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Abstract: Control problems for mass transfer equations with
variable coefficients are studied. For specific coefficients of kinema-
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5 PEeKTUBHBIX MEXaHU3MOB yHpaB/ieHUus (DUBNUECKUMU IOJISIMU B CILIOIII-
HbIX cpegax. [Ipu 9roM, yeM MeHbIe yIPOIIEHUH COJepKAT paccMaTpuBae-
MBbI€ MOfIesin, TeM HoJjiee JOCTOBEPHON OYIET MPOBEPKA MPETOKEHHBIX MeXa-
HU3MOB YVIPaBJCHUS HA MpPEAMeT WX peanbHo# addextuHocTu. OmauM u3
PACIpOCTPAHEHHBIX YIPOIIEHUI SBISETCS MPENOJ0XKEHNEe O TOM, YTO KO-
3 OUIUEHTH B MOJIEJISAX TEIJIOMACCONIEPEHOCA ABJSIOTCS MOCTOSHHBIMU. B
CBOIO 0Yepe/ib, 3aBUCUMOCTE KO(DDUITUEHTOB KUHEMATHIECKON BAZKOCTH U
nuddy3un 0T KOHIEHTPAIUT BEIECTBA, U TEMIIEPATYPHI, KaK 1 3aBUCUMOCTH
kodddurmenTa peakinuy 0T KOHIIEHTPAIIUNA BEIIECTBA ABJISAETCH €CTECTBEH-
HOI ¢ (bU3UIECKON TOUKH 3PEHH.

Hacrositiasi pabora nocesiiieHa KadeCTBEHHOMY aHAJIM3Yy PEIeHnii 3a/1a4
yIpaBJIeHUs JIJIsi MOJIEJIM MAaCCONEPEHOCa C TepeMeHHbBIME Ko uimenTamu.
IIpeamonaraercs, aro ko3 durmenTsl TUP@Y3UN, KUHEMATHIECKON BA3KO-
CTU M PEAKIINU HEeJUHEHHO 3aBUCHAT OT KOHIEHTDAIIUU BEIIECTBA, [IPU ITOM
k03 duImenT peakiuu Tak K€ 3aBUCUT U OT NPOCTPAHCTBEHHBIX IIepEMEH-
HBIX.

3aechk Mbl orvernMm paborh 1, 2, 3, 4, 5|, mocBsIIEHHEBIE MCCIEI0BAHNIO
KPaeBbIX U 3KCTPEMAJIBHBIX 332 /IS MOJIeJ N peaknnu—and@y3nn—KOHBEK-
uu ¢ niepeMeHHbIMI Ko durpentamu u crarbu (6, 7, 8] no 6ausknm aud-
GY3UOHHBIM MOIEIAM W MOJIEISIM CJI0XKHOTO TEIIO00MEHA.

Ormerum gasee crarsu [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23, 24, 25, 26, 27|, nocesileHHbIE UCCIE0BAHNIO KPAEBBIX 3324 U 3a7a4
YIIPABJICHUS JJId HEJWHEHHBIX MOJEIeH TeIOMaCcConepenoca, 0b60bmammx
npubsmkenne Byccunecka, n paborsr [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38|
[0 YCJIOXKHEHHBIM U, B TOM UHC/IE, PEOJIOTHIECKUM MOJIETAM THIPOTHHAMIKH.

B orpanuuennoit obaactu ) C R3 ¢ rpanumneit I paccmarpusaercs cieiy-
FOIAs KPaeBasl 3a/1a4a:

—div(v(p)Vu) + (u-V)u+ Vp=f + Gy, divu =08 , (1)

—div(AM(p)Ve) +u- Ve +k(p,x)p = f B Q, (2)
u=0, p=0mnarl. (3)
3mech U — BEKTOP CKOPOCTH, (DYHKIIAS © UMEET CMBICJ KOHIEHTPAITUN
Bemecrea, p = P/p, rie P — napienue, p = const — IJIOTHOCTH KHJIKOCTH,
v =v(p) > 0 — koapdurmenT KnHeMaTHIeCKo# BsazkocT, A = A(p) > 0 —
koaddurment guddysnn, f — koad uimeHT MaccoBoro pacimpenus, G =
—(0,0,G) - yckopenue cBobomuoro najenud, f unmm f — o6beMHbIE TIIOTHOCTH
BHEIIHUX CUJI WM BHENIHUX UCTOYHUKHK BemecrBa u dynknusa k = k(p,x)
umeer cMbica koadduuenra peakiun, riae X € Q. Huxe na 3agauy (1)—(3)
npu 3amanaex Gyukmuax v, A, f, f u k 6ygem cebinathes, kak Ha 3amaqdy 1.
B [27] nokazano ryiobasbHOE CYIeCTBOBAHNE ¢JIABGOT0 PelteHnst 3a1a9u 1 u
JIOKAJIbHOE CYITIECTBOBAHUME €€ CUJIBLHOTO PEIIeHNs, st KOTOPOro MOy YeHbI
COOTBETCTBYIOIINE alpuopHbIe omneHku. B [20] ykasaHHBIE ONEHKY BBIBEIE-
HbI 6e3 TpeboBaHus OrpaHUYIEHHOCTH 10 HOpME K03 PHUIIIEHTa PEeaKIun, a
TaKKe JIOKA3aHa PA3PEITUMOCTh 33/1a91 YIIPABIEHUS Ha CJIa0bIX PelreHnsix
zagaqgn 1.
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B pazx. 5 macrosmeit paboThl HA CHJIBHBIX PEINEHUAX 3aia9u 1 jis pac-
cMarpusaemoii B [20] 3ajaun yupas/ieHusi BBIBOJUTCS CUCTEMA OLTUMAJb-
HOCTH IIPU KOHKPETHBIX KOI(PDUIIMEHTAX BSI3KOCTH, TUMPYy3Un U PeaxkIfum.
YCTaHaBAMBAKTCS JOCTATOYHBIE YCJIOBUST PETYISPHOCTH JAHHON CHCTEMBI.
IIpu sTOM Tak »Ke MCIOJIB3YIOTCS AmPUOPHBIE OIEHKNW HOPM CHUJIBHOTO pe-
IeHust 33/1a9n 1 Yepe3 HOPMBI €€ MCXOJHBIX JAaHHBIX, MoJydeHHbie B [20] u
npuBesieHHble B pada. 4. OrMernm, 9To MeTosabl [20] MO3BOJISIOT BBIBOANUTH
YKa3aHHBIE OIEHKW IIPU CTEIEeHHBIX MJIAIINX Kodhduimentax B ypaBHe-
HUSIX, 9TO €CTECTBEHHO, B TOM YHCJIE, W JIs psifa OJU3KUX Mojesei (cum.,
manpumep, [17] u [6, 7, §]).

