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Ïðåäñòàâëåíî Å.Ì. Ðóäûì

Abstract: The central concept of R. Nevanlinna's theory of mero-
morphic functions is the concept of characteristic function.
In complex analysis, classes of functions of bounded type and
Nevanlinna-Dzhrbashyan classes, introduced in R. Nevanlinna's
monograph, are well known. These classes and their analytic
subclasses played an important role in the development of the
theory of functions of a complex variable. In 1964, M. Dzhrbashyan
attempted to generalize R. Nevanlinna's harmonious theory by
introducing a new characteristic function and classes of meromor-
phic functions with bounded α-characteristic. It turned out that
the introduced classes are wider than the Nevanlinna-Dzhrbashyan
classes. Developing Nevanlinna's theory, F.A. Shamoyan in 1999
introduced and studied classes of meromorphic functions with R.
Nevanlinna characteristic from Lp-weighted spaces. The connection
between Shamoyan's classes and Dzhrbashyan's weight classes is
studied in this paper.
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1 Ââåäåíèå

Ïóñòü C - êîìïëåêñíàÿ ïëîñêîñòü, D - åäèíè÷íûé êðóã íà C, H(D) -
ìíîæåñòâî âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â D, h(D) � ìíîæåñòâî âñåõ
ôóíêöèé, ãàðìîíè÷åñêèõ â D, a+ = max(0, a), a− = max(0,−a), a ∈ R.
Îáîçíà÷èì ÷åðåç T (r, f) õàðàêòåðèñòèêó Ð. Íåâàíëèííû ôóíêöèè f ∈
H(D) [3], à ÷åðåç Tα(r, f) � α-õàðàêòåðèñòèêó Ì.Ì. Äæðáàøÿíà [1]:

T (r, f) =
1

2π

π∫
−π

ln+ |f(reiφ)|dφ,

Tα(r, f) =
r−(α+1)

2π · Γ(α+ 1)

∫ π

−π

(∫ r

0
(r − t)α ln |f(teiφ)|dt

)+

dφ, α > −1,

ãäå Γ � ôóíêöèÿ Ýéëåðà.
Îòìåòèì, ÷òî α-õàðàêòåðèñòèêà áûëà ââåäåíà Ì.Ì. Äæðáàøÿíîì â

1964 ã. ïðè îáîáùåíèè èì òåîðèè Ð. Íåâàíëèííû, êðàåóãîëüíûì êàìíåì
êîòîðîé ÿâëÿåòñÿ ïîíÿòèå õàðàêòåðèñòè÷åêîé ôóíêöèè: lim

α→−1
Tα(r, f) =

T (r, f).
Äëÿ ìíîæåñòâà E ⊂ C è ôóíêöèé f, g : E → R áóäåì ïèñàòü f(ζ) ≲

g(ζ), ζ ∈ E, åñëè ñóùåñòâóåò ïîñòîÿííàÿ C > 0, äëÿ êîòîðîé f(ζ) ≤
Cg(ζ) äëÿ âñåõ ζ ∈ E.
Ïðè ëþáîì α > −1 ñïðàâåäëèâî íåðàâåíñòâî:

sup
0<r<1

Tα(r, f) ≲

1∫
0

(1− r)αT (r, f)dr,

ïîýòîìó ââåä¼ííûé Ì. Äæðáàøÿíîì êëàññ àíàëèòè÷åñêèõ ôóíêöèé â
êðóãå, èìåþùèõ òàì îãðàíè÷åííóþ α- õàðàêòåðèñòèêó, øèðå êëàññà

Íåâàíëèííû-Äæðáàøÿíà Sα = {f ∈ H(D) :
1∫
0

(1 − r)αT (r, f)dr < +∞},

ââåä¼ííîãî Ð. Íåâàíëèííîé â [3].
Îáîçíà÷èì Ω � ìíîæåñòâî âñåõ èçìåðèìûõ ïîëîæèòåëüíûõ ôóíêöèé

íà ∆ = (0, 1], äëÿ êîòîðûõ ñóùåñòâóþò ÷èñëà mω, qω èç ∆, Mω òàêèå,
÷òî (ñì. [8, c. 7])

mω ≤ ω(λr)

ω(r)
≤Mω, r ∈ ∆, λ ∈ [qω, 1]. (1)

Ïðîñòåéøèìè ïðèìåðàìè òàêèõ ôóíêöèé ìîãóò ñëóæèòü

ω(t) = tγ
(
ln ... ln c

t

)β
, t ∈ ∆, γ > −1, β ∈ R.

