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Abstract: For equations of the rheological mesoscopic Vinogra-
dov-Pokrovskii model the boundary value problem is formulated
that describes non-isothermal Poiseuille-type �ows of a viscoelastic
polymer �uid through the channel with the elliptic cross-section
under the condition that the pressure gradient and the temperature
of the channel's wall undergo rapid (impulse) changes. To solve
the problem, we develop the numerical algorithm based on the
collocation method, the application of polynomial and rational
approximations with respect to spatial variables and of �nite-di�e-
rence scheme for the time marching. The analysis of distributions
of the �uid's velocity and temperature in the channel, as well as,
of the time dependencies of �uid's �ow and mean temperature
is performed. The critical relations between the amplitudes and
durations of impulses of the pressure gradient and of the tempera-
ture are computed. They are those values surpassing which leads to
the divergence of the numerical solution that, as we suppose, can be
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associates with the destruction (the stability loss) of a Poiseuille-
type �ow.

Keywords: polymer �uid, mesoscopic model, impulse impact,
Poiseuille-type �ow, channel with elliptic cross-section, destruction
of the �ow, critical relations of the parameters, highly-accurate
algorithm, accounting for singularities of the solution.

1 Ââåäåíèå

Ìîäåëèðîâàíèå è ðàñ÷�åò ïóàçåéëåâñêèõ òå÷åíèé âÿçêîóïðóãèõ ïîëè-
ìåðíûõ æèäêîñòåé ïðåäñòàâëÿþò àêòóàëüíóþ íàó÷íóþ çàäà÷ó, ñâÿçàí-
íóþ ñ ðàçâèòèåì ñîâðåìåííûõ òåõíîëîãèé ýêñòðóçèè è ïå÷àòè [1, 2]. Îä-
íîé èç îñíîâíûõ ïðîáëåì â ýòîé îáëàñòè ÿâëÿåòñÿ ìàòåìàòè÷åñêîå îïè-
ñàíèå ïðîöåññà ïîòåðè óñòîé÷èâîñòè òå÷åíèÿ, ñâÿçàííîé ñ íåëèíåéíûìè
ýôôåêòàìè. Â ðàáîòàõ [3, 4, 5] âïåðâûå ïðåäëîæåí è àïðîáèðîâàí ïîäõîä
ê ðåøåíèþ ýòîé ïðîáëåìû íà îñíîâå àíàëèçà ðàçðóøåíèÿ ðåøåíèÿ äèô-
ôåðåíöèàëüíîé çàäà÷è, îïèñûâàþùåé òå÷åíèÿ ïîëèìåðíîé æèäêîñòè â
ðàìêàõ ðåîëîãè÷åñêîé ìåçîñêîïè÷åñêîé ìîäåëè [6, 7]. Ïîä ðàçðóøåíèåì
ðåøåíèÿ çäåñü è äàëåå ïîíèìàåòñÿ ñèòóàöèÿ, êîãäà ïðè èçìåíåíèè ïàðà-
ìåòðîâ ìîäåëè è/èëè ñ òå÷åíèåì âðåìåíè êëàññè÷åñêîå ðåøåíèå ðàññìàò-
ðèâàåìûõ óðàâíåíèé ïåðåñòà�åò ñóùåñòâîâàòü. Ïîäõîä îñíîâàí íà ëîêà-
ëèçàöèè îñîáûõ òî÷åê àíàëèòè÷åñêèõ ïðîäîëæåíèé èñêîìûõ ðåøåíèé,
êîîðäèíàòû êîòîðûõ â êîìïëåêñíîé ïëîñêîñòè çàâèñÿò îò âðåìåíè è îò
ïàðàìåòðîâ ìîäåëè. Âûõîä îñîáîé òî÷êè â îáëàñòü ïåðåìåííûõ çàäà÷è
îçíà÷àåò ðàçðóøåíèå ðåøåíèÿ. Íà îñíîâå òàêîãî ïîäõîäà â óêàçàííûõ
ðàáîòàõ îïðåäåëåíû êðèòè÷åñêèå ñîîòíîøåíèÿ ðåîëîãè÷åñêèõ ïàðàìåò-
ðîâ è ãðàäèåíòà äàâëåíèÿ â êàíàëå, ïðè êîòîðûõ ðåøåíèå ðàçðóøàåòñÿ.
Ïðåäñêàçàíèÿ î ñîîòíîøåíèÿõ êðèòè÷åñêèõ çíà÷åíèé ÷èñëà Ðåéíîëüäñà
Re è ÷èñëà Âàéñåíáåðãà W � èõ îáðàòíàÿ ïðîïîðöèîíàëüíîñòü � ïîëó-
÷åííûå ïðè èñïîëüçîâàíèè íîâîãî ïîäõîäà, ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè
ýêñïåðèìåíòîâ èç [8, 9].
Íóæíî çàìåòèòü, ÷òî äëÿ ïðèìåíåíèÿ óêàçàííîãî ïîäõîäà â ïðèëîæå-

íèÿõ òðåáóåòñÿ ðàññìîòðåòü áîëåå ñëîæíûå ïîñòàíîâêè. Âàæíûì ôàê-
òîðîì ïðè ýòîì ÿâëÿåòñÿ ó÷�åò äèññèïàöèè êèíåòè÷åñêîé ýíåðãèè æèäêî-
ñòè è òåïëîïåðåíîñà ïîä âîçäåéñòâèåì ðåçêîãî (èìïóëüñíîãî) èçìåíåíèÿ
òåìïåðàòóðû ñòåíêè êàíàëà èëè ãðàäèåíòà äàâëåíèÿ. Ïîäîáíûå âîçäåé-
ñòâèÿ ïðèâîäÿò ê ñëîæíîìó âÿçêîóïðóãîìó è òåðìîìåõàíè÷åñêîìó îò-
êëèêó ïîëèìåðíîé ñèñòåìû, êîòîðûé ÿâëÿåòñÿ ñóùåñòâåííî íåëèíåéíûì
è íåñòàöèîíàðíûì. Èññëåäîâàíèå òàêèõ ýôôåêòîâ äëÿ ìåçîñêîïè÷åñêîãî
êëàññà ìîäåëåé íà äàííûé ìîìåíò îòñóòñòâóåò.
Ïðåäñòàâëåííàÿ ðàáîòà íàöåëåíà íà âîñïîëíåíèå ýòîãî ïðîáåëà. Íè-

æå äëÿ óðàâíåíèé ìåçîñêîïè÷åñêîé ìîäåëè Ïîêðîâñêîãî�Âèíîãðàäîâà
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ñôîðìóëèðîâàíà çàäà÷à î íåèçîòåðìè÷åñêîì òå÷åíèè ïóàçåéëåâñêîãî òè-
ïà âÿçêîóïðóãîé ïîëèìåðíîé æèäêîñòè â êàíàëå ñ ýëëèïòè÷åñêèì ñå÷å-
íèåì ïîä äåéñòâèåì ðåçêî ìåíÿþùåãîñÿ ãðàäèåíòà äàâëåíèÿ è òåìïåðà-
òóðû ñòåíêè êàíàëà. Äëÿ ðåøåíèÿ çàäà÷è ïðåäëîæåí àëãîðèòì, îñíî-
âàííûé íà ìåòîäå êîëëîêàöèé, ïðèìåíåíèè ïîëèíîìèàëüíûõ è äðîáíî-
ðàöèîíàëüíûõ áàðèöåíòðè÷åñêèõ èíòåðïîëÿöèé (ÄÐÁÈ) [10, 11] è ðàç-
íîñòíûõ ñõåì ïî âðåìåíè â êîìáèíàöèè ñ èòåðàöèÿìè ïî íåëèíåéíîñòè.
Îòìåòèì, ÷òî ïðèìåíåíèå ÄÐÁÈ è ñïåöèàëüíûõ çàìåí ïåðåìåííûõ â
ðàìêàõ íàøåé ðàáîòû ïîçâîëÿåò àäàïòèðîâàòü ìåòîä ê áîëüøèì ãðàäè-
åíòàì ðåøåíèé, âîçíèêàþùèì ó ñòåíêè êàíàëà, êîòîðûå, êàê ìû ñ÷è-
òàåì, ñâÿçàíû ñ íàëè÷èåì îñîáûõ òî÷åê ó àíàëèòè÷åñêîãî ïðîäîëæåíèÿ
ðåøåíèÿ. Â ðåçóëüòàòå äëÿ êàæäîãî ðàñ÷�åòíîãî ðåæèìà ñ âûñîêîé ñòåïå-
íüþ äîñòîâåðíîñòè óäà�åòñÿ îïðåäåëèòü, áóäåò ëè ðåøåíèå ñóùåñòâîâàòü
äîñòàòî÷íî äîëãî ïîñëå èìïóëüñà ãðàäèåíòà äàâëåíèÿ è òåìïåðàòóðû,
èëè ïðîèçîéä�åò åãî ðàçðóøåíèå.
Òàêèå ðàñ÷�åòû ïîçâîëÿþò îïðåäåëèòü êðèòè÷åñêèå ñîîòíîøåíèÿ çíà-

÷åíèé àìïëèòóä è ïðîäîëæèòåëüíîñòåé èìïóëüñîâ, êîòîðûå õàðàêòåðè-
çóþò ïåðåõîä ê áîëåå ñëîæíîé íåïóàçåéëåâñêîé è õàîòè÷íîé äèíàìèêå.

2 Ïîñòàíîâêà çàäà÷è

Èñïîëüçóÿ óðàâíåíèÿ ìåõàíèêè æèäêîñòè [14, 15, 16], äîïîëíåííûå
ðåîëîãè÷åñêèìè ñîîòíîøåíèÿìè èç [6, 17], ñëåäóÿ [18], çàïèøåì óðàâ-
íåíèÿ ðåîëîãè÷åñêîé ìåçîñêîïè÷åñêîé ìîäåëè Ïîêðîâñêîãî�Âèíîãðàäîâà,
êîòîðàÿ îïèñûâàåò íåèçîòåðìè÷åñêèå òå÷åíèÿ íåñæèìàåìîé âÿçêîóïðó-
ãîé ïîëèìåðíîé æèäêîñòè. Ýòè óðàâíåíèÿ â áåçðàçìåðíîì âèäå â äåêàð-
òîâîé ñèñòåìå êîîðäèíàò (x1, x2, x3) èìåþò âèä:

divu = 0, (1)

du

dt
+∇P =

1

Re
div(YΠ) +

(
Fr−2 −Ga(Y − 1)

)
eg, (2)

daij
dt

−
3∑

l=1

∂ui
∂xl

alj −
3∑

l=1

∂uj
∂xl

ali−
1

W

(
∂ui
∂xj

+
∂uj
∂xi

)
+Lij = 0, i, j = 1, 3, (3)

dY

dt
=

1

Pr

(
△Y + CdY Φ

)
. (4)

Çäåñü t � âðåìÿ; u1, u2, u3 � êîìïîíåíòû âåêòîðà ñêîðîñòè æèäêîñòè
u, P � äàâëåíèå;

aij , i, j = 1, 2, 3 � êîìïîíåíòû ñèììåòðè÷åñêîãî òåíçîðà àíèçîòðîïèè Π
âòîðîãî ðàíãà;

div(YΠ) = (div(Y a1), div(Y a2), div(Y a3))
T � âåêòîð;
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a1, a2, a3 � ñòîëáöû ñèììåòðè÷åñêîé ìàòðèöû Π = (aij) = (a1,a2,a3);

Y =
T

T0
, T � òåìïåðàòóðà, T0 = 293.15 K=20◦ C � òåìïåðàòóðà îêðóæà-

þùåé ñðåäû,

Lij =

(
aij
W

+
k(a11 + a22 + a33)

3
aij + β(ai,aj)

)/
τ0(Y ), i, j = 1, 2, 3;

k = k − β, k, β (0 < β < 1) � ôåíîìåíîëîãè÷åñêèå ïàðàìåòðû ìî-
äåëè, õàðàêòåðèçóþùèå âêëàäû, ñâÿçàííûå ñ àíèçîòðîïèåé (âåëè÷èíà β
ó÷èòûâàåò îðèåíòàöèþ ìàêðîìîëåêóëÿðíîãî êëóáêà, ÷èñëî k � åãî ðàç-
ìåðû), íèæå, ñëåäóÿ [19], ïîëàãàåì k = 1.2β;