B paza. 6 Ha ocHOBe aHa/in3a JIAHHON CUCTEMBI YCTAHABINBAETCS CBOMCTBO
peJieiiHocTr (WJIH TTPOBEPSIETCs BBIMIOJTHEHNE MPUHITHTA bang—bang) pacmpe-
JIEJIEHHOTO YIPABJIEHUS JIJId OJTHOM M3 3KCTPEMAJIbHBIX 33/1a4.

2 Cumaaboe perireHne m ero CBOMCTBa

Huxe 6y1em ucnosp3osars npocrpanctsa Cobosesa H*(D), s € R. 3aecs
D oznavaer jiubo obsracts (), inbo HEKOTOpPOE MONMHOXKeCTBO (Q C 2, Ju-
6o rpamuiy I' nmm e wacts I'g C I'. Yepes || - |50, | - [s,0 u (-, ")s,@ Oymem
00603HaYATh, COOTBETCTBEHHO, HOPMY, IOJYHOPMY U CKaJIsIPHOE IIPOM3BE/Ie-
mue 8 H*(Q). Hopmer u cxanapuoe mpoussenenne 5 L2(Q) u L?(2) 6yzner
obozravatses |- ||, (-, ), || la n (-, ). Hepes X* obozmatmm compsizkennoe
OPOCTPAHCTBO K TMILOEPTOBOMY TTPOCTPAHCTBY X, & OTHOIIEHNE TBOMCTBEH-
HOCTH Jiuist 1apbl npoctpancTe X u X* OyjeMm 3anuchiBarh, Kak (-, ) x+*x X
WJIM TIPOCTO Kak (-, -), €CJIN 9TO He NPUBEJET K Iy TaHUIIE.

Bynem Tak ke mMCIOSB30BATH CAEAYIOMHE (PYHKITMOHAIBHBIE MPOCTPAH-
CTBa:

HO(div,Q) = {h € L?(Q)® : divh = 08 Q}, L3(Q) ={h € L*(Q): (h,1) =0},
H={veHdiv,Q):v-njp =08 H Y2}, V={veH(Q?: divv =08 Q},
1 PYHKIMOHAIBHOE MHOXKECTBO

LE(Q) ={keLP(Q): k >0}, p>3/2.
OupegeauM npousBeseHust IIPOCTPAHCTB
X = H}(Q)® x H{(Q), W =V x H}(Q),
Ha/JleJICHHBIC HOPMOX

Tatlelia x=1ye eX

Ix[1% = u|

u npocrpancrso X* = H~1(Q)3 x H71(Q), asoiicrsennoe k X.
IIpu pabore ¢ cuibabIM pereHueM 3aga4du 1 OyaemM UCrnob30BaTh MIPOU3-
BeJIeHIE TTPOCTPAHCTB:

X = (H*(Q)° N Hy(Q)°) x (H*() N Hy ()

C HOpPMO#
v DI, = IvI3a + 1213 0.
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ITycrb BBILOJIHSAIOTCS CIEYIONIUE YCIOBUSI:

(H.2.1) Q — orpanuuennas obiacts B R? ¢ rpanuneit I' € C%1;

(H.2.2) fe H7Y(Q)3, f € HY(Q), b= BG € L*(Q)3;

(H.2.3) st mro6oii dynximm ¢ € Hy () cipaseanso Baoxenue k(p, -) €
L4(Q), d > 3/2, e d e 3apucut ot ; u Ha 060M mape B, = {¢ € HE () :
llell,o < r} paguyca r cupaBeJIIBO HEPABEHCTBO:

1k(e1, ) — k(w2, Mlpag) < Lllgr — v2lla) V1, 2 € Br.

Baechk L — KoHCTaHTa, KOTOPast 3aBUCAT OT T, HO HE 3aBUCUT OT @1, P2 € By;
(H.2.4) dyuxuyuu v(7) u A(7) — seupepbiBubl ipu 7 € R, u cymecrsytor
LOJIOKUTEJIbHBIE KOHCTAHTBI Vmin, Vmax, Amin 1 Amax TAKH€, YTO

0 < Vmin < V(7)) < Vmax, 0 < Amin < A(T) < Apax V7 € R.
Ormernm, uro ycaosme (H.2.3) omumcesaer oneparop, meficTBytommii u3

H(Q) B LY(Q), rae ¢ > 3/2 (cwm. [3, 4]). Harmpuwmep,
k= ¢? (wm k = ¢%|p|) B nogoobmacra Q C Q u

k=ko(x) € L¥*(Q\ Q) B 2\ Q.
Hanommum, uro mo Teopeme Bioxkenns Cobosesa npocrpancrso H(Q)
BraagbiBaerca B L*(£2) wenpepoiBHO npu § < 6 1 KOMIAKTHO mpu § < 6 u ¢
HekoTopoii koucranToil Cy, 3aBucdiieii or s u §2, clpaBeiauBa OLEHKa,

el s < Csllellne Ve € H'(Q). (4)

Byznem ucnonbzoBarh caepyorniyto rexaudeckyio gemmy (cm. [40, 41]).

Jlemma 2.1. ITycmo ewnoanstomes ycaosus (H.2.1) u (H.2.4),
ko € LYQ), ¢ > 3/2, u €V, b e L*Q)3. Tozda cywecmesyrom maxue no-
A0dACUMENbHBIE KOnemanmot 0g, 01,71, V2, Vp, B © Bo, sasucawue om Q uasu
om £ U P, ¢ KOMOPUMU BVUNOAHAIOMCSH CAEOYIOULUE COOTMHOUWEHUSA:

(v(h) Vv, VW)| < vmax|[VIILelWllLe Vv, w € Hg(2), (5)
(Vv, Vv) 2 dollvli .

() Vv, Vv) > w|v[ig Vv € Hy(Q)°, ¢ € Hy(Q), vx = vmindo,  (6)
(u-V)v,w) = —((u-V)w,v), (u-V)v,v) =0Yv,w e H Q)3 (7)
(bR, )| < Bolbllallbllellviie Vv € Hy ()%, h € Hy (), (8)
[(w- V)b, v)| <milwlielblielviLe Yw, hv € Hy(Q)®,  (9)

)

sup  —(divv,p)/|[vlie = Blplle Vp € L§(Q), (10
vEH](Q)3,v#£0

|(A(@) VR, V)| < Amaxl|Bll1allnllna Ve, h,n € H (), (11)

|(koh, )| < vqllkoll e @ IRl ellnll Vh,n € Hg($), (12)

((w - Vh,n)| <ellwlvallblialnlle Yw e Hy(Q)?, h,n € Hy(Q), (13)
(Vh,Vh) > 6B 0, (M(@)VA, VR) > A|[B]f 0, Ax = 61 Amin,

(u-Vh,h) =0 Vh,p € H(Q). (14)
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Vunuoxunm nepsoe ypashenue B (1) ma dynknuio v € H}(Q)3, a ypas-
merne (2) wa dynxmmo h € HY(Q) w npownrerpupyem 1o ), mpuMeHns
dopmyasr 'puna. Tpuxonum x cmaboit popmyaupoBre 3amadn 1, KoTopas
3aKOuaeTCa B Haxoxaennn Tpotiku (u,¢,p) € Hi(Q)3 x HH () x L3(),
YZOBJIETBOPAIOIIEHT COOTHOIIEHUAM:

(v()Vu,Vv) + ((u-V)u,v) — (p,divv) =

= (f,v) + (bp,v) Vv e H}(Q)3, (15)
divu=038 Q. (17)

Onpenenenne 2.1. Tpotiky (u,p,p) € HE(Q)? x H(Q) x L3(Q), yao-
Biaersopsronyto (15)—(17), razosem crabbiv pemenuem 3agaan 1.

