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1 Introduction

Modelling the motion of multi-component media and solving the mathe-
matical problems arising is of great interest to both physics and mathema-
tics. However it is little-studied, and no uni�ed approach to this �eld has
been developed so far, and no mathematical theory has been constructed
concerning the existence, uniqueness and properties of solutions of the initial-
boundary value problems that arise in the process of modelling. A detailed
survey of this problem area can be obtained from the monographs [1, 2] and
the papers [3, 4]. In this paper we choose to study one of the numerous
versions of modelling the motion of multi-component �uid mixtures, namely,
a homogeneous mixture of viscous compressible �uids with multiple velocities.
This means that all the components (constituents) of the mixture are present
in the same phase at every point of space, but each of them has its own
local velocity of motion; the components interact via momentum exchange
and viscous friction (and also heat exchange in heatconducting models). The
model under consideration is a generalization of the well-known Navier�Sto-
kes system of equations describing the motions of compressible viscous single-
component media and includes the continuity and momentum equations,
and also the energy equation(s) in heatconducting models. The characteristic
feature of these equations, in addition to their nonlinearity, is the presence of
higher order derivatives of the velocities of all components in the momentum
(and energy) conservation laws, due to the composite structure of the viscous
stress tensors [1, 2, 5, 6, 7, 8, 9]. This speci�city of multicomponent �ows
can be described using the concept of viscosity matrix. Unlike the single-
component case in which the viscosity is scalar-valued, in the multicomponent
case the viscosities form a matrix whose entries describe viscous friction.
Diagonal entries describe viscous friction within each component, and non-
diagonal entries describe friction between the components. In the case of a
diagonal viscosity matrix, the momentum equations are possibly connected
via the lower order terms only. In the paper the more complicated case of
o�-diagonal viscosity matrices is under consideration. The aim of the paper
is to analyze the existence and uniqueness of solution to an initial-boundary
value problem for isothermal (non-heatconducting) equations of compressible
viscous multicomponent media in the case of one-dimensional motions in a
bounded domain with non permeable boundaries.

As mentioned above, the multi-velocity model of compressible viscous
multicomponent media dynamics under consideration is a generalization of
the well-known Navier�Stokes system of equations and hence the mathema-
tical results for multicomponent media appeared after the progress achieved
in the Navier�Stokes theory, for which an invaluable contribution has been
made by one-dimensional results [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. The unique solvability of
the considered one-dimensional equations of compressible viscous multicom-
ponent media in the polytropic case is investigated in [36, 37]. Similar issues
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for related models of multicomponent media are discussed in [38, 39, 40, 41,
42, 43, 43, 44, 45, 46, 47, 48, 49, 50]. Spectral analysis of some linear models
of compressible viscous multicomponent media is carried out in [51, 52].

The structure of the paper is as follows. Section 2 contains the statement
of the initial-boundary value problem and the formulation of the main result
which is Theorem 1 concerning the existence and uniqueness of the solution.
In Section 3, we study the solvability of an approximate initial-boundary
value problem which is obtained from the original one via Galerkin method.
In Section 4, the solutions to the approximate problem are estimated uni-
formly in the approximation parameter. Basing on these estimates, in Sec-
tion 5 the limit transition is made and the local-in-time existence of a solution
to the original initial-boundary value problem is veri�ed. In order to continue
the local solution, in Section 6 we prove a priori estimates, in which the
constants do not depend on the local existence interval. In Section 7, the
uniqueness of the solution to the initial-boundary value problem is proved.

2 Statement of the initial-boundary value problem and

formulation of the existence and uniqueness theorem

We consider the initial boundary value problem for one-dimensional iso-
thermal equations of the dynamics of compressible viscous multicomponent
media. In the closure QT of a domain QT = (0, T )× (0, 1) (T > 0) the sought
values are the densities ρi(t, x) > 0 and the velocities ui(t, x) of each com-
ponent with the number i = 1, . . . , N (N ∈ N, N ⩾ 2), which satisfy the
following system of di�erential equations, initial and boundary conditions:

∂ρi
∂t

+
∂(ρiv)

∂x
= 0, i = 1, . . . , N, (1)

ρi

(
∂ui
∂t

+ v
∂ui
∂x

)
+ αiK

∂ρ

∂x
=

N∑
j=1

νij
∂2uj
∂x2

, i = 1, . . . , N, (2)

ρi|t=0 = ρ0i(x), ui|t=0 = u0i(x), i = 1, . . . , N, (3)

ui|x=0 = ui|x=1 = 0, i = 1, . . . , N. (4)

Here v is the average velocity, v =
N∑
j=1

αjuj , αj = const ∈ (0, 1),
N∑
j=1

αj = 1,

ρ is the total density, ρ =
N∑
j=1

ρj , constant viscosity coe�cients νij form

the matrix N > 0, the coe�cient K > 0, the initial data ρ0i(x), u0i(x),
i = 1, . . . , N are given.

The given model corresponds to the so-called di�usion approximation
appropriate at description of motions in which relative velocities of com-
ponents are small in comparison with the general (average) velocity of the
�ow (mixture).
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De�nition 1. By a strong solution to problem (1)�(4) we mean 2N
functions (ρ1, . . . , ρN , u1, . . . , uN ) such that for all i = 1, . . . , N

ρi > 0, ρi ∈ L∞
(
0, T ;W 1

2 (0, 1)
)
,

∂ρi
∂t

∈ L∞
(
0, T ;L2(0, 1)

)
,

ui ∈ L∞
(
0, T ;W 1

2 (0, 1)
)⋂

L2

(
0, T ;W 2

2 (0, 1)
)
,

∂ui
∂t

∈ L2(QT ),

(5)

equations (1), (2) are satis�ed almost everywhere in QT , the initial condi-
tions (3) are valid for almost all x ∈ (0, 1), and the boundary conditions (4)
are accepted for almost all t ∈ (0, T ).
Theorem 1. Let the initial data in (3) satisfy the conditions

ρ0i > 0, ρ0i ∈W 1
2 (0, 1), u0i ∈

◦
W 1

2 (0, 1), i = 1, . . . , N. (6)

Then there exists a unique strong solution to problem (1)�(4) in the sense of
De�nition 1.
Proof of Theorem 1 is given in Sections 3�7.

3 Construction of Galerkin approximations

Let us �rst prove the solvability of an approximate initial-boundary value
problem, obtained from problem (1)�(4) by applying the Galerkin method
(in the spatial variable x) to equations (2).
Theorem 2. On the assumptions of Theorem 1 for all m ∈ N there is a

time-interval (0, tm) ⊂ (0, T ), where there exists a solution to the problem

∂ρmi
∂t

+
∂(ρmi v

m)

∂x
= 0, i = 1, . . . , N, (7)

1∫
0

(
ρmi

∂umi
∂t

+ρmi v
m∂u

m
i

∂x
+ αiK

∂ρm

∂x
−

N∑
j=1

νij
∂2umj
∂x2

)
sin (πkx) dx = 0,

i = 1, . . . , N, k = 1, . . . ,m,

(8)

ρmi |t=0 = ρ0i(x), i = 1, . . . , N, (9)

umi =

m∑
s=1

ξmis (t) sin (πsx), umi |t=0 =

m∑
s=1

ξm0is sin (πsx), i = 1, . . . , N, (10)

ξm0is := ξmis (0) = 2

1∫
0

u0i(x) sin (πsx) dx, i = 1, . . . , N, s = 1, . . . ,m,

where vm =

N∑
j=1

αju
m
j , ρm =

N∑
j=1

ρmj , and we have

ρmi > 0, ρmi ∈ L∞
(
0, tm;W 1

2 (0, 1)
)⋂

W 1
∞
(
0, tm;L2(0, 1)

)
,

ξmis ∈ C1[0, tm], i = 1, . . . , N, s = 1, . . . ,m.
(11)
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Proof. We �x tm < T . We omit the upper index m in the notations of
the solutions up to the beginning of Section 5. Consider the set

V =
{
ξ ∈ (C[0, tm])mN

∣∣ ξ(0) = ξ0, ∥ξ∥(C[0,tm])mN ⩽ c
}
,

where

ξ = (ξ1, . . . , ξN ), ξi = (ξi1, . . . , ξim), i = 1, . . . , N,

ξ0 = (ξ01, . . . , ξ0N ), ξ0i = (ξ0i1, . . . , ξ0im), i = 1, . . . , N,

c2 = e

max
1⩽i⩽N

sup
[0,1]

ρ0i

min
1⩽i⩽N

inf
[0,1]

ρ0i
∥ξ0∥2RmN + 1.