τ0 = τ0(Y ) =
J(Y )

Y
, J(Y ) = exp

(
−EA

Y − 1

Y

)
;

Re =
ρuH l

η∗0
� ÷èñëî Ðåéíîëüäñà; ρ(= const) � ïëîòíîñòü ñðåäû;

W =
τ∗0uH
l

� ÷èñëî Âåéñåíáåðãà;

η∗0, τ
∗
0 � íà÷àëüíûå çíà÷åíèÿ ñäâèãîâîé âÿçêîñòè è âðåìåíè ðåëàêñàöèè

ïðè T = T0;

Φ � äèññèïàòèâíàÿ ôóíêöèÿ (å�å âûðàæåíèå ïðèâåäåíî â [18], ñì. òàê-
æå âàæíûå êîììåíòàðèè ïî ïîâîäó òåðìîäèíàìè÷åñêîé ñîãëàñîâàííîñòè
ìîäåëè âî ââåäåíèè ñòàòüè [20]), Cd � êîýôôèöèåíò äèññèïàöèè óðàâíå-
íèÿ òåïëîïðîâîäíîñòè (4);

△ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
� îïåðàòîð Ëàïëàñà;

d

dt
=

∂

∂t
+ (u,∇) � ïîëíàÿ ïðîèçâîäíàÿ ïî âðåìåíè;

Ga = Ra/Pr, EA = EA/T0;

ïîñòîÿííûå Ra (÷èñëî Ðýëåÿ), Pr (÷èñëî Ïðàíäòëÿ), Fr (÷èñëî Ôðóäà),
EA (ýíåðãèÿ àêòèâàöèè) îïèñàíû â [14, 6], èõ çíà÷åíèÿ, ñîîòâåòñòâóþ-
ùèå ðàññìîòðåííîé ïîñòàíîâêå, óêàçàíû â ïðèëîæåíèè ñòàòüè [18], eg �
åäèíè÷íûé âåêòîð, îïðåäåëÿþùèé íàïðàâëåíèå ñèëû òÿæåñòè (çàäàäèì
åãî ïðîòèâîïîëîæíî íàïðàâëåííûì ñ îñüþ x, ðèñ. 1).
Äàëåå äëÿ êîîðäèíàò èñïîëüçóåì îáîçíà÷åíèÿ x, y, z (x = x1, y = x2,

z = x3).
Ñèñòåìà (1)�(4) çàïèñàíà â áåçðàçìåðíîì âèäå: âðåìÿ t; êîîðäèíàòû

x, y, z; êîìïîíåíòû âåêòîðà ñêîðîñòè u1, u2, u3; äàâëåíèå P ; êîìïîíåíòû
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òåíçîðà àíèçîòðîïèè aij îòíåñåíû ê l/uH ; l; uH ; ρu
2
H ; W/3 ñîîòâåòñòâåí-

íî, ãäå l � õàðàêòåðíàÿ äëèíà, uH � õàðàêòåðíàÿ ñêîðîñòü òå÷åíèÿ.
Ïóñòü ïîëèìåðíàÿ æèäêîñòü òå÷�åò â êàíàëå ñ ýëëèïòè÷åñêèì ïîïåðå÷-

íûì ñå÷åíèåì Ω, ëåæàùèì â ïëîñêîñòè (y, z); áîëüøàÿ ïîëóîñü Ω ðàâíà
åäèíèöå, ìàëóþ ïîëóîñü îáîçíà÷èì r < 1. Ïóñòü ôîêóñû ýëëèïñîâ èìåþò
êîîðäèíàòû (±δ, 0), δ < 1 (ðå÷ü èä�åò î áåçðàçìåðíûõ âåëè÷èíàõ), ðèñ. 1.
Â êàíàëå âäîëü îñè x äåéñòâóåò ïåðåïàä äàâëåíèÿ △P (t). Áóäåì èñêàòü
÷àñòíîå ðåøåíèå èñõîäíîé ñèñòåìû (1)�(4) ñëåäóþùåãî âèäà

u2 = u3 ≡ 0, u1 = u(t, y, z),

P = P(t, y, z)−A(t)x, Y = Y (t, y, z),

aij = aij(t, y, z), i, j = 1, 2, 3.

(5)

Âåëè÷èíà A(t) =
△P (t)

ρu2Hh
åñòü áåçðàçìåðíûé ïåðåïàä äàâëåíèÿ íà îòðåçêå

ïî x äëèíû h. Ñëåäóÿ [18], ïîëó÷àåì Φ = uya12 + uza13.

x
а б

y

h(hl)

z

y

g

-1(l) 1(l)

r(rl)

-r(-rl)

u=0

�

Z

g
z

�

u

��

R
A(t)

�

Y=Y (t)0

Ðèñ. 1. Êàíàë ñ ñå÷åíèåì ýëëèïòè÷åñêîé ôîðìû (à), ýë-
ëèïòè÷åñêîå ñå÷åíèå (á).

Îáîçíà÷èì

αij =
aij
Re

, i, j = 1, 3, αi = αii +æ2, æ2 =
1

WRe
;

KI = Re

(
æ2 +

k

3
I

)
, I = α11 + α22 + α33, K̃I = KI + βReI.

Òîãäà ñ ó÷�åòîì (5) çàïèøåì ñèñòåìó (2), (3) â âèäå äâóõ ñèñòåì:
ut − (Y α12)y − (Y α13)z = A(t) +Ga(Y − 1)− Fr−2,

(α12)t − α2uy − α23uz +
(
K̃Iα12 + βRe(α13α23 − α12α33)

)
/τ0 = 0,

(α13)t − α23uy − α3uz +
(
K̃Iα13 + βRe(α12α23 − α13α22)

)
/τ0 = 0,

(6)



(α11)t − 2(α12uy + α13uz) +
(
KIα11 + βRe(α2

11 + α2
12 + α2

13)
)
/τ0 = 0,

(α22)t +
(
K̃Iα22 + βRe(α2

12 − α11α22 + α2
23 − α22α33)

)
/τ0 = 0,

(α33)t +
(
K̃Iα33 + βRe(α2

13 − α11α33 + α2
23 − α22α33)

)
/τ0 = 0,

(α23)t +
(
K̃Iα23 + βRe(α12α13 − α11α23)

)
/τ0 = 0.

(7)
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Äëÿ îïðåäåëåíèÿ ïðîèçâîäíûõ äàâëåíèÿ ïîëó÷àåì ñëåäóþùèå âûðàæå-
íèÿ:

Py = (Y α22)y + (Y α23)z, Pz = (Y α23)y + (Y α33)z.

Äëÿ îïðåäåëåíèÿ òåìïåðàòóðû èìååì

dY

dt
=

1

Pr

(
∂2Y

∂y2
+

∂2Y

∂z2
+ CdY (uya12 + uza13)

)
. (8)

Óìíîæèì âòîðîå è òðåòüå óðàâíåíèÿ (6) íà Y , äîáàâèì è âû÷òåì èç
âòîðîãî óðàâíåíèÿ âûðàæåíèå Ytα12, à èç òðåòüåãî óðàâíåíèÿ Ytα13. Âû-
ðàæåíèÿ, ïîëó÷åííûå òàêèì îáðàçîì, ïðîäèôôåðåíöèðóåì ïî y è ïî z
ñîîòâåòñòâåííî è ñëîæèì ñ ïðîèçâîäíîé ïåðâîãî óðàâíåíèÿ (6) ïî t. Â
ðåçóëüòàòå ïðèä�åì ê êâàçèëèíåéíîìó óðàâíåíèþ 2-ãî ïîðÿäêà äëÿ ôóíê-
öèè u(t, y, z):

utt − Y △̃u− Ãuy − B̃uz +
(
K̃I/τ0

)[
ut −A(t)−Ga(Y − 1) + Fr−2

]
+

+ F = A′(t) +GaYt,
(9)

ãäå

△̃u = α2uyy + 2α23uyz + α3uzz,

Ã = Ã(t, y, z) = (Y α2)y + (Y α23)z, B̃ = B̃(t, y, z) = (Y α23)y + (Y α3)z,

F = F (t, y, z) = Y

[
α12

(
K̃I

τ0

)
y

+ α13

(
K̃I

τ0

)
z

]
+

+ βRe

[(
Y l33
τ0

)
y

+

(
Y l22
τ0

)
z

]
− (Ytα12)y − (Ytα13)z,

l22 = α12α23 − α13α22, l33 = α13α23 − α12α33.

Äëÿ ïîñòàíîâêè çàäà÷è â îáëàñòè Ω óäîáíî ïåðåïèñàòü óðàâíåíèÿ (6)�
(9) â ýëëèïòè÷åñêèõ êîîðäèíàòàõ ζ, γ. Ñîîòâåòñòâóþùàÿ çàìåíà ïåðå-
ìåííûõ ïðåäñòàâëÿåò ñîáîé êîíôîðìíîå îòîáðàæåíèå è èìååò âèä

y = δ cosh ζ sin γ, z = δ sinh ζ cos γ, (10)

ãäå δ =
√
1− r2, 0 ≤ ζ < ∞, 0 ≤ γ < 2π. Âûðàæàÿ â (6)�(9) ïðîèç-

âîäíûå íåèçâåñòíûõ ôóíêöèé ïî ïåðåìåííûì y, z ÷åðåç ïðîèçâîäíûå
ïî ïåðåìåííûì ζ, γ (ñîîòíîøåíèÿ äëÿ ýòîãî ïðèâåäåíû â ïóíêòå 2.2
ñòàòüè [21]), ïîëó÷àåì ðàçðåøàþùóþ ñèñòåìó óðàâíåíèé äëÿ ôóíêöèé
u(ζ, γ), αij(ζ, γ) è Y (ζ, γ) â ýëëèïòè÷åñêîé ñèñòåìå êîîðäèíàò. Äîïîëíèì
ýòè óðàâíåíèÿ ãðàíè÷íûìè óñëîâèÿìè: óñëîâèÿìè ïðèëèïàíèÿ æèäêî-
ñòè äëÿ ñêîðîñòè è çíà÷åíèÿìè òåìïåðàòóðû ñòåíêè êàíàëà:

u(t, Z, γ) = 0 ïðè t > 0, ãäå Z =
1

2
ln

(
1 + r

1− r

)
, (11)

Y (t, Z, γ) = Yb(t, γ) ïðè t > 0, (12)

ãäå ζ = Z � óðàâíåíèå ãðàíèöû êàíàëà, Yb(γ) � ðàñïðåäåëåíèå òåìïåðà-
òóðû íà ñòåíêå êàíàëà.
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Íà÷àëüíûå äàííûå ñôîðìóëèðóåì â ïðåäïîëîæåíèè, ÷òî ïðè t = 0
æèäêîñòü â êàíàëå ïîêîèòñÿ, è å�å òåìïåðàòóðà íàõîäèòñÿ â ðàâíîâåñèè
ñ âíåøíåé ñðåäîé:

αij(0, ζ, γ) = 0, u(0, ζ, γ) = 0, ut(0, ζ, γ) = 0, Y (0, ζ, γ) = 1 (13)

äëÿ âñåõ òî÷åê ζ, γ èç Ω.
Íèæå ñ ïðèìåíåíèåì âû÷èñëèòåëüíîãî ýêñïåðèìåíòà èññëåäóåì âëèÿ-

íèå èìïóëüñîâ ãðàäèåíòà äàâëåíèÿ A(t) è ðåçêèõ èçìåíåíèé òåìïåðàòó-
ðû ñòåíêè êàíàëà Yb(t, γ) íà êàðòèíó òå÷åíèÿ è íà ðåàëèçóåìîñòü óñòà-
íîâèâøèõñÿ ïóàçåéëåâñêèõ ðåæèìîâ òå÷åíèÿ ïîñëå âîçäåéñòâèÿ òàêèõ
èìïóëüñîâ.