CupasejuBa cieyomas Teopema [27].

Teopema 2.1. ITycmov swnoanaomes yeaosus (H.2.1)—-(H.2.4). Tozda cy-
wecmeyem caaboe pewenue (0, p,p) € HE(Q)2 x HY(Q) x LE(Q) sadawu 1
U CIPABEOAUSHL OUECHKU:

ol < My =Cullfll-1.0, Ce =" = (61 i) (18)
Il < Ma = v ([El-1.0 + BolblleM,), v = vmindo, (19)
Iplle < My = B (Vmax + 11 Mu) My + [|f]|=1,0 + Bol[blla M), (20)

/8*:(18—8)78>0'

OjiHUM 13 MHTEPECHBIX CBOCTB caaboro pemenus (U, @, p) 3aa4u 1 MOK-
HO CUMTATh IIPUHIMI MAKCUMa JJIsl €10 KOMIIOHEHTHI (.

ITycrb fimax — HOJIOKUTEIBHOE YUCJIO U BBIIOJIHSFOTCSH YCIOBUSI:

(H2.5) fe L™(Q):0 < f < fmax I.B. B

(H.2.6) menmueiinocts k((p, -)p ABISETCS MOHOTOHHOMN B CIEYIONIEM CMBIC-
Je:

(k(p1, )1 = (02, )2, 01 — 2) > 0 Vo1, 02 € HY ().

ByzeM Tak e mpeanosararhk, 9ro Ko3M;UINEHT PeakImu MeeT BUT:

(H.2.7) k(p,x) = a(x)k1(p), tme k1: R — Ry — mempepriBHas byHKIHNS,
a(x) € L*(Q), a(x) > amin > 0 m.B. B Q u ypasHeHnue

kl(s)s = fmax/amin (21)
nuMeeT, 1o Kpaitueil mepe, ogHO (MOI0KUTENTBHOE) DEIeHue.

CupasejuBa cieyronias Teopema (cum. [27]).

Teopema 2.2. [Tycms svnosnsomes yeaosus (H.2.1)~(H.2.3) u (H.2.5) -
(H.2.7), ¢ynwyuu v(7) u A(T) nenpepvisnv, npu 7 € R u cnpasedauev, ouen-
Ku:

Vmin < V(T) < 00, Amin < A(T) < 00 V7 € R.
Toz0a dasn wommonernmu p caabozo pewenus (u,p,p) € HH(Q)? x HL(Q) x
L3(Q) sadauu 1 cnpasedaus caedyrowudi NpUuHyuN MakCUMYMa:

0<p< M ns. sf, (22)

ede M — murumasrvrod (noaosrcumenvrul) Koperns ypasnenus (21).



130 P.B. BPUBUIIKNT, YK.JO. CAPUIIKAS

3ameuyanue 2.1. [Insa crenenubix KOIPDUIMEHTOB PEAKIUU TaPaAMETP
M serxo Beraucasiercs. Hanpumep, B ciaygae k(p) = ¢? Mbl noxydaem, 4o

1/3
M = fm/ax-
O apyrux BapuaHTax HpuHIUIA Makcumyma cM. [5, 20].

3 O cunabHOM pereHun 3ajgadm 1

B namnroMm pazneste chopMyIHpyeM TEOPEMBI O JIOKATHHOM CYIIECTBOBAHUN
U eMHCTBEHHOCTH CHJIBHOTO pemtenns 3ajgadn 1. Kak u B [27], [20] 6yzem
HCIO/IB30BATE CJIEIYIONe HEPABEHCTBA, CIPaBeIuBble T obtacta ) ¢
rpannmeii I' € C? :

|Ah|lo < Cil|ll2.0, ||hllz.a < Col|Ahlla Yh € HA(Q) N HE(Q),
[AV]jo < Cs|[vl2g, [Viee < CallAvie ¥ e HA(Q)®* N Hi(Q)?, (23)
IVh||a)y < Cs||Ah|lq Yh € H*(Q) N HY(Q),

IVl < CollAviia Vv € H*(9)* 1 Hy (2)°, (24)
Ihll La) < Ballhll2o Yh € H?(%),
VIl pagys < Ballvllaq Vv € H*(Q)?, 1<d < oo. (25)
3nech U HUXKE CN’i, 1 =1,2,... — IOJOXKUTEJIbHbIe KOHCTAHTHI, 3aBUCSIIE OT

Q, Bgu Bd — TOJIOXKUTETbHBIE KOHCTAHTHI, 3aBHucamne oT ) u d.
ITycTh BBIOJIHSIIOTCS YCJIOBHS:
(H.3.1) Q — orpanmvennas obiacTh B mpocTpancTse R? ¢ rpammmeit
I'eC?
(H.3.2) dbyuxmmm v u A m3 k1acca C, npmdem

Vmin < V(S) < Vmax; Vrlnin < l//(s) < Vrlnax7

Amin < A(S) < Amax; . < )\/(5) < Al Vs € R,

min max
) / / Ao\ / N - .
A€ Vmin, Vmax; Vmim Vmax N Amin;, A\max; min’ “‘max IIOJIOZKUTEC/IbHBIC 9UCJIaA;
(H.3.3) 6yaem npeamnosarars, uro yeaosue (H.2.3) seimonasiercs npu d > 2

(Bmecto d > 3/2) m cupaBeIMBa OIEHKA:
k(@ Mpa) < CrllAelly Vo € Hg(R2), d > 2, r >0,

rae Cp — MOJOXKUTETbHAS KOHCTAHTA, 3aBUCAIIAA OT (DYHKITHHU K, TapaMerpa
du

(H.3.4) f € L?(Q)3, f € L*(Q), b= BG € L*(Q)3.

Kaxk u B [9], 6ynem ucnosszosarh oneparop Crokca A, peficTBYONMH 110
dopmye:

A = —Pp A :Dom(A) C L*(Q)3 — L*(Q)3,

rie P, — npoextop Jlepe, Dom(A) = V N H?(Q)? — o6nacts omepaTopa A.

XopoITo W3BECTHO, 9TO A1 1060l dyrkmun u € H2(Q)3NV crpaseniuso
cyentyroree pasaoxenue (cM. [39]):

— Au=Au+ Vg (26)
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Baecy byuxius ¢ € HY(Q) oxnosnauno oupejensercs no byHKImE U, I
clpaBeyIuBbl cjiedyomue onesku [39]:

lalle < CrllAullg, [[Aulle < (C7 + 1)[[Auflo. (27)

Cupasejyiusa Texuuyeckas jgemma (em. [27], [20]).

