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Ïðåäñòàâëåíî Î.Ñ. Ðîçàíîâîé

Abstract: This work is devoted to the study of an ill-posed boundary
value problem for an inhomogeneous high-order mixed-type equation.
An a priori estimate of the solution is obtained depending on
the initial data. The uniqueness and conditional stability of the
solution are proved.

Keywords:mixed-type equation, ill-posed problem, a priori estimate,
uniqueness, stability, set of correctness.

1 Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ íåîä-
íîðîäíîãî óðàâíåíèÿ ñìåøàííîãî òèïà âûñîêîãî ïîðÿäêà.
ÏóñòüQT = {(x, y, t) : (x, y) ∈ Ω, 0 < t < T}, Ω = {(x, y) : |x| < π, 0 < y < π},

Ω̄ = Ω ∪ ∂Ω.
Çàäà÷à. Íàéòè ðåøåíèå u(x, y, t) óðàâíåíèÿ

∂n
t u+ sgn(x) ∂2

xu+ ∂2m
y u = f(x, y, t) (1)

Fayazov, K.S., Khajiev, I.O., Ill-posed initial-boundary value problem for

a high-order mixed-type equation.
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â îáëàñòè QT ∩ {x ̸= 0} è óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:
íà÷àëüíûì

∂p
t u|t=0 = φp(x, y), p = 0, 1, ..., n− 1., (x, y) ∈ Ω̄, (2)

ãðàíè÷íûì

u|x=−π = u|x=π = 0, 0 ≤ y ≤ π, 0 ≤ t ≤ T,

∂2q
y u
∣∣∣
y=0

= ∂2q
y u
∣∣∣
y=π

= 0, q = 0, 1, ..., (m− 1), −π ≤ x ≤ π, 0 ≤ t ≤ T,

(3)
è óñëîâèÿì ñêëåèâàíèÿ

u|x=−0 = u|x=+0, ux|x=−0 = ux|x=+0, 0 ≤ y ≤ π, 0 ≤ t ≤ T, (4)

ãäå n = 2s, s,m ∈ N , φp(x, y)- äîñòàòî÷íûå ãëàäêèå ôóíêöèè è óäîâëå-
òâîðÿþò óñëîâèÿì ñîãëàñîâàíèÿ, p = 0, 1, ..., n − 1., f(x, y, t) - ôóíêöèÿ
èñòî÷íèêà.
Óðàâíåíèå (1) îòíîñèòüñÿ ê êëàññó óðàâíåíèé ñìåøàííîãî òèïà è èñ-

ñëåäóåìàÿ çàäà÷à íåêîððåêòíà â ñìûñëå Æ.Àäàìàðà.
Â äàííîé ðàáîòå äîêàçûâàåòñÿ óñëîâíàÿ êîððåêòíîñòü çàäà÷è (1)-(4)

íà ìíîæåñòâå êîððåêòíîñòè.
Èññëåäîâàíèå óñëîâíîé êîîðåêòíîñòè êðàåâûõ çàäà÷ íà÷àëîñü ñ ðàáîò

[1-2]. Â ðàáîòàõ [3-5, 7] èññëåäóåòñÿ íåêîððåêòíûå êðàåâûå çàäà÷è äëÿ
óðàâíåíèé âûñîêîãî ïîðÿäêà ñìåøàííîãî è ñîñòàâíîãî òèïà. Çàìåòèì,
÷òî íåêîððåòíûå çàäà÷è äëÿ àáñòðàêòíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé èññëåäîâàëèñü â ðàáîòàõ S. Agmon, L.Nirenberg, F. John, R.J. Knops,
L.E. Payne, A.P. Calderon, Ñ.Ã. Êðåéí, H.A.Levine, Ê.Ñ.Ôàÿçîâ.
Òàê êàê çàäà÷à (1)-(4) îòíîñèòüñÿ ê êëàññó íåêîððåêòíî ïîñòàâëåí-

íûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè âîçíèêàåò íåîáõîäèìîñòü íàõîæäå-
íèÿ àïðèîðíûõ îöåíîê äëÿ ðåøåíèÿ óðàâíåíèÿ (1), áëîãîäàðÿ êîòîðûì
íàì óäàåòñÿ äîêàçàòü òåîðåìû î åäèíñòâåííîñòè è óñëîâíîé óñòîé÷èâî-
ñòè ðåøåíèÿ èñêîìîé çàäà÷è íà ìíîæåñòâå êîððåêòíîñòè.