Îáîçíà÷èì ÷åðåç Lp
ω, 0 < p < +∞ âåñîâîå ïðîñòðàíñòâî èçìåðèìûõ â

D ôóíêöèé g òàêèõ, ÷òî 1∫
0

ω(1− r)

 π∫
−π

|g(reiθ)|dθ

p

rdr

1/p

< +∞,
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Ap
ω = Lp

ω
⋂
H(D), hpω = Lp

ω
⋂
h(D).

Ïóñòü ω ∈ Ω, 0 < p < +∞, α > −1, β > −1. Ââåä¼ì â ðàññìîòåðåíèå
ñëåäóþùèå êëàññû ôóíêöèé:

Np
ω,α =

f ∈ H(D) :

1∫
0

ω(1− r)T p
α(r, f)dr < +∞

 ,

Sp
ω,β =

f ∈ H(D) :

1∫
0

(1− r)βω(1− r)T p(r, f)dr < +∞

 .

Âïåðâûå êëàññû Sp
ω,0 áûëè ââåäåíû è èññëåäîâàíû Ô.À. Øàìîÿíîì â

1999 ã. â ðàáîòå [5] êàê îáîáùåíèå õîðîøî èçâåñòíûõ â íàó÷íîé ëèòåðà-
òóðå êëàññîâ Íåâàíëèííû-Äæðáàøÿíà [3]. Êëàññû Np

ω,α ïðè ω(t) = tγ ,
γ > −1, áûëè ââåäåíû è èññëåäîâàíû â ðàáîòå ïåðâîãî àâòîðà [4].
Â ðàáîòå [7] óñòàíîâëåíî, ÷òî ïðè ω(t) = tγ , γ > −1, êëàññû Np

ω,α è
Sp
ω,(α+1)p ñîâïàäàþò äëÿ âñåõ 0 < p < +∞, α > −1. Ìû ðàñïðîñòðàíÿåì

ýòîò ðåçóëüòàò íà ïðîèçâîëüíûå âåñîâûå ôóíêöèè ω ∈ Ω:

Òåîðåìà 1. Êëàññû Np
ω,α è Sp

ω,(α+1)p ñîâïàäàþò ïðè âñåõ 0 < p < +∞,

α > −1.

Êàê ñëåäñòâèå äîêàçàííîé òåîðåìû, ìû íàéä¼ì óñëîâèÿ, ïðè êîòîðûõ
êëàññ Np

ω,α èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ.

2 Ôîðìóëèðîâêà è äîêàçàòåëüñòâî âñïîìîãàòåëüíûõ
óòâåðæäåíèé

Äëÿ äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà íàì ïîòðåáóåòñÿ âñïîìîãà-
òåëüíîå óòâåðæäåíèå, ÿâëÿþùååñÿ ñëåäñòâèåì òåîðåìû 2, óñòàíîâëåííîé
â ðàáîòå [7].

Òåîðåìà 2. Ïðè âñåõ 0 < p < +∞, α > −1 ñïðàâåäëèâî ñëåäóþùåå
âëîæåíèå: Sp

ω,(α+1)p ⊂ Np
ω,α.

Îáîçíà÷èì Zf � ìíîæåñòâî âñåõ íóëåé íåòðèâèàëüíîé ôóíêöèè f ∈
H(D), n(r) = card{zk : |zk| < r} � êîëè÷åñòâî òî÷åê ïîñëåäîâàòåëüíîñòè
{zk}∞1 â êðóãå |z| < r < 1 ñ ó÷¼òîì èõ êðàòíîñòåé.
Äëÿ ëþáîãî β > −1 ñèìâîëîì πβ(z, zk) áóäåì îáîçíà÷àòü áåñêîíå÷íîå

ïðîèçâåäåíèå Ì.Ì. Äæðáàøÿíà ñ íóëÿìè â òî÷êàõ ïîñëåäîâàòåëüíîñòè
{zk}+∞

1 ⊂ D, 0 < |zk| ≤ |zk+1| < 1, k = 1, 2, ... (ñì. [1], òàêæå [8, c. 97]).
Èç òåîðåìû 4.1 è ëåììû 4.2 ìîíîãðàôèè [8] ñëåäóåò:

Òåîðåìà 3. Åñëè {zk}∞1 = Zf äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ Sp
ω,(α+1)p,

òî
1∫

0

ω(1− r)np(r)(1− r)(α+2)pdr < +∞. (2)
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Îáðàòíî, åñëè (2) âûïîëíÿåòñÿ, òî ìîæíî ïîñòðîèòü ïðîèçâåäåíèå
Äæðáàøÿíà πβ(z, zk), β > α + 1 + αω+1

p , èç êëàññà Sp
ω,(α+1)p ñ íóëÿìè â

òî÷êàõ {zk}∞1 .

Ñëåäóÿ Ì.Ì. Äæðáàøÿíó (ñì. [1]), îïðåäåëèì òàêæå ôóíêöèþ

nα (r) =
r−(α+1)

Γ(α+ 2)

∫ r

0
(r − t)α+1 · n(t)− n(0)

t
dt+

n(0)

Γ(α+ 2)
(ln r − kα), (3)

ãäå n(0) � êðàòíîñòü íóëÿ â òî÷êå z = 0, kα = α
+∞∑
n=1

1
n(n+α) , α > −1.

Àíàëîãè÷íûì îáðàçîì, êàê â ðàáîòå Å.Ã. Ðîäèêîâîé [4], ìîæíî óñòà-
íîâèòü ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 4. Åñëè {zk}∞1 = Zf äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ Np
ω,α, òî

1∫
0

ω(1− r)npα(r)dr < +∞. (4)

Îáðàòíî, åñëè (4) âûïîëíÿåòñÿ, òî ìîæíî ïîñòðîèòü ïðîèçâåäåíèå
Äæðáàøÿíà πβ(z, zk), β > α + 1 + αω+1

p , èç êëàññà Np
ω,α ñ íóëÿìè â

òî÷êàõ {zk}∞1 .

Ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû ñóùåñòâåííóþ ðîëü èãðàåò ñëåäóþ-
ùåå óòâåðæäåíèå:

Ëåììà 1. Èç ñõîäèìîñòè èíòåãðàëà (4) ñëåäóåò ñõîäèìîñòü èíòåãðà-
ëà (2).

Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè îáîçíà÷èì

IN =

1∫
0

ω(1− r)npα(r)dr,

IS =

1∫
0

ω(1− r)np(r)(1− r)(α+2)pdr.

Ïî îïðåäåëåíèþ

IN =

(
1

Γ(α+ 2)

)p
1∫

0

ω(1− r)r−(α+1)p

 r∫
0

(r − t)α+1n(t)

t
dt

p

dr =

=

(
1

Γ(α+ 2)

)p
1∫

0

ω(1− r)

 1∫
0

(1− u)α+1n(ur)

u
du

p

dr.
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Îöåíèì ïîñëåäíèé èíòåãðàë ñíèçó.

IN ≥
1∫

1/3

ω(1− r)

 1∫
1− 1−r

2r

(1− u)α+1n(ur)du


p

dr ≥

≥ c̃α

1∫
1/3

np
(
3r − 1

2

)
ω(1− r)(1− r)(α+2)pdr =

= cα

1∫
0

np(ρ)ω(1− ρ)(1− ρ)(α+2)pdρ = IS .

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî åñëè IN < +∞, òî è IS < +∞. Ëåììà
äîêàçàíà. □

Èç òåîðåìû 4 ñëåäóåò

Òåîðåìà 5. Âñÿêàÿ ôóíêöèÿ f ∈ Np
ω,α ñ íóëÿìè â òî÷êàõ ïîñëåäîâà-

òåëüíîñòè {zk}, f(0) ̸= 0, ïðåäñòàâèìà â âèäå:

f(z) = πβ(z, zk) · exp g(z), (5)

ãäå β > α+ 1 + αω+1
p , exp g(z) ∈ Np

ω,α ïðè âñåõ 0 < p < +∞, α > −1.

