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Abstract: The spectrum of a finite group is the set of orders of
its elements. We are concerned with finite groups having the same
spectrum as a direct product of nonabelian simple groups with
abelian Sylow 2-subgroups. For every positive integer k, we find
k nonabelian simple groups with abelian Sylow 2-subgroups such
that their direct product is uniquely determined by its spectrum
in the class of all finite groups. On the other hand, we prove that
there are infinitely many finite groups having the same spectrum
as the direct cube of the small Ree group 2Gz(q), ¢ > 3, or the
direct fourth power of the sporadic group Ji.

Keywords: simple group, recognition by spectrum, small Ree
group, sporadic Janko group.

Introduction

Given a finite group G, the spectrum w(G) is the set of the orders of
elements of G. A group H is isospectral to G if w(H) = w(G). We say that G is
recognizable (by spectrum) if every finite group isospectral to G is isomorphic
to G, almost recognizable if there are finitely many pairwise nonisomorphic
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finite groups isospectral to G, and unrecognizable if there are infinitely many
such groups. Determining whether G is recognizable, or almost recognizable,
or unrecognizable, or, more generally, describing groups isospectral to G, is
known as the recognition of G by spectrum. The problem of recognition by
spectrum has become quite popular in recent decades, see the state of the
art in the recent survey [5].

By the celebrated theorem of V. D. Mazurov and W. Shi in [9], a finite
group G is unrecognizable if and only if G is isospectral to a group having
a nontrivial normal abelian subgroup. In particular, every group with non-
trivial solvable radical is unrecognizable, and so the recognition problem is
of interest only for groups having the following structure:

L1XLQX"‘XLk:SOC(G)ﬁGSAut(LlXLQX'”XLk) (1)

for some nonabelian simple groups L;, 1 < i < k. Here, as usual, the socle
Soc(@) is the subgroup generated by all minimal normal subgroups of G.

In the present paper, continuing investigations of |2, 8], we consider the
problem of recognition by spectrum for finite groups with abelian Sylow
2-subgroups. These groups were described by J. H. Walter in [12]. In particu-
lar, if such a group G satisfies (1), then |G : Soc(G)| is odd and every L;
is either a 2-dimensional linear group Lo(q) = PSLa(q), or a small Ree
group 2Ga(q), or the sporadic Janko group J;. Observe that there are further
restrictions on ¢ for La(q), see Lemma 1.3 below. Also recall that the group
2G5(q) is defined only for ¢ = 3%, a odd, and simple exactly when g > 3.

It is known that a recognizable group can have arbitrarily many nonabelian
composition factors |5, Theorem 4.6]. More surprisingly, such a group can
have arbitrarily many pairwise isomorphic nonabelian composition factors
[13]. So the first question we address here is how many nonabelian composition
factors a recognizable group with abelian Sylow 2-subgroups can have, and
the answer is ‘arbitrarily many’.

Theorem 1. There is an infinite increasing sequence of odd primes p;,i € N,
such that for every k € N and

k

P =[]?G2(3"),

i=1
the equality w(G) = w(Py) yields G ~ Py.

Despite its ‘positivity’, Theorem 1 shows that it is quite hard to expect the
solution of the recognition problem for all finite groups with abelian Sylow
2-subgroups (cf. [8, Problem 1.4]). It seems that the reasonable goal here is
to solve this problem for the direct powers of simple groups.

Suppose that L is a nonabelian simple group with abelian Sylow 2-sub-
groups. The group L itself is always recognizable [2]. The group L x L is
recognizable if and only if L is either 2G2(q) or Ji [8]. In fact, La(q) x L2(q)
is unrecognizable for all ¢, regardless of whether Sylow 2-subgroups of Ly(q)
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are abelian or not [8, Proposition 1.3]. We prove that the direct cube of
2G5(q) and the fourth direct power of .J; are unrecognizable.

Theorem 2. Let L and k satisfy one of the following:

(a) L ="2G2(q) and k = 3;
(b) L=J; and k = 4.

Then there are infinitely many finite pairwise nonisomorphic groups G with

w(G) = w(LF).