2 Âñïîìîãàòåëüíûå ôàêòû

Äëÿ ðåøåíèÿ çàäà÷è (1)-(4) íàì ïîíàäîáèòüñÿ ðåçóëüòàòû ñëåäóþùåé
ñïåêòðàëüíîé çàäà÷è.
Ñïåêòðàëüíàÿ çàäà÷à. Íàéòè òàêèå çíà÷åíèÿ λ ïðè êîòîðûõ çàäà÷à

sgnx ∂2
xω + ∂2m

y ω + λω = 0, (x, y) ∈ Ω ∩ {x ̸= 0} ,
ω(−π, y) = ω(π, y) = 0, y ∈ [0; π],

∂2q
y ω
∣∣∣
y=0

= ∂2q
y ω
∣∣∣
y=π

= 0, q = 0, 1, ..., (m− 1), x ∈ [−π; π],

ω(−0, y) = ω(+0, y), ωx(−0, y) = ωx(+0, y), y ∈ [0; π]

(5)

èìååò íåòðèâèàëüíîå ðåøåíèå.
Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [9, 10] ìîæíî äîêàçàòü, ÷òî çàäà÷à (5)

èìååò λ̄k,j = µ+
k +(−1)m+1j2m, λ̃k,j = µ−

k +(−1)m+1j2m,
{
λ̄k,j

}∞
k,j=1

,
{
λ̃k,j

}∞

k,j=1

ñîáñòâåííûå çíà÷åíèÿ è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè {ω̄k,j}∞k,j=1,
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{ω̃k,j}∞k,j=1, ãäå µ+
k , −µ−

k îáðàçóþò íåóáûâàþùèå ïîñëåäîâàòåëüíîñòè è

ÿâëÿþòñÿ ðåøåíèÿìè òðàíñöåíäåíòíîãî óðàâíåíèÿ tg
√
±µ±

k π+th
√

±µ±
k π =

0.

Ðåøåíèÿ óðàâíåíèÿ tg
√
±µ±

k π + th
√
±µ±

k π = 0 ìîæíî ëåãêî íàéòè ñ

ïîìîùüþ ìåòîäà Íüþòîíà. Ïðè ε = 10−10 ñ ïîãðåøíîñòüþ âû÷èñëèì
µ+
1 ≈ 0, 56672194089, µ+

2 ≈ 3, 06251868904, µ+
3 ≈ 7, 56250005484, µ+

4 ≈
14, 06250000014, µ+

k ≈
(
k − 1

4

)2
, k > 4, µ−

k = −µ+
k , k ∈ N . Îòìåòèì, ÷òî

µ+
k =

(
k − 1

4

)2
+O

(
e−(k+

1
2)π
)
. Îòñþäà, äëÿ ëþáîé k, j ∈ N , îöåíèì∣∣λ̄k,j

∣∣ = ∣∣∣µ+
k + (−1)m+1j2m

∣∣∣ ≥ ∣∣µ+
k − j2m

∣∣ = ∣∣∣(k − 1
4

)2 − j2m +O
(
e−2(k+ 1

2)π
)∣∣∣ ≥∣∣∣(k − 1

4

)2 − j2m
∣∣∣− ∣∣∣O (e−(k+ 1

2)π
)∣∣∣ =∣∣k − 1

4 − jm
∣∣ (k − 1

4 + jm
)
−
∣∣∣O (e−(k+ 1

2)π
)∣∣∣ ≥ 1

4

(
2k − 1

4

)
−
∣∣∣O (e−(k+ 1

2)π
)∣∣∣ > 2

5 .

Àíàëîãè÷íîì îáðàçîì,
∣∣∣λ̃k,j

∣∣∣ > 2
5 .

Îáîçíà÷èì (u, v) =
∫
Ω

u v dΩ ñêàëÿðíîå ïðîèçâåäåíèå è ∥u∥ =
√

(u, u)

â L2(Ω). Îòìåòèì, ÷òî èç (5) ñëåäóåò, ÷òî ω̄k,j , ω̃k,j ∈
◦
W

2,2m
2 (Ω), è èõ

ìîæíî ïðåäñòàâèòü â âèäå:

ω̄k,j(x, y) = X+
k (x) · Yj(y),

ω̃k,j(x, y) = X−
k (x) · Yj(y),

è îíè îáëàäàþò ñâîéñòâîì

(ω̄k,j , ω̄p,q) =

{
1, k = p ∧ j = q,
0, k ̸= p ∨ j ̸= q,

(ω̃k,j , ω̃p,q) =

{
−1, k = p ∧ j = q,
0, k ̸= p ∨ j ̸= q,

(ω̄k,j , ω̃p,q) = 0, k, j, p, q ∈ N,

ãäå

X+
k (x) =


sin

√
µ+
k (x−π)

√
π cos

√
µ+
k π

, 0 < x ⩽ π,

sh
√

µ+
k (x+π)

√
πch

√
µ+
k π

, − π ⩽ x < 0,

X−
k (x) =


sh

√
−µ−

k (x−π)

√
πch

√
−µ−

k π
, 0 < x ⩽ π,

sin
√

−µ−
k (x+π)

√
π cos

√
−µ−

k π
, − π ⩽ x < 0,

Yj(y) =
√

2
π sin jy.