3 Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ ñòàòüè

Äîêàçàòåëüñòâî. Äîêàæåì òåîðåìó 1. Èòàê, äëÿ òîãî ÷òîáû óñòàíîâèòü
âêëþ÷åíèå Sp

ω,(α+1)p ⊃ Np
ω,α, íàì äîñòàòî÷íî ïîêàçàòü, ÷òî ôóíêöèÿ

G(z) = exp g(z) = exp (u(z) + iv(z)) èç ïðåäñòàâëåíèÿ (5), ïðèíàäëåæèò
êëàññó Sp

ω,(α+1)p ïðè âñåõ 0 < p < +∞, α > −1.

Äëÿ ýòîãî íóæíî óñòàíîâèòü îöåíêó

1∫
0

ω(1− r)(1− r)p(α+1)T p(r,G)dr ≲

1∫
0

ω(1− r)T p
α(r,G)dr. (6)

Ïóñòü ω1(1− r) = ω(1− r)(1− r)p(α+1). Îáîçíà÷èì

A(G) =

1∫
0

ω(1− r)

 π∫
−π

 1∫
0

(1− t)αu(treiφ)dt

+

dφ


p

dr < +∞, (7)

B(G) =

1∫
0

ω1(1− r)

 π∫
−π

ln+ |G(reiθ)|dθ

p

dr. (8)

Òðåáóåìóþ îöåíêó ìîæíî ïåðåïèñàòü â ýêâèâàëåíòíîì âèäå:

B(G) ≲ A(G).
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Ó÷èòûâàÿ, ÷òî ôóíêöèÿ uα(z) =
1∫
0

(1 − t)αu(treiφ)dt ÿâëÿåòñÿ ãàðìîíè-

÷åñêîé â D (ñì. [2, c. 596]), è ïðèìåíÿÿ òåîðåìó î ñðåäíåì, ïîëó÷èì

1

2π

π∫
−π

uα(re
iφ)dφ = uα(0) =

u(0)

α+ 1
.

Ïîýòîìó, èñïîëüçóÿ ðàâåíñòâî

uα(re
iφ) = max

(
uα(re

iφ), 0
)
−max

(
−uα(reiφ), 0

)
=

= u+α (re
iφ)− u−α (re

iφ),

ïîëó÷àåì

1

2π

π∫
−π

 1∫
0

(1− t)αu(rteiφ)dt

−

dφ =

=
1

2π

π∫
−π

 1∫
0

(1− t)αu(rteiφ)dt

+

dφ− uα(0).

Èç ïîñëåäíåãî ðàâåíñòâà è èç (7) ïîëó÷àåì

1∫
0

ω(1− r)

 π∫
−π

∣∣∣∣∣∣
1∫

0

(1− t)αu(rteiφ)dt

∣∣∣∣∣∣ dφ
p

dr ≤ 2A(G) < +∞.

Òàêèì îáðàçîì, ôóíêöèÿ uα(z) ïðèíàäëåæèò êëàññó h
p
ω, 0 < p < +∞.

Ïî òåîðåìå 2.8 (ñì. [8]) ãàðìîíè÷åñêàÿ ôóíêöèÿ vα(z), ñîïðÿæåííàÿ ñ uα,
òîæå ïðèíàäëåæèò êëàññó hpω. Ñëåäîâàòåëüíî, ôóíêöèÿ Gα(z) = uα(z)+
ivα(z), z ∈ D, ïðèíàäëåæèò êëàññó Ap

ω, ò.å.

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

dr < +∞. (9)

Èòàê, óñòàíîâëåíî, ÷òî èç ñõîäèìîñòè èíòåãðàëà A(G) ñëåäóåò ñõî-
äèìîñòü (9). Òåïåðü ïîêàæåì, ÷òî èç (9) ñëåäóåò, ÷òî èíòåãðàë B(G)
ñõîäèòñÿ.
Èñïîëüçóÿ ïðåäñòàâëåíèå (7), íåòðóäíî çàìåòèòü, ÷òî

Gα(z) =

1∫
0

(1− t)α lnG(tz)dt, z ∈ D, (10)

ãäå âûáðàíà îäíîçíà÷íàÿ âåòâü ëîãàðèôìè÷åñêîé ôóíêöèè, ïîëîæèòåëü-
íàÿ íà ïîëîæèòåëüíîé ïîëóîñè.
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Ïóñòü G̃ = lnG(w) =
+∞∑
k=0

akw
k, w ∈ D, òîãäà

Gα(z) =
+∞∑
k=0

akz
k

1∫
0

(1− t)αtkdt =

=

+∞∑
k=0

Γ(α+ 1)Γ(k + 1)

Γ(α+ k + 2)
akz

k =
1

α+ 1
D−(α+1)G̃(z), z ∈ D.

