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Ïðåäñòàâëåíî È.Á. Ãîðøêîâûì

Abstract: In this paper we �nd a condition under which the
completion of a torsion-free nilpotent group from the variety N3

of nilpotent groups of class ≤ 3 is contained in the quasivariety
generated by this group. We show that the completion of each
group from a quasivariety qF (N3) generated by the free 3-nilpotent
group F (N3) belongs to qF (N3). We prove the theorem which
allows us to extract roots from a commutant of groups from qF (N3)
while remaining in qF (N3). We �nd conditions under which the
N3-free product of groups from qF (N3) is again contained in qF (N3).
We show that qF (N3) is not closed with respect toN3-free products.

Keywords: quasivariety, nilpotent group, completion,N3-free pro-
ducts.

1 Ââåäåíèå

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ êâàçèìíîãîîáðàçèÿ qF (N3), ïîðîæ-
ä¼ííîãî ñâîáîäíîé 3-ñòóïåííî íèëüïîòåíòíîé ãðóïïîé F (N3).
Ïîïîëíåíèåì ãðóïïû G íàçûâàåòñÿ âñÿêàÿ ìèíèìàëüíàÿ ïîëíàÿ ãðóï-

ïà, ñîäåðæàùàÿ G. À. È. Ìàëüöåâ [1], èñïîëüçóÿ ìåòîäû òåîðèè ãðóïï è
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àëãåáð Ëè, äîêàçàë ñóùåñòâîâàíèå è åäèíñòâåííîñòü ñ òî÷íîñòüþ äî èçî-
ìîðôèçìà ëîêàëüíî íèëüïîòåíòíîãî ïîïîëíåíèÿ äëÿ ïðîèçâîëüíîé ëî-
êàëüíî íèëüïîòåíòíîé ãðóïïû áåç êðó÷åíèÿ. Ì. È. Êàðãàïîëîâûì â [2]
äîêàíî ñëåäóþùåå îáîáùåíèå ñôîðìóëèðîâàííîé òåîðåìû À. È. Ìàëüöå-
âà: åñëè ìíîæåñòâà π′ è π ïðîñòûõ ÷èñåë íå ïåðåñåêàþòñÿ, òî ïðîèçâîëü-
íàÿ ëîêàëüíî íèëüïîòåíòíàÿ π′-ãðóïïà îáëàäàåò åäèíñòâåííûì ëîêàëüíî
íèëüïîòåíòíûì π-ïîïîëíåíèåì, ÿâëÿþùèìñÿ π′-ãðóïïîé. Ìåòîäû, èñ-
ïîëüçóåìûå â [2] ïðè âñåõ äîêàçàòåëüñòâàõ, ïî ñóùåñòâó ïðèíàäëåæàò
îáùåé òåîðèè ãðóïï. Â äàííîé ðàáîòå íàéäåíî óñëîâèå, ïðè êîòîðîì ïî-
ïîëíåíèå 3-ñòóïåííî íèëüïîòåíòíîé ãðóïïû áåç êðó÷åíèÿ ñîäåðæèòñÿ â
êâàçèìíîãîîáðàçèè, ïîðîæä¼ííîì ýòîé ãðóïïîé. Â ÷àñòíîñòè, äîêàçàíî,
÷òî ïîïîëíåíèå êàæäîé ãðóïïû èç qF (N3) ñîäåðæèòñÿ â qF (N3). Òàêæå
óñòàíîâëåíî, ÷òî ïîïîëíåíèå ëþáîé 2-ñòóïåííî íèëüïîòåíòíîé ãðóïïû
áåç êðó÷åíèÿ G ñîäåðæèòñÿ â qG. Êðîìå òîãî, äîêàçàíà òåîðåìà, ïîçâî-
ëÿþùàÿ èçâëåêàòü êîðíè èç êîììóòàíòà ãðóïï èç qF (N3), îñòàâàÿñü ïðè
ýòîì â qF (N3).
Ïóñòü Nc � ýòî ìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïåíè íå âûøå

c,Rp � ìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïåíè íå âûøå 2 ýêñïîíåí-
òû p (p � ïðîñòîå ÷èñëî, p ̸= 2). Çàìêíóòîñòü êâàçèìíîãîîáðàçèé ãðóïï
îòíîñèòåëüíî ñâîáîäíûõN2-ïðîèçâåäåíèé è ñâîáîäíûõRp-ïðîèçâåäåíèé
ðàññìàòðèâàëàñü â ([3] ëåììà 2) è ([4] ëåììà 3), ñîîòâåòñòâåííî (ñì. òàê-
æå [5], òåîðåìà 4.2.12). Â äàííîé ðàáîòå íàéäåíû óñëîâèÿ, ïðè âûïîë-
íåíèè êîòîðûõ N3-ñâîáîäíîå ïðîèçâåäåíèå ãðóïï èç qF (N3) ñíîâà ñî-
äåðæèòñÿ â qF (N3). Çäåñü ïîêàçàíî, ÷òî êâàçèìíîãîîáðàçèå qF (N3) íå
çàìêíóòî îòíîñèòåëüíî N3-ñâîáîäíûõ ïðîèçâåäåíèé.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ðàáîòå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
N, Z � ìíîæåñòâà íàòóðàëüíûõ è öåëûõ ÷èñåë ñîîòâåòñòâåííî;
[x, y] = x−1y−1xy = x−1xy, [x, y, z] = [[x, y], z];
N2,∞, N3,∞ � êëàññû ãðóïï áåç êðó÷åíèÿ èç N2 è N3 ñîîòâåòñòâåííî;
uG � óíèâåðñàëüíî àêñèîìàòèçèðóåìûé êëàññ, ïîðîæä¼ííûé ãðóïïîé

G.
FX(N3) � ñâîáîäíàÿ â N3 ãðóïïà ñ ìíîæåñòâîì ñâîáîäíûõ ïîðîæäà-

þùèõ X; F2 = F2(N3) � ñâîáîäíàÿ â N3 ãðóïïà ñî ñâîáîäíûìè ïîðîæ-
äàþùèìè a, b.

⟨x, y, . . . ⟩ � ãðóïïà, ïîðîæä¼ííàÿ ýëåìåíòàìè x, y, . . . ; ⟨x⟩ � öèêëè-
÷åñêàÿ ãðóïïà, ïîðîæä¼ííàÿ x;

Z(G) � öåíòð ãðóïïû G;
γ1(G) = G, γ2(G) = G′ = [G,G], γ3(G) = [γ2(G), G].
Êîììóòàòîðû
[x3, x2, x2], [x3, x2, x3], [x3, x1, x1], [x3, x1, x2], [x3, x1, x3],
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[x2, x1, x1], [x2, x1, x2], [x2, x1, x3]
ñîñòàâëÿþò ïîëíûé ñïèñîê áàçèñíûõ êîììóòàòîðîâ âåñà 3 îò ïåðåìåí-
íûõ x1, x2, x3. Õîðîøî èçâåñòíî, ÷òî ýòèìè êîììóòàòîðàìè ïîðîæäàåòñÿ
γ3(F3(N3)).
Ïðè íàïèñàíèè òîæäåñòâ è êâàçèòîæäåñòâ êâàíòîðû âñåîáùíîñòè áó-

äåì îïóñêàòü.
Íàì ïîòðåáóþòñÿ èçâåñòíûå êîììóòàòîðíûå òîæäåñòâà ([8], òåîðåìà

33.33), èñòèííûå â êàæäîé íèëüïîòåíòíîé ãðóïïå ñòóïåíè íå âûøå 3:

[a, bc] = [a, c][a, b][a, b, c], (1)

[ab, c] = [a, c][a, c, b][b, c], (2)

[a, b, c][b, c, a][c, a, b] = 1 (3)

(ïåðâûå äâà òîæäåñòâà îçíà÷àþò ëèíåéíîñòü êîììóòàòîðîâ ïî ìîäóëþ
γ3(G) ïî ñîîòâåòñòâóþùèì àðãóìåíòàì, òðåòüå � ÷àñòíûé âàðèàíò òîæ-
äåñòâà Âèòòà).
Ïîëåçíûìè îêàæóòñÿ ñëåäóþùèå òîæäåñòâà, èñòèííîå â íèëüïîòåíò-

íîé ãðóïïå ñòóïåíè 3:

[yn, xk] = [y, x]nk[y, x, x]nk
k−1
2 [y, x, y]nk

n−1
2 , (4)

(xy)n = xnyn[y, x]
n(n−1)

2 [y, x, x]
n(n−1)(n−2)

6 [y, x, y]
n(n−1)(2n−1)

6 , (5)