Since unrecognizability of L* implies unrecognizability of L™ for all m > k,
to solve the recognition problem for all direct powers of simple groups with
abelian Sylow 2-subgroups, it remains to answer the following question (note
that J; x J; x Jj is almost recognizable if and only if it is recognizable, see
Proposition 3.1 below).

Problem 3. Is the group J1 x J1 X Jy recognizable by spectrum?

In conclusion, we observe that there are no results on recognition of groups
G that have abelian Sylow 2-subgroups and satisfy (1) with G > Soc(G).
In particular, nothing is known even in the case k = 1, that is, when G is
almost simple but not simple.

1 Preliminaries

As usual, 7(G) denotes the set of prime divisors of |G|. The set w(G) is
closed under taking divisors, and so uniquely determined by the subset u(G)
consisting of numbers maximal under divisibility. The prime graph GK(G)
is the graph whose vertex set is equal to 7(G) and two different vertices
p,q € 7(G) are adjacent if and only if pg € w(G). A cocliqgue of GK(G) is
a set of pairwise nonadjacent vertices.

Let r be a prime. If G is a finite group, we write O,(G) and O,/ (G) for the
largest normal r-subgroup and r’-subgroup of G, respectively. Also O’"/(G)
denotes the smallest normal subgroup of G for which the quotient is an
r’-group. If a is a positive integer, then (a), is the highest power of r dividing

a and (a),» = a/(a),. Given positive integers aq, ..., ag, we write (aq, ..., ax)
and [aq, ..., ag] for their greatest common divisor and least common multiple,
respectively.

Lemma 1.1 (Bang [1], Zsigmondy [15]). For every positive integers a,i > 1,
one of the following holds:
(a) there is a prime v that divides o' — 1 but does not divide a/ — 1 for
all 1 <j <i;
(b) eitheri=6,a=2, ori=2, a=2"—1 for some t.

A prime r satisfying (a) of Lemma 1.1 is called a primitive prime divisor
of a* — 1.
The following lemma is well known.
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Lemma 1.2. Let a,i,j be integers, |a| > 1 and i,j > 0. Then the following
hold:
(a) (@' — 1,07 —1) = a) —1;
(b) (' — 1,07 + 1) is equal to (2,a — 1) if (i)2 < (j)2 and a9 41
otherwise;
(¢) If an odd prime r divides a — 1, then (a* — 1), = (i),(a — 1),.

As mentioned in Introduction, the structure of finite groups with abelian
Sylow 2-subgroups were established (up to some details covered only by the
classification of finite simple groups) in [12].

Lemma 1.3. If G is a nonabelian simple group with an abelian Sylow 2-sub-
group S, then S is elementary abelian and G is one of the following groups:
(a) the linear groups La(q), ¢ > 3, ¢ = 3,5 (mod 8) or ¢ = 2°;
(b) the small Ree groups 2Ga(q), ¢ = 3%, a > 3 is odd;
(c) the sporadic Janko group J;.

Lemma 1.4. [12, Theorem 1| If G is a finite group with abelian Sylow
2-subgroups, then O% (G/O0(G)) is a direct product of an abelian 2-group
and some nonabelian simple groups listed in Lemma 1.3.

We will need some information about simple groups with abelian Sylow
2-subgroups.
Lemma 1.5. Let G =2G(q), ¢ = 3% > 3. Then the following hold:
(a) |Gl = ¢*(q = 1)(¢’ + 1);

(b) |OutG| = a;
(C) M(G) = {6,9,(]— 17<q+1)/2aq_ \/@_‘_ 17q+\/%+ 1}
Proof. See [10] for (a) and (b) and [2, Lemma 4] for (c). O

Lemma 1.6. [8, Lemma 3.8] Let G = 2G1(q), where ¢ > 3, and let g € G be
an r-element for a prime r # 3. If G acts faithfully on a p-group V' for some
prime p, then the coset Vg of the natural semidirect product V- x G contains
an element of order plg|.

Lemma 1.7. Let G = Ly(q), where ¢ > 3 is power of a prime p. Then the
following hold:

(a) M(G) = {p, (q - 1)/d7 (q + 1)/d}7 where d = (q - 17 2)7'
(b) if G <T < Aut G, then t(T) < 3.