Ëåììà 1. (ñì. [10]) Ëþáàÿ ôóíêöèÿ φ(x, y) ∈
◦
W

1,2m−1
2 (Ω) ïðåäñòàâèìà

â âèäå ðÿäà

φ(x, y) =
∞∑
k=1

∞∑
j=1

(sgnxφ, ω̄k,j)ω̄k,j +

∞∑
k=1

∞∑
j=1

(sgnxφ, ω̃k,j)ω̃k,j

ñõîäÿùåãîñÿ â íîðìå
◦
W

1,2m−1
2 (Ω).
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Îáîçíà÷èì ÷åðåçH0(Ω) çàìûêàíèå ëèíåéíû îáîëî÷åê ñèñòåì ôóíêöèé
{ω̄k,j} , {ω̃k,j} ïî íîðìàì L2(Ω).

Òåîðåìà 1. (ñì. [10]) Ñîáñòâåííûå ôóíêöèè çàäà÷è (5) îáðàçóåò áàçèñ
Ðèññà â L2(Ω) è ëþáàÿ ôóíêöèÿ

φ(x, y) =
∞∑
k=1

∞∑
j=1

(sgnxφ, ω̄k,j)ω̄k,j +
∞∑
k=1

∞∑
j=1

(sgnxφ, ω̃k,j)ω̃k,j

(îïðåäåëåíèå è ñâîéñòâà áàçèñîâ Ðèññà ñì.[6]).

Ñîãëàñíî [9, 10], èìååì

∥u(x, y, t)∥20 =
∞∑
k=1

∞∑
j=1

(sgn(x)u, ω̄k,j)
2 +

∞∑
k=1

∞∑
j=1

(sgn(x )u, ω̃k,j)
2. (6)

Ïîä îáîáùåííûì ðåøåíèåì êðàåâîé çàäà÷è (1) - (4) íàçîâåì ôóíê-

öèþ u(x, y, t), ïðèíàäëåæàùóþ W 1,2m−1,n
2 (QT ) è óäîâëåòâîðÿþùóþ òîæ-

äåñòâó ∫
QT

(
sgnxu ∂n

t V − uxVx − sgnx ∂2m−1
y u ∂yV

)
dQT =

n∑
p=1

(−1)p+1 ∫
Ω

sgnx∂p−1
t V

∣∣∣
t=0

∂n−p
t u

∣∣∣
t=0

dΩ−
∫
QT

sgnx f V dQT

(7)

äëÿ ëþáîé ôóíêöèè V (x, y, t) ∈ W 2,2m,n
2 (QT ), óäîâëåòâîðÿþùåé óñëî-

âèÿì ∂p
t V |t=T = 0, p = 0, 1, ..., n − 1, ∂2q

y V
∣∣∣
y=0

= ∂2q
y V

∣∣∣
y=π

= 0, q =

0, 1, ..., (m− 1), V |x=−π = V |x=π = 0.
Ïóñòü ðåøåíèå çàäà÷è (1) - (4) ñóùåñòâóåò è òîãäà îí èìååò âèä

u(x, y, t) =
∞∑
k=1

∞∑
j=1

ūk,j(t)ω̄k,j(x, y) +
∞∑
k=1

∞∑
j=1

ũk,j(t)ω̃k,j(x, y)

ãäå ūk,j(t) =
∫
Ω

sgnxu(x, y, t)ω̄k,j(x, y)dΩ, ũk,j(t) = −
∫
Ω

sgnxu(x, y, t)ω̃k,j(x, y)dΩ.