3 Îïèñàíèå âû÷èñëèòåëüíîãî àëãîðèòìà

Äëÿ ðåàëèçàöèè ðàñ÷�åòîâ ââåä�åì ñåòêó ïî âðåìåíè ñ øàãîì τ è óç-
ëàìè tn = nτ , n = 0, 1, 2, .... Îáîçíà÷èì un = un(ζ, γ) = u(tn, ζ, γ),
αn
ij = αn

ij(ζ, γ) = αij(tn, ζ, γ), Y
n = Y n(ζ, γ) = Y (tn, ζ, γ) è àïïðîêñè-

ìèðóåì â óðàâíåíèÿõ (6)�(9) ïðîèçâîäíûå ïî âðåìåíè â òî÷êå t = tn+1

ðàçíîñòíûìè îòíîøåíèÿìè âèäà

un+1
tt = utt

∣∣
t=tn+1

≈2un+1 − 5un + 4un−1 − un−2

τ2
,

un+1
t = ut

∣∣
t=tn+1

≈ 3un+1 − 4un + un−1

2τ
,

(14)

n = 2, 3, .... Ýòè îòíîøåíèÿ â ëèòåðàòóðå ÷àñòî íàçûâàþò ðàçíîñòíîé
àïïðîêñèìàöèåé ¾íàçàä¿ èëè ìåòîäîì Ãèðà âòîðîãî ïîðÿäêà.

3.1. Àïïðîêñèìàöèÿ íåèçâåñòíûõ ôóíêöèé è èõ ïðîèçâîäíûõ.

Íà êàæäîì øàãå îïèñàííîé ñõåìû ïî âðåìåíè áóäåì èñêàòü ðåøåíèÿ
óðàâíåíèé (6)�(9), çàïèñàííûõ â ýëëèïòè÷åñêîé ñèñòåìå êîîðäèíàò, ñ
ãðàíè÷íûìè óñëîâèÿìè è íà÷àëüíûìè äàííûìè (11)�(13) â êëàññå äîñòà-
òî÷íî ãëàäêèõ â îáëàñòè Ω 2π-ïåðèîäè÷åñêèõ ïî ïåðåìåííîé γ ôóíêöèé.
Äàëåå äëÿ çàïèñè âû÷èñëèòåëüíîé ñõåìû íåîáõîäèìî àïïðîêñèìèðîâàòü
â óêàçàííûõ óðàâíåíèÿõ ôóíêöèè αn

ij(ζ, γ), u
n(ζ, γ) è Y n(ζ, γ) è èõ ïðî-

èçâîäíûå ïî ïåðåìåííûì ζ è γ. Â êà÷åñòâå ñïîñîáà àïïðîêñèìàöèè ïî
ïåðåìåííîé ζ èñïîëüçóåì äðîáíî-ðàöèîíàëüíûå áàðèöåíòðè÷åñêèå èí-
òåðïîëÿöèè [22, 10, 11], à ïî ïåðåìåííîé γ � òðèãîíîìåòðè÷åñêèå ïîëè-
íîìû ñ ÿäðîì Äèðèõëå. Äëÿ ïðèáëèæåíèÿ ôóíêöèé αn

ij(ζ, γ), u
n(ζ, γ) è

Y n(ζ, γ) ïðèìåíèì ïðÿìûå (òåíçîðíûå) ïðîèçâåäåíèÿ óêàçàííûõ îäíî-
ìåðíûõ èíòåðïîëÿöèé.
Â îáëàñòè Ω = {(ζ, γ) : 0 ≤ ζ ≤ Z, 0 ≤ γ < 2π} ââåä�åì ñåòêó ñ óçëàìè

(ζk, γm), ãäå ζk = L◦g(ξk), ξk = cos
(2k − 1)π

2K
� íóëè ïîëèíîìà ×åáûø�åâà

ñòåïåíè K, ζ̂ = g(ξ) � êîíôîðìíîå îòîáðàæåíèå, ïåðåâîäÿùåå îòðåçîê

[−1, 1] â ñåáÿ, L(ζ̂) = Z(ζ̂+1)/2 � ëèíåéíîå îòîáðàæåíèå îòðåçêà [−1, 1] â
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[0, Z]; γm =
2π(m− 1)

2M − 1
, k = 1,K, m = 1,M, M = 2M −1. Ïóñòü ζ̂0 = −1,

ζ̂k = g(ξk), òîãäà ζk = L(ζ̂k), k = 0,K. Áóäåì ïîëàãàòü (ñì. ââåäåíèå),
÷òî àíàëèòè÷åñêèå ïðîäîëæåíèÿ íåèçâåñòíûõ ôóíêöèé ïî ïåðåìåííîé
ζ èìåþò îñîáûå òî÷êè, ëåæàùèå íà äåéñòâèòåëüíîé ïðÿìîé âíå îòðåçêà
[0, Z] áëèçêî ê òî÷êå ζ = Z, ñì. ïî ýòîìó ïîâîäó ðàññóæäåíèÿ èç [3, 4].
Òîãäà, ñëåäóÿ îöåíêàì ïîãðåøíîñòè èç [10], îòîáðàæåíèå g(ξ) ñëåäóåò

âûáèðàòü òàêèì îáðàçîì, ÷òîáû îáðàòíîå îòîáðàæåíèå g−1(ζ̂) óíîñèëî
ýòè îñîáûå òî÷êè íà äîñòàòî÷íî áîëüøîå ðàññòîÿíèå îò îòðåçêà [−1, 1].
Â êà÷åñòâå òàêîãî îòîáðàæåíèÿ â ýòîé ðàáîòå èñïîëüçóåì ìîäèôèêàöèþ
ôóíêöèè, ïðåäëîæåííîé â [23], ñ ïàðàìåòðîì ε:

g(ξ) = 1 + ε sinh

[
ξ − 1

2
sinh−1 2

ε

]
, ε > 0. (15)

Íåñëîæíî ïðîâåðèòü, ÷òî åñëè îáðàçû îñîáûõ òî÷åê αn
ij , un, Y n êàê

ôóíêöèé ïåðåìåííîé ζ ïîä äåéñòâèåì îòîáðàæåíèÿ L−1 ëåæàò â îêðåñò-
íîñòè òî÷êè 1 + ε, òî îòîáðàæåíèå (15) îáëàäàåò íóæíûìè ñâîéñòâàìè.
Ïóñòü (αn

ij)km = αn
ij(ζk, γm), unkm = un(ζk, γm), Y n

km = Y n(ζk, γm). Ïî-
ñòðîèì ïðèáëèæåíèÿ

αn
ij(ζ, γ) ≈ P (αn

ij , ζ, γ) =
K∑
k=1

M∑
m=1

lkK(ζ̂)DmM (γ)(αn
ij)km, (16)

un(ζ, γ) ≈ Pb(u
n, ζ, γ) =

K∑
k=0

M∑
m=1

lbkK(ζ̂)DmM (γ)unkm,

Y n(ζ, γ) ≈ Pb(Y
n, ζ, γ) + Y n

b ,

(17)

ãäå

lkK(ζ̂) =
Jk(ζ̂)

DK(ζ̂)
, Jk(ζ̂) =

ωk

ζ̂ − ζ̂k
, DK(ζ̂) =

K∑
k=1

Jk(ζ̂),

ωk = (−1)k−1 sin
2k − 1

2K
π � âåñà áàðèöåíòðè÷åñêîé èíòåðïîëÿöèè ñ óçëà-

ìè ζ̂k, ñì. [24];

DmM (γ) =
2

2M − 1

sin[(M − 0.5)(γ − γm)]

2 sin((γ − γm)/2)
,

lbkK(ζ̂) =


(1− ζ̂)(1 + ζ̂)2

(1− ζ̂k)(1 + ζ̂k)2
lkK(ζ̂), k = 1,K,

ζ̂ − 1

4DK(ζ̂)

K∑
j=1

Zj(ζ̂), k = 0,

ãäå Zj(ζ̂) = ωj
ζ̂j(ζ̂ + 3) + 3ζ̂ + 5

(1 + ζ̂j)2
; lkK , l

b
kK , DmM èãðàþò ðîëü ôóíäà-

ìåíòàëüíûõ ìíîãî÷ëåíîâ èíòåðïîëÿöèè; DmM (γ) = 2
2M−1DM (γ − γm),
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DM � ÿäðî Äèðèõëå; ìîäèôèöèðîâàííûé ìíîãî÷ëåí lbkK(ζ̂) â ôîðìóëå
(17) îáåñïå÷èâàåò àâòîìàòè÷åñêîå âûïîëíåíèå ãðàíè÷íûõ óñëîâèé (11).
Â ðàìêàõ ýòîé ðàáîòû â óñëîâèÿõ (12) áóäåì ïîëàãàòü âåëè÷èíó Yb íåçà-
âèñÿùåé îò γ: Yb(tn, γ) ≡ Y n

b . Äëÿ âûïîëíåíèÿ ýòèõ óñëîâèé íà êàæäîì
øàãå ïî âðåìåíè â âûðàæåíèè (17) äëÿ ôóíêöèè Y n(ζ, γ) ïðèñóòñòâóåò
ïîñòîÿííàÿ Y n

b . Äàëåå äëÿ êðàòêîñòè îïóñòèì ýòó ïîñòîÿííóþ.
Äëÿ àïïðîêñèìàöèè óðàâíåíèé (6)�(9), çàïèñàííûõ â ýëëèïòè÷åñêîé

ñèñòåìå êîîðäèíàò, äàëåå áóäåò èñïîëüçîâàí ìåòîä êîëëîêàöèé ñ óçëàìè
(ζk, γm), ïîýòîìó íàì ïîòðåáóþòñÿ çíà÷åíèÿ ïðîèçâîäíûõ èíòåðïîëÿöèé
(16), (17) â ýòèõ óçëàõ. Äèôôåðåíöèðóÿ ôóíêöèþ P (αn

ij , ζ, γ) ïî ζ, ïå-

ðåõîäÿ ê ïðåäåëó ïðè ζ → ζl, γ → γq, l = 1,K, q = 1,M, èñïîëüçóÿ

ñâîéñòâî ôóíäàìåíòàëüíûõ ìíîãî÷ëåíîâ: lkK(ζ̂l) = δkl, DmM (γq) = δmq

(δmq � ñèìâîë Êðîíåêåðà) è ïðàâèëî Ëîïèòàëÿ, íàõîäèì

∂αn
ij

∂ζ
(ζl, γq) ≈ lim

(ζ,γ)→(ζl,γq)

∂P (αn
ij , ζ, γ)

∂ζ
=

K∑
k=1,k ̸=l

ξlk(αij)
n
kq + νl(αij)

n
lq,

ãäå
ξlk =

ωk

ωl(ζ̂l − ζ̂k)
, νl = −

K∑
s=1,s ̸=l

ξls, l, k = 1,K, l ̸= k.

Äèôôåðåíöèðóÿ èíòåðïîëÿöèþ Pb(u
n, ζ, γ) ïî ζ îäèí è äâà ðàçà, ïî àíà-

ëîãèè ïîëó÷àåì

∂un

∂ζ
(ζl, γq) ≈

K∑
k=0,k ̸=l

ηlku
n
kq + µlu

n
lq,

∂2un

∂ζ2
(ζl, γq) ≈

K∑
k=0,k ̸=l

χlku
n
kq + κlu

n
lq,

ãäå

ηlk =



(1− ζ̂2l )(1 + ζ̂l)

(1− ζ̂2k)(1 + ζ̂k)
ξlk, l ̸= k; l, k = 1,K,

ζ̂l − 1

4ωl

K∑
j=1

Zj(ζ̂l), k = 0; l = 1,K,

0, l = 0; k = 1,K,

µl =
1− 3ζ̂l

1− ζ̂2l
− sl, sl =

K∑
j=1,j ̸=l

ξlj ïðè l = 1,K, µ0 = 0,

χlk =



2(1− 3ζ̂l)(1 + ζ̂l)

(1− ζ̂2k)(1 + ζ̂k)
ξlk +

(1− ζ̂2l )(1 + ζ̂l)

(1− ζ̂2k)(1 + ζ̂k)
γlk, l ̸= k; l, k = 1,K,

1

2ωl

K∑
j=1

(
ωj

2ζ̂j(ζ̂l + 1) + 6ζ̂l + 2

(1 + ζ̂j)2
− sl(ζ̂l − 1)Zj(ζ̂l)

)
, k = 0; l = 1,K,

−4ωk

(1− ζ̂2k)(1 + ζ̂k)2σ1
, l = 0; k = 1,K,
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κl = −2
3ζ̂l + 1

(1− ζ̂2l )(1 + ζ̂l)
− 2

1− 3ζ̂l

1− ζ̂2l
sl −

K∑
j=1,j ̸=l

γlj ïðè l = 1,K,

κ0 =
K∑
j=1

ωj

σ1(1 + ζ̂j)2

(
ζ̂j + 3

2
+

2(1 + ζ̂j)σ3
σ1

− 2σ2
σ1

− 2(1 + ζ̂j)σ
2
2

σ2
1

)
,

γlk = −2ξlk

[
sl +

1

ζ̂l − ζ̂k

]
, σi = (−1)i

K∑
j=1

ωj

(1 + ζ̂j)i
, i = 1, 2, 3.