We construct the operator A : V → (C[0, tm])mN , ImA ⊂ (C1[0, tm])mN ,
A(ξ) = ψ, where ψ = (ψ1, . . . ,ψN ), ψi = (ψi1, . . . , ψim), i = 1, . . . , N ,
by the following algorithm. First, we �nd the functions

ρi > 0, ρi ∈ L∞
(
0, tm;W 1

2 (0, 1)
)⋂

W 1
∞
(
0, tm;L2(0, 1)

)
, i = 1, . . . , N

as solutions to the Cauchy problems (7), (9), where v =
N∑
j=1

αjuj , and uj ,

j = 1, . . . , N are given by (10) (see [53]). Moreover, the inequalities(
inf
[0,1]

ρ0i

)
e
−

N∑
j=1

t∫
0

sup
[0,1]

∣∣∣ ∂uj∂x

∣∣∣ dτ
⩽ ρi(t, x) ⩽

(
sup
[0,1]

ρ0i

)
e

N∑
j=1

t∫
0

sup
[0,1]

∣∣∣ ∂uj∂x

∣∣∣ dτ
,

i = 1, . . . , N

(12)

hold, which, in view of the inclusion ξ ∈ V , give the estimates(
inf
[0,1]

ρ0i

)
e−πm2cNt ⩽ ρi(t, x) ⩽

(
sup
[0,1]

ρ0i

)
eπm

2cNt, i = 1, . . . , N. (13)

Next, we �nd ψ from the Cauchy problem for the system of mN ordinary
�rst order di�erential (linear) equations:

1∫
0

(
ρi
∂Ui

∂t
+ ρiv

∂Ui

∂x
+ αiK

∂ρ

∂x
−

N∑
j=1

νij
∂2Uj

∂x2

)
sin (πkx) dx = 0,

i = 1, . . . , N, k = 1, . . . ,m,

(14)

ψ(0) = ξ0, (15)

where Ui =

m∑
s=1

ψis(t) sin (πsx), i = 1, . . . , N . The inequality

detM(t) ̸= 0,
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where

M(t) =


M1(t) 0 . . . 0

0 M2(t) . . . 0
...

...
. . .

...
0 0 . . . MN (t)

 ,

Mi(t) =


1∫

0

ρi(t, x) sin (πkx) sin (πsx) dx


m

k,s=1

, i = 1, . . . , N,

which is valid due to the positivity of ρi, i = 1, . . . , N , admits to solve
system (14) with respect to derivatives, which justi�es the existence of ψ ∈
(C1[0, tm])mN . Thus, for arbitrary tm ∈ (0, T ] we can de�ne the operator
A : V → (C1[0, tm])mN ⊂ (C[0, tm])mN , A(ξ) = ψ, whose �xed point (if it
exists), together with the corresponding functions ρi, ui, i = 1, . . . , N , is a
solution to problem (7)�(10).

We show that for su�ciently small tm the operator A satis�es the assump-
tions of the Schauder theorem (see [21, P. 31]), i. e.

(1) V is a convex closed bounded set (which is obvious in the case under
consideration);

(2) A : V → V ;
(3) A is a completely continuous operator.

We �rst show that A(V ) ⊂ V . Hereinafter, Ci(·), i ∈ N, denote quantities
which accept positive �nite values depending on arguments indicated in the
brackets or in comments. Multiplying equations (14) by ψik(t), summarizing
with respect to i, k and integrating with respect to x, we obtain due to (7),
that

1

2

d

dt

 N∑
i=1

1∫
0

ρiU
2
i dx

+
N∑

i,j=1

νij

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dx =

= K
N∑
i=1

αi

1∫
0

ρ

(
∂Ui

∂x

)
dx,

and taking into account the inequalities (to obtain them, we use (13) and
the fact N > 0)

N∑
i,j=1

νij

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dx ⩾ C1(N)

N∑
i=1

1∫
0

(
∂Ui

∂x

)2

dx,

K
N∑
i=1

αi

1∫
0

ρ

(
∂Ui

∂x

)
dx ⩽

C1

2

N∑
i=1

1∫
0

(
∂Ui

∂x

)2

dx+ C2,
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where C2 =
K2N3

2C1

(
max
1⩽i⩽N

sup
[0,1]

ρ0i

)2

e2πm
2cNtm , we obtain the estimate

d

dt

 N∑
i=1

1∫
0

ρiU
2
i dx

+ C1

N∑
i=1

1∫
0

(
∂Ui

∂x

)2

dx ⩽ 2C2,

which, in its turn, leads to

N∑
i=1

1∫
0

ρiU
2
i dx ⩽

N∑
i=1

1∫
0

ρ0iU
2
0i dx+ 2C2t

m, (16)

where U0i =
m∑
s=1

ψis(0) sin (πsx) =
m∑
s=1

ξ0is sin (πsx), i = 1, . . . , N . Using (13)

for the second time, we obtain from (16) the inequality

∥ψ∥2(C[0,tm])mN ⩽ eπm
2cNtm

max
1⩽i⩽N

sup
[0,1]

ρ0i

min
1⩽i⩽N

inf
[0,1]

ρ0i
∥ξ0∥2RmN +

4C2e
πm2cNtm

min
1⩽i⩽N

inf
[0,1]

ρ0i
tm.

Choosing

tm < min

T, 1

πm2cN
,

min
1⩽i⩽N

inf
[0,1]

ρ0i

4eC3

 , (17)

where C3 =
K2N3e2

2C1

(
max
1⩽i⩽N

sup
[0,1]

ρ0i

)2

, we obtain that C2 ⩽ C3, and arrive

at the required estimate

∥ψ∥(C[0,tm])mN ⩽ c.

Thus, if (17) holds, the operator A maps the set V to itself.
Let us prove the compactness of the operator A. Multiplying (14) by

dψik(t)

dt
, summarizing with respect to i, k and integrating with respect to x,

we get the relation

N∑
i=1

1∫
0

ρi

(
∂Ui

∂t

)2

dx =

N∑
i=1

1∫
0

− ρiv

(
∂Ui

∂x

)(
∂Ui

∂t

)
+

+αiKρ

(
∂2Ui

∂t∂x

)
−

N∑
j=1

νij

(
∂2Ui

∂t∂x

)(
∂Uj

∂x

) dx. (18)

Let us estimate the terms on the right-hand side of (18) by using (13), the
Cauchy inequality, and the inequalities ∥ξ∥(C[0,tm])mN ⩽ c, ∥ψ∥(C[0,tm])mN ⩽ c,
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∂x

∥∥∥∥
L2(0,1)

⩽ C4(m)∥Ui∥L2(0,1),

∥∥∥∥∂2Ui

∂t∂x

∥∥∥∥
L2(0,1)

⩽ C4

∥∥∥∥∂Ui

∂t

∥∥∥∥
L2(0,1)

, i = 1, ..., N :

−
N∑
i=1

1∫
0

ρiv

(
∂Ui

∂x

)(
∂Ui

∂t

)
dx ⩽

⩽
1

6

N∑
i=1

1∫
0

ρi

(
∂Ui

∂t

)2

dx+ C5

C4,

{
sup
[0,1]

ρ0i

}N

i=1

, N, c,m, tm

 ,

K
N∑
i=1

αi

1∫
0

ρ

(
∂2Ui

∂t∂x

)
dx ⩽

1

6

N∑
i=1

1∫
0

ρi

(
∂Ui

∂t

)2

dx+

+ C6

C4,

{
inf
[0,1]

ρ0i

}N

i=1

,

{
sup
[0,1]

ρ0i

}N

i=1

,K,N, c,m, tm

 ,

−
N∑

i,j=1

νij

1∫
0

(
∂2Ui

∂t∂x

)(
∂Uj

∂x

)
dx ⩽

⩽
1

6

N∑
i=1

1∫
0

ρi

(
∂Ui

∂t

)2

dx+ C7

(
C4,

{
inf
[0,1]

ρ0i

}N

i=1

,N, N, c,m, tm

)
.