êîòîðûå ëåãêî äîêàçûâàþòñÿ ïî èíäóêöèè.
Íàïîìíèì îïðåäåëåíèå ñâîáîäíîãî ïðîèçâåäåíèÿ ãðóïï â ìíîãîîáðà-

çèè N3. Ïðåäïîëîæèì, ÷òî ãðóïïû A è B èìåþò â N3 ïðåäñòàâëåíèÿ:

A = ⟨{xi | i ∈ I1}; {tj = 1 | j ∈ J1}⟩, B = ⟨{yi | i ∈ I2}; {rj = 1 | j ∈ J2}⟩

Òîãäà ãðóïïà G, èìåþùàÿ â N3 ïðåäñòàâëåíèå

G = ⟨{xi | i ∈ I1} ∪ {yi | i ∈ I2}; {tj = 1 | j ∈ J1} ∪ {rj = 1 | j ∈ J2}⟩,

îáîçíà÷àåòñÿ ÷åðåç G = A∗N3 B è íàçûâàåòñÿ ñâîáîäíûì ïðîèçâåäåíèåì
ãðóïï A è B â ìíîãîîáðàçèè N3. ×àñòî âìåñòî A ∗N3 B áóäåì ïèñàòü
G = A ∗ B, îïóñêàÿ èíäåêñ N3. Ïîäãðóïïû ãðóïïû G, ïîðîæä¼ííûå
ìíîæåñòâàìè ýëåìåíòîâ {xi | i ∈ I1} è {yi | i ∈ I2}, èçîìîðôíû ãðóïïàì
A è B. Èõ áóäåì îáîçíà÷àòü ÷åðåç A è B ñîîòâåòñòâåííî.
Ïóñòü {Gi | i ∈ I} � ïðîèçâîëüíîå ìíîæåñòâî ãðóïï, D � ôèëüòð

íàä I. Ýëåìåíòû ôèëüòðîâàííîãî ïðîèçâåäåíèÿ
∏
i∈I

Gi/D îáîçíà÷àþòñÿ

÷åðåç fD, ãäå f � ýëåìåíò äåêàðòîâà ïðîèçâåäåíèÿ
∏
i∈I

Gi.

Ñêàæåì, ÷òî ãðóïïà H âëîæèìà â ãðóïïó G, åñëè H èçîìîðôíà íåêî-
òîðîé ïîäãðóïïå ãðóïïû G.
Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ òåîðåìà Äèêà ([9], c. 281, [6], c. 55).
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Ëåììà 1. Ïóñòü ãðóïïà G èìååò â äàííîì êâàçèìíîãîîáðàçèè N ïðåä-
ñòàâëåíèå

G = ⟨{xi | i ∈ I} ; {rj(xj1 , . . . , xjl(j)) = 1 | j ∈ J}⟩.

Ïðåäïîëîæèì, ÷òî H ∈ N è ãðóïïà H ñîäåðæèò ìíîæåñòâî ýëåìåí-
òîâ {gi | i ∈ I} òàêîå, ÷òî äëÿ âñÿêîãî j ∈ J ðàâåíñòâî rj(gj1 , . . . , gjl(j)) =

1 èñòèííî â H. Òîãäà îòîáðàæåíèå xi → gi (i ∈ I) ïðîäîëæàåòñÿ äî
ãîìîìîðôèçìà G â H.

Áóäåì ïîëüçîâàòüñÿ (÷àñòíûé ñëó÷àé òåîðåìû 3 [10]) ïðèçíàêîì ïðè-
íàäëåæíîñòè êîíå÷íî îïðåäåë¼ííîé ãðóïïû G êâàçèìíîãîîáðàçèþ qR.

Ëåììà 2. Êîíå÷íî îïðåäåë¼ííàÿ â êâàçèìíîãîîáðàçèè M ãðóïïà G ïðè-
íàäëåæèò êâàçèìíîãîîáðàçèþ, ïîðîæä¼ííîìó êëàññîì ãðóïï R (R ⊆
M), òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ýëåìåíòà g ∈ G, g ̸= 1,
ñóùåñòâóåò ãîìîìîðôèçì φg ãðóïïû G â íåêîòîðóþ ãðóïïó èç êëàññà
R òàêîé, ÷òî gφg ̸= 1.

Ñ îñíîâíûìè ïîíÿòèÿìè òåîðèè ãðóïï ìîæíî ïîçíàêîìèòüñÿ â [6],
òåîðèè êâàçèìíîãîîáðàçèé � â [5], [7].

3 Ïîïîëíåíèÿ ãðóïï

Ñêàæåì, ÷òî ãðóïïà G ÿâëÿåòñÿ (∗)-ãðóïïîé, åñëè
à) G ÿâëÿåòñÿ íèëüïîòåíòíîé ñòóïåíè íå âûøå òð¼õ ãðóïïîé áåç êðó-

÷åíèÿ,
á)G îáëàäàåò ìíîæåñòâîì ïîðîæäàþùèõ a1, a2, . . . , óäîâëåòâîðÿþùèõ

óñëîâèþ: äëÿ ëþáîãî n ∈ N ñóùåñòâóåò âëîæåíèå βn : G → G òàêîå, ÷òî

èç ýëåìåíòîâ aβn
1 , aβn

2 , . . . èçâëåêàþòñÿ â G êîðíè n-é ñòåïåíè.

Ëåììà 3. Ïóñòü G � (∗)-ãðóïïà. Òîãäà ïðè ëþáîì k èç êàæäîãî ýëå-
ìåíòà ãðóïïû Gβ, ãäå β = β6k2, èçâëåêàåòñÿ â G êîðåíü k-é ñòåïåíè.

Äîêàçàòåëüñòâî. Ñ÷èòàåì, ÷òî k > 1. Áåð¼ì ïðîèçâîëüíûé íååäè-
íè÷íûé ýëåìåíò g ∈ Gβ . Ýëåìåíò g ìîæíî ïðåäñòàâèòü â ñëåäóþùåì
âèäå:

g = (aβi1)
u1 . . . (aβin)

un = 6k2
√
aβi1

6k2u1

. . . 6k2
√
aβin

6k2un

äëÿ ïîäõîäÿùèõ öåëûõ ÷èñåë u1, . . . , un. Ëåììà áóäåò äîêàçàíà, åñëè

ïîêàæåì, ÷òî èç ëþáîãî ýëåìåíòà xky6k
2v (x, y ∈ G, v � öåëîå ÷èñëî)

èçâëåêàåòñÿ â G êîðåíü k-é ñòåïåíè.
Èç òîæäåñòâà (5) è ëèíåéíîñòè êîììóòàòîðîâ âåñà 3 âûâîäèì:

xky6k
2v =

= (xy6kv)k[x, y6kv]
k(k−1)

2 [x, y6kv, x]
k(k−1)(k−2)

6 [x, y6kv, y6kv]
k(k−1)(2k−1)

6 =

= (xy6kv)k[x, y6kv]
k(k−1)

2 ck1
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äëÿ íåêîòîðîãî c1 ∈ γ3(G). Èç (4) ñëåäóåò, ÷òî â G ñóùåñòâóåò ýëåìåíò

[x, y6kv]
k−1
2 . Èç (5) è íèëüïîòåíòíîñòè ãðóïïû G ñòóïåíè íå âûøå òð¼õ

âûòåêàåò, ÷òî

(xy6kv[x, y6kv]
k−1
2 )k = (xy6kv)k[x, y6kv]

k(k−1)
2 [[x, y6kv]

k−1
2 , xy6kv]

k(k−1)
2 =

= (xy6kv)k[x, y6kv]
k(k−1)

2 ck2
äëÿ íåêîòîðîãî c2 ∈ γ3(G). Èç ïîëó÷åííûõ ðàâåíñòâ ñëåäóåò, ÷òî

xky6k
2v = (xy6kv[x, y6kv]

k−1
2 )kc−k

2 ck1 = ak

äëÿ íåêîòîðîãî a ∈ G. Ëåììà äîêàçàíà.

Ëåììà 4. Ïóñòü G � (∗)-ãðóïïà. Òîãäà ãðóïïà G âëîæèìà â ïîëíóþ
ãðóïïó èç uG, ò.å. óíèâåðñàëüíûå òåîðèè ãðóïï G è å¼ ìèíèìàëüíîãî
ïîïîëíåíèÿ ñîâïàäàþò.