Proof. (a) See, for example, |6, Haupsatz 8.27].

(b) Suppose that o is a coclique of size 4 in GK (T'). Since Out G is abelian,
it follows that [cN7(G)| > 3. Then (a) implies that |cN7(G)| =3 and p € o.
If r € m(G) \ o, then r is the order of a field automorphism of G. But every
field automorphism of G centralizes an element of order p, and so pr € w(7T),
a contradiction. (]

Lemma 1.8. u(J1) ={6,7,10,11,15,19}.
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Proof. See, for example, [3]. O

We conclude with a series of lemmas concerning element orders in group
extensions.

Lemma 1.9. [11, Lemma 1.1] Suppose that a finite group G have a normal
series of subgroups 1 < K < M < G, and distinct primes p, q and r are such
that p divides |K |, q divides |M /K|, and r divides |G/M|. Then at least one
of the numbers pq, pr, and qr belongs to w(QG).

Lemma 1.10. Let G be a semidirect product of a t-group T and a group {(x)
of order r, where t and r are different odd primes, and let [T,x] # 1. If G
acts faithfully on a p-group V, where p does not divide |G|, then Cy (x) # 1.

Proof. We may assume that V is elementary abelian and regard V' as G-mo-
dule over a field of order p. Since [T, z] # 1, it follows that O,(G) = 1. Now
we apply [7, Theorem IX.6.2]. O

Lemma 1.11. Let G be a quasisimple finite group acting on a p-group V for
some prime p not dividing |G|. Suppose that o C w(G) \ {2} and for every
r € o, a Sylow r-subgroup of G acts fized-point-freely on V. Then |o| < 2.

Proof. We may assume that V is a faithful irreducible F'G-module for some
field F' of characteristic p. Furthermore, we may assume that F'is a splitting
field for G. By [4, Theorem 3.3.3|, a Sylow r-subgroup of G is cyclic. Now
the conclusion follows from [14, Theorem 1.1]. O

Lemma 1.12. Suppose that G is a finite group, V is a vector space over
a field of positive characteristic p and and ¢ : G — GL(V') is a representation
of G. Then the coset Vg of the semidirect product V x,G contains an element
of order plg| if and only if the Jordan form of ¢(g) has a unipotent block of

size (|9])p-

Proof. Let v € V and k = |g|. Then (gv)* = v + 0¥ + ... %@ and
hence V¢ contains an element of order pk if and only if ¥~ + ... + 1 does
not annihilate ¢(g). This is equivalent to saying that the minimal polynomial
f(x) of ¢(g) does not divide (z* —1)/(z — 1). Since f(x) divides ¥ — 1 and
1 is a root of o¥ — 1 of multiplicity (k),, the result follows. O

k—1

2 Recognizable direct products

In this section we will prove Theorem 1. Define primes p; as follows.

Let p1 = 5. For ¢ > 1, define p; to be the smallest prime larger than (2)
pi—1 and not dividing [2G(3%7)| for any 1 < j < i.

We claim that this sequence {p;}ien is as required. Set ¢; = 3Pi and
R; = 2Ga(q;). Given k a positive integer k, let P, = Hle R; and suppose
that G is a finite group such that w(G) = w(Pg). We need to prove that
G ~ P,.
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Let K = O (G) and let H be the preimage of Oy (G/K) in G. Set H=
H/K. By Lemma 1.4, it follows that H = S x A, where S is a direct product
of nonabelian simple groups listed in Lemma 1.3 and A is an abelian 2-group.

Lemma 2.1. Let: > 1.

(a) m(R;) N(R;) ={2,3,7} for all j #1i.
(b) pi & m(R;) for all j, and in particular, 5 & w(R;) for all j.
c

)
(c) m(q;£1) # {2}, 7 divides one of q;++/3q¢;+1, 7(q; =/3q;+1) # {7}.
(d) If 1(?G2(3™)) C n(Py) for m > 3, then m is one of {p1,...,Pk}.