Thus, from (18) we obtain the inequality

1

2

N∑
i=1

1∫
0

ρi

(
∂Ui

∂t

)2

dx ⩽ C5 + C6 + C7.

Integrating the last inequality in time and applying (13), we obtain the
estimate

N∑
i=1

∥∥∥∥∂Ui

∂t

∥∥∥∥
L2(Qtm )

⩽ C8

(
C5, C6, C7,

{
inf
[0,1]

ρ0i

}N

i=1

, N, c,m, tm

)
, (19)

where Qtm = (0, tm)× (0, 1). Thus, we have obtained the estimate for ψ in
(W 1

2 (0, t
m))mN . Consequently, A is a compact operator.

We establish the continuity of the operator A from V in (C[0, tm])mN .

Let ξ(1,2) ∈ V , ψ(1,2) = A(ξ(1,2)), u
(1,2)
i =

m∑
s=1

ξ
(1,2)
is sin (πsx), U

(1,2)
i =

m∑
s=1

ψ
(1,2)
is sin (πsx), i = 1, . . . , N . Let ρ

(1,2)
i , i = 1, . . . , N be the solutions to
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the Cauchy problems (7), (9), with v instead of v(1,2) =
N∑
j=1

αju
(1,2)
j respec-

tively. Denote ρi = ρ
(1)
i − ρ

(2)
i , ui = u

(1)
i − u

(2)
i , Ui = U

(1)
i − U

(2)
i , i = 1, ..., N ,

v = v(1) − v(2), ρ = ρ(1) − ρ(2), where ρ(1,2) =
N∑
j=1

ρ
(1,2)
j . Di�erentiating the

equations

∂ρ
(1,2)
i

∂t
+
∂
(
ρ
(1,2)
i v(1,2)

)
∂x

= 0, i = 1, . . . , N (20)

(see Remark 1 below) with respect to x, multiplying by
∂ρ

(1,2)
i

∂x
, integrating

with respect to x, t, using the initial conditions

ρ
(1,2)
i |t=0 = ρ0i, i = 1, . . . , N, (21)

the inequality (see (13))(
inf
[0,1]

ρ0i

)
e−πm2cNt ⩽ ρ

(1,2)
i ⩽

(
sup
[0,1]

ρ0i

)
eπm

2cNt, i = 1, . . . , N (22)

and Gronwall inequality we get∥∥∥∥∥∂ρ(1,2)i

∂x

∥∥∥∥∥
L2(0,1)

⩽ C9

({
∥ρ0i∥W 1

2 (0,1)

}N

i=1
, N, c,m, tm

)
, i = 1, . . . , N.

(23)
Let us note that (20), (21) lead to the equalities

∂ρi
∂t

+
∂
(
ρiv

(1)
)

∂x
+
∂
(
ρ
(2)
i v
)

∂x
= 0, ρi|t=0 = 0, i = 1, . . . , N. (24)

Multiplying (24) by ρi, and integrating with respect to x, we arrive at the
relations

1

2

d

dt

 1∫
0

ρ2i dx

 = −
1∫

0

(
1

2
ρ2i

(
∂v(1)

∂x

)
+ ρ

(2)
i ρi

(
∂v

∂x

)
+

(
∂ρ

(2)
i

∂x

)
ρiv

)
dx

⩽
1

2

sup
[0,1]

∣∣∣∣∣∂v(1)∂x

∣∣∣∣∣
1∫

0

ρ2i dx+ sup
[0,1]

ρ
(2)
i

1∫
0

(
ρ2i +

(
∂v

∂x

)2
)
dx+

+sup
[0,1]

v2
1∫

0

(
∂ρ

(2)
i

∂x

)2

dx+

1∫
0

ρ2i dx

 ⩽

⩽ C10

C9,

{
sup
[0,1]

ρ0i

}N

i=1

, N, c,m, tm

 1∫
0

ρ2i dx+
N∑
j=1

1∫
0

u2j dx

 . (25)
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Here we have used obvious relations

N∑
j=1

1∫
0

u2j dx =
1

2

N∑
j=1

m∑
s=1

ξ2js(t), sup
[0,1]

v2 ⩽
N∑

i,j=1

m∑
s,l=1

|ξil(t)ξjs(t)|,

1∫
0

(
∂v

∂x

)2

dx =
π2

2

N∑
i,j=1

αiαj

m∑
s=1

s2ξjs(t)ξis(t).

(26)

From (25), applying the Gronwall inequality and the initial conditions in (24),
we obtain the inequalities

1∫
0

ρ2i dx ⩽ C11(C10, t
m)

N∑
j=1

t∫
0

1∫
0

u2j dxdτ, i = 1, . . . , N (27)

for all t ∈ (0, tm]. Further, from the equations for U
(1,2)
i , i = 1, ..., N (see (14))

due to (20) we get

1

2

N∑
i=1

1∫
0

ρ
(1)
i U2

i dx+
N∑

i,j=1

νij

t∫
0

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ =

= K
N∑
i=1

αi

t∫
0

1∫
0

ρ

(
∂Ui

∂x

)
dxdτ −

N∑
i=1

t∫
0

1∫
0

ρiUi

(
∂U

(2)
i

∂τ

)
dxdτ−

−
N∑
i=1

t∫
0

1∫
0

ρ
(1)
i vUi

(
∂U

(2)
i

∂x

)
dxdτ −

N∑
i=1

t∫
0

1∫
0

ρiv
(2)Ui

(
∂U

(2)
i

∂x

)
dxdτ (28)

for all t ∈ (0, tm]. The �rst term on the left-hand side of (28) satis�es the
estimate

1

2

N∑
i=1

1∫
0

ρ
(1)
i U2

i dx ⩾

e−πm2cNtm min
1⩽i⩽N

inf
[0,1]

ρ0i

2

N∑
i=1

1∫
0

U2
i dx. (29)

For the second term on the left-hand side of (28) we have

N∑
i,j=1

t∫
0

1∫
0

νij

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ ⩾ C1

N∑
i=1

t∫
0

1∫
0

(
∂Ui

∂x

)2

dxdτ. (30)
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For the �rst term on the right-hand side of (28) we obtain the relation

K
N∑
i=1

αi

t∫
0

1∫
0

ρ

(
∂Ui

∂x

)
dxdτ ⩽

C1

2

N∑
i=1

t∫
0

1∫
0

(
∂Ui

∂x

)2

dxdτ+

+ C12 (C1, C11,K,N, t
m)

N∑
i=1

t∫
0

1∫
0

u2i dxdτ. (31)

For the second term on the right-hand side of (28) the inequality

−
N∑
i=1

t∫
0

1∫
0

ρiUi

(
∂U

(2)
i

∂τ

)
dxdτ ⩽

⩽
ε

2

N∑
i=1

sup
[0,t]×[0,1]

U2
i

t∫
0

1∫
0

(
∂U

(2)
i

∂τ

)2

dxdτ +
C11Nt

m

2ε

N∑
i=1

t∫
0

1∫
0

u2i dxdτ ⩽

⩽ εmC2
8

N∑
i=1

sup
[0,t]

1∫
0

U2
i dx+

C11Nt
m

2ε

N∑
i=1

t∫
0

1∫
0

u2i dxdτ

holds, and taking

εmC2
8 =

e−πm2cNtm min
1⩽i⩽N

inf
[0,1]

ρ0i

4N
,

we obtain that

−
N∑
i=1

t∫
0

1∫
0

ρiUi

(
∂U

(2)
i

∂τ

)
dxdτ ⩽

e−πm2cNtm min
1⩽i⩽N

inf
[0,1]

ρ0i

4N

N∑
i=1

sup
[0,t]

