàíòà [L/M ]. Ýôôåêòèâíîñòü ïðåäëîæåííîé ïðî-
öåäóðû ïîêàçàíà ñðàâíåíèåì ðåçóëüòàòîâ, ïîëó÷åííûõ å¼ ïðèìåíåíèåì
äëÿ ðåøåíèÿ ïðèìåðîâ, ñ ðåçóëüòàòàìè èõ ðåøåíèÿ, îïóáëèêîâàííûìè
äðóãèìè àâòîðàìè. Îäíî èç äîñòîèíñòâ ïðåäëîæåííîãî àëãîðèòìà â òîì,
÷òî â êà÷åñòâå ðåøåíèÿ óðàâíåíèÿ ïîëó÷àåòñÿ âûñîêîòî÷íûé åãî àïïðîê-
ñèìàíò � àíàëèòè÷åñêîå âûðàæåíèå, çíà÷åíèå êîòîðîãî íåáîëüøèì ÷èñ-
ëîì àðèôìåòè÷åñêèõ äåéñòâèé ìîæíî âû÷èñëèòü â ëþáîé òî÷êå îáëàñòè
ðåøåíèÿ çàäàííîãî óðàâíåíèÿ.
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