Proof. (a) Let 3 # r € m(R;)Nm(R;) for j # i. It follows from Lemma 1.5(a)
that r divides ((¢; — 1)(¢5 + 1), (¢; — 1)(q§-’ +1)). Applying Lemma 1.2, we
see that (¢; —1,¢j —1) = (¢ — 1,¢} +1) =2 and (¢/ +1,¢} +1) = 3* + 1.

(b) If i@ > j, then the claim is a part of the definition in (2). Suppose
that i < j. Then p; < pj, and so (p; — 1,p;) = 1. In particular, 3771 — 1
and 3P — 1 are coprime, while (37~ — 1,3%i 4+ 1) is a divisor of 33 + 1.
Thus if p; € 7(R;), then applying Fermat Little Theorem and the preceding
observations, we see that p; = 7. But p; # 7 by construction.

(c) Since 7 divides ¢ + 1 and is coprime to ¢; + 1, it divides one of
i £/3q + 1.

Note that (¢ —1)2 =2, (¢; + 1) =4 and ¢; > 3%, 50 (¢; 1) > (g; = 1)2.
Similarly, using Lemma 1.2 and the fact that p; # 3,7, we calculate that
(@@ +1)7 = (3% +1)7 = (334 1)7 = 7, and since ¢; & /3¢; + 1 > 7, the last
claim follows.

(d) Let  be a primitive prime divisor of 3™ + 1. Arguing as in (a), we
see that r does not divide ¢; — 1 for all ¢. If r divides q? + 1, then m divides
p; and so m = p;. ([l

Let i € {1,...,k}. By Lemma 2.1(c), we can take odd r;; € 7(g; — 1),
T2 € TI'(qZ‘ + 1), ris € m(q — \/37(11'4- 1), and 7y € 7(q + \/37%‘-1- 1) with
i3, 7i4a # 7. By Lemma 1.5(c), the set o; = {ri1, 2, 73,74} is a coclique of
size 4 in GK(R;). Applying Lemma 2.1(a), we see that o; remains to be a
coclique in GK (FPy).

Lemma 2.2. There is a unique direct factor S; of S such that |o;Nm(S;)| > 3.
The group G normalizes S; and if T; = G/C5(S;), then o; C w(T;).

Proof. Form a chief series of G by refining 1 < K < H < G. By Lemma 1.9,
there are at most two factors of this chief series that are not disjoint from
0;. Since factors between 1 and K and also between H and G are primary
groups and |o1| = 4, it follows that |7(K) No;| - |[7(G/H) No;| < 1 and
there is a unique direct factor S; of S such that |7(S;) No;| > 3. In view of
uniqueness, S; is normal in G.

Suppose that p € o; \ 7(5;). If p € ©(G/H), then p ¢ Cx(S;), and so
p € w(T;), as required.

Assume that p € n(K). Let P be a Sylow p-subgroup of K and let H;
be the preimage of 5; in G. We derive a contradiction by showing that pr €
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w(H;) for some r € o; N7(S;). By the Frattini argument, Ny, (P)/Ngk(P) ~
Si, so without loss of generality we may assume that P is normal in H;.
Also we may assume that P is elementary abelian. By the Schur—Zassenhaus
theorem, H; = P x M, where M ~ H;/P. If Cy,(P) £ P, then Cy,(P) =
P x @, where @ is a normal o}-subgroup of H;. Factoring it out, we may
assume that M acts on P faithfully.

Let N = M N K. Suppose that Cpf(N) < N.If r € o;N7(S;) and x € M
an element of order r, then Cn(x) < N. So there is t € m(N) and a Sylow
t-subgroup T of N such that z normalizes but not centralizes T'. Observe
that ¢ is odd, so applying Lemma 1.10 to the action of 7' x (x) on P, we see
that pr € w(H;).