1∫
0

U2
i dx+

+ C13

(
C8, C11,

{
inf
[0,1]

ρ0i

}N

i=1

, N, c,m, tm

)
N∑
i=1

t∫
0

1∫
0

u2i dxdτ. (32)

The third term on the right-hand side of (28) can be estimated as follows

−
N∑
i=1

t∫
0

1∫
0

ρ
(1)
i vUi

(
∂U

(2)
i

∂x

)
dxdτ ⩽

⩽ C14

 N∑
i=1

t∫
0

1∫
0

u2i dxdτ +

N∑
i=1

t∫
0

1∫
0

U2
i dxdτ

 , (33)
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where C14 = C14

({
sup
[0,1]

ρ0i

}N

i=1
, N, c,m, tm

)
. Finally, the last term on the

right-hand side of (28) satis�es the relation

−
N∑
i=1

t∫
0

1∫
0

ρiv
(2)Ui

(
∂U

(2)
i

∂x

)
dxdτ ⩽

⩽ C15

 N∑
i=1

t∫
0

1∫
0

u2i dxdτ +
N∑
i=1

t∫
0

1∫
0

U2
i dxdτ

 , (34)

where C15 = C15 (C11, N, c,m, t
m). Thus, from (28), using (29)�(34), the

inequality

N∑
i=1

1∫
0

U2
i dx ⩽ C16

 N∑
i=1

t∫
0

1∫
0

u2i dxdτ +
N∑
i=1

t∫
0

1∫
0

U2
i dxdτ


follows, where C16 = C16

(
C12, . . . , C15,

{
inf
[0,1]

ρ0i

}N

i=1
, N, c,m, tm

)
, which, in

view of the Gronwall inequality, implies the estimate

N∑
i=1

1∫
0

U2
i dx ⩽ C17(C16, t

m)
N∑
i=1

tm∫
0

1∫
0

u2i dxdt,

and, consequently,

∥ψ(1) −ψ(2)∥(C[0,tm])mN ⩽ C18(C17, t
m)∥ξ(1) − ξ(2)∥(C[0,tm])mN .

The last inequality justi�es the continuity of the operator A.
Since the operator A satis�es the assumptions of the Schauder theorem

listed above, in V there exists a �xed point ξ of the operator A which,
together with the corresponding functions ρi, i = 1, . . . , N , is a solution to
problem (7)�(10). Theorem 2 is proved.

4 Uniform estimates of Galerkin approximations

Let us obtain estimates of solutions to the approximate initial-boundary
value problem (7)�(10), which would be uniform with respect to the para-
meter m and would allow us to pass to the limit as m→ ∞. Let us denote

α(t) =

N∑
i=1

t∫
0

1∫
0

(
ρi

(
∂ui
∂t

)2

+

(
∂2ui
∂x2

)2
)
dxdτ, α′(t) ⩾ 0. (35)

Equations (7) imply inequalities (12) which, in turn, imply the estimates

C−1
19 e

−C19α(t) ⩽ ρi(x, t) ⩽ C19e
C19α(t), i = 1, . . . , N, (36)
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where C19 = C19

({
sup
[0,1]

ρ0i

}N

i=1
,
{
inf
[0,1]

ρ0i

}N

i=1
, N, T

)
. We note that (7) imply

the equalities

ρi
∂2

∂t∂x

(
1

ρi

)
+ ρiv

∂2

∂x2

(
1

ρi

)
=
∂2v

∂x2
, i = 1, . . . , N, (37)

which yield

d

dt

 1∫
0

ρi

(
∂

∂x

(
1

ρi

))2

dx

 = 2

1∫
0

(
∂

∂x

(
1

ρi

))(
∂2v

∂x2

)
dx, (38)

i = 1, . . . , N.

From (38), the relations

1∫
0

ρi

(
∂

∂x

(
1

ρi

))2

dx ⩽

1∫
0

ρ0i

((
1

ρ0i

)′)2

dx+

+

t∫
0

1∫
0

(
ρi

(
∂

∂x

(
1

ρi

))2

+
1

ρi

(
∂2v

∂x2

)2
)
dxdτ, i = 1, . . . , N (39)

follow.
Remark 1. In order to obtain (39), we need (in (37), (38)) an additional

smoothness of ρi, i = 1, . . . , N in comparison with (11), however the formu-
lation of relations (39) does not require any additional regularity. This means
that (39) can be obtained via regularization of ρ0i, i = 1, . . . , N , derivation
of (39) for the solutions of the corresponding problems, and then the limit
via the regularization parameter. The derivation of relations (23) should be
understood in a similar way.

Using (35), (36) and the Gronwall inequality, from (39) we obtain the
estimates

1∫
0

(
∂

∂x

(
1

ρi

))2

dx+

1∫
0

(
∂ρi
∂x

)2

dx ⩽ C20e
C20α(t), i = 1, . . . , N, (40)

where C20 = C20

(
C19,

{
∥ρ0i∥W 1

2 (0,1)

}N

i=1
,
{
inf
[0,1]

ρ0i

}N

i=1
, N, T

)
. Further,

multiplying (8) by ψ′
ik + π2k2ψik, summarizing with respect to i, k, and

taking into account (7), (10), we obtain the relation (here, we also use the
symmetry of the matrix N)

N∑
i=1

1∫
0

ρi

(
∂ui
∂t

)2

dx+

N∑
i,j=1

νij

1∫
0

(
∂2ui
∂x2

)(
∂2uj
∂x2

)
dx+
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+
1

2

d

dt

 N∑
i=1

1∫
0

ρi

(
∂ui
∂x

)2

dx

+
1

2

d

dt

 N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx

 =

= −
N∑
i=1

1∫
0

ρiv

(
∂ui
∂t

)(
∂ui
∂x

)
dx−K

1∫
0

(
∂ρ

∂x

)(
∂v

∂t

)
dx+

+K

1∫
0

(
∂ρ

∂x

)(
∂2v

∂x2

)
dx−

N∑
i=1

1∫
0

(
∂ρi
∂x

)(
∂ui
∂t

)(
∂ui
∂x

)
dx+

+ 2
N∑
i=1

1∫
0

ρiv

(
∂ui
∂x

)(
∂2ui
∂x2

)
dx. (41)

The left-hand side of (41) satis�es the estimate (since N > 0)

N∑
i=1

1∫
0

ρi

(
∂ui
∂t

)2

dx+

N∑
i,j=1

νij

1∫
0

(
∂2ui
∂x2

)(
∂2uj
∂x2

)
dx+

+
1

2

d

dt

 N∑
i=1

1∫
0

ρi

(
∂ui
∂x

)2

dx

+
1

2

d

dt

 N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx

 ⩾

⩾ C21(C1)α
′(t) + β′(t), (42)

where

β(t) =
1

2

N∑
i=1

1∫
0

ρi

(
∂ui
∂x

)2

dx+
1

2

N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx.

We separately consider each term on the right-hand side of (41). For the �rst
term on the right-hand side of (41) we have

−
N∑
i=1

1∫
0

ρiv

(
∂ui
∂t

)(
∂ui
∂x

)
dx ⩽

⩽
N∑
i=1

sup
[0,1]

|v|

 1∫
0

ρi

(
∂ui
∂t

)2

dx

1/2 1∫
0

ρi

(
∂ui
∂x

)2

dx

1/2

⩽

⩽
C21

10
α′(t) + C22 β

2(t)eC22α(t), (43)
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where C22 = C22(C19, C21, N). For the second and third terms on the right-
hand side of (41) we obtain

−K
1∫

0

(
∂ρ

∂x

)(
∂v

∂t

)
dx ⩽

C21

10
α′(t) + C23e

C23α(t), (44)

K

1∫
0

(
∂ρ

∂x

)(
∂2v

∂x2

)
dx ⩽

C21

10
α′(t) + C24e

C24α(t) (45)

respectively, where C23 = C23(C19, C20, C21,K,N), C24 = C24(C20, C21,K,N).