Èñïîëüçóÿ âûðàæåíèÿ V = ϑk,j(t)ω̄k,j(x, y), V = ϑk,j(t)ω̃k,j(x, y) èç ðà-
âåíñòâî (7), óñëîâèÿ ∂p

t ϑk,j(T ) = 0, p = 0, 1, ..., n−1., ϑk,j(t) ∈ Wn
2 (0, T ) è

îáîçíà÷åíèÿ φ̄pk,j =
∫
Ω

sgnxφp(x, y)ω̄k,j(x, y)dΩ, φ̃pk,j = −
∫
Ω

sgnxφp(x, y)ω̃k,j(x, y)dΩ,

f̄
k,j
(t) =

∫
Ω

sgnx f(x, y, t)ω̄k,j(x, y)dΩ, f̃k,j
(t) = −

∫
Ω

sgnx f(x, y, t)ω̃k,j(x, y)dΩ,

p = 0, 1, ..., n − 1., çàìåòèì, ÷òî ôóíêöèè ūk,j(t), ũk,j(t) ïðè êàæäîì
k ∈ N, j ∈ N ÿâëÿþòñÿ ðåøåíèåì ñëåäóþùèõ çàäà÷, ñîîòâåòñòâåííî{

dn

dtn {ūk,j} − λ̄k,j ūk,j = f̄k,j ,
dp

dtp {ūk,j}
∣∣
t=0

= φ̄pk,j , p = 0, 1, ..., n− 1.,
(8)

è {
dn

dtn {ũk,j} − λ̃k,j ũk,j = f̃k,j ,
dp

dtp {ũk,j}
∣∣
t=0

= φ̃pk,j , p = 0, 1, ..., n− 1.
(9)



ÍÅÊÎÐÐÅÊÒÍÀß ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÀß ÇÀÄÀ×À 183

3 Àïðèîðíàÿ îöåíêà

Ëåììà 2. Äëÿ ðåøåíèÿ óðàâíåíèÿ

dnv(t)

dtn
− b

n
2 v(t) = g(t), n = 2s, s ∈ N

ïðè b > 0, b - íåêîòîðàÿ êîíñòàíòà, 0 < t < T , ñïðàâåäëèâà îöåíêà

|v(t)|2 ≤ 2n

(
n

n−1∑
k=0

b−k

∣∣∣∣ dkdtk v(0)
∣∣∣∣2 + α2

)1− t
T

×

(
n

n−1∑
k=0

b−k

∣∣∣∣ dkdtk v(T )
∣∣∣∣2 + α2

) t
T

+ nα2. (10)

ãäå α = b
1−n
2

T∫
0

|g(t)|dt.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî äàííîãî íåðàâåíñòâî ïðèâåäåì ïîñëå-
äîâàòåëüíî, íà÷èíàÿ ñ óðàâíåíèÿ ïåðâîãî ïîðÿäêà.
1. Ïóñòü υ(t) ðåøåíèå óðàâíåíèÿ υt − aυ = h(t), ãäå a- íåêîòîðàÿ êîí-

ñòàíòà. Òîãäà ëåãêî çàìåòèòü, ÷òî äëÿ ôóíêöèè υ(t) ñïðàâåäëèâà îöåíêà

|υ(t)| ≤ (|υ(0)|+ α1)
1− t

T (|υ(T )|+ α1)
t
T + α1, (11)

ãäå α1 =
T∫
0

|h(t)|dt.

2. Ïðè s = 1 ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå vtt− bv = g(t).
Ââåäåì îáîçíà÷åíèÿ 1√

b
dv
dt = w, ρ = v + w, σ = v − w. Òîãäà ïîñëå

íåêîòîðûõ ïðåîáðàçîâàíèé èìååì

ρt −
√
bρ = b−1/2g(t)

ρ(0) = v(0) + b−1/2vt(0)

è

σt +
√
bσ = −b−1/2g(t)

σ(0) = v(0)− b−1/2vt(0)
.

Ïðèìåíÿÿ íåðàâåíñòâî (11) ïîëó÷èì, ÷òî äëÿ ôóíêöèè v(t) âåðíî íåðà-
âåíñòâî

|v(t)|2 ≤
(∣∣∣v(0) + b−

1
2 vt(0)

∣∣∣+ α
)2T−t

T
(∣∣∣v(T ) + b−

1
2 vt(T )

∣∣∣+ α
)2 t

T
+ α2+(∣∣∣v(0)− b−

1
2 vt(0)

∣∣∣+ α
)2T−t

T
(∣∣∣v(T )− b−

1
2 vt(T )

∣∣∣+ α
)2 t

T
+ α2.

(12)
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Èñïîëüçóÿ íåðàâåíñòâî a2 + b2 ≥ 2ab, äëÿ ðåøåíèÿ óðàâíåíèÿ vtt − bv =
g(t) ïîëó÷àåì

|v(t)|2 ≤ 4
(
2
(
|v(0)|2 + |b|−1|vt(0)|2

)
+ α2

)T−t
T ×(

2
(
|v(T )|2 + |b|−1|vt(T )|2

)
+ α2

) t
T
+ 2α2 (13)

ãäå α = |b|−1/2
T∫
0

|g(t)|dt.