Jlemma 3.1. ITycmo evnoangemea yeaosue (H.3.1), (H.3.2), b € L?(Q)3,
ko € LUN), d > 2, q — dynxyus,ceasannas ¢ u gopmyaot (26). Tozda
CNPasedAuBHL CACOYIOULUE HEPAGEHCTNEA:

(V' ()Ve Vv, Aw)| < BivpullAcla Av]a| Aw|g,
|(bh, Aw)| < Bs|[blla||Ah]lal|Aw|q

Ve,h € HX(Q) N HY(Q), w,v e H*(Q)> N HL(Q)?, (28)
[(w - V)v, Au)| < B3]| Aw|[o||Av]|q||Aullq
Vw,v,u € H*(Q)3 N H(Q)3, (29)

max

(N (e)Ve - Vh, An)| < NyaxBall Aclal| ARl An]lq,
|(Koh, An)|

< Bs|koll ey | Abllal|Anlle Ve, hyn € H? () N Hy(Q),  (30)
(s - Vh, An)| < B[|As||a[|Ah[[efAnllo

Vs € H2(Q) N HY(Q)3, h,n € H*(Q) N HE(Q), (31)
() Vg, Au)| < vy Brl|lAcllof Aulld
Ve e HX Q)N HY(Q), ue HX Q)3 NV, (32)

3decv Ve Vv obosnanaem 6exmoproe noae, i-aa KOMNOHEHMA KOMOPO2O
onpedeasemca no gopmyse: [VeVv); =Ve- Vv, 1 =1,2,3,a b5, 7 =1,2,...
— noaoscumeEsvHYE Konemanmot, dasuciwue om 0 uau om Q u d.

Ounpepesienune 3.1. CuibHbIM perienueM 3ajadu 1 HA30BEM TPOIKY
(w,),p) € X5 x (HY(Q) N LE(R)), yaosmersopsiomyto (1), (2) m.B. B Q.

Cupasennusa ciegyromnias Teopema (cum. [20]).

Teopema 3.1. I[Tycmo swnoanaromes yceaosusa (H.3.1)-(H.3.4) u ycaosua
MAAOCTU

2B3(262(|blla(1/Amin) 1 f o+ (1/Vmin) [ £ll2) +20ma (B1+57) (1/ Ain) | fllo < Vimin/2,
2066(2(B2/Vminlblle) (1/Amin) | fllo + (1/vmin) [If]|0)+
+ 22X hax B4 (1/ Amin) | flle + BsCk (2/Amin) "1 f 1 < Amin/2, 7 >0.  (33)

Tozda cywecmeyem cuavnoe pewenve ((u,p),p) € Xs x (HY(Q) N L3(Q))
sadawu 1 makoe, wmo

—div(v(p)Vu)+ (u-V)u+Vp=~f+ by, divu=0n.s. 6, (34)
—div(A(@)Ve) +u-Ve+Ek(p,)o=f ne. 6Q (35)
U CNPABEdAUBHL ANPUOPHIE OUEHKU:
lull2. < My = 2(1/vnin) Ca(Cr + 1)[282(1/Amin) [Bll2 | fl2 + [Ell0], (36)
lellze < Mg = (2/Amin) ol flo, (37)
Iplle < My = My + B2M|blle + vinaxCs My + Bs(My)*+
+ BoViax MOM + ||f[lq, Bs = BaC3Cs, Bo = CoC3C5Cs.  (38)
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B0ect wonemanmo, Ci, k = 2,3, ..., 7, onpedeaenn, 6 (23), (24), (27) u (32),
ede xoncmanma M, onpedenena 6 (20), Bi, i = 1,...,7, — Koncmanmot u3
aemmo, 3.1 u (32), Koncmanma By esedena 6 (25).

B zaxiodenne qoKakeM €IMHCTBEHHOCTD “MaJjIoro” [0 COOTBETCTBY IOIIMM
HOpMaM cj1aboro pemennus (U, ¢, p) 3aga4du 1, KOMIIOHEHTa  KOTOPOro obJia-
JlaeT JOTOMHATENbHOM TTagkocThio: Ap € L2(Q).

HYCTL BBITIOJITHAETCA YCJTOBI/Ie:

(H.3.5) dyuxmum v, A u N aBIAIOTCS HENPEPBIBHBIMK 110 JIWIIIIUILY TaK,
9TO CYIECTBYIO TOJOKUATEIbHBIE KOHCTAHTHI Ly, Ly u L/A? C KOTOPBIMU CITpa-
BeJINBBI HEPaBEHCTBA!

lv(s1) —v(s2)| < Ly|si — sa,

IA(s1) — A(s2)| < Ly|s1 — s2f, |N(s1) = N(s2)| < L\|s1 — s2| Vs1,52 € R.

CrpasennuBa ciaeayromnast Teopema (eum. [20]).

Teopema 3.2. Ilycmov swnoanaromea ycaosua (H.3.1)-(H.3.4) u (H.3.5).
Toz0a cywecmeyem markoe (manoe) noaosrcumenvroe wucao € > 0, wmo ecau
cyweemeyem caaboe pewenue (u,p,p) € V x (H2(Q) N HE(Q)) x LE(Q)
3adauu, YoosAEMEOPAIOULEE HEPABEHCMEY

2,0 <€,

[uflLe + [lel

mo oHo eOUHCMEEHHO.

4 3agava ONTUMAJBHOTO YIIPaBJEHUS

B mannoM pasjelie pacCMOTPUM 3aady PaclpeeeHHOr0 yIpaBIeHus Ha
cnabbIX pelenusx 3ajadd 1, poab yrnpasjeHus B KOTOpPOH Urpaer (byHK-
nust f. Byjgem cauTaTh, 4TO yrnpasjieHue [ MOXKET U3MEHSITHCS B HEKOTOPOM
mHO)KecTBe K 1 mookuM x = (u, ¢, p).

Beesiem dynkimonansaoe npocrpancteo X = X x L3(Q) u omneparop
F=(F,F): X x K — X* no dopmyie

(Fi(x,u), (v, h)) = ((9) Vi, VV)+(A(9) Vip, V) +((wV)u, v)— (p, div v) +
+(k(907 ')807 h) + (u ' V§07 h) - <f,V> - (f> h) - (b%V) V(V7 h) €X
(Fy(x,u),s) = —(divu,s) Vs e L*(Q) (39)

u nepenmmrem crabyro dopmyaupoeky 3agaun 1 8 Buge F(x, f) = 0.
PaccMOTpuM CJIEAYIONLYIO 3319y YIPABICHAS

I, f) = 22060 + BHIFIR — min, Fx, f) =0, (x,f) € X x K, (40)
rine I: X — R — ciabo moiyHenpepobIBHbIN CHU3Y (PYHKITUOHAT.
Yepes
Zaa = {(x,f) € X x K : F(x,f)=0u J(x, f) < oo}

0603HAYNM MHOXKECTBO JOMYCTUMBIX map i 3agadn (40) u mycTh BBITOJ-
HSAIOTCS CIIE/YIONINE YCIOBHA:
(H.4.1) K C L*(Q) — HemycToe BLITYKI0e 3aMKHYTOE MHOKECTBO;
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(H.4.2) po > 0, p1 > 0 u muokecTBo K orpanuueno wim p; > 0,1 =0, 1,
u dbyakimonas | orpaHuvieH CHu3y.