Äèôôåðåíöèðóÿ èíòåðïîëÿöèè P (αn
ij , ζ, γ) è Pb(u

n, ζ, γ) ïî γ, íàõîäèì

∂αn
ij

∂γ
(ζl, γq) ≈

M∑
m=1,m ̸=q

ξ̃qm(αij)
n
lm + ν̃q(αij)

n
lq,

∂un

∂γ
(ζl, γq) ≈

M∑
m=1,m ̸=q

ξ̃qmunlm + ν̃qu
n
lq,

∂2un

∂γ2
(ζl, γq) ≈

M∑
m=1,m ̸=q

χ̃qmunlm + κ̃qu
n
lq,

ãäå

ξ̃qm =
(−1)q−m

2

(
sin

π(q −m)

M

)−1

, ν̃q = 0, m, q = 1,M, q ̸= m;

χ̃qm =
(−1)q−m+1

2
cos

π(q −m)

M

(
sin

π(q −m)

M

)−2

, κ̃q ≡ −M(M − 1)

3
.

Îáîçíà÷èì K = K + 1,

Λn
ij , (Λ

n
ij)ζ � K ×M-ìàòðèöû ñ ýëåìåíòàìè αn

ij(ζk, γm) è
∂αn

ij

∂ζ
(ζk, γm);

Un, Un
ζ , U

n
ζζ � K ×M-ìàòðèöû ñ ýëåìåíòàìè un(ζk, γm),

∂un

∂ζ
(ζk, γm),

∂2un

∂ζ2
(ζk, γm);

Υn, Υn
ζ , Υ

n
ζζ � K×M-ìàòðèöû ñ ýëåìåíòàìè Y n(ζk, γm),

∂Y n

∂ζ
(ζk, γm),

∂2Y n

∂ζ2
(ζk, γm).

Ñôîðìèðóåì K ×K ìàòðèöû

A1 =


0 ξ01 ... ξ0K
0 ν1 ... ξ1K
...

... ...
...

0 ξK1 ... νK

, A1 =


µ0 η01 ... η0K
η10 µ1 ... η1K
...

... ...
...

ηK0 ηK1 ... µK

,

A2 =


κ0 χ01 ... χ0K

χ10 κ1 ... χ1K
...

... ...
...

χK0 χK1 ... κK

,
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ãäå ξ0k =
−ωk[

DK(−1)(1 + ζ̂k)
]2 K∑

j=1

ωj(ζ̂j − ζ̂k)

(1 + ζ̂j)2
, k = 1,K. Äëÿ àïïðîêñèìà-

öèè ïðîèçâîäíûõ ïî ζ â óðàâíåíèÿõ (6)�(9), çàïèñàííûõ â ýëëèïòè÷åñêîé
ñèñòåìå êîîðäèíàò, èìååì ôîðìóëû

(Λn
ij)ζ ≈ A1Λ

n
ij , Un

ζ ≈ A1U
n, Un

ζζ ≈ A2U
n. (18)

Ñôîðìèðóåì M×M-ìàòðèöû

B1 =


ν̃1 ξ̃12 ... ξ̃1M
ξ̃21 ν̃2 ... ξ̃2M
...

... ...
...

ξ̃M1 ξ̃M2 ... ν̃M

, B2 =


κ̃1 χ̃12 ... χ̃1M
χ̃21 κ̃2 ... χ̃2M
...

... ...
...

χ̃M1 χ̃M2 ... κ̃M

.
Äëÿ àïïðîêñèìàöèè ïðîèçâîäíûõ ïî γ â óðàâíåíèÿõ (6)�(9), çàïèñàí-

íûõ â ýëëèïòè÷åñêîé ñèñòåìå êîîðäèíàò, èìååì ôîðìóëû

(Λn
ij)γ ≈ Λn

ijBT
1 , Un

γ ≈ UnBT
1 , Un

γγ ≈ UnBT
2 , (Λn

ij)ζγ ≈ A1Λ
n
ijBT

1 ,

Un
ζγ ≈ A1U

nBT
1 .

(19)

Çäåñü K×M-ìàòðèöû (Λn
ij)γ , U

n
γ , U

n
γγ , (Λ

n
ij)ζγ , U

n
ζγ îïðåäåëÿþòñÿ àíàëî-

ãè÷íî (Λn
ij)ζ , U

n
ζ .

Ïðèáëèæåíèÿ ïðîèçâîäíûõ ôóíêöèè Y n(ζ, γ), âêëþ÷àþùèå âûðàæå-
íèÿ äëÿ ìàòðèö Υn, Υn

ζ , Υ
n
ζζ , Υ

n
γ Υn

γγ è Υn
ζγ , ñòðîÿòñÿ ïîëíîñòüþ àíàëî-

ãè÷íî ïðèáëèæåíèþ ïðîèçâîäíûõ ôóíêöèè un(ζ, γ).
Äàëåå äëÿ ïîñòðîåíèÿ àëãîðèòìîâ âîñïîëüçóåìñÿ ñïåêòðàëüíûì ðàç-

ëîæåíèåì ìàòðèö A2, B2, àïïðîêñèìèðóþùèõ âòîðûå ïðîèçâîäíûå:

A2 = RADAR
−1
A , B2 = RBDBR

−1
B , (20)

ãäå RA, RB � ìàòðèöû ñîáñòâåííûõ âåêòîðîâ A2 è B2; DA, DB � äèà-
ãîíàëüíûå ìàòðèöû ñîáñòâåííûõ çíà÷åíèé A2 è B2 � dkA, d

m
B , k = 0,K,

m = 1,M.

Çàìå÷àíèå 1. Èñïîëüçóÿ âûðàæåíèÿ äëÿ âåëè÷èí χ̃qm, íåñëîæíî âè-
äåòü, ÷òî ìàòðèöà B2 ÿâëÿåòñÿ ñèììåòðè÷íîé, ñëåäîâàòåëüíî ìàò-
ðèöà RB ÿâëÿåòñÿ îðòîãîíàëüíîé, R−1

B = RT
B . Ñòðîãî ãîâîðÿ, ïðè íàëè-

÷èè ó ìàòðèöû A2 êîìïëåêñíî-ñîïðÿæ�åííûõ ñîáñòâåííûõ ÷èñåë, ìàò-
ðèöà DA ÿâëÿåòñÿ áëî÷íî-äèàãîíàëüíîé, ñîäåðæàùåé íà äèàãîíàëè áëî-
êè ðàçìåðà 2 × 2. Îäíàêî, êàê ïîêàçàëè ÷èñëåííûå ýêñïåðèìåíòû, âû-
áðàííûé ñïîñîá ïðèáëèæåíèÿ èñêëþ÷àåò òàêóþ âîçìîæíîñòü. Âàæ-
íûì îáñòîÿòåëüñòâîì ÿâëÿåòñÿ òàêæå ìåäëåííûé ðîñò ÷èñåë îáó-
ñëîâëåííîñòè ìàòðèöû RA ñ ðîñòîìK, îáåñïå÷èâàþùèé óñòîé÷èâîñòü
àëãîðèòìà ê ïîãðåøíîñòÿì îêðóãëåíèÿ.

3.2. Ðåøåíèå çàäà÷è ëèíåéíîé àëãåáðû. Ïîñëå ëèíåàðèçàöèè
óðàâíåíèé (6)�(9), çàïèñàííûõ â ýëëèïòè÷åñêîé ñèñòåìå êîîðäèíàò, âîñ-
ïîëüçóåìñÿ ïðèáëèæåíèÿìè, îïèñàííûìè â ðàçäåëå 3.1 è ìåòîäîì êîë-
ëîêàöèé ñ óçëàìè (ζk, γm) â îáëàñòè Ω, k = 0,K, m = 1,M. Â ðåçóëüòàòå
ïîëó÷àòñÿ ëèíåéíûå ìàòðè÷íûå óðàâíåíèÿ äëÿ âûðàæåíèÿ ìàòðèö Λn+1

ij ,
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Un+1, Υn+1 ÷åðåç ìàòðèöû Λν
ij , U

ν , Υν , ν = n, n−1, n−2. Îäíàêî â ñèëó
íåëèíåéíîñòè è ñâÿçíîñòè óðàâíåíèé èñõîäíîé äèôôåðåíöèàëüíîé çàäà-
÷è ðåøåíèå ýòèõ ìàòðè÷íûõ óðàâíåíèé â èòåðàöèÿõ ïî âðåìåíè ïðèâî-
äèò ê äîñòàòî÷íî áûñòðîìó ðîñòó ïîãðåøíîñòè è ðàñõîäèìîñòè àëãîðèò-
ìà. Ýòà ïðîáëåìà ñòàíîâèòñÿ îñîáåííî êðèòè÷íîé ïðè ìîäåëèðîâàíèè
èìïóëüñíûõ âîçäåéñòâèé íà æèäêîñòü ñ ðåçêèì èçìåíåíèåì ãðàäèåíòà
äàâëåíèÿ è òåìïåðàòóðû ñòåíêè êàíàëà.
Ðåøåíèåì òàêîé ïðîáëåìû ÿâëÿåòñÿ ïðèìåíåíèå íà êàæäîì âðåìåíí�îì

øàãå èòåðàöèé ïî íåëèíåéíîñòè. Ïðè ýòîì ìîìåíò âðåìåíè t = tn+1

è çíà÷åíèÿ ðåøåíèé â ïðåäûäóùèå ìîìåíòû âðåìåíè t = tn, tn−1, ...
ôèêñèðóþòñÿ, à ðåøåíèÿ â òåêóùèé ìîìåíò âðåìåíè íàñ÷èòûâàþòñÿ
âî âëîæåííîì öèêëå. Ïóñòü s � íîìåð øàãà öèêëà èòåðàöèé ïî íåëè-

íåéíîñòè. Äëÿ ðåøåíèé íà øàãå s ââåä�åì îáîçíà÷åíèÿ Λ̂s
ij = Λn+1,s

ij ,

Û s = Un+1,s, Υ̂s = Υn+1,s. Ðåøåíèÿ Λ̂s
ij , Û

s, Υ̂s âûðàæàþòñÿ ÷åðåç Λ̂s−1
ij ,

Û s−1, Υ̂s−1 â ñîîòâåòñòâèè ñ ôîðìóëàìè (22)�(24) è íà÷àëüíûìè óñëî-

âèÿìè Λn+1,0
ij = Λn

ij , U
n+1,0 = Un, Υn+1,0 = Υn. Ïðè ýòîì èòåðàöèè ïî

íåëèíåéíîñòè îñòàíàâëèâàþòñÿ, åñëè

∥Λ̂s
ij − Λ̂s−1

ij ∥
∥Λ̂s

ij∥
≤ εNI ,

∥Û s − Û s−1∥
∥Û s∥

≤ εNI ,
∥Υ̂s − Υ̂s−1∥

∥Υ̂s∥
≤ εNI , (21)

i, j = 1, 2, 3, ëèáî ïî ïðîøåñòâèè Nmax
it èòåðàöèé, ãäå çíà÷åíèÿ Nmax

it ïðè-
âåäåíû â òàáë. 3. Â ñëó÷àå îñòàíîâêè íîìåð s îáîçíà÷èì σ è ïîëîæèì

Λn+1
ij = Λ̂σ

ij , U
n+1 = Ûσ, Υn+1 = Υ̂σ. Çäåñü è äàëåå íîðìà îáîçíà÷àåò

ìàêñèìàëüíûé ýëåìåíò ìàòðèöû, εNI � ïîëîæèòåëüíîå ìàëîå ÷èñëî (ñì.
òàáë. 3). Ïðè ïåðåõîäå íà ñëåäóþùèé øàã ïî âðåìåíè ìåíÿþòñÿ çíà÷å-
íèÿ ôóíêöèé A(t) è A′(t), ñòîÿùèõ â ïðàâîé ÷àñòè (9), ëèáî çíà÷åíèÿ
ôóíêöèè Yb(t, γ) â óñëîâèÿõ (12).
Çàïèøåì äëÿ ïðèìåðà óðàâíåíèå èòåðàöèîííîãî ìåòîäà äëÿ âûðàæå-