3. Òåïåðü ðàññìîòðèì óðàâíåíèå d4v
dt4

− b2v = g(t), êîãäà s = 2. Ââåäåì

îáîçíà÷åíèÿ 1
b
d2v
dt2

= w, ρ = v + w, σ = v − w, òîãäà èìååì

ρtt − bρ = b−1g(t)
ρ(0) = v(0) + b−1vtt(0), ρt(0) = vt(0) + b−1vttt(0),

(14)

è
σtt + bσ = −b−1g(t)
σ(0) = v(0)− b−1vtt(0), σt(0) = vt(0)− b−1vttt(0).

(15)

Î÷åâèäíî, ÷òî äëÿ ðåøåíèÿ çàäà÷è (14) ñîãëàñíî (13) âåðíà îöåíêà

|ρ(t)|2 ≤ 4
(
2
(
|ρ(0)|2 + |b|−1|ρt(0)|2

)
+ α2

)T−t
T ×(

2
(
|ρ(T )|2 + |b|−1|ρt(T )|2

)
+ α2

) t
T
+ 2α2.

ãäå α = |b|−3/2
T∫
0

|g(t)|dt.

Óðàâíåíèå (15) ïåðåïèøåì â âèäå σtt − i2bσ = −b−1g(t). Òîãäà èç (12)

|σ(t)|2 ≤ 2

(∣∣∣σ(0) + ib−
1
2σt(0)

∣∣∣2 + α2

)(1− t
T )
(∣∣∣σ(T ) + ib−

1
2σt(T )

∣∣∣2 + α2

) t
T

+α2+

2

(∣∣∣σ(0)− ib−
1
2σt(0)

∣∣∣2 + α2

)(1− t
T )
(∣∣∣σ(T )− ib−

1
2σt(T )

∣∣∣2 + α2

) t
T

+ α2

îòêóäà

|σ(t)|2 ≤ 4
(
2
(
|σ(0)|2 + b−1|σt(0)|2

)
+ α2

)1− t
T ×(

2
(
|σ(T )|2 + b−1|σt(T )|2

)
+ α2

) t
T
+ 2α2.

Çàìå÷àÿ, ÷òî |v(t)|2 ≤ 1
2

(
|ρ(t)|2 + |σ(t)|2

)
è ó÷èòûâàÿ íà÷àëüíûå óñëî-

âèÿ çàäà÷è (14), (15) ìîæíî ïîëó÷èòü ñëåäóþùóþ îöåíêó äëÿ ðåøåíèÿ
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óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

|v(t)|2 ≤ 8

(
4

3∑
k=0

|b|−k

∣∣∣∣ dkdtk v(0)
∣∣∣∣2 + α2

)1− t
T

×

(
4

3∑
k=0

|b|−k

∣∣∣∣ dkdtk v(T )
∣∣∣∣2 + α2

) t
T

+ 4α2.

4. Ïóñòü s = r, r ∈ N , è ðàññìîòðèì óðàâíåíèå d2
r
v

dt2r
− b2

r−1
v = g(t).

Ïðåäïîëàãàåì, ÷òî ñëåäóþùàÿ îöåíêà âåðíà

|v(t)|2 ≤ 2 · 2r
(
2r

2r−1∑
k=0

|b|−k

∣∣∣∣dkv(0)dtk

∣∣∣∣2 + α2

)1− t
T

×

(
2r

2r−1∑
k=0

|b|−k

∣∣∣∣dkv(T )dtk

∣∣∣∣2 + α2

) t
T

+ 2rα2, (16)

ãäå α = |b|
1−2r

2

T∫
0

|g(t)|dt.

5. Òåïåðü s = r + 1 è ðàññìîòðèì óðàâíåíèå d2
r+1

v

dt2r+1 − b2
r
v = g(t).

Íà îñíîâå ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè äîêàæåì, ÷òî ñïðàâåäëèâà
îöåíêà

|v(t)|2 ≤ 2 · 2r+1

2r+1
2r+1−1∑
k=0

|b|−k

∣∣∣∣dkv(0)dtk

∣∣∣∣2 + α2

1− t
T

×

2r+1
2r+1−1∑
k=0

|b|−k

∣∣∣∣dkv(T )dtk

∣∣∣∣2 + α2

 t
T

+ 2r+1α2, (17)

ãäå α = |b|
1−2r+1

2

T∫
0

|g(t)|dt.