Äîêàçàòåëüñòâî. Ïóñòü δi : G → Gi � èçîìîðôèçì, αi = β6(i!)2δi :
G → Gi. Îòìåòèì, ÷òî ââèäó ëåììû 3 èç ýëåìåíòîâ ãðóïïû Gαi èçâëå-
êàþòñÿ â Gi êîðíè ñòåïåíè i!.
Ïóñòü D � ïðîèçâîëüíûé íåãëàâíûé óëüòðàôèëüòð íàä N, H =∏

i∈N
Gi/D � óëüòðàïðîèçâåäåíèå. Îïðåäåëèì îòîáðàæåíèå α : G → H

ñëåäóþùèì îáðàçîì:

gα = fgD, ãäå fg(i) = gαi äëÿ êàæäîãî i ∈ N.
Íåñëîæíî óáåäèòüñÿ, ÷òî α : G → H � âëîæåíèå. Ïîñêîëüêó ïðè i ≥ k
èç ýëåìåíòà fg(i) èçâëåêàåòñÿ êîðåíü k-é ñòåïåíè, òî èç ýëåìåíòà fgD
òàêæå èçâëåêàåòñÿ êîðåíü k-é ñòåïåíè. Ïîëîæèì

√
Gα = {x ∈ H | xk ∈ Gα äëÿ íåêîòîðîãî k ∈ N}.

Ïîêàæåì, ÷òî
√
Gα � ïîäãðóïïà. Âîçüì¼ì ëþáûå ýëåìåíòû xD, yD ∈√

Gα. Äîñòàòî÷íî óáåäèòüñÿ, ÷òî xDyD = xyD ∈
√
Gα. ßñíî, ÷òî ñó-

ùåñòâóåò k ∈ N òàêîå, ÷òî xkD, ykD ∈ Gα, ò.å. xkD = fgD, ykD = fhD
äëÿ íåêîòîðûõ g, h ∈ G. Èç îïðåäåëåíèÿ ôèëüòðîâàííîãî ïðîèçâåäåíèÿ
ñëåäóåò, ÷òî

I = {i | x(i)k = fg(i) = gαi} ∩ {i | y(i)k = fh(i) = hαi} ∈ D.

Ïóñòü ïðè i ∈ I è i > k8, gi = k
√
gαi , hi = k

√
hαi (â ÷àñòíîñòè, gi =

x(i), hi = y(i), ïîñêîëüêó èçâëå÷åíèå êîðíÿ â íèëüïîòåíòíîé ãðóïïå áåç
êðó÷åíèÿ îäíîçíà÷íî ([6], òåîðåìà 16.2.8)). Ïî (4), (5)

(gihi)
k8 = gk

8

i hk
8

i [hi, gi]
k8(k8−1)

2 [hi, gi, gi]
k8(k8−1)(k8−2)

6 [hi, gi, hi]
k8(k8−1)(2k8−1)

6 ,

[hi, gi]
k4 = ([hki , g

k
i ][gi, hi, hi]

k2(k−1)
2 [gi, hi, gi]

k2(k−1)
2 )k

2
,

îòêóäà

(gihi)
k8 = gk

8

i hk
8

i ([hki , g
k
i ]

k2 [gi, hi, hi]
k4(k−1)

2 [gi, hi, gi]
k4(k−1)

2 )
k2(k8−1)

2
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[hi, gi, gi]
k8(k8−1)(k8−2)

6 [hi, gi, hi]
k8(k8−1)(2k8−1)

6

= gk
8

i hk
8

i [hki , g
k
i ]

k4(k8−1)
2 [gi, hi, hi]

k3s[gi, hi, gi]
k3t,

ãäå s = k3(k8−1)(k−1)
4 − k5(k8−1)(2k8−1)

6 , t = k3(k8−1)(k−1)
4 − k5(k8−1)(k8−2)

6 .
Îòñþäà

(gihi)
k8 = (gαi)k

7
(hαi)k

7
[hαi , gαi ]

k4(k8−1)
2 [gαi , hαi , hαi ]s[gαi , hαi , gαi ]t.

Òàê êàê ýòî ðàâåíñòâî èñòèííî ïðè âñåõ i > k8 è ïðè i ∈ I
gi = x(i), hi = y(i), gki = gαi = fg(i), h

k
i = hαi = fh(i),

òî â ãðóïïå H ñïðàâåäëèâî ðàâåíñòâî

(xDyD)k
8
=

= (fgD)k
7
(fhD)k

7
[fhD, fgD]

k4(k8−1)
2 [fgD, fhD, fhD]s[fgD, fhD, fgD]t.

Çíà÷èò, (xDyD)k
8 ∈ Gα, îòêóäà xDyD ∈

√
Gα. Òàêèì îáðàçîì,

√
Gα �

ïîäãðóïïà. ßñíî, ÷òî
√
Gα � ïîëíàÿ ãðóïïà. Ïîñêîëüêó âñÿêèé óíè-

âåðñàëüíî àêñèîìàòèçèðóåìûé êëàññ çàìêíóò îòíîñèòåëüíî âçÿòèÿ ïîä-
ãðóïï è óëüòðàçàìêíóò, òî

√
Gα ∈ uG. Ëåììà äîêàçàíà.

Òåîðåìà 1. Ïóñòü êâàçèìíîãîîáðàçèå M ïîðîæäàåòñÿ ìíîæåñòâîì
(∗)-ãðóïï. Òîãäà êàæäàÿ ãðóïïà A èç M âëîæèìà â ïîëíóþ ãðóïïó èç
M.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ñíà÷àëà, ÷òî A � êîíå÷íî ïîðîæ-
ä¼ííàÿ ãðóïïà. Ïî ïðèçíàêó ïðèíàäëåæíîñòè (ëåììà 2) ãðóïïà A àï-
ïðîêñèìèðóåòñÿ ìíîæåñòâîì ïîðîæäàþùèõ êâàçèìíîãîîáðàçèåM ãðóïï,
êàæäàÿ èç êîòîðûõ ïî ëåììå 4 âëîæèìà â ïîëíóþ ãðóïïó èç M. Îòñþ-
äà, A âëîæèìà â äåêàðòîâî ïðîèçâåäåíèå ïîëíûõ ãðóïï èç M, êîòîðîå
ÿâëÿåòñÿ ïîëíîé ãðóïïîé èç M.
Ðàññìîòðèì îáùèé ñëó÷àé. Õîðîøî èçâåñòíî (ñì, íàïðèìåð, [9], �8.3,

òåîðåìà 2), ÷òî âñÿêàÿ ãðóïïà âëîæèìà â ïîäõîäÿùåå óëüòðàïðîèçâåäå-
íèå ñâîèõ êîíå÷íî ïîðîæä¼ííûõ ïîäãðóïï. Ïî òîëüêî ÷òî äîêàçàííîìó,
âñÿêàÿ êîíå÷íî ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû A âëîæèìà â ïîëíóþ
ãðóïïó èç M, çíà÷èò, A âëîæèìà â óëüòðàïðîèçâåäåíèå ïîëíûõ ãðóïï
èç M, êîòîðîå ÿâëÿåòñÿ ïîëíîé ãðóïïîé èç M. Òåîðåìà äîêàçàíà.
Èç òåîðåìû 1 íåïîñðåäñòâåííî ñëåäóåò

Ñëåäñòâèå 1. Âñÿêàÿ ãðóïïà èç qF2(N3) âëîæèìà â ïîëíóþ ãðóïïó èç
qF2(N3).

Ëåììà 5. Âñÿêîå êâàçèìíîãîîáðàçèå M íèëüïîòåíòíûõ ãðóïï áåç êðó-
÷åíèÿ ñòóïåíè íå âûøå äâóõ ïîðîæäàåòñÿ êîíå÷íî ïîðîæä¼ííûìè ãðóï-
ïàìè, â ïðåäñòàâëåíèÿõ êîòîðûõ â N2,∞ â ïîðîæäàþùèõ è îïðåäåëÿþ-
ùèõ ñîîòíîøåíèÿõ âñÿêîå îïðåäåëÿþùåå ñîîòíîøåíèå åñòü ïðîèçâåäå-
íèå êîììóòàòîðîâ âåñà 2 (ò.å. êîììóòàòîðíîå).
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Äîêàçàòåëüñòâî. Ïóñòü N � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå âñå-
ìè êîíå÷íî ïîðîæä¼ííûìè ãðóïïàìè èçM, çàäàííûìè â N2,∞ êîììóòà-
òîðíûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè. Ïðåäïîëîæèì, ÷òî N ⊊M.
Â ([11], ëåììà 1]) (ñì. òàêæå [5], òåîðåìà 4.2.7) äîêàçàíî, ÷òî âñÿêîå

íåòðèâèàëüíîå êâàçèòîæäåñòâî (ò.å. êâàçèòîæäåñòâî, ëîæíîå â íåêîòî-
ðîé íåàáåëåâîé ãðóïïå èç N2,∞) ýêâèâàëåíòíî â N2,∞ êîììóòàòîðíîìó
êâàçèòîæäåñòâó. Ïîñêîëüêó N ⊊M, òî ìû ìîæåì çàôèêñèðîâàòü êîì-
ìóòàòîðíîå êâàçèòîæäåñòâî

Φ = t1(x1, . . . , xn) = 1 & . . . & tk(x1, . . . , xn) = 1 → t(x1, . . . , xn) = 1,

èñòèííîå â êàæäîé ãðóïïå èç N è ëîæíîå â íåêîòîðîé ãðóïïå G èç M.
Ïóñòü ãðóïïà A èìååò â M ñëåäóþùåå ïðåäñòàâëåíèå:

A = ⟨a1, . . . , an; t1(a1, . . . , an) = 1, . . . , tk(a1, . . . , an) = 1⟩.
Ïîêàæåì, ÷òî t(a1, . . . , an) ̸= 1, îòêóäà ñëåäóåò, ÷òî êâàçèòîæäåñòâî Φ
ëîæíî â A. Ïîñêîëüêó Φ ëîæíî â G, òî ñóùåñòâóþò ýëåìåíòû g1, . . . , gn
èç G òàêèå, ÷òî

t1(g1, . . . , gn) = 1, . . . , tk(g1, . . . , gn) = 1, t(g1, . . . , gn) ̸= 1.