Ïî ñâîéñòâó èíòåãðî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ñì. [2, c. 594])

G̃(z) = (α+ 1)Dα+1Gα(z) =
1

2π

∫
D

Gα(t)

(1− t̄z)α+2
dm2(t).

Ïî òåîðåìå 2.2 [8],

Gα(t) =
γ + 1

π

∫
D

(1− |ζ|2)γGα(ζ)

(1− ζ̄t)γ+2
dm2(ζ),

ãäå γ � ïðîèçâîëüíîå, òàêîå, ÷òî γ > αω+1
p +1. Ñ ó÷¼òîì ýòîãî ïðåäñòàâ-

ëåíèÿ àíàëîãè÷íûì îáðàçîì, êàê â [7, c. 155], ïîëó÷èì:

∣∣∣G̃(z)∣∣∣ ≲ ∫
D

(1− |ζ|2)γ |Gα(ζ)|
|1− ζ̄z|γ+3+α

dm2(ζ).

Äîêàæåì, ÷òî

1∫
0

ω1(1− r)

 π∫
−π

∣∣∣G̃(reiφ)∣∣∣ dφ
p

dr < +∞, (11)

åñëè (9) ñõîäèòñÿ; òîãäà è B(G) òàêæå áóäåò ñõîäèòüñÿ, ââèäó òîãî, ÷òî
a+ ≤ |a| = a+ + a− ïðè âñåõ a ∈ R.
Îöåíèì èíòåãðàë

J(r) =

π∫
−π

∣∣∣G̃(reiφ)∣∣∣ dφ.
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Ó÷èòûâàÿ õîðîøî èçâåñòíóþ îöåíêó (ñì., íàïðèìåð [8, c. 37]), ïîëó÷àåì

π∫
−π

∣∣∣G̃(reiφ)∣∣∣ dφ ≲
∫
D

(1− |ζ|2)γ |Gα(ζ)|
(1− r|ζ|)γ+α+2

dm2(ζ) =

=

 1∫
0

(1− ρ2)γ

(1− ρr)γ+α+2

π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ


=

r∫
0

. . .+

1∫
r

. . . = I1(r) + I2(r).

Ïðåäïîëîæèì ñíà÷àëà, ÷òî 1 < p < +∞. Ó÷èòûâàÿ íåðàâåíñòâî (a +
b)p ≤ 2p(ap + bp), ñïðàâåäëèâîå ïðè âñåõ íåîòðèöàòåëüíûõ çíà÷åíèÿõ
a, b, p, ïîëó÷èì:

1∫
0

ω1(1− r)

 π∫
−π

∣∣∣G̃(reiφ)
∣∣∣ dφ

p

dr ≲

 1∫
0

ω1(1− r)Ip1 (r)dr +

1∫
0

ω1(1− r)Ip2 (r)dr

 .

(12)

Îöåíèì êàæäûé èç ýòèõ èíòåãðàëîâ ïî îòäåëüíîñòè.

1∫
0

ω1(1− r)Ip2 (r)dr =

1∫
0

ω1(1− r)

 1∫
r

(1− ρ2)γ

(1− ρr)γ+α+2

π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

dr ≤

≤
1∫

0

ω1(1− r)
1

(1− r)p(γ+α+2)

 1∫
r

(1− ρ2)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dr ≲

≲

1∫
0

ω(1− r)(1− r)−p(γ+1)

 1∫
r

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

dr

Âî âíóòðåííåì èíòåãðàëå ïðèìåíèì íåðàâåíñòâî Ã¼ëüäåðà ñ âåñîì
(1− ρ)γ :

 1∫
r

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

≤
1∫

r

(1− ρ)γ

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρ×

×

 1∫
r

(1− ρ)γdρ

p/q

,

ãäå q = p
p−1 ; cëåäîâàòåëüíî, 1∫

r

(1− ρ)γ
π∫

−π

∣∣∣Gα(ρe
iφ)