íèÿ Λ̂s+1
11 , ïîëó÷åííîå èç ïåðâîãî óðàâíåíèÿ (7) ïîñëå ïåðåõîäà â ýë-

ëèïòè÷åñêóþ ñèñòåìó êîîðäèíàò, âûïîëíåíèÿ ëèíåàðèçàöèè ïî Íüþòîíó
îòíîñèòåëüíî ôóíêöèè α11(ζ, γ) è äèñêðåòèçàöèè ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì:

M11 · Λ̂s+1
11 =

{
3

2τ
+ Re

[(
k

3
+ 2β

)
Λ̂s
11 +

k

3
Îs +æ2EI

] /
T
s

0

}
· Λ̂s+1

11 =

=
4Λn

11 − Λn−1
11

2τ
+ 2
(
Λ̂s
12 · R+ Λ̂s

13 · Q
)
· (A1Û

s)+

+ 2
(
Λ̂s
12 · Q − Λ̂s

13 · R
)
· (ÛsBT

1 ) +
Rek

3
(Λ̂s

11 · Λ̂s
11)
/
T
s

0 − βReĴ s
/
T
s

0,

(22)

Îs = Λ̂s
11 + Λ̂s

22 + Λ̂s
33, Ĵ s = Λ̂s

12 · Λ̂s
12 + Λ̂s

13 · Λ̂s
13 − Λ̂s

11 · Λ̂s
11.

Çäåñü òî÷êà è äðîáü îçíà÷àþò ïîýëåìåíòíîå ïðîèçâåäåíèå è äåëå-
íèå ìàòðèö, EI � ìàòðèöà ðàçìåðà K × M, âñå ýëåìåíòû êîòîðîé ðàâ-
íû åäèíèöå, R, Q � ìàòðèöû ðàçìåðà K × M, ñîäåðæàùèå çíà÷åíèÿ
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ôóíêöèé R(ζ, γ) = sinh ζ sin γ
δ(sinh2 ζ+cos2 γ)

, Q(ζ, γ) = cosh ζ cos γ
δ(sinh2 ζ+cos2 γ)

â óçëàõ ζk,

γm ñîîòâåòñòâåííî (ýòè ôóíêöèè âîçíèêàþò ïðè ïåðåõîäå â ýëëèïòè÷å-

ñêóþ ñèñòåìó êîîðäèíàò), T
s
0 � K×M-ìàòðèöà ñî çíà÷åíèÿìè ôóíêöèè

J(Y (tn+1, ζ, γ))/Y (tn+1, ζ, γ), íàñ÷èòàííûìè íà øàãå s â òåõ æå óçëàõ.
Àïïðîêñèìàöèè îñòàëüíûõ ïÿòè óðàâíåíèé äëÿ ôóíêöèé α22, α33, α12,
α13 è α23, ïðèâåä�åííûõ â ñèñòåìàõ (6), (7), çàïèñûâàþòñÿ àíàëîãè÷íî.
Àïïðîêñèìàöèè óðàâíåíèé (8), (9) ïîñëå ïåðåõîäà â ýëëèïòè÷åñêóþ

ñèñòåìó êîîðäèíàò è âûïîëíåíèÿ ëèíåàðèçàöèè îòíîñèòåëüíî ôóíêöèé
u(ζ, γ) è Y (ζ, γ) âûãëÿäÿò ñëåäóþùèì îáðàçîì:

2

τ2
Û s+1 − æ2c(A2Û

s+1 + Û s+1BT
2 ) = F̂s

U +
K̂s

I

T
s
0

(
4Un − Un−1

2τ

)
+

+
5Un − 4Un−1 + Un−2

τ2
,

(23)

3Pr

2τ
Υ̂s+1 − c(A2Υ̂

s+1 + Υ̂s+1BT
2 ) = F̂s

Y + Pr
4Υn −Υn−1

2τ
, (24)

ãäå

F̂s
U = Υ̂s ·

[
C1 · A2Û

s + 2C2 · A1Û
sBT

1 + C3 · ÛsBT
2 + C4 · A1Û

s + C5 · ÛsBT
1

]
+

+ C6 · A1Υ̂
s · A1Û

s + C7 · Υ̂sBT
1 · ÛsBT

1 + C2 · (A1Υ̂
s · ÛsBT

1 + Υ̂sBT
1 · A1Û

s)+

+ (K̂s
I

/
T
s

0) ·
[
A(tn) +Ga(Υ̂s − 1)− Fr−2 − 3Un/(2τ)

]
− F̂ s +A′(tn) +GaΥ̂s

t ,

F̂s
Y =

[
1

g2
− c

]
(A2Υ̂

s + Υ̂sBT
2 ) + CdΥ̂

s ·
[
(R · Λ̂s

12 +Q · Λ̂s
13) · A1Û

s+

+ (Q · Λ̂s
12 −R · Λ̂s

13) · ÛsBT
1

]
,

C1�C7, F̂
s � ìàòðèöû ðàçìåðà K×M, ýëåìåíòû êîòîðûõ èìåþò äîñòàòî÷-

íî ãðîìîçäêèå âûðàæåíèÿ, ñîäåðæàùèå çíà÷åíèÿ íåèçâåñòíûõ ôóíêöèé

u, Y , αij è çíà÷åíèÿ ôóíêöèé R, Q â óçëàõ èíòåðïîëÿöèè, Υ̂s
t � ìàòðèöà

ðàçìåðà K×M ñî çíà÷åíèÿìè ïðîèçâîäíûõ ôóíêöèè Y (t, ζ, γ) ïî âðåìå-

íè (äëÿ âû÷èñëåíèÿ ýòèõ ïðîèçâîäíûõ èñïîëüçîâàíû ôîðìóëû (14)); K̂s
I

� ìàòðèöà, ñîäåðæàùàÿ çíà÷åíèÿ ôóíêöèè K̃n+1
I . Âñå çíà÷åíèÿ ôóíê-

öèé, èñïîëüçîâàííûå äëÿ âû÷èñëåíèÿ ýëåìåíòîâ ìàòðèö, óêàçàííûõ â
ýòîì àáçàöå, íàñ÷èòàíû íà èòåðàöèè ïî íåëèíåéíîñòè ñ íîìåðîì s â ìî-
ìåíò âðåìåíè t = tn+1. Îòìåòèì, ÷òî äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ, ñòî-
ÿùèõ â ïðàâûõ ÷àñòÿõ óðàâíåíèé (22)�(24), ïðèìåíÿþòñÿ ôîðìóëû âèäà
(18), (19), à äëÿ âûïîëíåíèÿ ëþáûõ äðóãèõ äåéñòâèé ðåàëèçóþòñÿ ñîîò-
âåòñòâóþùèå ïîýëåìåíòíûå îïåðàöèè ñ ìàòðèöàìè. Ïîñòîÿííàÿ c > 0
ÿâëÿåòñÿ ïàðàìåòðîì äèñêðåòèçàöèè ïî âðåìåíè (ñì. ñõåìó èç [12]). Äëÿ
îáåñïå÷åíèÿ ñõîäèìîñòè çíà÷åíèÿ c äîëæíû áûòü äîñòàòî÷íî áîëüøèìè,
ñì. òàáë. 3.
Äëÿ ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ (22) íà êàæäîì øàãå s íåîáõî-

äèìî âûïîëíÿòü äåëåíèÿ ýëåìåíòîâ ïðàâîé ÷àñòè íà ýëåìåíòû ìàòðèöû
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M11. Àíàëîãè÷íûå äåéñòâèÿ âûïîëíÿþòñÿ äëÿ ïîèñêà ïðèáëèæ�åííûõ
çíà÷åíèé âñåõ ôóíêöèé αn+1

ij íà øàãå s+ 1 â óçëàõ êîëëîêàöèè.

Äëÿ ðåøåíèÿ (23) èñïîëüçóåì ñïåêòðàëüíûå ðàçëîæåíèÿ (20) ìàòðèö
A2, B2, ñòîÿùèõ â ëåâûõ ÷àñòÿõ. Óìíîæèì (23) íà ìàòðèöó R−1

A ñëåâà è

íà ìàòðèöó R−1
B ñïðàâà, îáîçíà÷èì pτ = 2/τ2, V̂ s+1 = R−1

A Û s+1R−1
B ,

Ĝs = R−1
A

[
F̂s
U +

K̂s
I

T
s
0

(
4Un − Un−1

2τ

)
+

5Un − 4Un−1 + Un−2

τ2

]
R−1

B

è ïîëó÷èì ìàòðè÷íîå óðàâíåíèå

pτ V̂
s+1 − cæ2(DAV̂

s+1 + V̂ s+1DB) = Ĝs,

ðåøåíèå êîòîðîãî îòíîñèòåëüíî ýëåìåíòîâ vs+1
km ìàòðèöû V̂ s+1 äà�åòñÿ

ýëåìåíòàðíûìè ôîðìóëàìè

vs+1
km =

gskm
pτ − cæ2(dkA + dmB )

, k = 0,K, m = 1,M,

ãäå gskm � ýëåìåíòû ìàòðèöû Ĝs. Â äàííîì ñëó÷àå øàã ñåòêè ïî âðå-

ìåíè τ íóæíî âûáèðàòü, èñõîäÿ èç óñëîâèÿ pτ ̸= cæ2(dkA + dmB ), ò. å.

τ ̸=
√
2/(æ

√
c(dkA + dmB )), ∀k,m. Çíàÿ ýëåìåíòû ìàòðèöû V̂ s+1, íåñëîæíî

âîññòàíîâèòü çíà÷åíèÿ ðåøåíèÿ â óçëàõ êîëëîêàöèè: Û s+1 = RAV̂
s+1RB.

Àíàëîãè÷íàÿ ñõåìà ðåàëèçóåòñÿ äëÿ ïîèñêà Υ̂s+1. Ðåøèâ ïîñëåäîâà-

òåëüíî óðàâíåíèÿ äëÿ Λ̂s+1
ij , Û s+1, Υ̂s+1, ïåðåõîäèì íà íîâóþ èòåðàöèþ

s+2 è òàê äàëåå, ïîêà íå âûïîëíÿòñÿ óñëîâèÿ (21). Ïîñëå ýòîãî ïåðåõî-
äèì ê ñëåäóþùåìó øàãó ïî âðåìåíè è ñíîâà çàïóñêàåì öèêë èòåðàöèé ïî
íåëèíåéíîñòè. Â èòîãå, ïðè óñëîâèè ñõîäèìîñòè èòåðàöèé, ìîæåì ðàñ-
ñ÷èòàòü ðåøåíèÿ íà ëþáîì ïðîìåæóòêå âðåìåíè t ∈ [0, tend]. Êîììåíòà-
ðèè î âûñîêîé ýôôåêòèâíîñòè îïèñàííîãî àëãîðèòìà ðåøåíèÿ óðàâíå-
íèé íà êàæäîì øàãå s ñ òî÷êè çðåíèÿ çàòðàò ïàìÿòè è ÷èñëà îïåðàöèé
äàíû â ðàçä. 4.3 ðàáîòû [12].