For the fourth term on the right-hand side of (41), using the interpolation
estimate

sup
[0,1]

∣∣∣∣∂ui∂x

∣∣∣∣ ⩽ √
2

 1∫
0

(
∂ui
∂x

)2

dx

1/2 1∫
0

(
∂2ui
∂x2

)2

dx

1/2

,

we deduce

−
N∑
i=1

1∫
0

(
∂ρi
∂x

)(
∂ui
∂t

)(
∂ui
∂x

)
dx ⩽

⩽
N∑
i=1

sup
[0,1]

∣∣∣∣∂ui∂x

∣∣∣∣
 1∫

0

1

ρi

(
∂ρi
∂x

)2

dx

1/2 1∫
0

ρi

(
∂ui
∂t

)2

dx

1/2

⩽

⩽
C21

10
α′(t) + C25 β(t)e

C25α(t), C25 = C25(C19, C20, C21, N). (46)

Finally, for the last term on the right-hand side of (41) we obtain the relation

2

N∑
i=1

1∫
0

ρiv

(
∂ui
∂x

)(
∂2ui
∂x2

)
dx ⩽

⩽ 2

N∑
i=1

sup
[0,1]

|v| sup
[0,1]

√
ρi

 1∫
0

ρi

(
∂ui
∂x

)2

dx

1/2 1∫
0

(
∂2ui
∂x2

)2

dx

1/2

⩽

⩽
C21

10
α′(t) + C26 β

2(t)eC26α(t), C26 = C26(C19, C21, N). (47)

Thus, from (43)�(46) it follows that the right-hand side of (41)

−
N∑
i=1

1∫
0

ρiv

(
∂ui
∂t

)(
∂ui
∂x

)
dx−K

1∫
0

(
∂ρ

∂x

)(
∂v

∂t

)
dx+
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+K

1∫
0

(
∂ρ

∂x

)(
∂2v

∂x2

)
dx−

N∑
i=1

1∫
0

(
∂ρi
∂x

)(
∂ui
∂t

)(
∂ui
∂x

)
dx+

+ 2

N∑
i=1

1∫
0

ρiv

(
∂ui
∂x

)(
∂2ui
∂x2

)
dx ⩽

⩽
C21

2
α′(t) + C27(1 + β2(t))eC27α(t), C27 = C27(C22, . . . , C26). (48)

Combining relations (42) and (48), from (41) we obtain the inequality(
C21

2
α(t) + β(t)

)′
⩽ C28e

C28

(
C21

α(t)
2

+β(t)
)
, C28 = C28(C21, C27). (49)

We take any C29 > β(0), for example, C29 = 2β(0). Then for

t0 = min

(
T,
e−C28β(0) − e−C28C29

C2
28

)
(50)

we derive from (49) that the estimate

sup
0⩽t⩽t0

(α+ β) ⩽

(
1 +

2

C21

)
C30, C30 =

1

C28
ln

(
1

e−C28β(0) − C2
28t0

)
holds, which together with (7), (36) and (40) yields that

N∑
i=1

(
∥ρi∥L∞

(
0,t0;W 1

2 (0,1)
) + ∥ui∥L∞

(
0,t0;W 1

2 (0,1)
) + ∥ui∥L2

(
0,t0;W 2

2 (0,1)
)+

+

∥∥∥∥∂ρi∂t
∥∥∥∥
L∞
(
0,t0;L2(0,1)

) + ∥∥∥∥∂ui∂t
∥∥∥∥
L2(Qt0 )

+

∥∥∥∥ 1

ρi

∥∥∥∥
L∞(Qt0 )

)
⩽ C31, (51)

where Qt0 = (0, t0)× (0, 1), C31 = C31 (C19, C20, C21, C30, N).

5 Convergence of Galerkin approximations

We have constructed the solutions (ρm1 , . . . , ρ
m
N , u

m
1 , . . . , u

m
N ) to problems

(7)�(10) for all m ∈ N, and now extend them, if necessary, for (0, t0), and
we can use estimate (51) for them. Based on this estimate, we can extract a
subsequence from the mentioned sequence (keeping the same notation, below
this procedure is implied as necessary) such that

ρmi → ρi weakly* in L∞
(
0, t0;W

1
2 (0, 1)

)
,

umi → ui weakly* in L∞
(
0, t0;W

1
2 (0, 1)

)
and weakly in L2

(
0, t0;W

2
2 (0, 1)

)
as m → ∞ for all i = 1, . . . , N . The other properties listed in (5) are also
satis�ed by this sequence in Qt0 uniformly with respect to m. Consequently,
the limit functions belong to the corresponding classes. We show that
(ρ1, . . . , ρN , u1, . . . , uN ) is a strong solution to problem (1)�(4) on (0, t0).
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By the Arzela�Ascoli theorem (see [54, Theorem1.70, P. 58]) and the

uniform estimates for ρmi , u
m
i in L∞

(
0, t0;W

1
2 (0, 1)

)
and for

∂ρmi
∂t

,
∂umi
∂t

in

L2(Qt0) (cf. (51)) we have

ρmi → ρi as m→ ∞ strongly in C
(
[0, t0];L2(0, 1)

)
, i = 1, . . . , N, (52)

umi → ui as m→ ∞ strongly in C
(
[0, t0];L2(0, 1)

)
, i = 1, . . . , N. (53)

Since
∂umi
∂t

are bounded in L2(Qt0), an uniform estimate for
∂2umi
∂t∂x

in

L2(0, t0;W
−1
2 (0, 1)) is valid, which, together with the estimate for

∂umi
∂x

in

L2(0, t0;W
1
2 (0, 1)) means via Lions�Aubin's lemma (see [54, Theorem1.71,

P. 59]) that

∂umi
∂x

→ ∂ui
∂x

as m→ ∞ strongly in L2(Qt0), i = 1, . . . , N. (54)

Hence (53) leads to the relations

umi → ui as m→ ∞ strongly in L2

(
0, t0;C[0, 1]

)
, i = 1, . . . , N. (55)

Thus, the limit functions ρi, ui, i = 1, . . . , N , satisfy (almost everywhere in

Qt0) the continuity equations (1), in which v =

N∑
j=1

αjuj , the initial data (3)

for almost all x ∈ (0, 1) and the boundary conditions (4) for almost all
t ∈ (0, t0).

The boundedness of
∂umi
∂t

in L2(Qt0) implies the weak convergence of
∂umi
∂t

to
∂ui
∂t

in L2(Qt0), which, together with (52) and the boundedness of ρmi
∂umi
∂t

in L2(Qt0) implies

ρmi
∂umi
∂t

→ ρi
∂ui
∂t

as m→ ∞ weakly in L2(Qt0), i = 1, . . . , N.

Further, from (52) and (54) it follows that

ρmi
∂umi
∂x

→ ρi
∂ui
∂x

as m→ ∞ strongly in L2

(
0, t0;L1(0, 1)

)
, i = 1, . . . , N,

and hence (55) yields that the convergences(
ρmi

∂umi
∂x

)
umj →

(
ρi
∂ui
∂x

)
uj as m→ ∞ strongly in L1(Qt0) (56)

are valid for all i, j = 1, . . . , N .
By (8), for any functions of the form (i = 1, . . . , N)

φi =

M∑
k=1

ηik(t) sin(πkx), ηik ∈ C[0, t0], k = 1, . . . ,M, M ⩽ m, (57)
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we have the equalities

t0∫
0

1∫
0

(
ρmi

∂umi
∂t

+ ρmi v
m∂u

m
i

∂x
+ αiK

∂ρm

∂x
−

N∑
j=1

νij
∂2umj
∂x2

)
φi dxdt = 0,

i = 1, . . . , N,

passing in which to the limit asm→ ∞ (by the proved convergences), we �nd
(since the set of functions φi, i = 1, . . . , N of form (57) is everywhere dense
in L2(Qt0)) that the momentum equations (2) hold for the limit functions

ρi, ui, i = 1, . . . , N almost everywhere Qt0 , with ρ =
N∑
i=1

ρi.