Ââåäåì îáîçíà÷åíèÿ 1

b2r−1
d2

r
v

dt2r
= w, ρ = v + w, σ = v − w, òîãäà èìååì

d2
r
ρ

dt2r
− b2

r−1
ρ = b−2r−1

g(t),
dkρ
dtk

∣∣∣
t=0

= dkv
dtk

∣∣∣
t=0

+ b−2r−1 d2
r+kv

dt2r+k

∣∣∣
t=0

, k = 0, 1, ..., 2r − 1.
(18)

è
d2

r
σ

dt2r
+ b2

r−1
σ = −b−2r−1

g(t),
dkσ
dtk

∣∣∣
t=0

= dkv
dtk

∣∣∣
t=0

− b−2r−1 d2
r+kv

dt2r+k

∣∣∣
t=0

, k = 0, 1, ..., 2r − 1.
(19)
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Ïðèìåíÿÿ (16) äëÿ (18) èìååì îöåíêó

|ρ(t)|2 ≤ 2 · 2r
(
2r

2r−1∑
k=0

|b|−k

∣∣∣∣ dkdtk ρ(0) + b−2r−1 d2
r+k

dt2r+k
ρ(0)

∣∣∣∣2 + α2

)1− t
T

×

(
2r

2r−1∑
k=0

|b|−k

∣∣∣∣ dkdtk ρ(T ) + b−2r−1 d2
r+k

dt2r+k
ρ(T )

∣∣∣∣2 + α2

) t
T

+ 2rα2 ≤

2r+1

2r
2r−1∑
k=0

|b|−k

(
dk

dtk
ρ(0)

)2

+ |b|−2r−k

(
d2

r+k

dt2r+k
ρ(0)

)2

+ α2

1− t
T

×

2r
2r−1∑
k=0

|b|−k

(
dk

dtk
ρ(T )

)2

+ |b|−2r−k

(
d2

r+k

dt2r+k
ρ(T )

)2

+ α2

 t
T

+ 2rα2 ≤

2r+1

2r
2r+1−1∑
k=0

|b|−k

∣∣∣∣ dkdtk ρ(0)
∣∣∣∣2 + α2

1− t
T
2r

2r+1−1∑
k=0

|b|−k

∣∣∣∣ dkdtk ρ(T )
∣∣∣∣2 + α2

 t
T

+2rα2,

ãäå α = |b|
1−2r

2

T∫
0

∣∣∣b−2r−1
g(t)

∣∣∣dt = |b|
1−2r+1

2

T∫
0

|g(t)|dt.

Àíàëîãè÷íûì îáðàçîì äëÿ ôóíêöèè σ(t) èìååì îöåíêó

|σ(t)|2 ≤ 2r+1

2r
2r+1−1∑
k=0

|b|−k

∣∣∣∣ dkdtk σ(0)
∣∣∣∣2 + α2

1− t
T

×

2r
2r+1−1∑
k=0

|b|−k

∣∣∣∣ dkdtk σ(T )
∣∣∣∣2 + α2

 t
T

+ 2rα2.

Çàìå÷àÿ, ÷òî |v(t)|2 ≤ 1
2

(
|ρ(t)|2 + |σ(t)|2

)
è ìîæíî ïîëó÷èòü ñëåäóþùóþ

îöåíêó äëÿ ðåøåíèÿ óðàâíåíèÿ 2r+1 ïîðÿäêà

|v(t)|2 ≤ 2 · 2r+1

2r+1
2r+1−1∑
k=0

|b|−k

∣∣∣∣ dkdtk v(0)
∣∣∣∣2 + α2

1− t
T

2r+1
2r+1−1∑
k=0

|b|−k

∣∣∣∣ dkdtk v(T )
∣∣∣∣2 + α2

 t
T

+ 2r+1α2.

Çíà÷èòü ∀n = 2s, s ∈ N, s ≥ 1 âåðíà îöåíêà (10). □
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Ïðèìåíÿÿ ëåììó 2 äëÿ ðåøåíèÿ çàäà÷ (8), (9) èìååì ñîîòâåòñòâóþùèå
îöåíêè

|ūk,j(t)|2 ≤ 2n

(
n

n−1∑
r=0

∣∣λ̄k,j

∣∣− 2r
n

∣∣∣∣ dkdtk ūk,j(0)
∣∣∣∣2 + ᾱ2

k,j

)1− t
T

×

(
n

n−1∑
r=0

∣∣λ̄k,j

∣∣− 2r
n

∣∣∣∣ dkdtk ūk,j(T )
∣∣∣∣2 + ᾱ2

k,j

) t
T

+ nᾱ2
k,j , (20)

|ũk,j(t)|2 ≤ 2n

(
n

n−1∑
r=0

∣∣∣λ̃k,j

∣∣∣− 2r
n

∣∣∣∣ dkdtk ũk,j(0)
∣∣∣∣2 + α̃2

k,j

)1− t
T

×

(
n

n−1∑
r=0

∣∣∣λ̃k,j

∣∣∣− 2r
n

∣∣∣∣ dkdtk ũk,j(T )
∣∣∣∣2 + α̃2

k,j

) t
T

+ nα̃2
k,j . (21)

Íà îñíîâå (6) èìååì

∥u(x, y, t)∥20 =
∞∑
k=1

∞∑
j=1

(
|ūk,j(t)|2 + |ũk,j(t)|2

)
.