Ïî òåîðåìå Äèêà ñóùåñòâóåò ãîìîìîðôèçì φ : A → G, ïðè êîòîðîì
aφ1 = g1, . . . , a

φ
n = gn. Çíà÷èò, t(a1, . . . , an)

φ = t(g1, . . . , gn) ̸= 1, îòêóäà
t(a1, . . . , an) ̸= 1.
Ïîñêîëüêó ãðóïïà A çàäà¼òñÿ â M êîììóòàòîðíûìè îïðåäåëÿþùèìè

ñîîòíîøåíèÿìè, òî A/A′ = ⟨a1A′⟩ × · · · × ⟨anA′⟩ � ïðÿìîå ïðîèçâåäåíèå
áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï. Âèäèì, ÷òî åñëè â ïðåäñòàâëåíèè ãðóï-
ïû A â N2,∞ â ïîðîæäàþùèõ a1, . . . , an ïðèñóòñòâóåò íåêîììóòàòîðíîå
îïðåäåëÿþùåå ñîîòíîøåíèå, íàïðèìåð, ñîîòíîøåíèå

as11 . . . asnn
∏

1≤i<j≤n

[ai, aj ]
kij = 1,

òî â A/A′ èñòèííî ñîîòíîøåíèå (a1A
′)s1 . . . (anA

′)sn = 1, è ïîýòîìó ãðóï-
ïà A/A′ íå ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì n áåñêîíå÷íûõ öèêëè÷åñêèõ
ãðóïï, ÷òî íå òàê.
Èòàê, ãðóïïà A çàäà¼òñÿ â N2,∞ â ïîðîæäàþùèõ a1, . . . , an êîììóòà-

òîðíûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè, A ∈ M, A ̸∈ N . Ýòî ïðîòè-
âîðå÷èò îïðåäåëåíèþ êâàçèìíîãîîáðàçèÿ N . Ëåììà äîêàçàíà.

Òåîðåìà 2. ÏóñòüM � ïðîèçâîëüíîå êâàçèìíîãîîáðàçèå íèëüïîòåíò-
íûõ ãðóïï ñòóïåíè íå âûøå äâóõ áåç êðó÷åíèÿ. Òîãäà ëþáàÿ ãðóïïà A
èç M âëîæèìà â ïîëíóþ ãðóïïó èç M.

Äîêàçàòåëüñòâî. Õîðîøî èçâåñòíî, ÷òî âñÿêàÿ àáåëåâà ãðóïïà áåç
êðó÷åíèÿ âëîæèìà â ïîëíóþ àáåëåâó ãðóïïó áåç êðó÷åíèÿ. Ñëåäîâàòåëü-
íî, äàííàÿ òåîðåìà ñïðàâåäëèâà äëÿ êâàçèìíîãîîáðàçèÿ M àáåëåâûõ
ãðóïï áåç êðó÷åíèÿ.
Ïóñòü M � ïðîèçâîëüíîå êâàçèìíîãîîáðàçèå íèëüïîòåíòíûõ ãðóïï

ñòóïåíè íå âûøå äâóõ áåç êðó÷åíèÿ. Ïî ëåììå 5M ïîðîæäàåòñÿ êîíå÷íî
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ïîðîæä¼ííûìè ãðóïïàìè, â ïðåäñòàâëåíèÿõ êîòîðûõ âN2,∞ âñÿêîå îïðå-
äåëÿþùåå ñîîòíîøåíèå åñòü ïðîèçâåäåíèå êîììóòàòîðîâ âåñà 2. Âîçüì¼ì
ëþáóþ ãðóïïó G èç ýòèõ ãðóïï, è ïóñòü G â ïîðîæäàþùèõ a1, . . . , an
ãðóïïà G çàäà¼òñÿ êîììóòàòîðíûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè.
Òîãäà ïî òåîðåìå Äèêà äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà m îòîáðàæåíèå
a1 → am1 , . . . , an → amn ïðîäîëæàåìî äî ãîìîìîðôèçìà φ : G → G. ßñíî,
÷òî φ � âëîæåíèå. Ïðèìåíåíèå òåîðåìû 1 çàâåðøàåò äîêàçàòåëüñòâî
òåîðåìû 2. Òåîðåìà äîêàçàíà.
Ñëåäóþùàÿ òåîðåìà òàêæå ïîçâîëÿåò ïðèñîåäèíÿòü ê ãðóïïå êîðíè

èç ýëåìåíòîâ, ïðè ýòîì îñòàâàÿñü â êâàçèìíîãîîáðàçèè qF2.

Ëåììà 6. Ïóñòü B = ⟨f,A⟩ � êîíå÷íî ïîðîæä¼ííàÿ 3-ñòóïåííî íèëü-
ïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ, fk ∈ B′ äëÿ íåêîòîðîãî íåíóëåâîãî
÷èñëà k. Åñëè A ∈ qF2, òî B ∈ qF2.

Äîêàçàòåëüñòâî. Ñ÷èòàåì, ÷òî â êà÷åñòâå k âçÿòî íàèìåíüøåå ïî-
ëîæèòåëüíîå ÷èñëî òàêîå, ÷òî fk ∈ B′. Â ñëó÷àå k = 1 âèäèì, ÷òî f ∈ B′,
ñëåäîâàòåëüíî, ïî òåîðåìå 16.2.5 [6] f ñîäåðæèòñÿ â ïîäãðóïïå Ôðàòòè-
íè ãðóïïû B, ïîýòîìó f ìîæíî âûáðîñèòü èç ìíîæåñòâà ïîðîæäàþùèõ
ãðóïïû B, îòêóäà ñëåäóåò, ÷òî B = A ∈ qF2. Èòàê, ïðåäïîëàãàåì, ÷òî
k > 1.
Èçó÷èì îïðåäåëÿþùèå ñîîòíîøåíèÿ ãðóïïû B.
Âîçüì¼ì ñíà÷àëà ëþáîé ýëåìåíò âèäà [f, x, y] èç B, ãäå x, y ∈ B. Èç

ëèíåéíîñòè êîììóòàòîðîâ ñëåäóåò, ÷òî [f, x, y]k = [fk, x, y]. Ïîñêîëüêó
fk ∈ B′, òî âèäèì, ÷òî [f, x, y]k = 1. Íî B � ãðóïïà áåç êðó÷åíèÿ,
îòêóäà [f, x, y] = 1. Èòàê, èç fk ∈ B′ â N3,∞ ñëåäóåò, ÷òî [f, x, y] = 1.

Àíàëîãè÷íî èç fk ∈ B′ â N3,∞ ñëåäóåò, ÷òî [x, f, y] = 1, [x, y, f ] = 1.
Ðàññìîòðèì òåïåðü ýëåìåíò âèäà [f, xy] ∈ B, x, y ∈ B. Èç âûøåñêàçàí-

íîãî è êîììóòàòîðíûõ òîæäåñòâ (1), (2) ñëåäóåò, ÷òî [f, xy] = [f, x][f, y].
Èç äîêàçàííîãî ïîëó÷àåì, ÷òî âñÿêèé ýëåìåíò èç B ìîæíî çàïèñàòü â
âèäå fh[f, x]ã, ãäå x, ã � ïîäõîäÿùèå ýëåìåíòû èç A, h � íåêîòîðîå
öåëîå ÷èñëî.
Ôèêñèðóåì ýëåìåíòû x, c ∈ A òàêèå, ÷òî fk = [f, x]c. ßñíî, ÷òî c ∈

A ∩B′. Ïîêàæåì, ÷òî ck ∈ A′.
Äëÿ ëþáûõ a1, a2, c1, c2 ∈ A è öåëûõ u, v èìååì:

[fu[f, a1]c1, f
v[f, a2]c2]

k = [fu, c2]
k[c1, f

v]k[c1, c2]
k = [fk, c2]

u[c1, f
k]v[c1, c2]

k =

[[f, x]c, c2]
u[c1, [f, x]c]

v[c1, c2]
k = [c, c2]

u[c1, c]
v[c1, c2]

k ∈ A′.