4 Ðåçóëüòàòû ðàñ÷�åòîâ

Äëÿ ìîäåëèðîâàíèÿ òå÷åíèÿ ïîëèìåðíîé æèäêîñòè â êàíàëå ñ ýëëèï-
òè÷åñêèì ñå÷åíèåì çàäàäèì ïàðàìåòðû, ñîîòâåòñòâóþùèå õàðàêòåðèñòè-
êàì òåõíîëîãèè òåðìîñòðóéíîé ïå÷àòè ñ ïðèìåíåíèåì ðàñòâîðà ýëåê-
òðîïðîâîäÿùåãî ïîëèìåðà PEDOT:PSS. Âîñïîëüçóåìñÿ äàííûìè, íàé-
äåííûìè â îòêðûòîé ïå÷àòè è ïðåäñòàâëåííûìè â ïðèëîæåíèè ñòàòüè
[18] ñî ññûëêàìè íà ëèòåðàòóðó. Ïåðå÷åíü ïàðàìåòðîâ ìîäåëè ïðèâåä�åí
â òàáë. 1, à ñîîòâåòñòâóþùèå çíà÷åíèÿ áåçðàçìåðíûõ ôàêòîðîâ ìîäåëè
óêàçàíû â (25). Îòìåòèì, ÷òî èñïîëüçóÿ äàííûå èç òàáë. 1, ðåøåíèÿ,
íàéäåííûå â áåçðàçìåðíîé ôîðìå â ðåçóëüòàòå âû÷èñëåíèé, ìîæíî ïðå-
îáðàçîâàòü ê ðàçìåðíîìó âèäó.
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Òàáëèöà 1. Ïàðàìåòðû ìîäåëè

Ïàðàìåòð Îïèñàíèå Çíà÷åíèå

uH Õàðàêòåðíàÿ ñêîðîñòü òå÷åíèÿ 1 ì/ñ
l Õàðàêòåðíàÿ äëèíà (ðàçìåð ñå÷åíèÿ êàíàëà) 10−4 ì
r Áåçðàçìåðíîå çíà÷åíèå ìàëîé ïîëóîñè r = 0.5

ñå÷åíèÿ êàíàëà, ðèñ. 1
T0 Õàðàêòåðíûå çíà÷åíèÿ òåìïåðàòóðû 293.15 K (20◦ Ñ)
η∗0 Íà÷àëüíûå çíà÷åíèÿ ñäâèãîâîé âÿçêîñòè 10−2 Ïà·ñ

ðàñòâîðà PEDOT:PSS
τ∗0 Íà÷àëüíûå çíà÷åíèÿ âðåìåíè ðåëàêñàöèè 10−5 ñ

ðàñòâîðà PEDOT:PSS

EA Áåçðàçìåðíàÿ ýíåðãèÿ àêòèâàöèè 6.14

D̂ Áàçîâîå çíà÷åíèå áåçðàçìåðíîãî −1, −10
ãðàäèåíòà äàâëåíèÿ A(t), ñì. (26)

Ŷ Áàçîâîå çíà÷åíèå òåìïåðàòóðû 1
ñòåíêè êàíàëà Yb(t, γ), ñì. (28)

ρ Ïëîòíîñòü æèäêîñòè 1000 êã/ì3

β, k Ôåíîìåíîëîãè÷åñêèå ïàðàìåòðû k = 1.2β, β = 0.1
Cd Êîýôôèöèåíò äèññèïàöèè 1

Îòìåòèì, ÷òî äëÿ ðàñ÷�åòà D̂ ïîëàãàëîñü, ÷òî äëèíà êàíàëà â 100 ðàç
áîëüøå ðàçìåðà ñå÷åíèÿ l: h = 100. Â ðàìêàõ ðàññìàòðèâàåìîé ïîñòà-
íîâêè

Re = 10, W = 0.1, Ra = 1.06, Pr = 101.8, Ga =
Ra

Pr
, Fr = 31.9. (25)

Â ÷èñëåííûõ ýêñïåðèìåíòàõ áóäåì çàïóñêàòü ðàñ÷�åò ñ íà÷àëüíûìè
äàííûìè (13) è ïëàâíî ïîâûøàòü ãðàäèåíò äàâëåíèÿ A(t) = dP (t) ïðè
t < t0 ïî çàêîíó

dP (t) = D̂
[
1− exp

(
− 8 log 10 (t/t0)

2
)]
, t < t0. (26)

Ìíîæèòåëü �−8 log 10� â àðãóìåíòå ýêñïîíåíòû îáåñïå÷èâàåò áëèçîñòü
ãðàäèåíòà äàâëåíèÿ ê áàçîâîìó çíà÷åíèþ D̂ â ìîìåíò âðåìåíè t = t0:
D̂ −A(t0) = 10−8.
Ïðè t > t0 ñìîäåëèðóåì èìïóëüñ ãðàäèåíòà äàâëåíèÿ â ñîîòâåòñòâèè

ñ ôîðìóëîé

A(t) = dPI(t) = D̂

[
1 +AI exp

(
− (t− tI)

2

2∆2
I

)]
, t ≥ t0, (27)

ëèáî èìïóëüñíîå èçìåíåíèå òåìïåðàòóðû ñòåíêè êàíàëà ïî ôîðìóëå

Yb(t, γ) = Ŷ

[
1 +AY exp

(
−(t− tI)

2

2∆2
Y

)]
, t ≥ t0, (28)

ãäå Yb(t, γ) � çíà÷åíèÿ òåìïåðàòóðû íà ãðàíèöå êàíàëà, ñì. (12), tI > t0+
∆I , tI > t0+∆Y â ñëó÷àå äåéñòâèÿ èìïóëüñîâ äàâëåíèÿ èëè òåìïåðàòóðû
ñîîòâåòñòâåííî.
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Âñå ïàðàìåòðû, ïðèñóòñòâóþùèå â (26)�(28), îïèñàíû â òàáë. 2. Â
ñòîëáöå ¾Çíà÷åíèå¿ â ñêîáêàõ óêàçàíû ðàçìåðíûå âåëè÷èíû.

Òàáëèöà 2. Áåçðàçìåðíûå ïàðàìåòðû èìïóëüñíûõ âîç-
äåéñòâèé íà æèäêîñòü (26)�(28)

Ïàðàìåòð Îïèñàíèå Çíà÷åíèå

t0 Õàðàêòåðèçóåò âðåìÿ âûõîäà ãðàäèåíòà 4�10

äàâëåíèÿ íà áàçîâîå çíà÷åíèå D̂ (0.4�1 ìñ)
tI Ìîìåíò âðåìåíè, êîãäà èíòåíñèâíîñòü 8�40

èìïóëüñà ìàêñèìàëüíà (0.8�4 ìñ)
AI Àìïëèòóäà èìïóëüñà ãðàäèåíòà äàâëåíèÿ 10�104

AY Àìïëèòóäà èìïóëüñà òåìïåðàòóðû 0.2 � 1.3
∆I Õàðàêòåðíàÿ ïðîäîëæèòåëüíîñòü 0.001�10

èìïóëüñà ãðàäèåíòà äàâëåíèÿ (10−4�1 ìñ)
∆Y Õàðàêòåðíàÿ ïðîäîëæèòåëüíîñòü èìïóëüñà 1�30

òåìïåðàòóðû íà ñòåíêå êàíàëà (0.1�3 ìñ)

Îñíîâíûå ïàðàìåòðû âû÷èñëèòåëüíîãî ïðîöåññà ñ äèàïàçîíàìè èõ çíà-
÷åíèé ïðèâåäåíû â òàáë. 3.

Òàáëèöà 3. Ïàðàìåòðû ÷èñëåííîãî ìåòîäà

Ïàðàìåòð Îïèñàíèå Çíà÷åíèå

K, M ×èñëî óçëîâ ñåòêè âäîëü îñåé ζ è γ 15�41
τ Øàã ñåòêè ïî âðåìåíè 10−4�0.05
εS Ïîãðåøíîñòü ñòàáèëèçàöèè òå÷åíèÿ, ñì. (29) 10−3

εNI Ïîãðåøíîñòü èòåðàöèé ïî íåëèíåéíîñòè 10−8

Nmax
it Ìàêñèìàëüíîå ÷èñëî èòåðàöèé ïî íåëèíåéíîñòè 103�104

c Ïàðàìåòð äèñêðåòèçàöèè óðàâíåíèé (23), (24) 80�120
ε Ïàðàìåòð ñãóùåíèÿ äëÿ àäàïòàöèè ñåòêè (15) 0.1

Îòìåòèì, ÷òî âî âñåõ ïðîâåä�åííûõ ðàñ÷�åòàõ øàã ñåòêè ïî âðåìåíè
óäîâëåòâîðÿåò îäíîìó èç íåðàâåíñòâ τ < ∆I/20 èëè τ < ∆Y /20.
Â ÷èñëåííûõ ýêñïåðèìåíòàõ áóäåì íàáëþäàòü ïîòîê è ñðåäíþþ òåì-

ïåðàòóðó æèäêîñòè â êàíàëå, ðàññ÷èòàííûå ïî ôîðìóëàì

F (t) =

∫
Ω

u(t, y, z)d|Ω|, T (t) =
1

|Ω|

∫
Ω

Y (t, y, z)d|Ω|,

ñîîòâåòñòâåííî, ãäå Ω � ñå÷åíèå êàíàëà, |Ω| � åãî ïëîùàäü, d|Ω| � ýëå-
ìåíò ïëîùàäè ñå÷åíèÿ. Ýòè çíà÷åíèÿ ïîëó÷åíû ñ ïðèìåíåíèåì îáîá-
ùåíèé ôîðìóë Clenshaw�Curtis [25] äëÿ ðàñ÷�åòà èíòåãðàëà ïî îáëàñòè
Ω = {(ζ, γ) : 0 ≤ ζ ≤ Z, 0 ≤ γ < 2π}, ãäå äëÿ âû÷èñëåíèÿ Z èñïîëüçîâàíà
ôîðìóëà (11) è äàííûå èç òàáë. 1. Íèæå F , T ïðèâåäåíû â ðàçìåðíîì
âèäå.
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Îäíîé èç öåëåé èññëåäîâàíèÿ ÿâëÿåòñÿ àíàëèç óñëîâèé ïîòåðè óñòîé-
÷èâîñòè òå÷åíèÿ ïîä äåéñòâèåì èìïóëüñíûõ íàãðóçîê (27), (28). Â ðàñ÷�å-
òàõ ñ ïàðàìåòðàìè, çàäàííûìè â òàáë. 1, 2, îáíàðóæèëîñü äâà ðåæèìà
òå÷åíèÿ: ðåæèì, â êîòîðîì íàáëþäàåòñÿ ðàçðóøåíèå ÷èñëåííîãî ðåøå-
íèÿ (êàê ïðàâèëî, ñâÿçàííîå ñ ðàñõîäèìîñòüþ èòåðàöèé ïî íåëèíåéíî-
ñòè) â íåêîòîðîé îêðåñòíîñòè ìîìåíòà âðåìåíè t = tI è ðåæèì, â êîòîðîì
ïîñëå äåéñòâèÿ èìïóëüñà ðåøåíèå íå ðàçðóøàåòñÿ è óñòàíàâëèâàåòñÿ, òî
åñòü ïðè íåêîòîðîì tS = Nτ ≫ tI âûïîëíÿþòñÿ óñëîâèÿ:

∥ΛN
ij − ΛN−1

ij ∥

τ∥ΛN
ij ∥

≤ εS ,
∥UN − UN−1∥

τ∥UN∥
≤ εS ,

∥ΥN −ΥN−1∥
τ∥ΥN∥

≤ εS , (29)

i, j = 1, 2, 3 ñ ìàëûìè çíà÷åíèÿìè εS , óêàçàííûìè â òàáë. 3.
Íà ðèñ. 2, 3 ïðèâåäåíû ðåçóëüòàòû ðàñ÷�åòîâ ïðè íàëè÷èè èìïóëü-