Çàìåòèì, ÷òî äëÿ ëþáûõ k, j ñïðàâåäëèâû îöåíêè(
n

√∣∣λ̄k,j

∣∣2)−p

< C1,
n

√∣∣∣λ̃k,j

∣∣∣2−p

< C1, p = 1, ..., n− 1.,

ãäå C1 =
25
4 .

Ñóììèðóÿ íåðàâåíñòâà (20) è (21) ïî k, j è èñïîëüçóÿ íåðàâåíñòâî
Ãåëüäåðà, ïîëó÷èì

∥u∥20 ≤ 4n

nC1

∞∑
k=1

∞∑
j=1

n−1∑
p=0

(∣∣φ̄pk,j

∣∣2 + ∣∣φ̃pk,j

∣∣2)+ ∞∑
k=1

∞∑
j=1

(
ᾱ2
k,j + α̃2

k,j

)1− t
T

×

nC1

∞∑
k=1

∞∑
j=1

n−1∑
p=0

(∣∣∣∣ dpdtp ūk,j(T )
∣∣∣∣2 + ∣∣∣∣ dpdtp ũk,j(T )

∣∣∣∣2
)

+

∞∑
k=1

∞∑
j=1

(
ᾱ2
k,j + α̃2

k,j

) t
T

+

n

∞∑
k=1

∞∑
j=1

(
ᾱ2
k,j + α̃2

k,j

)
,



188 Ê.Ñ. Ôàÿçîâ, È.Î. Õàæèåâ

ãäå ᾱk,j =
∣∣λ̄k,j

∣∣ 1−n
n

T∫
0

∣∣f̄k,j(t)∣∣dt, α̃k,j =
∣∣∣λ̃k,j

∣∣∣ 1−n
n

T∫
0

∣∣∣f̃k,j(t)∣∣∣dt. Çàìåòèì,
÷òî

∞∑
k=1

∞∑
j=1

(
ᾱ2
k,j + α̃2

k,j

)
≤

T

T∫
0

∞∑
k=1

∞∑
j=1

(∣∣λ̄k,j

∣∣ 2(1−n)
n
∣∣f̄k,j(t)∣∣2 + ∣∣∣λ̃k,j

∣∣∣ 2(1−n)
n
∣∣∣f̃k,j(t)∣∣∣2

)
dt ≤

C2T

T∫
0

∥f(x, y, t)∥20 dt,

ãäå C2 =
(
25
4

)n−1
n . Òîãäà

∥u(x, y, t)∥20 ≤ 4n

C1n

n−1∑
k=0

∥φp∥2 + C2T

T∫
0

∥f∥20 dt

1− t
T

×

C1n
n−1∑
p=0

∥∥∥∥ dp

dtp
u(x, y, T )

∥∥∥∥2 + C2T

T∫
0

∥f∥20 dt


t
T

+ C2nT

T∫
0

∥f∥20 dt. (22)

4 Òåîðåìû î åäèíñòâåííîñòè è óñëîâíîé óñòîé÷èâîñòè

Ïóñòü M =

{
u :

n−1∑
p=0

∥∥∥ dpu(x,y,t)
dtp

∣∣∣
t=T

∥∥∥2 ≤ θ2

}
.

Òåîðåìà 2. Ïóñòü ðåøåíèå çàäà÷è (1) - (4) ñóùåñòâóåò è u(x, y, t) ∈
M . Òîãäà ðåøåíèå çàäà÷è (1) - (4) åäèíñòâåííî.

Äîêàçàòåëüñòâî. Ïóñòü u1, u2 ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è (1) - (4) ñ
îäèíàêîâûìè äàííûìè ñîîòâåòñòâåííî. Òîãäà u = u1−u2 óäîâëåòâîðÿåò
çàäà÷å (1) - (4) ñ îäíîðîäíûìè íà÷àëüíûìè äàííûìè (2) è óñëîâèÿìè
(3), (4). Èç (22) ñëåäóåò ∥u(x, y, t)∥0 ≤ 0 ⇒ u(x, y, t) = 0 èëè u1(x, y, t) ≡
u2(x, y, t) äëÿ ∀(x, y, t) ∈ Ω. □

Ââåäåì îáîçíà÷åíèÿ: ÷åðåç u(x, y, t) îáîçíà÷èì ðåøåíèå çàäà÷è (1) -
(4) c òî÷íûìè äàííûìè, à ÷åðåç uε(x, y, t) ðåøåíèå çàäà÷è (1) - (4) ñ
ïðèáëèæåííûìè äàííûìè.