Bynem ncnomn3oBaTh caeaytomme (hyHKITUOHANBI KAIeCTBA!

Lie) = e =13, I2(0) =l — ¢l

L(w) = [lu—u? g, Li(u)=[rotu— (G, L) =lp—pl5-  (41)
Baecs ¢ € L*(Q) (mm ¢* € H'(Q)), u? € H(Q)*, ¢* € L*(Q)° nup €
L?(Q) — dbynknum, 3aganmble B nogobracta Q C €.

CupasennuBa ciaeayromnas Teopema (eum. [20]).

Teopema 4.1. [Iycmob swnoansomea ycaosua (H.2.1)—(H.2.4) u (H.4.1),
(H.4.2) u nyems I : X — R — caabo noaynenpepuienvili cHusy Pynrkuyuonan
u Mnooicecmeo Zyq ne nycmo. Tozda sadaua (40) umeem, no xpatined mepe,
odno pewenue (X, f) € X x K.

5 BpeiBoa cucTeMbl ONITHIMAJIBHOCTU

B stoMm paznesie Mbl BRIBEIEM CUCTEMY ONTUMAJIBHOCTHU J/Id 33240 YIIPaB-
nenng (40) Ha CHIBHBIX PEIeHUsX 3a7adu 1 IpU KOHKPETHBIX K0o3dbdurm-
€HTaX BSI3KOCTH, AUGDy3Un U PeaKkIiuu:

1
t)=At)=——5+1, k(t)=t*, teR.
W) = M0) = Ty 1, k) = 1
Yepes v/(t) u N (t) o6o3naunm nepesie npoussoanble dbyuxnnii v(t) u A(t),

t € R. Acwo, gTo
—2t

(1+12)%
[V (0)] € Vor 1 IN(0)] S Ny 8. B Q Voo € HY(Q), Vo = Moo = 1.

max max max

V() = N(t) =

Paccmorpum mpomssognyo ®@pere ot onepatopa F' @ X X K — Y
X* 1Mo cocTogHUI0 X B TOYKe JIOKAJIHHOrO MUHUMyMa (X, f) = (a,o,p, f
sagaan (40). TIpu yenosuit (H.3.1), (H.3.4) B cuity meopuu S/uIunTH4ecKoii
perynsprocTH mveem, ato 0 € H2(Q)3 N HY(Q)3, ¢ € HX(Q) N HY(Q) =
p € HYQ)NLE(Q). Yrazannas Tpou3Bo/Has eCTh TUHEHHbIH HelpephIBHBIIT
orepaTop

dll

¢ ~—

FL% f): X =Y = X%,
crapammii Kaxgomy siementy (w,h,r) € X smement FL(X, f)(w,h,r) =
(U1,92) €Y.
Brech §1 € X* = H1(Q)? x H Q) n g2 € LE(Q) onpenenstorcs 1o
Tpoiikam (0, 9, p) u (W, T,r) U3 CJAeLYIONMX COOTHOIIEHUIT:
(91, (v, 7)) = (V(9)TVR, VV) + (v(¢) VW, V) + (X' (§)7VS, Vh)+
(w-V¢,h)+(a-V7,h)—(divv,r)—(br,v) V(v,7) € X = H&(Q)3 X H&(Q),
(Jo,7) = —(divw,r) Vr € L3(Q). (42)

Yepes FL(%, f)* : Y* — X* 06o3HaunM onepaTop, conpsizKeHHsii k FL (X, f).
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B coorBercrBun ¢ 0bimieit Teopueit ry1aIKO-BhITYK/IbIX 9KCTPEMAJIbHBIX 3a-
nad [42], BBesem suement y* = ((£,0),0) € Y™, Ha koTopbIii OyjeM cCbliarb-
¢, KaK Ha COTps?KeHHOe cocTosiHue u BBegeM Jlarpamxuan L @ X X K X R x
Y* — R mo dhopmyite

‘C(Xv f> )‘07 y*) = )\OJ(Xa f) + <y*7 F(Xv f)>Y*><Y = )\OJ(X7 f)+

+ (F1(x, 1), (§,0)) xoxx + (Fa(x, f), s). (43)

CrnpasennuBa ClIeayIomas Teopema.

Teopema 5.1. [Tycmo swnoanaromes ycaosus (H.3.1), (H.3.4) u (H.A4.1),
(H.4.2) uv(p) = Ap) = 1/(14+¢2) +1, k(@) = 92 u snemenm (0, @, p, f) €
XN (HY Q) NLE(Q)) x K — mouka aokarvrozo munumyma 6 sadaue (40).
Hycmo max orce gynxyuonan xavecmea I : X — R nenpepusno dudgepen-
yupyem no DPpewe No cOCMOAHUI X 6 MouKe X.

Tozda:

1) cywecmsyem nenyaesoli muoocumens Jlazpanoica

()\O,y*) = ()‘0757070-) € R+ X Y*a
¢ KomopuMm cnpacedauso ypasHenue iaepa—lazpansica
FL(%, f)'y" = =MJiu(%, f) 6 X7,
IKBUBAAEHIMHOE COOMHOUEHUAM
(V' (9)TV, VE) + (1(@)Vw, VE) + (N (9)7V$, V) + (@) VT, V) +
+((0- V)W, &) + (w- V)&, &) + 3(¢°T,0)—
—(divw,0) + (w-V@,0)+ (a-Vr1,0) — (br,§) =
= —Xo(p0/2) (IL(%), W) + (I,(%),7)) V(w,T) € X = Hy(Q)* x Hy(Q),

(

(div €, r) = Ao(uo/2)(Ty(%X),7) ¥r € L§(2) (45)
U CNPAGEOAUS NPUHUUT MUHUMYMA

L&, f,20,¥%) < LK, [ ho,y") VS e K
IKEUBANEHMHBIT HEPAGEHCTEY

Aoul(faf_f)_(f_fae)zovaK (46)