ñà ãðàäèåíòà äàâëåíèÿ (27) ñ ïàðàìåòðàìè tI = 0.8 ìñ, ∆I = 0.0069 −
0.034 ìñ, AI = 30 − 105 àòì, D̂ = −1 ïðè ôèêñèðîâàííîé òåìïåðàòóðå
ñòåíêè êàíàëà Yb(t, γ) ≡ 1. Ñîîòíîøåíèÿ AI è ∆I äëÿ ïðåäñòàâëåííûõ
ðåçóëüòàòîâ áëèçêè ê êðèòè÷åñêèì, ò. å. íåçíà÷èòåëüíîå óâåëè÷åíèå ëþ-
áîãî èç ýòèõ ïàðàìåòðîâ ïðèâåä�åò ê ðàñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ.
Èç ðèñ. 2 âèäíî, ÷òî óâåëè÷åíèå àìïëèòóäû èìïóëüñà ãðàäèåíòà äàâ-
ëåíèÿ AI è óìåíüøåíèå åãî ïðîäîëæèòåëüíîñòè ∆I â ðåæèìå áëèçêîì
ê êðèòè÷åñêîìó âåä�åò ê íåçíà÷èòåëüíîìó óìåíüøåíèþ ìàêñèìàëüíîãî
çíà÷åíèÿ |F | è áîëåå ñóùåñòâåííîìó óìåíüøåíèþ ìàêñèìàëüíîãî çíà÷å-
íèÿ T . Êðîìå òîãî, êàê âèäíî èç ðèñ. 3, èìååòñÿ ýôôåêò çàïàçäûâàíèÿ
îò äåéñòâèÿ èìïóëüñà, ñâÿçàííûé ñ ðåëàêñàöèåé ïîëèìåðíîé æèäêîñòè:
ýêñòðåìóìû ãðàôèêîâ íà ðèñ. 3 a ëåæàò ïðàâåå ëèíèè t = tI . Çàïîç-
äàëîå âëèÿíèå èìïóëüñà ãðàäèåíòà äàâëåíèÿ íà òåìïåðàòóðó æèäêîñòè
åù�å áîëåå î÷åâèäíî: â ìîìåíò âðåìåíè, êîãäà èíòåíñèâíîñòü èìïóëüñà
ìàêñèìàëüíà t = tI ðîñò òåìïåðàòóðû T ïðàêòè÷åñêè íå çàìåòåí, âðåìÿ
âûõîäà T íà ìàêñèìàëüíûå çíà÷åíèÿ ïðèìåðíî íà ïîðÿäîê áîëüøå, ÷åì
âðåìÿ âûõîäà F íà ìàêñèìàëüíûå çíà÷åíèÿ.
Íà ðèñ. 4 ïðèâåäåíû ãðàôèêè F (t) è T (t) ïðè èìïóëüñíîì èçìåíåíèè

òåìïåðàòóðû ñòåíêè êàíàëà (28) â ðåæèìå áëèçêîì ê êðèòè÷åñêîìó. Â

ýòèõ ýêñïåðèìåíòàõ D̂ = −2, Ŷ = 1, tI = 2 ìñ äëÿ ñëó÷àÿ AY = 0.2,
tI = 1.8 ìñ äëÿ AY = 0.6, tI = 1.5 ìñ äëÿ AY = 1 è AY = 1.4. Ìîæíî
âèäåòü, ÷òî ýôôåêò çàïàçäûâàíèÿ òàêæå èìååò ìåñòî äëÿ ðàçëè÷íûõ tI ,
îäíàêî â äàííîì ñëó÷àå õàðàêòåðíîå âðåìÿ âûõîäà âåëè÷èí F è T íà
èõ ìàêñèìàëüíûå çíà÷åíèÿ ñîâïàäàåò. Ïðè ýòîì, ïðåæäå ÷åì âûéòè íà
ñòàöèîíàðíûå çíà÷åíèÿ, ôóíêöèè F (t) è T (t) äåìîíñòðèðóþò íåáîëüøèå
îñöèëëÿöèè.
Íà ðèñ. 5, 6 ïîêàçàíà äèíàìèêà ðàñïðåäåëåíèé òåìïåðàòóðû è ñêîðî-

ñòè òå÷åíèÿ ïîëèìåðíîé æèäêîñòè â êàíàëå ïðè èìïóëüñíîì èçìåíåíèè
òåìïåðàòóðû ñòåíêè â ñîîòâåòñòâèè ñ (28). Â ýòîì ðåæèìå D̂ = −2.5,
AY = 1.2, ∆Y = 0.8 è ÷èñëåííîå ðåøåíèå ðàñõîäèòñÿ ïðè t ≈ 3.676 ìñ.
Âèäíî, ÷òî ïîä âîçäåéñòâèåì èìïóëüñà òåìïåðàòóðà æèäêîñòè âíóòðè
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Ðèñ. 2. Çàâèñèìîñòü ïîòîêà æèäêîñòè â êàíàëå (à) è
ñðåäíåé òåìïåðàòóðû æèäêîñòè (á) îò âðåìåíè ïðè íà-
ëè÷èè èìïóëüñà ãðàäèåíòà äàâëåíèÿ ñ ïàðàìåòðàìè t0 =
0.5 ìñ, tI = 0.8 ìñ, ∆I = 0.0069 − 0.034 ìñ (áåçðàçìåð-

íûå çíà÷åíèÿ 0.069 − 0.34), AI = 30 − 105 àòì, D̂ = −1,
τ = 2.5× 10−3, K = 31, M = 21.
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Ðèñ. 3. Ãðàôèêè ðèñ. 2, óâåëè÷åííûå â îêðåñòíîñòè òî÷-
êè t = tI .
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Ðèñ. 4. Çàâèñèìîñòü ïîòîêà æèäêîñòè â êàíàëå (à) è
ñðåäíåé òåìïåðàòóðû æèäêîñòè (á) îò âðåìåíè ïðè íàëè-
÷èè èìïóëüñà òåìïåðàòóðû ñòåíêè êàíàëà ñ ïàðàìåòðàìè
t0 = 0.942 ìñ, tI = 2, 1.8, 1.5 ìñ, ∆Y = 0.07− 0.476 ìñ (áåç-

ðàçìåðíûå çíà÷åíèÿ 0.7 − 4.76), AY = 0.2 − 1.4, D̂ = −2,
τ = 2.5× 10−3, K = 31, M = 21.

êàíàëà ïîâûøàåòñÿ è ïðåâûøàåò òåìïåðàòóðó ñòåíêè êàíàëà Yb, âñëåä-
ñòâèå ÷åãî óìåíüøàþòñÿ âÿçêîñòü è âðåìÿ ðåëàêñàöèè æèäêîñòè, è ñêî-
ðîñòü ïîâûøàåòñÿ. Äàëåå ïðè óìåíüøåíèè Yb äî áàçîâûõ çíà÷åíèé Ŷ
òåìïåðàòóðà æèäêîñòè âíóòðè êàíàëà îñòà�åòñÿ ïðåäåëüíî âûñîêîé, ÷òî
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а                                                          б                                                            в

Ðèñ. 5. Ðàñïðåäåëåíèå ñêîðîñòè æèäêîñòè ïðè íàëè÷èè
èìïóëüñà òåìïåðàòóðû ñòåíêè êàíàëà â ðàçíûå ìîìåíòû
âðåìåíè t: t = t0 = 0.4 ìñ (à), ïîñëå èìïóëüñà t = 1.32 ìñ
(á), ïåðåä ðàñõîäèìîñòüþ ðåøåíèÿ t = 3.6 ìñ (â).

а                                                          б                                                             в

г                                                          д                                                             е

Ðèñ. 6. Ðàñïðåäåëåíèå òåìïåðàòóðû æèäêîñòè ïðè íàëè-
÷èè èìïóëüñà òåìïåðàòóðû ñòåíêè êàíàëà â ðàçíûå ìî-
ìåíòû âðåìåíè t.

ïðèâîäèò ê äàëüíåéøåìó ðîñòó ñêîðîñòè â îêðåñòíîñòè ëèíèè ζ = 0 è ê
ðàñõîäèìîñòè ðåøåíèÿ.
Âàæíî îòìåòèòü, ÷òî àâòîðàìè ïðîâåäåíî çíà÷èòåëüíîå êîëè÷åñòâî

÷èñëåííûõ ýêñïåðèìåíòîâ è óñòàíîâëåíî, ÷òî èçìåíåíèå ðàçìåðà ñåò-
êè, øàãà ïî âðåìåíè (è äàæå ñõåìû (14) íà èçâåñòíûå ñõåìû ïåðâîãî,
ëèáî ÷åòâ�åðòîãî ïîðÿäêîâ) è äðóãèõ ÷èñëåííûõ ïàðàìåòðîâ ìàëî âëè-
ÿåò íà êðèòè÷åñêèå çíà÷åíèÿ ∆I , ∆Y , AI , AY . Òàêèì îáðàçîì, ìîæíî
óòâåðæäàòü, ÷òî ðàçðóøåíèå ÷èñëåííîãî ðåøåíèÿ ñâÿçàíî ñ îòñóòñòâèåì
äåéñòâèòåëüíûõ âåòâåé òî÷íûõ ðåøåíèé èññëåäóåìûõ óðàâíåíèé. Áîëåå
ñòðîãèå ðàññóæäåíèÿ, ïðîâåä�åííûå â àíàëîãè÷íîì ñëó÷àå äëÿ îäíîìåð-
íîé çàäà÷è è îñíîâàííûå íà ôîðìóëàõ òî÷íûõ ðåøåíèé, èçëîæåíû â [4].
Îòìåòèì, ÷òî ðàçðóøåíèå ðåøåíèÿ ïðè âîçäåéñòâèè èìïóëüñà òåìïå-

ðàòóðû ìîæíî íàáëþäàòü òîëüêî òîãäà, êîãäà çíà÷åíèÿ ãðàäèåíòà äàâëå-
íèÿ ëåæàò â íåêîòîðîé îêðåñòíîñòè êðèòè÷åñêèõ âåëè÷èí |D̂| = D̂crit ≈
2.1 àòì, ò. å. òàêèõ çíà÷åíèé, ïðè êîòîðûõ ðåøåíèå ðàçðóøàåòñÿ áåç èì-
ïóëüñíûõ âîçäåéñòâèé.
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Ðèñ. 7. Êðèòè÷åñêèå ñîîòíîøåíèÿ àìïëèòóäû è ïðîäîë-
æèòåëüíîñòè èìïóëüñîâ äàâëåíèÿ (à) è òåìïåðàòóðû (á).
Íà âñòàâêàõ � ãðàôèêè â ëîãàðèôìè÷åñêîì ìàñøòàáå.

Íà ðèñ. 7 ïðè D̂ = −2 èçîáðàæåíû êðèòè÷åñêèå ñîîòíîøåíèÿ ðàçìåð-
íûõ ïðîäîëæèòåëüíîñòè è àìïëèòóäû èìïóëüñîâ ãðàäèåíòà äàâëåíèÿ è
òåìïåðàòóðû, òî åñòü òàêèå çíà÷åíèÿ, ïðè ïðåâûøåíèè êîòîðûõ ÷èñ-
ëåííîå ðåøåíèå ðàçðóøàåòñÿ, ÷òî ìîæíî àññîöèèðîâàòü ñ ïåðåõîäîì ê
ñëîæíîé íåïóàçåéëåâñêîé è òóðáóëåíòíîé äèíàìèêå. Êàê âèäíî èç ãðà-
ôèêîâ, äëÿ ðåàëèçàöèè ïóàçåéëåâñêîãî òå÷åíèÿ ïðè íàëè÷èè èìïóëüñîâ
áîëüøåé àìïëèòóäû òðåáóåòñÿ ñîêðàùàòü ïðîäîëæèòåëüíîñòü èìïóëüñà
è íàîáîðîò, äëÿ èñïîëüçîâàíèÿ ïðîäîëæèòåëüíûõ èìïóëüñîâ � ñîêðà-
ùàòü èõ àìïëèòóäó. Íà âñòàâêàõ ê ãðàôèêàì ðèñ. 7 êðèòè÷åñêèå ñîîòíî-
øåíèÿ ïîêàçàíû â ëîãàðèôìè÷åñêîé øêàëå, îòêóäà âèäíî, ÷òî ýòè ñîîò-
íîøåíèÿ áëèçêè ê îáðàòíîé ïðîïîðöèè. Îòìåòèì, ÷òî çíà÷åíèÿ AY íà
ðèñ. 7, á ÿâëÿþòñÿ äîâîëüíî ìàëûìè ïî ñðàâíåíèþ ñ AI íà ðèñ. 7, à, îä-
íàêî óâåëè÷åíèå AY âûøå çíà÷åíèé ïîðÿäêà 1.4 ïðèâåä�åò ê íåôèçè÷íûì
ðåçóëüòàòàì, ïîñêîëüêó â òàêîì ñëó÷àå òåìïåðàòóðà ñòåíêè êàíàëà ïðå-
âûñèò 400◦C, ÷òî áëèçêî ê òåìïåðàòóðå ñïåêàíèÿ èëè âîçãîðàíèÿ ìíîãèõ
ïîëèìåðíûõ æèäêîñòåé.