Thus Cp(N)N/N = S;. Then C = Cp(N)* is a perfect central extension
of S;. Applying Lemma 1.11, we conclude that there is r € o; N 7 (S;) such
that a Sylow r-subgroup of C acts on P with fixed points, and so pr € w(H;),
a contradiction. ]

Let S; be as in Lemma 2.2. Observe that T; is an almost simple group with
socle S;. As we noted above, 5 & 7(Py), and so S; % J1. Also S; % La(u)
by Lemma 1.7(b). Thus S; ~ 2G2(3™) for some m;. We can take ;2 to be
a primitive prime divisor of 327" — 1 and one of r;3 or 74 to be a primitive
prime divisor of 37 — 1, and since 7(S;) contains at least two of the numbers
Ti2, i3, Ti4, it follows that p; divides m;. But then m; = p; by Lemma 2.1(d).
Thus S; ~ R; for all i = 1,...,k and we identify them.

It follows that H ~ P, since otherwise 21_[?:1 ris € w(G) \ w(Pg). In
particular, K is the solvable radical of G. So G/ H is isomorphic to a subgroup
of Out(R;) x --- x Out(Ry), and Lemma 1.5(b) and Lemma 2.1(b) yield
G=H.

Proving that K = 1, we may assume, without loss of generality, that K is
an elementary abelian p-group for some odd prime p € 7(F}). So G acts on
K.

Assume first that p # 3,7. Then there is a unique ¢ € {1,...,k} such
that p € 7(R;). Set r =141 if p € 7(¢; — 1) and r = r;p otherwise. Applying
Lemma 1.6, we see that that pr € w(G) \ w(Pg), a contradiction.

Let p =3 or 7. Then pHi-C:l rin & w(Py). For i = 1,... k, take an element
x; € R; of order r;;. We claim that the element x = H,]le x; has a nontrivial
fixed point in K, so G contains an element of forbidden order. Indeed, by
Lemma 1.6, it follows that K1 = Ck(z1) # 1. Since Ry X - - - X Ry, centralizes
x1, the element 2} = Hf:Q x; acts on Kj. By induction on k, Ck, (z}) # 1,
and we are done.

Thus, K =1, so Theorem 1 is proved.

3 Unrecognizable direct powers

In this section, we will prove Theorem 2. The proof relies on the following
easy lemma.
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Lemma 3.1. If G and H are finite groups such that u(H) C pu(G) and
(G \ u(H)| < k, then w(G*) = w(GF! x H).

Proof. Tt suffices to show that u(G*) C w(G¥~! x H). Every a € u(G*) can

be written as [my, ..., my for [ < k and some pairwise distinct mq,...,m; €
w(G). If I < k, then a € w(GF1). If | = k, then at least one of m; lies in
w(H), so a € w(G*1 x H). O

We begin with the proof of Item (b). By Lemma 1.8, we have u(Jy) =
{6,7,10,11,15,19}. Set H = Dg x D1, where Dy, is the dihedral group of
order 2n. Then u(H) = {6,10,15} C u(Jy) and |pu(J1) \ p(H)| = 3, and
hence Ji is isospectral to J§ x H by Lemma 3.1. Since H is solvable, the
Mazurov-Shi theorem [9] implies that J¥ is unrecognizable.

Proving Item (a), we follow the same lines. Recall that

p(®Ga(q)) = 16,9, — 1, (¢+1)/2,+ /3¢ + 1, — /3¢ + 1}.

To show that the cube of 2G3(q) is unrecognizable, it is sufficient to prove
the following lemma.

Lemma 3.2. If ¢ = 3%, o > 3 is odd, then there is a group H such that
O3(H) # 1 and j(H) = {6,9,q — 1, (q+1)/2}.

Proof. As usual, I,, denotes the identity n x n matrix. We denote by Jx())
the k x k Jordan block with eigenvalue A. If g is a matrix, then J(g) denotes
the Jordan form of g.

Let L = Lo(q), let V be the natural 2-dimensional module of SLs(q)
and set W = V ® V) where (a;;) € SLa(q) acts on V) as (ag’j) acts
on V. Then —Iy € SLs(q) acts trivially on W, and so W is an L-module.
Denote by ¢ the corresponding homomorphism from L to GL4(q). It is easy
to see that —Iy & (L), and we set M = ¢(L) x (—I;). We claim that
w(W x M) ={6,9,q—1,(¢+1)/2}, and so W x M is the desired group H.