∣∣∣ dφdρ
p

≤ (1−r)(γ+1)(p−1)

1∫
r

(1−ρ)γ

 π∫
−π

∣∣∣Gα(ρe
iφ)

∣∣∣ dφ
p

dρ.
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Òàêèì îáðàçîì, ïîëó÷àåì

1∫
0

ω1(1− r)Ip2 (r)dr =

=

1∫
0

ω(1− r)(1− r)−p(γ+1)

 1∫
r

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

dr ≲

≲

1∫
0

ω(1− r)(1− r)−(γ+1)

1∫
r

(1− ρ)γ

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρdr.

Ïîìåíÿâ ïîðÿäîê èíòåãðèðîâàíèÿ â ïîñëåäíåì èíòåãðàëå, ïîëó÷àåì:

1∫
0

ω1(1− r)Ip2 (r)dr ≲

≲

1∫
0

ω(1− ρ)

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρ.

Èñïîëüçóÿ òîò ôàêò, ÷òî ÿâëÿåòñÿ èíòåãðàë ψ(ρ) =
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφ
ÿâëÿåòñÿ ìîíîòîííî ðàñòóùåé ôóíêöèåé îò ρ êàê ñðåäíåå çíà÷åíèå ñóá-
ãàðìîíè÷åñêîé ôóíêöèè íà îêðóæíîñòè, ïðèñòóïèì ê îöåíêå èíòåãðàëà

1∫
0

ω1(1− r)Ip1 (r)dr.

Èìååì:

1∫
0

ω1(1− r)

 r∫
0

(1− ρ2)γ

(1− ρr)γ+α+2

π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

dr ≤

≤
1∫

0

ω1(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

·

 r∫
0

(1− ρ2)γ

(1− ρr)γ+α+2
dρ

p

dr ≲

≲

1∫
0

ω(1− r)(1− r)p(α+1)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p(

1

(1− r)α+1

)p

dr =

=

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

dr.
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Èòàê, (12) ïðèíèìàåò âèä:

1∫
0

ω1(1− r)

 π∫
−π

∣∣∣G̃(reiφ)∣∣∣ dφ
p

dr ≲

≲

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

dr.

Òåîðåìà äîêàçàíà ïðè 1 < p < +∞.
Ïåðåéäåì ê óñòàíîâëåíèþ àíàëîãè÷íîé îöåíêè ïðè 0 < p ≤ 1. Ñíîâà

èñïîëüçóåì ðàçáèåíèå âíóòðåííåãî èíòåãðàëà íà ÷àñòè (12).
Îöåíèì I2(r):

I2(r) =

1∫
r

(1− ρ2)γ

(1− ρr)γ+α+2

π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ ≤

≤ 2γ

(1− r)γ+α+2

1∫
r

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ.
Ïðåäïîëîæèì, ÷òî rn ≤ r < rn+1, ãäå rk = 1− 1

2k
, k = 0, 1, .... Tîãäà

I2(r) ≲ (1− r)−(γ+α+2) ·
+∞∑
k=n

rk+1∫
rk

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ.
Ó÷èòûâàÿ íåðàâåíñòâî (a+ b)p ≤ (ap + bp), ñïðàâåäëèâîå ïðè âñåõ íåîò-
ðèöàòåëüíûõ çíà÷åíèÿõ a, b è 0 < p ≤ 1, ïîëó÷èì:

Ip2 (r) ≤ (1− r)−p(γ+α+2) ·
+∞∑
k=n

 rk+1∫
rk

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

=

= (1− r)−p(γ+α+2) ·
+∞∑
k=n

Jk,

ãäå

Jk =

 rk+1∫
rk

(1− ρ)γ
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

, n ≤ k < +∞, k ∈ N.
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Ïåðåéäåì ê îöåíêå èíòåãðàëîâ Jk ïðè ôèêñèðîâàííîì k. Ó÷èòûâàÿ, ÷òî

ôóíêöèÿ ψ(ρ) =
π∫

−π

∣∣Gα(ρe
iφ)

∣∣ dφ - ìîíîòîííî ðàñòóùàÿ ïî ρ, ïîëó÷àåì

Jk ≤ 1

(γ + 1)p

 π∫
−π

∣∣Gα(rk+1e
iφ)