Òàê êàê c ∈ B′, îòñþäà ïîëó÷àåì, ÷òî ck ∈ A′.
Ñðåäè ñîîòíîøåíèé ãðóïïû B âèäà fp = [f, y]c1 (p > 0, y ∈ A, c1 ∈ A)

ïóñòü âûáðàíî ñîîòíîøåíèå ñ íàèìåíüøèì ïîëîæèòåëüíûì p. ßñíî, ÷òî
k ≥ p.
Âîçüì¼ì ëþáîå ñîîòíîøåíèå âèäà fn = [f, y1]c2 (n > 0, y1, c2 ∈ A).

ßñíî, n ≥ p. Èìååì: n = pq + l, ãäå 0 ≤ l < p. Òîãäà fn = fpqf l =
[f, y]qcq1f

l = [f, y1]c2, îòêóäà f l = c−q
1 c2[f, y]

−q[f, y1]. Èòàê, f
l = [f, x2]c3,

ãäå x2 = y1y
−q, c3 = c−q

1 c2. Èç âûáîðà p ïîëó÷àåì, ÷òî l = 0 è fn =
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[f, y]qcq1 = [f, y1]c2. Îòñþäà ñîîòíîøåíèå f
n = [f, y1]c2 ñëåäóåò èç ñîîòíî-

øåíèé fp = [f, y]c1 è [f, y]qcq1 = [f, y1]c2 (êîòîðîå ìîæíî ïåðåïèñàòü òàê:

[f, yqy−1
1 ]cq1c

−1
2 = 1). Â ÷àñòíîñòè, äîêàçàíî, ÷òî k äåëèòñÿ íà p.

Îòìåòèì åù¼, ÷òî fpk = ([f, y]c1)
k = [fk, y]ck1 = [[f, x]c, y]ck1 = [c, y]ck1.

Îòêóäà fpk, fk2 ∈ A′.
Èòàê, ãðóïïà B çàäà¼òñÿ â N3,∞ ñëåäóþùèìè îïðåäåëÿþùèìè ñîîò-

íîøåíèÿìè: îïðåäåëÿþùèå ñîîòíîøåíèÿ ãðóïïû A, íåêîòîðûé íàáîð ñî-
îòíîøåíèé âèäà [f, xj ]hj = 1 (xj , hj ∈ A, j ∈ J), fk = [f, x]c (c ∈ A, ck ∈
A′, x ∈ A), fp = [f, y]c1 (y, c1 ∈ A), ïðè÷¼ì k äåëèòñÿ íà p. Ïîñëåäíèå
äâà îïðåäåëÿþùèõ ñîîòíîøåíèÿ ìîãóò ñîâïàäàòü.
Äàëåå äëÿ äîêàçàòåëüñòâà òîãî, ÷òî B ∈ qF2, âîñïîëüçóåìñÿ ïðèçíà-

êîì ïðèíàäëåæíîñòè (ëåììà 2). Âîçüì¼ì ïðîèçâîëüíûé íååäèíè÷íûé
ýëåìåíò g ∈ B. Íàäî ïîñòðîèòü ãîìîìîðôèçì φ : B → F2 òàêîé, ÷òî

gφ ̸= 1. Ðàññìàòðèâàÿ âìåñòî g ýëåìåíò gk
2 ∈ A, ìîæíî è áóäåì ïðåäïî-

ëàãàòü, ÷òî g ∈ A.
Òàê êàê A ∈ qF2, òî ïî ïðèçíàêó ïðèíàäëåæíîñòè (ëåììà 2) ñó-

ùåñòâóåò ãîìîìîðôèçì α : A → F2, ïðè êîòîðîì gα ̸= 1. Ïîñêîëüêó
(ck)α ∈ (A′)α ⊆ F ′

2, òî cα ∈ F ′
2.

Ïóñòü β : F2 → F2 � èçîìîðôíîå âëîæåíèå, ïðè êîòîðîì aβ = a2k,
bβ = b2k. Ïóñòü

xα = ak1bk2 [b, a]k3 [b, a, a]k4 [b, a, b]k5 ,

cα = [b, a]u1 [b, a, a]u2 [b, a, b]u3 .

Íàøà áëèæàéøàÿ öåëü � íàéòè â F2 òàêîé ýëåìåíò z ∈ F ′
2, ÷òî

zk = [z, xαβ]cαβ. (6)

Äëÿ z ∈ F ′
2, ýòî ðàâåíñòâî ýêâèâàëåíòíî ñëåäóþùåìó:

zk = [z, a2kk1b2kk2 ][b2k, a2k]u1 [b, a, a]8u2k3 [b, a, b]8u3k3 . (7)

Èç êîììóòàòîðíûõ òîæäåñòâ è òîæäåñòâà (4) ñëåäóåò, ÷òî (ó÷èòûâàåì,
÷òî z ∈ F ′

2)
[z, a2kk1b2kk2 ] = [z, a2kk1 ][z, b2kk2 ] = [z, a]2kk1 [z, b]2kk2 ,

[b2k, a2k] = [b, a]4k
2
[b, a, a]2k

2(2k−1)[b, a, b]2k
2(2k−1).

Èòàê, ðàâåíñòâî (7) ïåðåïèñûâàåòñÿ â âèäå:

zk = [z, a]2kk1 [z, b]2kk2 [b, a]4k
2u1f1,

ãäå f1 = [b, a, a]2k
2(2k−1)u1+8u2k3 [b, a, b]2k

2(2k−1)u1+8u3k3 .
Èùåì z â âèäå z = [b, a]w[b, a, a]w1 [b, a, b]w2 (w,w1, w2 ïîêà íåèçâåñòíûå

öåëûå ÷èñëà). Èìååì:
zk = [b, a]kw[b, a, a]kw1 [b, a, b]kw2 ,
[z, a] = [[b, a]w, a] = [b, a, a]w,
[z, b] = [b, a, b]w.
Ñóììèðóÿ ïîëó÷åííîå, çàìå÷àåì, ÷òî ðàâåíñòâî (6) ïðåîáðàçóåòñÿ â

ðàâåíñòâî

[b, a]kw[b, a, a]kw1 [b, a, b]kw2 = [b, a, a]2kk1w[b, a, b]2kk2w[b, a]4k
2u1f1.
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Ýòî ðàâåíñòâî ñâîäèòñÿ ê ðàçðåøèìîñòè â öåëûõ ÷èñëàõ ñëåäóþùåé
ñèñòåìû óðàâíåíèé:

w = 4ku1
w1 = 2k1w + 2k(2k − 1)u1 + 8u2k

2,
w2 = 2k2w + 2k(2k − 1)u1 + 8u3k

2,
÷òî î÷åâèäíî.
Ðàññìîòðèì ñëåäóþùåå îòîáðàæåíèå ρ ïîðîæäàþùèõ ãðóïïû B â F2.

Ïîëàãàåì, ÷òî tρ = tαβ äëÿ êàæäîãî t ∈ A, fρ = z, (fk)ρ = zk. ×òîáû

âîñïîëüçîâàòüñÿ ëåììîé 1, íàäî óáåäèòüñÿ, ÷òî (fρ)p = [fρ, yαβ]cαβ1 (ò.å.

zp = [z, yαβ]cαβ1 ), [fρ, xαβj ]hαβj = 1 (ò.å. [z, xαβj ]hαβj = 1, j ∈ J).
Âèäèì, ÷òî

zk
2
= [zk, xαβ](ck)αβ = [[z, xαβ]cαβ, xαβ](ck)αβ = [cαβ, xαβ](ck)αβ , fk2 =

[fk, x]ck = [[f, x]c, x]ck = [c, x]ck. Ñëåäîâàòåëüíî, zk
2
= (fk2)αβ.

Ó÷èòûâàÿ, ÷òî fpk ∈ A, fk2 ∈ A, ïîëó÷àåì, ÷òî

zpk
2
= ((fk2)αβ)p = (fk2p)αβ = ((fpk)αβ)k = (([f, y]c1)

k)αβ)k =

= [(fk2)αβ, yαβ](ck
2

1 )αβ = [zk
2
, yαβ](ck

2

1 )αβ = ([z, yαβ]cαβ1 )k
2
.