By Lemma 1.7, we have u(L) = {3,(¢ — 1)/2,(¢ + 1)/2}. Let g € L.
If |g| = 3, then g is conjugate to the image of J2(1), and so J(¢(g)) =
J(J2(1)®@ J2(1)) = J3(1) @ J1(1). If |g| # 3, then the characteristic roots of g
are A, A\, where A\971 =1 or \%T! = 1. In this case, the characteristic roots
of ¢(g) are A* A2, A72, and A%

Observe that (¢ — 1)/2 is odd while (¢ 4+ 1)/2 is even, and so u(M) =
{6,g—1,(¢+1)/2}. Let g € M and g # 1. If |g| = 3, then g € ¢(L) and
J(g) = J3(1) ® J1(1) by the preceding paragraph. Hence w(Wyg) = {3,9}
by Lemma 1.12. Similarly, if |g| = 6, then J(g) = J3(—1) & Ji(—1), and
therefore w(Wyg) = {6}.

If |g| divides ¢ —1 or (¢+1)/2, then the characteristic roots of g are either
A A2 A2 07* or the negatives of these elements. Since ¢ = 3 (mod 8),
it follows that 8 divides neither ¢ — 1 nor ¢ 4+ 1, so A* # —1. If M = 1,
then |g| divides 2, so every element of w(Wg) divides 6. If \* # 1, then

w(Wg) = {lgl}-
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Thus u(W x M) = u(M)U {9} = {6,9,q9 — 1,(¢ + 1)/2}. This completes
the proof of the lemma, and so the proof of Theorem 2 as well. O

We conclude with an observation supplementing Problem 3.
Proposition 3.1. If J; x Jy X J1 is almost recognizable, then it is recognizable.

Proof. Let G be a group isospectral to J3. By the Mazurov-Shi theorem, the
hypothesis of the proposition means that G satisfies (1).

Let L be one of the nonabelian simple groups L; in (1). Then L is among
groups listed in Lemma 1.3. Also w(L) C {2,3,5,7,11,19} and 9 & w(L).
This implies that L is isomorphic to Ji, La(11), or Alts. Note that p(Alts) =
{2,3,5} and pu(Ly(11)) = {5,6,11}.

Thus Soc(G) = L¥ x LY x L, where Ly ~ Jy, Ly =~ Ly(11) and L3 ~ Alts.
Since |G/ Soc(G)] is odd and |Out(L;)|er = 1 for all 1 < ¢ < 3, it follows
that G = Hy x Hy x Hz, where L¥ < Hy < L1 1Sy, Lh < Hy < Ly S,
and Ly < H3 < L31Sy,. Set M = Hy x H3z and let B; be a complement
of Soc(H;) in H;. Observe that |B;| is odd and for every r € w(B;) and
a € w(L;), we have ra € w(H;).

It is clear that k¥ < 3. If kK = 3 then M = 1. Also By = 1 since otherwise
|B1| = 3 and 9 € w(G). Therefore, in this case G ~ J;.

Suppose that & = 2. Then [ < 1, and so M = L, x H3. Since 19,7 & 7(M),
it follows that w(M) contains 11 but not a proper multiple of 11. This is
possible only if [ = 1 and m = 0. But then w(G) # w(J}).

Suppose that k = 1. Then | < 2, and again M = le x Hs. This time
w(M) contains 11r for some r € {7,19} but not a proper multiple of 117.
It follows that r divides |Bs|. Now we see that 22r € w(M), regardless of
whether [ > 1 or 11 € w(B3).

Finally, let & = 0. Then w(Bs x Bs) contains 7 - 19 but not 7-19 - 11,
and so [ > 1. It follows that m = 0 because otherwise 22-7-19 € w(G). If
7-19-5 € w(Bsy), then 7-19-5-6 € w(G), which is not the case. Hence
an element x € By of order 7 - 19 must centralize an element of order 10 in
Soc(Hsz). The centralizer CSOC(HQ)(x) is isomorphic to some direct power of
Ls(11), so if it contains an element of order 10, then it contains an element
of order 22 as well. This contradiction completes the proof. U
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