Thus, we have proved the existence of a solution to the initial-boundary
value problem (1)�(4) in small time. In order to continue the local solution
de�ned on the interval (0, t0) into the entire target interval (0, T ), it is
necessary to obtain a priori estimates for this local solution which contain
constants depending on the input data of the problem and on the value T ,
but not on the parameter t0 (see, for example, [21, P. 40]).

6 Global a priori estimates

During the further study of the unique solvability of problem (1)�(4),
the use of the Lagrangian mass coordinates is convenient. Let us accept t

and y(t, x) =

x∫
0

ρ(t, s) ds as new independent variables. Then system (1), (2)

takes the form

∂ρ̃i
∂t

+ ρ̃ρ̃i
∂ṽ

∂y
= 0, i = 1, . . . , N, ṽ =

N∑
j=1

αj ũj , (58)

ρ̃i
ρ̃

∂ũi
∂t

+ αiK
∂ρ̃

∂y
=

N∑
j=1

νij
∂

∂y

(
ρ̃
∂ũj
∂y

)
, i = 1, . . . , N, ρ̃ =

N∑
j=1

ρ̃j . (59)

The domain QT is transformed into the rectangular ΠT = (0, T )× (0, d),

where d =

1∫
0

ρ0 dx > 0, ρ0 =
N∑
j=1

ρ0j , and the initial and boundary conditions

take the form

ρ̃i|t=0 = ρ̃0i(y), ũi|t=0 = ũ0i(y), y ∈ [0, d], i = 1, . . . , N, (60)

ũi|y=0 = ũi|y=d = 0, t ∈ [0, T ], i = 1, . . . , N. (61)

Let us construct a priori estimates. First of all, we note that the summation
of (58) with respect to i gives

∂ρ̃

∂t
+ ρ̃2

∂ṽ

∂y
= 0, (62)
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and hence
∂

∂t

(
ρ̃i
ρ̃

)
= 0, i = 1, . . . , N.

Hence, due to (60) we get the equalities

ρ̃i(t, y)

ρ̃(t, y)
=
ρ̃0i(y)

ρ̃0(y)
as (t, y) ∈ [0, T ]× [0, d] (63)

for all i = 1, . . . , N , where ρ̃0 =
N∑
j=1

ρ̃0j . In the Eulerian coordinates the

ratios ρi/ρ, i = 1, . . . , N , satisfy the transport equations, and we only have
the inequalities

0 < inf
[0,1]

ρ0i
ρ0

⩽
ρi(t, x)

ρ(t, x)
⩽ sup

[0,1]

ρ0i
ρ0

⩽ 1 for (t, x) ∈ [0, T ]× [0, 1]. (64)

Let us multiply equations (2) by ui, integrate over x and sum with respect
to i. In view of (1), (4) and the condition N > 0, the following relations hold

N∑
i=1

1∫
0

(
ρi
∂ui
∂t

+ ρiv
∂ui
∂x

)
ui dx =

1

2

d

dt

 N∑
i=1

1∫
0

ρiu
2
i dx

 ,

N∑
i=1

αiK

1∫
0

ui
∂ρ

∂x
dx = −K

1∫
0

ρ
∂v

∂x
dx = K

d

dt

1∫
0

(
ρ ln ρ− (ln d+ 1)ρ+ d

)
dx,

N∑
i,j=1

νij

1∫
0

(
∂2uj
∂x2

)
ui dx = −

N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx ⩽

⩽ −C1

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx, (65)

and hence we get the inequality

d

dt

1∫
0

(
1

2

N∑
i=1

ρiu
2
i +K (ρ ln ρ− (ln d+ 1)ρ+ d)

)
dx+

+ C1

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx ⩽ 0. (66)

Integrating (66) with respect to t, and using (3), we obtain the bound

1∫
0

(
1

2

N∑
i=1

ρiu
2
i +K

(
ρ ln ρ− (ln d+ 1)ρ+ d

))
dx+C1

N∑
i=1

t∫
0

1∫
0

(
∂ui
∂x

)2

dxdτ
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⩽

1∫
0

(
1

2

N∑
i=1

ρ0iu
2
0i +K

(
ρ0 ln ρ0 − (ln d+ 1)ρ0 + d

))
dx,

which, due to (64), implies the estimate

N∑
i=1

1∫
0

ρu2i dx+

1∫
0

(
ρ ln ρ− (ln d+ 1)ρ+ d

)
dx+

+

N∑
i=1

T∫
0

1∫
0

(
∂ui
∂x

)2

dxdt ⩽ C32, (67)

where C32=C32

(
C1,

{
inf
[0,1]

ρ0i
ρ0

}N

i=1

,

{
sup
[0,1]

ρ0i

}N

i=1

,
{
∥u0i∥L2(0,1)

}N
i=1

,K,N, d

)
. Let

us rewrite (67), using the Lagrangian mass coordinates, in the form

N∑
i=1

d∫
0

ũ2i dy +

d∫
0

ρ̃ ln ρ̃− (ln d+ 1)ρ̃+ d

ρ̃
dy+

+

N∑
i=1

T∫
0

d∫
0

ρ̃

(
∂ũi
∂y

)2

dydt ⩽ C32. (68)

Let us note that, from estimates (67), in view of (4), the inequality

N∑
i=1

T∫
0

(
sup
[0,1]

|ui|
)2

dt ⩽ C32 (69)

obviously follows.
Let us rewrite equations (2), using (1), in the form

N∑
j=1

ν̃ij

(
∂(ρjuj)

∂t
+
∂(ρjvuj)

∂x

)
+K

 N∑
j=1

ν̃ijαj

 ∂ρ

∂x
=
∂2ui
∂x2

, (70)

i = 1, . . . , N,

where ν̃ij are the entries of the symmetric matrix Ñ = N
−1 > 0. We multi-

ply (70) by αi and sum with respect to i, and we obtain

∂V

∂t
=

∂

∂x

(
∂v

∂x
− K̃ρ− vV

)
, (71)
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where V =
N∑

i,j=1

ν̃ijαiρjuj , K̃ = K
N∑

i,j=1

ν̃ijαiαj > 0. We denote

γ(t, x) =

t∫
0

(
∂v

∂x
− K̃ρ− vV

)
dτ +

x∫
0

V0 ds, (72)

where V0(x) = V (0, x) =

N∑
i,j=1

ν̃ijαiρ0ju0j . In view of (67), we have

sup
[0,T ]

1∫
0

∣∣∣∣∂γ∂x
∣∣∣∣ dx = sup

[0,T ]

1∫
0

|V | dx ⩽ C33(C32,N, N, d),

sup
[0,T ]

∣∣∣∣∣∣
1∫

0

γ dx

∣∣∣∣∣∣ ⩽ C34

(
C32, {∥ρ0iu0i∥L1(0,1)}

N
i=1, Ñ, K̃,N, T, d

)
,

and hence, using Poincar�e's inequality (see [54, Lemma1.43, P. 44]), we get

sup
[0,T ]

1∫
0

|γ| dx ⩽ C35(C33, C34),

and we arrive at the boundedness of γ in L∞
(
0, T ;W 1

1 (0, 1)
)
. Using this and

the fact W 1
1 (0, 1) ↪→ L∞(0, 1), we obtain the estimate

∥γ∥L∞(QT ) ⩽ C36 (C33, C35) .

Let us note that, in view of (1), (71) and (72), the following relations hold

∂(ρeγ)

∂t
+ v

∂(ρeγ)

∂x
= −K̃eγρ2 ⩽ 0,

and hence

ρ(t, x)eγ(t,x) ⩽

(
sup
[0,1]

ρ0

)
e

1∫
0

|V0| dx
,

so that the estimate

ρ(t, x) ⩽ C37 as (t, x) ∈ [0, T ]× [0, 1] (73)

is valid, where C37 = C37

(
C36,

{
sup
[0,1]

ρ0i

}N

i=1
, {∥ρ0iu0i∥L1(0,1)}

N
i=1, Ñ, N

)
.