Òåîðåìà 3. Ïóñòü ðåøåíèå çàäà÷è (1) - (4) ñóùåñòâóåò è u(x, y, t),
uε(x, y, t) ∈ M . Ïóñòü ∥φp(x, y)− φpε(x, y)∥0 ≤ ε, p = 0, 1, ..., n − 1.,
∥f(x, y, t)− f(x, y, t)∥0 ≤ ε. Òîãäà äëÿ ëþáîãî ðåøåíèÿ çàäà÷è (1) - (4)
ïðè (x, y, t) ∈ QT èìååò ìåñòî íåðàâåíñòâî

∥u(x, y, t)− uε(x, y, t)∥20 ≤ δ(ε, θ, t),
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ãäå δ(ε, θ, t) = 4n
((
C1n

2 + C2T
2
)
ε2
)T−t

T
(
4C1nθ

2 + C2T
2ε2
) t

T + C2nT
2ε2.

Äîêàçàòåëüñòâî. Ïóñòü ðåøåíèå çàäà÷è (1) - (4) ñóùåñòâóåò. Ðàññìîò-
ðèì ðàçíîñòü U(x, y, t) = u(x, y, t) − uε(x, y, t). Çàìåòèì, ÷òî u(x, y, t),
uε(x, y, t) ∈ M . Ôóíêöèÿ U(x, y, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ â îáëà-
ñòè QT ∩ {x ̸= 0}

∂n
t U + sgn(x)∂2

xU + ∂2m
y U = f(x, y, t)− fε(x, y, t)

ñ íà÷àëüíûìè äàííûìè

dp

dtp
U(x, y, 0) = φp(x, y)− φpε(x, y), p = 0, 1, ..., n− 1., (x, y) ∈ Ω̄,

ãðàíè÷íûìè äàííûìè

U |x=−π = U |x=π = 0, 0 ≤ y ≤ π, 0 ≤ t ≤ T,

∂2q
y U

∣∣∣
y=0

= ∂2q
y U

∣∣∣
y=π

= 0, q = 0, 1, ..., (m− 1), −π ≤ x ≤ π, 0 ≤ t ≤ T,

à òàêæå óñëîâèÿìè ñêëåèâàíèÿ

U |x=−0 = U |x=+0, Ux|x=−0 = Ux|x=+0, 0 ≤ y ≤ π, 0 ≤ t ≤ T.

Èç íåðàâåíñòâà (22) ñëåäóåò

∥U∥20 ≤ 4n

C1n
n−1∑
p=0

∥φp − φpε∥20 + C2T

T∫
0

∥f − fε∥20 dt

1− t
T

×

C1n

n−1∑
p=0

∥∥∥∥ dpU(x, y, t)

dtp

∣∣∣∣
t=T

∥∥∥∥2
0

+ C2T

T∫
0

∥f − fε∥20 dt


t
T

+nC2T

T∫
0

∥f − fε∥20 dt.

Îöåíèì êàæäûé ìíîæèòåëü ïðàâîé ÷àñòè îòäåëüíî:

n−1∑
p=0

∥φp − φpε∥20 = ∥φ1 − φ1ε∥20 + ∥φ2 − φ2ε∥20 + ...+

∥φn−1 − φn−1ε∥20 ≤ ε2 + ε2 + ...+ ε2 = nε2,

n−1∑
p=0

∥∥∥∥ dpU(x, y, t)

dtp

∣∣∣∣
t=T

∥∥∥∥2
0

=
n−1∑
p=0

∥∥∥∥ dpudtp

∣∣∣∣
t=T

− dpuε
dtp

∣∣∣∣
t=T

∥∥∥∥2
0

≤

2
n−1∑
p=0

∥∥∥∥ dpudtp

∣∣∣∣
t=T

∥∥∥∥2
0

+ 2
n−1∑
p=0

∥∥∥∥ dpuεdtp

∣∣∣∣
t=T

∥∥∥∥2
0

≤ 4θ2,

T∫
0

∥f − fε∥20 dt ≤ Tε2.
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Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì íåðàâåíñòâî

∥U∥20 ≤ 4n
(
C1n

2ε2 + C2T
2ε2
)T−t

T
(
4C1nθ

2 + C2T
2ε2
) t

T + C2nT
2ε2.

×òî è òðåáîâàëîñü äîêàçàòü. □
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