2) Ecau, % momy otce, 8unoIHAOMCA YCAOBUA:
Yellalle + (1/2)72([8ll,0 + (1/2)Bolblle + (1/2)Bol|bll+
+(1/2)V0axCaC3C [l 2,0 < v,
MuaxCaC1C5 (1 2ll2.0 + (1/22[1¢ 1,0 + (1/2)80 + (1/2)Bol|blla+
+ (1/2)v3axC1C3Cs |20 < As, (47)

mo Hempusuasvbrbil mrosxcumens Jlazpanoca (N, y™), ydosaemsoparousud
(44)—(46), asasemca pezysapnvim, m.e. umeem eud (1,y*) u onpedeasemcas

eduncmeennvim obpazom no nape (X, f).
Jloka3aTeJabCcTBO.
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Cornacho [42, . 2|, juist JjoKa3aTenbCrBa CyIECTBOBAHUST MHOKUTEIIs!
Jarpamxa (Ao, y*) pocraroano mokasars, uro FL(X, f) : X — YV = X* -
®pearoasmor onepatop. B cumy (42), omeparop Fi (X, f) : X — Y MoxHO
PeJCTaBUTh B BUJIE

Fl=3d+d=(D,d;) + (91,0).
3recn
Oy(x) =divw, Vx = (w,7,1r) € X,

a omeparopsl &1 n &1 : X — Y onpegensorcs mo dopmymam
(P1(w,T,7),(V,h)) = (@) VW, VV) + (A(@)VT,Vh) + ((0- V)w,v)+
+3(¢%*1, h) + (0- V7, h) — (divv,r) — (br,v) V(v,h) € X,
(@1(w,7,7), (v,h)) = (V' (§)TVa, Vv) + (N ($)TV, Vh)+

+ ((w-V)a,v) + (w-V¢,h) V(v,h) € X. (48)
[Tokaxewm, uro omeparop ¢ = (P1,P2) : X — Y — uzomopdusm. s

9TOrO CJIEMlyeT J0Ka3aTh, 9To Jyist jiro6oil napel (F, s) € Y cymecrsyer enuH-
CTBeHHOe perenne (W, 7,7) € X JTUHEHHON 3a1axu

V(@)VW,Vv) + (A(@)VT, Vh) + (- V)W, V) + 3(¢*1, h)+
+ (4-Vr,h) — (divv,r) — (br,v) = (F,(v,h)) V(v,h) € X, (49)
divw =s B Q. (50)

Hecnoxuo nokazars, aro 3amaqa (49), (50) sksusanenTHa 3amaqe

(v(@)Vw,Vv)+ (- V)w,v) — (divv,r) — (br,v) =
= (f,v) 10 Vv e H}Q)?, divw = s B Q, (51)
(M@)VT, Vh) 4 3(¢*7, h) + (- V71, h) = (f,h) Yh € H}(Q), (52)
rne (F, (v, h))x+xx = (£,v) + (f, h).

Yepes V1 0603Ha4HIM OpPTOrOHATBHOE JOTOJHEHNE K TPOCTPAHCTBY V OT-
HOCHTENIBHO cKasgpHoro npoussesenus (V-, V-)q. [lockombky s € LE(Q2), To
cymiecTByer eauHcTBeHHAad bynkuug wi € VL (cm. [40]), Taxag uro

divwi; =s B Qu [wi|i1,0 < B*IHSHQ,

rie KoHcTaHTa [ onpenesena B (10).
Paccmorpum cyzxenne (51) Ha mpocrpancTso V:
(v(@)VW,Vv) + ((0- V)w,v) — (br,v) = (f,v) VW eV, divw = s B Q.
(53)
Oyuknuio w 6ymeM HCKaTh B BHIE CYMMBL: W = Wi + W, rme w € V —
HensBecTHas dbynkius. [loncrapusigs w = wi + w B (53), mosydanm

(v(@) VW, Vv) + ((0-V)w,v) — (br,v) =
=(f,v) — (v(¢)Vw,Vv) — ((0- V)wy,v) Vv e V. (54)
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13 reopembr Jlakca—Muabrpama u jgemmbl 2.1 BbITEKAET CYIECTBOBAHUE
eauncTBeRHOrO pemenns T € HE(Q) sapaun (52), 15 koToporo cipaseyiu-
Ba OIEHKA!

ITllLe < Gl fll-1e (55)

a Tak xe (mpu mobom dukcnposarrom T € H}(2)) cymecrsyer emmHCTReH-
Hoe pemenne W € V 3agaqu (54). 13 (54) ¢ ucnonbzosanuem (55) noayuaem
CJIETYIONILYIO OIEHKY sl W:

IWlhe < Ma = v ([El-1,0 + BoCull fll-1,0 + 87 (Vmax + 11 Mu)lls]0)-

Torga dyHknuss W = W+W1 siBagercst permenuem 3aia4u (53), st KOTOporo
clipaBejlIuBa OLEeHKa:

w0 < Mw = Mg + 57"|s]|- (56)

Paccyxmas, kak B [41], 3akmrouaem, uto Tpoiika (w,7,7) € X gBisercs
pemernem 3a1a4u (49), (50). ITo aranornm ¢ (20), u3 (51) ¢ ucnosb3oBannEM
(55) m (56), BEIBOIMM OTIEHKY IS ||7]|q:

Irlle < B (Mmax + 91 Mu) My + B (BoCull fll-1,0 + [El-1.0).  (57)

Ilyers (wyq,71,71) 1 (We,T2,72) — aBa perrenns 3agadn (49), (50). To-
[fa Pa3sHOCTH W = W] — W, T = T| — T2 U I = T'| — T yJOBJIETBOPSIOT
COOTHOIMIEHUAM

W(@)VW, Vv) + (A(@)VT, Vh) + (- V)w,v) + 3(¢*h, T)+
+ (a-Vr,h)—(divv,r) — (br,v) =0 V(v,h) € X, (58)
divw =0 B (. (59)
Ilonaras v =0u h =7 B (58), IPUXOIUM K COOTHOIIEHHIO
(A(@)VT, V7) +3(¢%7,7) =0,

u3 koroporo B cuiy (14) Beirekaer, uro 7 = 0 wim 71 = 12 B .

C yuerom 3T0TO0, MOACTaBAAsS V =W B (H8), aHAJOTHIHO TOy9IaeM, 9TO
w1 = wy B Q. Torga uz (58) u (10) caenyer, aro 1 = ro B Q. B Takom
cayaae, oneparop @ : X — Y — ciopbexktusen u obparum. Torga mo Teopeme
banaxa on apagerca m3omopduzMoMm.

[okazkem, 4T0 omepaTop ® = (&31,0) : X — Y, onpenenenmniii hopmy-
qoit (48), aBisiercss HENPEPBIBHBIM M KOMIAKTHBIM. [[OCKOJIBKY MPOCTpaH-
ctBo H'({)) HermpepwbiBHO M KOMTIAKTHO BKIagbBaerca B LP(Q), tie p < 6,
(amasoruano /1 BeKTOPHBIX TpocTparcTs: H(Q)3 C LP(2)3), To yrazan-
HBII (DAKT BBITEKAET U3 CJEIYIONUX OINEHOK:

((@)7V, V)| < v 17l 4@ V8 L1 (02 1V V] 2205,
((N(@)7V @, V)| < NpaelI7ll 3@ IV &1l L1 () VAl L2 02
(W - V@, h)| < 7llwllpaoll¢lhellh

1,9,

[(w- V)i, v)| < AWl @y lallsellviie.