Èç îäíîçíà÷íîñòè èçâëå÷åíèÿ êîðíåé â íèëüïîòåíòíîé ãðóïïå áåç êðó-

÷åíèÿ ñëåäóåò, ÷òî zp = [z, yαβ]cαβ1 .
Ðàññìîòðèì òåïåðü ñîîòíîøåíèå [f, xj ]hj = 1. Çàìå÷àåì, ÷òî

1 = [fk2 , xj ]h
k2
j , îòñþäà 1 = [(fk2)αβ, xαβj ](hk

2

j )αβ = [zk
2
, xαβj ](hk

2

j )αβ =

([z, xαβj ]hαβj )k
2
. Ñëåäîâàòåëüíî, [z, xαβj ]hαβj = 1.

Ïî ëåììå 1 îòîáðàæåíèå ρ ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà ρ1 : B →
F2, ïðè ýòîì gρ1 = gρ = gαβ ̸= 1. Ëåììà äîêàçàíà.
Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò èçâëåêàòü êîðíè èç êîììóòàíòà ãðóï-

ïû èç qF2, îñòàâàÿñü ïðè ýòîì â qF2.

Òåîðåìà 3. Ïóñòü B = ⟨b1, . . . , bn, A⟩ � êîíå÷íî ïîðîæä¼ííàÿ 3-ñòóïåííî

íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ è bkii ∈ B′ äëÿ íåêîòîðîãî íåíóëå-
âîãî ki (i = 1, . . . , n). Åñëè A ∈ qF2, òî B ∈ qF2.

Äîêàçàòåëüñòâî. Òàê êàê 1 = [bkii , b
kj
j , bkss ] = [bi, bj , bs]

kikjks ïðè ëþ-

áûõ i, j, s, òî [bi, bj , bs] = 1. Ïî (4)

1 = [bkii , b
kj
j ] = [bi, bj ]

kikj [bi, bj , bj ]
kikj

kj−1

2 [bi, bj , bi]
kikj

ki−1

2 ,

îòñþäà [bi, bj ]
kikj = 1, ñëåäîâàòåëüíî [bi, bj ] = 1. Èç ëèíåéíîñòè êîììó-

òàòîðîâ âåñà 3 ïîëó÷àåì, ÷òî

bkii =
∏
l

[bl, ail]
∏
l,k

[bl, clk, bk]
∏
l,s,k

[bl, ds, gk]
∏
s,k,l

[fs, fk, bl]hi

äëÿ ïîäõîäÿùèõ ail, clk, ds, gk, fl ∈ A, hi ∈ A′. Êàê è ïðè äîêàçàòåëü-
ñòâå ëåììû 6 çàìå÷àåì, ÷òî êîììóòàòîðû [bl, clk, bk], [bl, ds, dk], [fs, fk, bl]
â íåêîòîðûõ ñòåïåíÿõ ðàâíû åäèíèöå, ñëåäîâàòåëüíî, âñå êîììóòàòî-
ðû âåñà 3, â çàïèñü êîòîðûõ âõîäèò íåêîòîðîå bl, ðàâíû åäèíèöå. Èòàê,
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bkii =
∏
l

[bl, ail]hi. Îòñþäà äëÿ ïîäõîäÿùèõ öåëûõ ÷èñåë sl èìååì:

bkik1...kni =
∏
l

[bkll , ail]
slhkik1...kni =

=
∏
l

[
∏
j

[bj , alj ]hl, ail]
slhkik1...kni =

∏
l

[hl, ail]
slhkik1...kni ∈ A′.

Èòàê, bkik1...kni ∈ A′. Òðåáóåìîå òåïåðü â ñèëó èíäóêöèè ñëåäóåò èç ëåììû
6. Òåîðåìà äîêàçàíà.

4 Çàìêíóòîñòü îòíîñèòåëüíî ñâîáîäíûõ ïðîèçâåäåíèé

Ïîêàæåì ñíà÷àëà, ÷òî êâàçèìíîãîîáðàçèå qF2(N3) íå çàìêíóòî îòíî-
ñèòåëüíî N3-ñâîáîäíûõ ïðîèçâåäåíèé.

Ïðåäëîæåíèå 1. Ïóñòü ãðóïïà G èìååò â N3 ïðåäñòàâëåíèå

G = ⟨x1, x2, x3; [x1, x2, x1] = 1, [x1, x2, x2] = 1⟩ ( ò.å. G = F2(N2) ∗ Z).

Òîãäà G ̸∈ qF2(N3).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî F2 = F2(N3) è G ∈ qF2. Ïî-
ñêîëüêó [x1, x2, x3] ̸= 1 â G, ïî ïðèçíàêó ïðèíàäëåæíîñòè (ëåììà 2)
ñóùåñòâóåò ãîìîìîðôèçì φ : G → F2 òàêîé, ÷òî [x1, x2, x3]

φ ̸= 1. Ïóñòü
xφi = akibmici, ci ∈ F ′

2 (i = 1, 2, 3). Òîãäà

[x1, x2]
φ = [ak1bm1c1, a

k2bm2c2] = [a, b]k1m2−k2m1d

äëÿ íåêîòîðîãî d ∈ γ3(F2). Îòñþäà

[x1, x2, xi]
φ = [[a, b]k1m2−k2m1 , akibmi ] =

= [a, b, a]ki(k1m2−k2m1)[a, b, b]mi(k1m2−k2m1).

Òàê êàê [x1, x2, xi]
φ = 1 ïðè i = 1, 2, òî

ki(k1m2 − k2m1) = 0,mi(k1m2 − k2m1) = 0 (i = 1, 2).

Íî [x1, x2, x3]
φ ̸= 1, ïîýòîìó k1m2 − k2m1 ̸= 0. Èòàê, ïîëó÷àåì, ÷òî

k1 = k2 = m1 = m2 = 0, çíà÷èò [x1, x2]
φ = [c1, c2] = 1. Ýòî ïðîòèâîðå÷èò

òîìó, ÷òî [x1, x2, x3] ̸= 1. Óòâåðæäåíèå äîêàçàíî.

Òåîðåìà 4. Ïóñòü M = qF2(N3). Ïðåäïîëîæèì, ÷òî ãðóïïû G1 è G2

èìåþò â N3 ïðåäñòàâëåíèÿ

G1 = ⟨x1, x2, . . . ; Σ1⟩, G2 = ⟨y1, y2, . . . ; Σ2⟩,

îïðåäåëÿþùèå ñîîòíîøåíèÿ â êîòîðûõ � ïðîèçâåäåíèÿ êîììóòàòîðîâ
âåñà 3 îò òð¼õ ïåðåìåííûõ ëèáî êîììóòàòîðû âèäîâ [xi, xj ], [yi, yj ].
Ïóñòü N � íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G1 ∗G2, ïîðîæä¼ííàÿ íåêî-
òîðûìè êîììóòàòîðàìè [xi, yj ] (âîçìîæíî åäèíè÷íàÿ). Åñëè G1, G2 ∈
M, òî G = (G1 ∗G2)/N ∈ M.
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Äîêàçàòåëüñòâî. Âîçüì¼ì ïðîèçâîëüíûé íååäèíè÷íûé ýëåìåíò g
èç G. Ââèäó ïðèçíàêà ïðèíàäëåæíîñòè (ëåììà 2) íàäî óñòàíîâèòü ñó-
ùåñòâîâàíèå ãîìîìîðôèçìà φ ãðóïïû G â ïîäõîäÿùóþ ãðóïïó M ∈ M,
ïðè êîòîðîì îáðàç g íå ðàâåí åäèíèöå.
Çàìåòèì, ÷òî G/γ3(G) çàäà¼òñÿ â N2 îïðåäåëÿþùèìè ñîîòíîøåíèÿìè,

ÿâëÿþùèìèñÿ êîììóòàòîðàìè îò ïîðîæäàþùèõ. Èç òåîðåìû 4.2.12 [5]
ñëåäóåò, ÷òî G/γ3(G) ∈ qF2(N2) ⊆ M. Åñëè g ̸∈ γ3(G), òî â êà÷åñòâå φ
áåð¼ì åñòåñòâåííûé ãîìîìîðôèçì φ : G → G/γ3(G).
Ïîñêîëüêó G/[G1, G2] ∼= G1 ×G2 ∈ M, òî ïðè g ̸∈ [G1, G2] â êà÷åñòâå

φ áåð¼ì åñòåñòâåííûé ãîìîìîðôèçì φ : G → G/[G1, G2].
Èòàê, â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî g ∈ γ3(G)∩ [G1, G2]. Çà-