5 Çàêëþ÷åíèå

Â ñòàòüå íà îñíîâå ìåçîñêîïè÷åñêîãî ïîäõîäà ïîñòðîåíà ìîäåëü, îïè-
ñûâàþùàÿ íåèçîòåðìè÷åñêîå òå÷åíèå ïóàçåéëåâñêîãî òèïà íåñæèìàåìîé
âÿçêîóïðóãîé ïîëèìåðíîé æèäêîñòè â êàíàëå ñ ýëëèïòè÷åñêèì ñå÷åíèåì.
Ìîäåëü èñïîëüçîâàíà äëÿ ðàñ÷�åòà òå÷åíèé, âîçíèêàþùèõ â òåõíîëîãè-
ÿõ ïå÷àòè ýëåêòðîïðîâîäÿùèì ìàòåðèàëîì íà ïîëèìåðíîé îñíîâå, ïðè
íàëè÷èè èìïóëüñîâ ãðàäèåíòà äàâëåíèÿ è òåìïåðàòóðû ñòåíêè êàíàëà.
Ñ öåëüþ ÷èñëåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è, ïîñòàâëåííîé

äëÿ óðàâíåíèé ïîñòðîåííîé ìîäåëè, ðàçðàáîòàí è ðåàëèçîâàí âû÷èñ-
ëèòåëüíûé àëãîðèòì, îñíîâàííûé íà ïîëèíîìèàëüíûõ è äðîáíî-ðàöèî-
íàëüíûõ èíòåðïîëÿöèÿõ è ïðèìåíåíèè êîíå÷íî-ðàçíîñòíîé ñõåìû ïî âðå-
ìåíè, îáúåäèí�åííîé ñ èòåðàöèÿìè ïî íåëèíåéíîñòè.
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Ïðîâåä�åí àíàëèç ðàñïðåäåëåíèé ñêîðîñòè è òåìïåðàòóðû æèäêîñòè
â êàíàëå, à òàêæå çàâèñèìîñòåé ïîòîêà è ñðåäíåé òåìïåðàòóðû æèäêî-
ñòè îò âðåìåíè. Èññëåäîâàíû óñëîâèÿ ïîòåðè óñòîé÷èâîñòè ïóàçåéëåâ-
ñêèõ òå÷åíèé ïîä âîçäåéñòâèåì èìïóëüñîâ ãðàäèåíòà äàâëåíèÿ è òåìïå-
ðàòóðû. Ðàññ÷èòàíû êðèòè÷åñêèå ñîîòíîøåíèÿ ìåæäó àìïëèòóäàìè è
ïðîäîëæèòåëüíîñòÿìè èìïóëüñîâ. Ýòè ñîîòíîøåíèÿ áëèçêè ê îáðàòíîé
ïðîïîðöèè.
Â êà÷åñòâå äàëüíåéøåãî ðàçâèòèÿ ìîäåëè èìååò ñìûñë ó÷åñòü ñæèìà-

åìîñòü æèäêîñòè è áîëåå òîíêèå ðåîëîãè÷åñêèå ýôôåêòû, ñì. [26].

References

[1] A. Nourdine, L. Flandin, N. Alb�erola et al., Extrusion of a nano-ordered active layer

for organic photovoltaic cells, Sustainable Energy & Fuels, 1:9 (2017), 2016�2027.
[2] M. Orrill, S. LeBlanc, Printed thermoelectric materials and devices: Fabrication

techniques, advantages and challenges, J. Appl. Polym. Sci., 134:3 (2017), Article
ID 44256.

[3] B.V. Semisalov, Exact Poiseuil-type solutions for viscoelastic polymer �uid �ows

through a circular pipe, J. Appl. Mech. Tech. Phys., 64:4 (2023), 675�685.
Zbl 1541.76008

[4] B.V. Semisalov, On a scenario of transition to turbulence for a polymer �uid �ow in

a circular pipe, Math. Models Comput. Simul., 16:2 (2024), 197�207. MR4667399
[5] L.S. Bryndin, B.V. Semisalov, V.A. Beliaev, V.P. Shapeev, Numerical analysis of the

blow-up of one-dimensional polymer �uid �ow with a front, Comput. Math. Math.
Phys., 64:1 (2024), 151�165. Zbl 7849564

[6] A.Yu. Altukhov, A.S. Gusev, G.V.Puyshnograi, K.B. Koshelev, Introduction to the

mesoscopic theory of �uidity of polymer systems, Altai State Pedagogical University
press, Barnaul, 2012.

[7] V.N. Pokrovskii The mesoscopic theory of polymer dynamics 2nd ed., Springer, Berlin,
2010.

[8] M. Khalid, V. Shankar, G. Subramanian, Continuous pathway between the elasto-

inertial and elastic turbulent states in viscoelastic channel �ow, Phys. Rev. Lett.,
127 (2021), Article ID 134502.

[9] B. Chandra, V. Shankar, D. Das, Onset of transition in the �ow of polymer solutions

through microtubes, J. Fluid Mech., 844 (2018), 1052�1083. Zbl 1429.76058
[10] R. Baltensperger, J.-P. Berrut, B. No�el, Exponential convergence of a linear rational

interpolant between transformed Chebyshev points, Math. Comput., 68:277 (1999),
1109�1120. Zbl 0920.65003

[11] B.V. Semisalov, Application of rational interpolations for solving boundary-value

problems with singularities, Vestn. Yuzhno-Ural. Gos. Univ., Ser. Mat. Model.
Program., 15:4 (2022), 5�19. Zbl 1507.65259

[12] A.M. Blokhin , B.V. Semisalov, Finding steady Poiseuille-type �ows for

incompressible polymeric �uids by the relaxation method, Comput. Math. Math.
Phys. 62:2 (2022), 302�315. Zbl 1539.76017

[13] A.M. Blokhin, B.V. Semisalov, Numerical simulation of a stabilizing Poiseuille-type

polymer �uid �ow in the channel with elliptical cross-section, J. Phys.: Conf. Ser.,
2099 (2021), Article ID 012014.

[14] L.G. Loitsyanskii,Mechanics of liquids and gases, Pergamon Press, Oxford-New York-
Toronto, 1966. MR0197015

https://doi.org/10.1039/C7SE00340D
https://doi.org/10.1039/C7SE00340D
https://doi.org/10.1002/APP.44256
https://doi.org/10.1002/APP.44256
https://doi.org/10.1134/S0021894423040132
https://doi.org/10.1134/S0021894423040132
https://doi.org/10.1134/S2070048224020145
https://doi.org/10.1134/S2070048224020145
https://doi.org/10.1134/S0965542524010068
https://doi.org/10.1134/S0965542524010068
https://doi.org/10.1007/978-90-481-2231-8
https://doi.org/10.1103/PhysRevLett.127.134502
https://doi.org/10.1103/PhysRevLett.127.134502
https://doi.org/10.1017/jfm.2018.234
https://doi.org/10.1017/jfm.2018.234
https://doi.org/10.1090/S0025-5718-99-01070-4
https://doi.org/10.1090/S0025-5718-99-01070-4
https://doi.org/10.14529/mmp220401
https://doi.org/10.14529/mmp220401
https://doi.org/10.1134/S0965542522020051
https://doi.org/10.1134/S0965542522020051
https://doi.org/10.1088/1742-6596/2099/1/012014
https://doi.org/10.1088/1742-6596/2099/1/012014


ÐÀÑ×�ÅÒ ÒÅ×ÅÍÈß ÏÎËÈÌÅÐÍÎÉ ÆÈÄÊÎÑÒÈ 273

[15] L.I. Sedov, Mechanics of continuous media. Volume 1, World Scienti�c, River Edge,
1997. Zbl 0949.74500

[16] Shih-I Pai, Introduction to the theory of compressible �ow, Literary Licensing, LLC.
2013.

[17] V.N. Pokrovskii, Yu.A. Altukhov, G.V. Pyshnograi, The mesoscopic approach to

the dynamics of polymer melts: Consequences for the constitutive equation, J. Non-
Newtonian Fluid Mech., 76:1-3 (1998), 153�181. Zbl 0977.76505

[18] A.M. Blokhin, B.V. Semisalov, Simulation of the stationary nonisothermal MHD �ows

of polymeric �uids in channels with interior heating elements, J. Appl. Ind. Math.,
14:2 (2020), 222�241. Zbl 1503.76127

[19] I.E. Golovicheva, S.A. Zinovich, G.V. Pyshnograi, E�ect of the molecular mass on

the shear and longitudinal viscosity of linear polymers, J. Appl. Mech. Tech. Phys.,
41:2 (2000), 347�352. Zbl 0999.74032

[20] B.V. Semisalov, V.A. Belyaev, L.S. Bryndin, A.G. Gorynin, A.M. Blokhin, S.K.
Golushko, V.P. Shapeev, Veri�ed simulation of the stationary polymer �uid �ows

in the channel with elliptical cross-section, Appl. Math. Comput., 430 (2022), Article
ID 127294. Zbl 1510.76017

[21] A.M. Blokhin, B.V. Semisalov, A stationary �ow of an incompressible viscoelastic

�uid in a channel with elliptic cross section, J. Appl. Ind. Math., 9:1 (2015), 18�26.
Zbl 1340.76005

[22] C. Schneider, W. Werner, Some new aspects of rational interpolation, Math. Comput.,
47 (1986), 285�299. Zbl 0612.65005

[23] T.W. Tee, L.N. Trefethen, A rational spectral collocation method with adaptively

transformed Chebyshev grid points, SIAM J. Sci. Comput., 28:5 (2006), 1798�1811.
Zbl 1123.65105

[24] H.E. Salzer, Lagrangian interpolation at the Chebyshev points xn,ν = cos(νπ/n), ν =
O(1)n; some unnoted advantages, Computer J., 15 (1972), 156�159. Zbl 0242.65007

[25] W.M. Gentleman, Implementing Clenshaw-Curtis quadrature, II: Computing the

cosine transformation, Commun. ACM., 15 (1972), 343�346. Zbl 0234.65024
[26] A.A. Laas, M.A. Makarova, A.S. Malygina, G.O. Rudakov, G.V. Pyshnograi, Re�ning

rheological model for description of linear and nonlinear viscoelasticity of polymer

systems, Comput. Continuum Mech., 14:1 (2021), 12�29.

Semisalov Boris Vladimirovich

Sobolev Institute of Mathematics SB RAS,

pr. Koptyuga, 4,

630090, Novosibirsk, Russia

Email address: vibis87@gmail.com

Bugoets Ivan Andreevich

Sobolev Institute of Mathematics SB RAS,

pr. Koptyuga, 4,

630090, Novosibirsk, Russia

Email address: i.bugoets@g.nsu.ru

Kutkin Lev Il'ich

Novosibirsk State University,

Pirogova str., 1,

630090, Novosibirsk, Russia

Email address: l.kutkin@g.nsu.ru

https://doi.org/10.1142/0712-vol1
https://doi.org/10.1016/0016-0032(59)90383-7
https://doi.org/10.1016/S0377-0257(97)00116-X
https://doi.org/10.1016/S0377-0257(97)00116-X
https://doi.org/10.1134/S1990478920020027
https://doi.org/10.1134/S1990478920020027
https://doi.org/10.1007/BF02465279
https://doi.org/10.1007/BF02465279
https://doi.org/10.1016/j.amc.2022.127294
https://doi.org/10.1016/j.amc.2022.127294
https://doi.org/10.1134/S1990478915010032
https://doi.org/10.1134/S1990478915010032
https://doi.org/10.1090/s0025-5718-1986-0842136-8
https://doi.org/10.1137/050641296
https://doi.org/10.1137/050641296
https://doi.org/10.1093/comjnl/15.2.156
https://doi.org/10.1093/comjnl/15.2.156
https://doi.org/10.1145/355602.361311
https://doi.org/10.1145/355602.361311
https://doi.org/10.7242/1999-6691/2021.14.1.2
https://doi.org/10.7242/1999-6691/2021.14.1.2
https://doi.org/10.7242/1999-6691/2021.14.1.2

	Введение
	Постановка задачи
	Описание вычислительного алгоритма
	Аппроксимация неизвестных функций и их производных
	Решение задачи линейной алгебры

	Результаты расчётов
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