AHAJIN3 CBOMCTB PEIIEHUN 3AJTAY VIIPABJIEHUS 137

B rakom ciyugae, omeparop Fi(x, f) : X — Y — ®@pearoabmos, kak cymMMa
mzomopdpusma ¢ : X — Y u HempephIBHOIO KOMIIAKTHOTO OIEPATOPA d -
X =Y.

s moKazaTes bCTBA BTOPOTO YTBEPKAEHUS TEOPEMBI 9.1 mocTaTowIHo TI0-
Ka3aTh, 9TO ofHOpoAHas cucrema (44), (45) (mpu Ao = 0) uMmeer TOIBKO TpU-
BrasibHoe pererne y* = (£,0,0) = 0. TIpeamnonokumM MPOTUBHOE, T.€., 94TO
CYIIECTBYET MO KpaifHeil Mepe 0/1HO HeTpUBHAILHOE perenne y* = (£,0,0) €

N

Y* cucremsr (44), (45) mpu Ao = 0, rie smements! X = (4, $, p) u f cBA3aHBI

A

coornommenneM F(X, f) = 0.
Hopcrapnasas 7 =0, w = {ur = o B (44), (45), IPUXOTUM K COOTHOIIEHUIO:

(w(@)VE,VE) + ((€- V), §) = —(£- Ve, 0),
13 KOTOPOI'0 I0JIy4aeM HepaBeHCTBO:
vll€lF o < vellaliellEliq + (1/2)wlelha €l o + 16

[onarag w =0 u 7 = 6 B (44), moayINM

(M@)VO, V) + (N () OV, VO) + (V' () 0V, VE) + 3(5%0,0) <

i) (60)

< BolbllallfflelEle- (61)
U3 (61) ¢ yaerom (4), (23), BeIBOAEM
AllOlF o < MaaxCaCiCs| @2 1011F o+

+(1/2)V}axC1C3Cs [l 2,0 (10113 o + I€1IT o)+

+(1/2)Bolblla(I91IF o + €)% 0)- (62)
Cxkaagpisag (60) u (62), npuxo UM K HEPABEHCTBY

villélli o+ AlOlF o <

< (ellflie + (1/2)l¢l,0 + (1/2)Bolblla + (1/2)15axCaCaCsl[all2,0) 1€]1F o+
+(NpaxCaCiCs [ 22,0 + (1/2)72l¢ 1.0 + (1/2)Bolbllo+

+ (120 CiCCil[l.2) 611 o (63)

13 (63) BhITEKAET, 9TO eC/1u BhIIONHAIOTCA yeaoBust (47), 10 0 =0u & =0

8. B {).
Toraa (44) nupuaumaer cieayromuii Bu:

(divw,o) =0 Yw € Hi(Q)3.

Torna n3 (10) BeiTekaer, aTo 0 = 0 B Q.

[Tocreapee TPOTUBOPEYHAT TIPEANOIOKEHUIO O HETPUBUAILHOCTH MHOYKH-
resst Jlarpamka (£,6,0) € Y*. EAMHCTBEHHOCTD PEryJISIPHOIO MHOYKHUTEJIST
Jlarpanzxka (1,y*) mpu einosaerun ycyiopuit (47) Berrekaer u3 Opearosib-
MoBocTH oreparopa FL(X, f): X - Y. m

Cremyromas TeopeMa BLITEKAET U3 TEOPeMbI 3.1 1 T0Ka3aTeIbCTBA TPeIbl-
AyIIeil TeopeMbl.

Teopema 5.2. [lycmo swnoanaromea yceaosus (H.3.1), (H.3.4) u (H.4.1),
(H.4.2) uv(p) = M) = 1/(1+9?) +1, k(p) = p2, yerosua (33) u snemenm
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(4,9, p, f) € Xs N (HYQ) N L3(Q)) X K — mowka A0Ka1H020 MUHUMYMG 6
sadaue (40), npuvwem dan mpotixu (0, H,p) cnpagedausvi ouenku (36)-(38).
Hycmo max orce pynryuonan xavecmea I : X — R uenpepusno dudpepen-
yupyem no Ppewe no cocmoanuto x 6 mouxe X. Tozda:

1) cywecmeyem nenyaesoti muoocumenn Jlazpanoica

(Mo, ¥") = (X0,&,0,0) e RT x Y7,
¢ Komopvm cnpacediuco ypashenue taepa—/lazpanoica
FL(%, [)'y" = —NoJL(%, f) 6 X7,

IKBUBAAERMHOE COOMHOweEnUAM (44), (45) u cnpasedaus npunyun muru-
MYMG

Lx, f,0,y") < L(X, f, 0, ¥") VfeEK

axsuBaseHMHBIT Hepasencmey (40).
2) Ecau, & momy otce, GuNOARAIOMCA YCAOBUA:

2 Ma + (1/2)72 My + (1/2)Bo[|blla + (1/2)1,0x CaCsCe My < v,

Agnaxc4élé5Mg +(1/2)ya M, + (1/2) Bo + (1/2)1)ax CaC3C6 MY < A, (64)

Mo HEMPUBUAALHYIT MmHootcumens Jlazparoca (Ng,y™), ydosaemeoparousud
(44)—(46), asaremea pezysapuvim, m.e. umeem eud (1,y*) u onpedeasemcs
eduncmeennbim 06pazom no nape (X, f)

3ameuanue 5.1. HectoxkHO 3aMeTUTDH, YTO JIOKAJIbHAS PETYJISIPHOCTD CH-
CTEMBI ONTUMATHLHOCTH B TeopeMe 5.2 HOCUT YCJIOBHBII XapaKkTep, B OTIHINE,
HATPUMED, OT AHAJIOTUIHOrO pe3yabraTa [17], moayueHHOro Ha CabbIX perre-
HUSIX COOTBETCTBYIONIEH KpaeBoi 3a1adn. JIpyruMu cJIoBaMu, TIPH BBITOTHE-
HUW yCJIOBWIt Teopembl 3.1 cyrmecTyer perenne (4, @, P, f) € XN(HY Q)N
L3(Q)) x K zamaun ynpasmenns (40), B xoropom ayis coctosmus (1, @, p)
cipaBeayueel onenku (36)—(38). Eciu mpu 3TOM MCXONHBIE JaHHBIE 3a1a9K
(40) ynosnersopstor yciaopusiv Manoctu (33) u (64), To gsist Takoil ToUKM
MuHUMYyMa 3a7a49u (40) cucreMa ONTUMATBLHOCTH SABIAETCS PErYIsPHOI, T.e.
MBI MOYKEM CYUTATh, 9TO Ao = 1.