ôèêñèðóåì çàïèñü ýëåìåíòà g â âèäå ïðîèçâåäåíèÿ íàèìåíüøåãî ÷èñëà
íååäèíè÷íûõ êîììóòàòîðîâ âåñà 3. Òàê êàê g ∈ γ3(G)∩[G1, G2], òî â ýòîé
çàïèñè îòñóòñòâóþò êîììóòàòîðû âèäîâ [xi, xj , xk], [yi, yj , yk]. Èç òîæäå-
ñòâà (3) ñëåäóåò, ÷òî [yj , xi, xi] = [xi, yj , xi]

−1, [yj , xi, yj ] = [xi, yj , yj ]
−1, ïî-

ýòîìó ìîæíî è áóäåì ñ÷èòàòü, ÷òî êîììóòàòîðû âèäîâ [yj , xi, xi], [yj , xi, yj ]
íå âõîäÿò â çàïèñü g.
Ñëó÷àé 1. Êîììóòàòîð âèäà [xi, yj , xi] ëèáî [xi, yj , yj ] âõîäèò â çàïèñü

g â íåíóëåâîé ñòåïåíè (ïóñòü îíè âõîäÿò â çàïèñü g â ñòåïåíÿõ ki,mi

ñîîòâåòñòâåííî).
Ïî ëåììå 1 ñóùåñòâóåò ãîìîìîðôèçì φ : G → F2, ïðè êîòîðîì xφi =

a, yφj = b, îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ãðóïïû G ðàâíû 1. Òîãäà

gφ = [a, b, a]ki [a, b, b]mi ̸= 1. Ñëåäîâàòåëüíî φ � òðåáóåìûé ãîìîìîðôèçì.
Ñ÷èòàåì, ÷òî êîììóòàòîðû èç ñëó÷àÿ 1 (ò.å. êîììóòàòîðû âåñà 3 îò

ëþáûõ äâóõ ïåðåìåííûõ xi, yj) íå âõîäÿò â çàïèñü g. Èñõîäÿ èç ðàâåíñòâ
[yk, xi, xj ] = [xi, yk, xj ]

−1, [yk, xj , xi] = [xj , yk, xi]
−1, ìîæíî è áóäåì ñ÷è-

òàòü, ÷òî êîììóòàòîðû âèäîâ [yk, xi, xj ], [yk, xj , xi] íå âõîäÿò â çàïèñü
g.
Ñëó÷àé 2. Â çàïèñü g âõîäèò [xi, xj , yk]

t (t ̸= 0) è íå âõîäÿò êîììóòà-
òîðû [xi, yk, xj ], [xj , yk, xi]. Âèäèì, ÷òî [xi, xj ] ̸= 1 â G (èíà÷å [xi, xj , yk]

t

ìîæíî óäàëèòü èç çàïèñè g). Îòìåòèì, ÷òî åñëè [xi, yk] ∈ N è [xj , yk] ∈ N ,
òî [xi, xj , yk]

t = [xj , yk, xi]
−t[yk, xi, xj ]

−t = 1, ïîýòîìó [xi, xj , yk]
t ýëåìåíò

ìîæíî óäàëèòü èç çàïèñè g. Èòàê, [xi, yk] ̸∈ N ëèáî [xj , yk] ̸∈ N .
Ïóñòü ñíà÷àëà [xj , yk] ̸∈ N . Ïî ëåììå 1 ñóùåñòâóåò ãîìîìîðôèçì

φ : G → F2, ïðè êîòîðîì xφi = a, xφj = b, yφk = a, îáðàçû îñòàëüíûõ

ïîðîæäàþùèõ ãðóïïû G ðàâíû 1. Òîãäà gφ = [a, b, a]t ̸= 1. Ñëåäîâàòåëü-
íî, φ � òðåáóåìûé ãîìîìîðôèçì.
Ñëó÷àé [xi, yk] ̸∈ N àíàëîãè÷åí.
Ñëó÷àé 3. Â çàïèñü g âõîäèò âûðàæåíèå âèäà [xi, yk, xj ]

s[xj , yk, xi]
l,

ãäå i, j, k ïîïàðíî ðàçëè÷íûå, s ̸= 0 ëèáî l ̸= 0. Â ýòîì ñëó÷àå [xi, yk] ̸∈ N
ëèáî [xj , yk] ̸∈ N .
Ïðåäïîëîæèì ñíà÷àëà, ÷òî [xi, yk] ̸∈ N è [xj , yk] ̸∈ N . Ïî ëåììå 1 ñóùå-

ñòâóåò ãîìîìîðôèçì φ : G → F2, ïðè êîòîðîì xφi = a, xφj = a, yφk = b, îá-

ðàçû îñòàëüíûõ ïîðîæäàþùèõ ãðóïïû G ðàâíû 1. Òîãäà gφ = [a, b, a]s+l.
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Ñëåäîâàòåëüíî, ïðè s+l ̸= 0 φ � òðåáóåìûé ãîìîìîðôèçì. Åñëè l = −s,
òî ââèäó òîæäåñòâà (3),

[xi, yk, xj ]
s[xj , yk, xi]

l = [yk, xj , xi]
−s[xj , xi, yk]

−s[xj , yk, xi]
l = [xj , xi, yk]

−s.

Â ýòîì ñëó÷àå çàìåíÿåì [xi, yk, xj ]
s[xj , yk, xi]

−s íà [xj , xi, yk]
−s è âèäèì,

÷òî êîëè÷åñòâî êîììóòàòîðîâ â çàïèñè g ìîæíî óìåíüøèòü, ÷òî íå òàê.
Ïóñòü òåïåðü [xi, yk] ∈ N è [xj , yk] ̸∈ N . Òîãäà g = [xj , yk, xi]

l[xi, xj , yk]
t . . .

äëÿ íåêîòîðîãî t. Åñëè ñîîòíîøåíèå [xi, xj ] = 1 ñëåäóåò èç îïðåäåëÿ-
þùèõ ñîîòíîøåíèé ãðóïïû G, òî ââèäó [xi, yk] ∈ N è òîæäåñòâà (3),
èìååì: [xj , yk, xi]

l[xi, xj , yk]
t = [yk, xi, xj ]

−l[xi, xj , yk]
−l = 1. Ýòî îçíà-

÷àåò, ÷òî âûðàæåíèå [xj , yk, xi]
l[xi, xj , yk]

t ìîæíî èñêëþ÷èòü èç çàïèñè
g, óìåíüøèâ ïðè ýòîì ÷èñëî êîììóòàòîðîâ â çàïèñè g. Èòàê, ñîîòíî-
øåíèå [xi, xj ] = 1 íå ñëåäóåò èç îïðåäåëÿþùèõ ñîîòíîøåíèé ãðóïïû
G. Ïî ëåììå 1 ñóùåñòâóåò ãîìîìîðôèçì φ : G → F2, ïðè êîòîðîì
xφi = a, xφj = b, yφk = a, îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ãðóïïû G

ðàâíû 1. Òîãäà gφ = [b, a, a]l[a, b, a]t = [a, b, a]t−l. Ñëåäîâàòåëüíî, ïðè
t ̸= l φ � òðåáóåìûé ãîìîìîðôèçì. Åñëè t = l, òî [xj , yk, xi]

l[xi, xj , yk]
t =

[yk, xi, xj ]
−l[xi, xj , yk]

−l[xi, xj , yk]
l = 1, òàê êàê [xi, yk] ∈ N . Â ýòîì ñëó÷àå

[xj , yk, xi]
l[xi, xj , yk]

t ìîæíî óäàëèòü èç çàïèñè ýëåìåíòà g, óìåíüøèâ â
çàïèñè g ÷èñëî êîììóòàòîðîâ.
Ñëó÷àé [xi, yk] ̸∈ N è [xj , yk] ∈ N àíàëîãè÷åí ïðåäûäóùåìó.
Ñëó÷àè, êîãäà â çàïèñè g ó÷àñòâóþò êîììóòàòîðû âèäîâ [xi, yj , yk],

[yj , xi, yk], [yj , yk, xi] àíàëîãè÷íû ðàññìîòðåííûì. Òåîðåìà äîêàçàíà.
Ãðóïïà G èç ñëåäñòâèÿ 2 íàçûâàåòñÿ ÷àñòè÷íî êîììóòàòèâíîé â ìíî-

ãîîáðàçèè N3. Îòìåòèì, ÷òî êâàçèìíîãîîáðàçèÿ, ïîðîæä¼ííûå ÷àñòè÷íî
êîììóòàòèâíûìè ãðóïïàìè â êëàññå ìåòàáåëåâûõ ãðóïï, èññëåäîâàëèñü
â [12]. Èíäóêöèåé ïî ÷èñëó ïîðîæäàþùèõ ïîëó÷àåì

Ñëåäñòâèå 2. Ïðåäïîëîæèì, ÷òî ãðóïïà G èìååò â N3 ïðåäñòàâëåíèå

G = ⟨x1, x2, . . . , xn; Σ⟩,
ãäå Σ � ëþáîå ìíîæåñòâî îïðåäåëÿþùèõ ñîîòíîøåíèé âèäà [xi, xj ].
Òîãäà G ∈ qF2(N3).