Let us use equations (1), (2) in the form (58), (59). We rewrite equations
(59) as

N∑
j=1

ν̃ij
ρ̃j
ρ̃

∂ũj
∂t

+K

 N∑
j=1

ν̃ijαj

 ∂ρ̃

∂y
=

∂

∂y

(
ρ̃
∂ũi
∂y

)
, i = 1, . . . , N, (74)
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and then multiply (74) by αi and sum with respect to i. In view of (63), we
obtain

N∑
i,j=1

ν̃ijαi
ρ̃0j
ρ̃0

∂ũj
∂t

+ K̃
∂ρ̃

∂y
=

∂

∂y

(
ρ̃
∂ṽ

∂y

)
. (75)

We extract from (62) that

ρ̃
∂ṽ

∂y
= −∂ ln ρ̃

∂t
(76)

and substitute this into (75), then we get

∂2 ln ρ̃

∂t∂y
+ K̃

∂ρ̃

∂y
= −

N∑
i,j=1

ν̃ijαi
ρ̃0j
ρ̃0

∂ũj
∂t

.

We multiply this equality by
∂ ln ρ̃

∂y
and integrate with respect to y, then we

obtain the relation

1

2

d

dt

 d∫
0

(
∂ ln ρ̃

∂y

)2

dy

+ K̃

d∫
0

ρ̃

(
∂ ln ρ̃

∂y

)2

dy =

= −
N∑

i,j=1

ν̃ijαi

d∫
0

(
ρ̃0j
ρ̃0

∂ũj
∂t

)(
∂ ln ρ̃

∂y

)
dy. (77)

Let us transform the right-hand side of (77) via the integration by parts and
using (76):

−
N∑

i,j=1

ν̃ijαi

d∫
0

(
ρ̃0j
ρ̃0

∂ũj
∂t

)(
∂ ln ρ̃

∂y

)
dy =

= − d

dt

 N∑
i,j=1

ν̃ijαi

d∫
0

(
ρ̃0j
ρ̃0
uj

)(
∂ ln ρ̃

∂y

)
dy

+

+

N∑
i,j=1

ν̃ijαi

d∫
0

(
ρ̃0j
ρ̃0

)′
ρ̃ ũj

(
∂ṽ

∂y

)
dy+

N∑
i,j=1

ν̃ijαi

d∫
0

ρ̃0j ρ̃

ρ̃0

(
∂ũj
∂y

)(
∂ṽ

∂y

)
dy.

(78)

Thus, after integration of (77) with respect to t, taking into account (73)
and (78), we get

d∫
0

(
∂ ln ρ̃

∂y

)2

dy + 2K̃

t∫
0

d∫
0

ρ̃

(
∂ ln ρ̃

∂y

)2

dydτ ⩽

d∫
0

(
(ln ρ̃0)

′)2 dy−
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−2
N∑

i,j=1

ν̃ijαi

d∫
0

(
ρ̃0j
ρ̃0
uj

)(
∂ ln ρ̃

∂y

)
dy+2

N∑
i,j=1

ν̃ijαi

d∫
0

(
ρ̃0j
ρ̃0
ũ0j

)
(ln ρ̃0)

′dy+

+ 2
√
C37

N∑
i,j=1

|ν̃ij |
t∫

0

∥∥∥∥( ρ̃0jρ̃0
)′∥∥∥∥

L2(0,d)

∥ũj∥L∞(0,d)

∥∥∥∥√ρ̃∂ṽ∂y
∥∥∥∥
L2(0,d)

dτ+

+ 2
N∑

i,j=1

|ν̃ij | sup
[0,d]

ρ̃0j
ρ̃0

t∫
0

∥∥∥∥ρ̃(∂ũj∂y

)(
∂ṽ

∂y

)∥∥∥∥
L1(0,d)

dτ.

Using estimates (68), (69) and (73), we derive from this the inequality

d∫
0

(
∂ ln ρ̃

∂y

)2

dy +

T∫
0

d∫
0

ρ̃

(
∂ ln ρ̃

∂y

)2

dydt ⩽ C38, (79)

where C38 = C38

(
C32, C37,

{∥∥∥∥ ρ̃0iρ̃0
∥∥∥∥
W 1

2 (0,d)

}N

i=1

, ∥ (ln ρ̃0)′ ∥L2(0,d), K̃, Ñ, N ,

{
∥ũ0i∥L2(0,d)

}N
i=1

)
.

From (60)�(62) it follows obviously that for any t ∈ [0, T ] there exists a
point δ(t) ∈ [0, d] such that

ρ̃(t, δ(t)) = d. (80)

Hence, we can use the representation

ln ρ̃(t, y) = ln ρ̃(t, δ(t)) +

y∫
δ(t)

∂ ln ρ̃(t, s)

∂s
ds,

from which, via H�older's inequality, and using (79) and (80), we get

| ln ρ̃(t, y)| ⩽ | ln d|+
√
d

∥∥∥∥∂ ln ρ̃∂y

∥∥∥∥
L2(0,d)

⩽ C39(C38, d).

This leads immediately to

ρ̃(t, y) ⩾ C40(C39) as (t, y) ∈ [0, T ]× [0, d]. (81)

From (63), (73) and (81) we obtain that for all i = 1, . . . , N

C41 ⩽ ρ̃i(t, y) ⩽ C37 as (t, y) ∈ [0, T ]× [0, d], (82)

where C41 = C41

(
C40,

{
inf
[0,d]

ρ̃0i
ρ̃0

}N

i=1

)
. Hence, for all i = 1, . . . , N we have

C41 ⩽ ρi(t, x) ⩽ C37 as (t, x) ∈ [0, T ]× [0, 1]. (83)
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From (63), (73) and (79) now it follows that

1∫
0

(
∂ρi
∂x

)2

dx ⩽ C42, i = 1, . . . , N, (84)

where C42 = C42

(
C37, C38,

{
sup
[0,d]

ρ̃0i
ρ̃0

}N

i=1

,

{∥∥∥∥∥
(
ρ̃0
ρ̃0i

)′
∥∥∥∥∥
L2(0,d)

}N

i=1

)
, and hence

1∫
0

(
∂ρ

∂x

)2

dx ⩽ C43(C42, N). (85)

We square equations (2), divide by ρi and sum the result with respect to
i, then we get

N∑
i=1

ρi

(
∂ui
∂t

)2

+

N∑
i=1

1

ρi

 N∑
j=1

νij
∂2uj
∂x2

2

− 2

N∑
i=1

(
∂ui
∂t

) N∑
j=1

νij
∂2uj
∂x2

 =

=

N∑
i=1

ρi

(
v
∂ui
∂x

+
αiK

ρi

∂ρ

∂x

)2

. (86)

Let us introduce the function θ(t) via the relation:

θ(t) =
N∑

i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx+

+
N∑
i=1

t∫
0

1∫
0

ρi(∂ui
∂τ

)2

+
1

ρi

 N∑
j=1

νij
∂2uj
∂x2

2 dxdτ.

Then (86) and inequalities (65), (83) and (85) give the estimate (here the
symmetry of the matrix N is used)

θ′(t) ⩽ C44 + C45

 N∑
j=1

∥uj∥2L∞(0,1)

 N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx

 ⩽

⩽ C44 + C45

 N∑
j=1

∥uj∥2L∞(0,1)

 θ(t),

where C44 = C44(C41, C43,K,N), C16 = C16(C1, C37, N), from which, via
Gronwall's lemma (see also (69)), it follows that

θ(t) ⩽ C46

(
C32, C44, C45, {∥u′0i∥L2(0,1)}

N
i=1,N, N, T

)
. (87)
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It follows immediately from (87) that

N∑
i=1

( 1∫
0

(
∂ui
∂x

)2

dx+

T∫
0

1∫
0

(
∂ui
∂t

)2

dxdt+

T∫
0

1∫
0

(
∂2ui
∂x2

)2

dxdt

)
⩽

⩽ C47(C1, C37, C41, C46, N). (88)

Finally, from the continuity equations (1) and the estimates (83), (84)
and (88) we obtain that

1∫
0

(
∂ρi
∂t

)2

dx ⩽ C48(C37, C42, C47, N), i = 1, . . . , N.