Bameuanue 5.2. Cymecrsosanue pemenns (i, ¢, p, f) € X, N (H'(Q) N
L:(Q)) x K szanaun ynpasienus (40) Upu BLITOTHEHAN yCJIOBHiI TEOPEMBI
3.1, B KoTOpoM it cocrosiHus (U, ¢, p) cnpaseymBel oneHkn (36)—(38), mo-
Ka3BIBAETCSI 110 TOH JKe cxeMe, uT0 1 Teopema 4.1 (em. [20]).

B sakmouenre 0TMETHM, YTO BBIBOJ CHCTEMBI ONTHMAJIbHOCTH BO3MOXKEH
u Ha caabbix pemenusx (u, p,p) € HE(Q)3 x HL(Q) x L3(Q) zanauu 1, qna
koTophix Vu € L*(Q)? u Vi € L*(Q)3, xak 370 BEAHO W3 J0Ka3aTeqbCTBA
Teopembl 5.1. OpHako paboTa ¢ PEryasapHBbIM pelleHneM 3ajadu 1, cyiie-
CTBOBaHME KOTOPOTO BBITEKAET U3 NPUHIIUIA SJLIHITHIECKOR PeryaspHOCTH
HOCHT M€Hee YCJIOBHBIH XapakTep.
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6 PeseiiHOCTh OITUMAJIBLHOIO YIPABJIEHUS

B nannom pazjienie ycraHaBJWBaeTCs JONOJHUTEILHOE CBOWCTBO OITH-
MaJIBHOTO YIPAaBJIEHUS I CAeAYIOMell 9KCTpeMaIbHON 33 atu:

J(p) = (1/2)I(p) — inf, F(x,f) =0, (x,f) € ¥ x K, (65)

rae F(x, f) = 0 — omeparopHast 3amuch c1aboii (hopMyIupoBKu 3agaqn 1.
IIycrs Bmecto (H.4.1), (H.4.2) BeimosHsIeTcs 6ostee JKeCTKOe yCIOBHeE:
(H61) Jmin < f < fuax 0B, B Q 11a Beex f € K, rae fumin B fmax —

HOJIOXKUATETbHBIE YHCTA.
fcno, aro yemosue (H.6.1) 3amaer gacTHbIi cirydail BRITYKJIOTO, OTDAH-

YEHHOTO W 3aMKHYTOr0 MHOYKecTBa, BBesgennoro B (H.4.1).

IToKazKeM, 9T0 ONTHMAIbHOE yipastenne f(xX) sagadi (65) o6mamaer cBoii-
CTBOM peJIETHOCTH WK JIJIs HETO CIIPaBEIJINB IPUHIUIT bang—bang, coryiacHo
KOTOPOMY HCIIOJIb3yeMOe yIpaBjieHne TPUHUMAET OJHO M3 JBYX 3HAYEHWUIl:
fmin WA fiax, B 3aBUCHMOCTH OT 3HaKa QyHKIUU 0(X), UMEROIEil CMBICIT
COTIPSZKEHHO} KOHIIEHTpanuu (CM. pa3/I. 5) B Touke X € ().

[punrun MuaEMyMa JJTst 331290 (65) IPUHUMAET CJIeIYOIINi BUI:

(f = f.0) <0 VfeK. (66)

Hecnoxkno mokazarh, paccykaasg METOJOM OT MPOTHBHOTO, 9TO MPH BbI-
nonaernu ycaosust (H.6.1) mepasencTtBo (66) SKBUBAJIEHTHO CJIEyIOIIEMY
HEPABEHCTRY:

(f—f)0<0me. BQ VfeEK. (67)

N3 (67) BoiTekaer, uro ecam 6 < 0 m.B. B Dy, TO f = fmin M.B. B D1 m
f: fmax m.B. B Do eciizn 0 > 0 .B. B Ds.

Jpyrumu cioBamu, onTuMaabHoe ynpasienue f(x) samaum (65) moxer
IPUHUMATH, B 3aBUCUMOCTH OT 3HaKa MHoxkuress Jlarpawnxka 0(X), TOIbKO
MaKCUMATbHOE U MUHUMAJIBHOE 3HAUYEHUE friax U fmin-

B Takom ciiyuae roBopsT, 9TO ONTUMATLHOE yIIpaBJeHue f yIOBIETBOPAET
ceoticmey peaeliHocmu, WHAYe, JJIs 9TOTO YIIPABIEHUS CIPABEIINB NPUHUUN
bang-bang. TlockonbKy Takoe moBejeHNe ONTUMAIBHOIO YIIPABJIEHNUS] NHTEPD-
OPETUPYIOT KAK MEePEKJIIUEHNE MEXKJY ABYMS COCTOSTHUSIMU (DPETefiHOCTS)
WM CKAYKK M3 OJIHOTO cocTostHus B apyroe (bang-bang).

Ecin He yaaercs MCKAKYUTH CUTYyaui0, Koraa § = 0 Ha HEKOTOPOM OJI-
muozkecrse Dy C € 10102KUTEIbHON MEPbl, KOTOPad LPUBOIUT K HEOLIPEe-
JIEHHOCTH, B PaMKaxX KOTOPOil ympapjieHue f Ha yKa3aHHOM MOAMHOMXKECTBE
MOKET KaK MepeCKOYUTE U3 OJHOTO MPAHIIHOrO 3HAYEHUSI B IPYToe, TaK U HE
COBepIIATH TaKoil cKadIoK (cM. (67)), TOrIa CBOWCTBO PETEHHOCTH HABBIBAIOT
HECPO2UM.

Sameuanue 6.2. B pabore [43| ycranosien crporuii mpuHnun bang—bang
JUIST MYJTBTUILIHKATABHOTO YIIPABIEHUs B 3KCTPEMAIbLHON 3aa4e JJis HeJTu-
HeltHO# Momenn peakimu—auddys3un (6e3 KouBekiun). Panee aHATOTHIHBIIH
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pesyibrar 6bu1 noaydex B [44]. B nurupyembix paborax orcyTerBHE KOH-
BEKIIUU 1103BOJIUJIO LIPUMEHUTH CBOHCTBA €JJMHCTBEHHOCTH 1IPOJI0JI2KEH U 115t
JITUIITHIECKUX ypaBHeHnit (eM. [45]).

7 3akiaroueHne

XopoTIo u3BeCTHO, CUCTEMA ONTUMAJIBLHOCTH UTPAET BAXKHYIO POJIb [IPU KC-
C/IeTOBAHUM CBOMCTB ONTHMAJIbHBIX permenuii. B ganmoit pabore Ha OCHOBE
ee aHaJaIn3a yCTaHOBJICHO CBOMCTBO PEJIEHOCTH pacCIpeieIeHHOrO yIpaBJie-
Hug. B mocnemyromnmx paborax aBTOPOB C UCIOJIB30BAHUEM [TAHHON CHCTEMBbI
Oyzer m0Ka3aHa eIUHCTBEHHOCTH MAJIOTO [0 HOPME ONTUMAIBLHOTO PEITCHUST
Ha, CWJIBHBIX PEITeHnsx 3aa9m 1.
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