Ïðèìåðàìè ïðèìåíåíèÿ òåîðåìû 4 ñëóæàò óòâåðæäåíèÿ 2 è 3.

Ïðåäëîæåíèå 2. Ïóñòü ãðóïïà Am èìååò â N3 ñëåäóþùåå ïðåäñòàâ-
ëåíèå:

Am = ⟨{xi, yi, zi | i = 1, . . . ,m};
m∏
i=1

[xi, yi, zi] = 1⟩.

Òîãäà Am ∈ qF2.

Äîêàçàòåëüñòâî èíäóêöèåé ïî m. Ââîäÿ óäîáíûå îáîçíà÷åíèÿ, ñ÷è-
òàåì, ÷òî A1 = ⟨x1, x2, x3; [x3, x1, x2] = 1⟩ â N3. Âîçüì¼ì ïðîèçâîëüíûé
íååäèíè÷íûé ýëåìåíò g èç A1.
Ââèäó ïðèçíàêà ïðèíàäëåæíîñòè (ëåììà 2) íàäî óñòàíîâèòü ñóùå-

ñòâîâàíèå ãîìîìîðôèçìà φ ãðóïïû A1 â ïîäõîäÿùóþ ãðóïïó M ∈ qF2,
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ïðè êîòîðîì îáðàç g íå ðàâåí åäèíèöå. Çàìåòèì, ÷òîA1/γ3(A1) ∼= F3m(N2) ∈
qF2(N2) ⊆ qF2. Åñëè g ̸∈ γ3(A1), òî â êà÷åñòâå φ áåð¼ì åñòåñòâåííûé ãî-
ìîìîðôèçì φ : A1 → A1/γ3(A1).
Ïóñòü g ∈ γ3(A1). Òîãäà g ìîæíî çàïèñàòü â âèäå ïðîèçâåäåíèÿ áàçèñ-

íûõ êîììóòàòîðîâ. Ñ÷èòàåì, ÷òî

g = [x3, x1, x1]
k1 [x3, x1, x3]

k2 [x3, x2, x2]
k3×

×[x3, x2, x3]
k4 [x2, x1, x1]

k5 [x2, x1, x2]
k6 [x2, x1, x3]

k7 .

Åñëè k3 ̸= 0 ëèáî k4 ̸= 0, òî ïî ëåììå 1 ñóùåñòâóåò ãîìîìîðôèçì
φ : A1 → F2, ïðè êîòîðîì xφ1 = 1, xφ2 = a, xφ3 = b, ïðè ýòîì gφ =
[b, a, a]k3 [b, a, b]k4 ̸= 1. Ñëåäîâàòåëüíî, ïðè k3 ̸= 0 ëèáî k4 ̸= 0 φ � òðåáó-
åìûé ãîìîìîðôèçì.
Àíàëîãè÷íî, ñóùåñòâóåò ãîìîìîðôèçì φ2 : A1 → F2, ïðè êîòîðîì

xφ2
1 = a, xφ2

2 = 1, xφ2
3 = b, ïðè ýòîì gφ2 = [b, a, a]k1 [b, a, b]k2 ̸= 1. Çíà÷èò,

ïðè k1 ̸= 0 ëèáî k2 ̸= 0 φ2 � èñêîìûé ãîìîìîðôèçì.
Àíàëîãè÷íî ðàññìàòðèâàåì ãîìîìîðôèçì φ3 : A1 → F2, ïðè êîòîðîì

xφ3
1 = a, xφ3

2 = b, xφ3
3 = 1, ïðè í¼ì gφ3 = [b, a, a]k5 [b, a, b]k6 ̸= 1. Çíà÷èò,

ïðè k5 ̸= 0 ëèáî k6 ̸= 0 φ3 � èñêîìûé ãîìîìîðôèçì.
Ìîæíî è áóäåì ïðåäïîëàãàòü, ÷òî k1 = k2 = k3 = k4 = k5 = k6 = 0.

Â ýòîì ñëó÷àå ðàññìàòðèâàåì ãîìîìîðôèçì φ4 : A1 → F2, ïðè êîòîðîì
xφ4
1 = a, xφ4

2 = b, xφ4
3 = a, ïðè í¼ì gφ3 = [b, a, a]k7 ̸= 1. Çíà÷èò, φ4 �

íóæíûé ãîìîìîðôèçì. Èòàê, A1 ∈ qF2.
Am/⟨[x1, y1, z1]⟩ ∼= A1∗Am−1. Ââèäó èíäóêöèè è òåîðåìû 4Am/⟨[x1, y1, z1]⟩ ∈

qF2. Ïî ïðèçíàêó ïðèíàäëåæíîñòè (ëåììà 2) äîñòàòî÷íî ïîñòðîèòü ãî-
ìîìîðôèçì φ : Am → F2 òàêîé, ÷òî [x1, y1, z1]

φ ̸= 1. Òàêèì ãîìîìîð-
ôèçìîì ÿâëÿåòñÿ, íàïðèìåð, ãîìîìîðôèçì φ, ïðè êîòîðîì xφ1 = a, yφ1 =
b, zφ1 = b, xφ2 = a−1, yφ2 = b, zφ2 = b, îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ãðóï-
ïû Am ðàâíû 1. Ñóùåñòâîâàíèå ýòîãî ãîìîìîðôèçìà ñëåäóåò èç ëåììû
1. Óòâåðæäåíèå äîêàçàíî.

Ïðåäëîæåíèå 3. Ïóñòü ãðóïïà Arm (r ≥ 2) çàäàíà â N3 ïîðîæäàþ-
ùèìè

{xij , yij , zij , aj , bj , dj | i = 1, . . .m, j = 1, . . . , r}
è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè

[a1, b1, d1]
m∏
i=1

[xi1, yi1, zi1] = · · · = [ar, br, dr]
m∏
i=1

[xir, yir, zir]⟩,

è âñåìè ñîîòíîøåíèÿìè âèäà

[fu, fv] = 1 ïðè u ̸= v,

ãäå fl ïðîáåãàåò ìíîæåñòâî {xil, yil, zil | i = 1, . . .m}. Òîãäà Arm ∈ qF2

è Arm/⟨[a1, b1, d1]
m∏
i=1

[xi1, yi1, zi1]⟩ ∈ qF2.
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Äîêàçàòåëüñòâî. Ïî óòâåðæäåíèþ 2 At ∈ qF2 ïðè êàæäîì t. Ïóñòü

c = [a1, b1, d1]
m∏
i=1

[xi1, yi1, zi1] ∈ Arm. Ãðóïïà Arm/⟨c⟩ ìîæåò áûòü ñîáðà-

íà èç ãðóïï, èçîìîðôíûõ Am+1, ïðè ïîìîùè ñâîáîäíûõ ïðîèçâåäåíèé
è ôàêòîð-ãðóïï. Ïðè ýòîì óñëîâèÿ òåîðåìû 4 áóäóò âûïîëíåíû. Èòàê,
ïî òåîðåìå 4 Arm/⟨c⟩ ∈ qF2. Ïî ïðèçíàêó ïðèíàäëåæíîñòè (ëåììà 2)
äîñòàòî÷íî ïîñòðîèòü ãîìîìîðôèçì φ : Arm → F2 òàêîé, ÷òî cφ ̸= 1.
Òàêèì ãîìîìîðôèçìîì ÿâëÿåòñÿ, íàïðèìåð, ãîìîìîðôèçì φ, ïðè êîòî-
ðîì aφi = b, bφi = a, dφi = a(i = 1, . . . , r), îáðàçû îñòàëüíûõ ïîðîæäàþùèõ
ãðóïïû Arm ðàâíû 1. Ñóùåñòâîâàíèå ýòîãî ãîìîìîðôèçìà ñëåäóåò èç
ëåììû 1. Óòâåðæäåíèå äîêàçàíî.
Â çàêëþ÷åíèå õî÷ó âûðàçèòü áëàãîäàðíîñòü Øàõîâîé Ñâåòëàíå çà

âíèìàòåëüíîå ïðî÷òåíèå ýòîé ðàáîòû è ïîëåçíûå çàìå÷àíèÿ.
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