Thereby, we have obtained all estimates which are necessary (and su�cient)
to continue the local solution to the initial-boundary value problem (1)�(4)
from the interval (0, t0) into the entire target interval (0, T ). In order to
conclude the proof of Theorem 1 we need to justify the uniqueness of the
solution to the initial-boundary value problem (1)�(4).

7 Uniqueness of the solution

We assume that
(
ρ
(1)
1 , ..., ρ

(1)
N , u

(1)
1 , ..., u

(1)
N

)
and

(
ρ
(2)
1 , ..., ρ

(2)
N , u

(2)
1 , ..., u

(2)
N

)
are two solutions to the initial-boundary value problem (1)�(4), and let

v(1,2) =
N∑
j=1

αju
(1,2)
j , ρ(1,2) =

N∑
j=1

ρ
(1,2)
j . We set ρi = ρ

(1)
i − ρ

(2)
i , ui = u

(1)
i − u

(2)
i ,

i = 1, ..., N , v = v(1) − v(2), ρ = ρ(1) − ρ(2).
From (1), (3) we have (see (24))

∂ρi
∂t

+ ∂x

(
ρiv

(1)
)
+ ∂x

(
ρ
(2)
i v
)
= 0, ρi|t=0 = 0, i = 1, . . . , N. (89)

Multiplying (89) by 2ρi and integrating with respect to x, we obtain

d

dt

 1∫
0

ρ2i dx

 = −
1∫

0

(
ρ2i

(
∂v(1)

∂x

)
+ 2ρ

(2)
i ρi

(
∂v

∂x

)
+ 2ρiv

(
∂ρ

(2)
i

∂x

))
dx,

i = 1, . . . , N. (90)

The terms on the right-hand side of (90) can be estimated as follows:

−
1∫

0

ρ2i

(
∂v(1)

∂x

)
dx ⩽

 N∑
j=1

∥∥∥∥∥∂uj∂x

(1)
∥∥∥∥∥
L∞(0,1)

 1∫
0

ρ2i dx

 , i = 1, . . . , N,
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− 2

1∫
0

ρ
(2)
i ρi

(
∂v

∂x

)
dx ⩽

∥∥∥ρ(2)i

∥∥∥2
L∞(QT )

 1∫
0

ρ2i dx

+

+N

N∑
j=1

1∫
0

(
∂uj
∂x

)2

dx, i = 1, . . . , N,

− 2

1∫
0

ρiv

(
∂ρ

(2)
i

∂x

)
dx ⩽

1∫
0

ρ2i dx+

∥∥∥∥∥∂ρ(2)i

∂x

∥∥∥∥∥
2

L∞
(
0,T ;L2(0,1)

) ∥v∥2L∞(0,1) ⩽

⩽

1∫
0

ρi dx+N

∥∥∥∥∥∂ρ(2)i

∂x

∥∥∥∥∥
2

L∞
(
0,T ;L2(0,1)

)
 N∑

j=1

1∫
0

(
∂uj
∂x

)2

dx

 , i = 1, . . . , N.

By the inclusions

ρ
(2)
i ∈ L∞(QT ),

∂ρ
(2)
i

∂x
∈ L∞

(
0, T ;L2(0, 1)

)
, i = 1, . . . , N,

∂u
(1)
i

∂x
∈ L2

(
0, T ;L∞(0, 1)

)
, i = 1, . . . , N,

we obtain the estimates

d

dt

 1∫
0

ρ2i dx

 ⩽ C49(t)

1∫
0

ρ2i dx+ C50

N∑
j=1

1∫
0

(
∂uj
∂x

)2

dx, i = 1, . . . , N,

where C49 = C49

({∥∥∥∥∂u
(1)
i

∂x

∥∥∥∥
L∞(0,1)

}N

i=1

,
{
∥ρ(2)i ∥L∞(QT )

}N

i=1

)
, C49 ∈ L2(0, T ),

C50 = C50

({∥∥∥∥∂ρ(2)i

∂x

∥∥∥∥
L∞
(
0,T ;L2(0,1)

)}N

i=1

, N

)
. We can apply the Gronwall

inequality to get inequalities

1∫
0

ρ2i dx ⩽ C51

N∑
j=1

t∫
0

1∫
0

(
∂uj
∂x

)2

dxdτ, i = 1, . . . , N, (91)

where C51 = C51

(
C50, ∥C49∥L1(0,T )

)
.

Further, from equations (2) and boundary conditions (4) we obtain (see (28))

1

2

d

dt

 N∑
i=1

1∫
0

ρ
(1)
i u2i dx

+

N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx =
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= K

1∫
0

ρ

(
∂v

∂x

)
dx−

N∑
i=1

1∫
0

ρiui

(
∂u

(2)
i

∂t

)
dx−

−
N∑
i=1

1∫
0

ρ
(1)
i vui

(
∂u

(2)
i

∂x

)
dx−

N∑
i=1

1∫
0

ρiv
(2)ui

(
∂u

(2)
i

∂x

)
dx,

which implies

d

dt

1

2

N∑
i=1

1∫
0

ρ
(1)
i u2i dx+

N∑
i,j=1

νij

t∫
0

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dxdτ

 =

= K

1∫
0

ρ

(
∂v

∂x

)
dx−

N∑
i=1

1∫
0

ρiui

(
∂u

(2)
i

∂t

)
dx−

−
N∑
i=1

1∫
0

ρ
(1)
i vui

(
∂u

(2)
i

∂x

)
dx−

N∑
i=1

1∫
0

ρiv
(2)ui

(
∂u

(2)
i

∂x

)
dx. (92)

We estimate the terms on the right-hand side of (92) as follows:

K

1∫
0

ρ

(
∂v

∂x

)
dx ⩽

C1

4

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx + C52 (C1,K,N)
N∑
i=1

1∫
0

ρ2i dx,

−
N∑
i=1

1∫
0

ρiui

(
∂u

(2)
i

∂t

)
dx ⩽

C1

4

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx+

+ C53

(
C1,

{∥∥∥∥∥∂u(2)i

∂t

∥∥∥∥∥
L2(0,1)

}N

i=1

)
N∑
i=1

1∫
0

ρ2i dx,

−
N∑
i=1

1∫
0

ρ
(1)
i vui

(
∂u

(2)
i

∂x

)
dx ⩽

⩽ C54

({∥∥∥∥∥∂u(2)i

∂x

∥∥∥∥∥
L∞(0,1)

}N

i=1

, N

)
1

2

N∑
i=1

1∫
0

ρ
(1)
i u2i dx,

−
N∑
i=1

1∫
0

ρiv
(2)ui

(
∂u

(2)
i

∂x

)
dx ⩽ C55

({
∥u(2)i ∥L∞(QT )

}N

i=1
, N

) N∑
i=1

1∫
0

ρ2i dx+
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+ C56

({∥∥∥∥∥ 1

ρ
(1)
i

∥∥∥∥∥
L∞(QT )

}N

i=1

,

{∥∥∥∥∥∂u(2)i

∂x

∥∥∥∥∥
L∞(0,1)

}N

i=1

)
1

2

N∑
i=1

1∫
0

ρ
(1)
i u2i dx,

where C53, C56 ∈ L1(0, T ), C54 ∈ L2(0, T ). Hence, from (92), using the rela-
tion

N∑
i=1

1∫
0

ρ2i dx ⩽ C57(C1, C51, N)
C1

2

N∑
i=1

t∫
0

1∫
0

(
∂ui
∂x

)2

dxdτ

proved above (see (91)), we deduce

1

2

N∑
i=1

1∫
0

ρ
(1)
i u2i dx+

C1

2

N∑
i=1

t∫
0

1∫
0

(
∂ui
∂x

)2

dxdτ ⩽

⩽

t∫
0

C58(C52, . . . , C57)

(
1

2

N∑
i=1

1∫
0

ρ
(1)
i u2i dx+

C1

2

N∑
i=1

τ∫
0

1∫
0

(
∂ui
∂x

)2

dxds

)
dτ,

where C58 ∈ L1(0, T ), which yields the identities ρi ≡ 0, ui ≡ 0, i = 1, . . . , N .
Theorem 1 is proved.
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