∣∣ dφ
p [

1

2k(γ+1)
− 1

2(k+1)(γ+1)

]p
=

=

(
2γ+1 − 1

2γ+1(γ + 1)

)p

· 1

2k(γ+1)p
·

 π∫
−π

∣∣Gα(rk+1e
iφ)

∣∣ dφ
p

=

= c(1)γ,p ·
1

2k(γ+1)p
·

 π∫
−π

∣∣Gα(rk+1e
iφ)

∣∣ dφ
p

=

=
c
(1)
γ,p

c
(2)
γ,p

 rk+2∫
rk+1

(1− ρ)(γ+1)p−1dρ

 ·

 π∫
−π

∣∣Gα(rk+1e
iφ)

∣∣ dφ
p

,

ãäå c
(2)
γ,p = 2(γ+1)p−1

22(γ+1)p(γ+1)p
. Ïðîäîëæèì îöåíêó, âíîâü ó÷èòûâàÿ, ÷òî ôóíê-

öèÿ ψ(ρ) - ìîíîòîííî ðàñòóùàÿ:

Jk ≤ c̃γ,p

rk+2∫
rk+1

(1− ρ)(γ+1)p−1

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρ,

ãäå c̃γ,p =
c
(1)
γ,p

c
(2)
γ,p

íå çàâèñèò îò k.

Âåðí¼ìñÿ ê îöåíêå Ip2 (r):

Ip2 (r) ≤
c̃γ,p

(1− r)p(γ+α+2)

+∞∑
k=n

rk+2∫
rk+1

(1− ρ)(γ+1)p−1

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρ,

ãäå c̃γ,p íå çàâèñèò îò k.
Òàêèì îáðàçîì,

Ip2 (r) ≲
1

(1− r)p(γ+α+2)

1∫
r

(1− ρ)(γ+1)p−1

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρ.
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Ïîýòîìó

1∫
0

ω1(1− r)Ip2 (r)dr ≲

≲

1∫
0

ω(1− r)

(1− r)p(γ+1)

1∫
r

(1− ρ)(γ+1)p−1

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dρdr ≲

≲

1∫
0

ω(1− r)

(1− r)p(γ+1)

 1∫
r

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

d(1− ρ)(γ+1)p

 dr.
Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì âî âíóòðåííåì èíòåãðàëå, ïîëó÷èì:

1∫
0

ω1(1− r)Ip2 (r)dr ≲

≲

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφ
p

dr.

Äëÿ äîêàçàòåëüñòâà òåîðåìû îñòàåòñÿ ïîëó÷èòü àíàëîãè÷íóþ îöåíêó
äëÿ èíòåãðàëà

1∫
0

ω1(1− r)Ip1 (r)dr =

=

1∫
0

ω1(1− r)

 r∫
0

(1− ρ2)γ

(1− rρ)γ+α+2

π∫
−π

∣∣Gα(ρe
iφ)

∣∣ dφdρ
p

dr.

Ñíîâà èñïîëüçóÿ ìîíîòîííîñòü ôóíêöèè ψ(ρ) íà ∆, èìååì

1∫
0

ω1(1− r)Ip1 (r)dr ≲

≲

1∫
0

ω(1− r)(1− r)(α+1)p

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p  r∫

0

(1− ρ2)γ

(1− rρ)γ+α+2
dρ

p

dr ≲

≲

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

dr.
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Èòàê, ïðè 0 < p ≤ 1 (12) ïðèíèìàåò âèä:

1∫
0

ω1(1− r)

 π∫
−π

∣∣∣G̃(reiφ)∣∣∣ dφ
p

dr ≲

≲

 1∫
0

ω1(1− r)Ip1 (r)dr +

1∫
0

ω1(1− r)Ip2 (r)dr

 ≲

≲

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

dr.

Òàêèì îáðàçîì, ïðè âñåõ 0 < p < +∞ óñòàíîâëåíî:

1∫
0

ω1(1− r)

 π∫
−π

∣∣∣G̃(reiφ)∣∣∣ dφ
p

dr ≲

≲

1∫
0

ω(1− r)

 π∫
−π

∣∣Gα(re
iφ)

∣∣ dφ
p

dr,

òî åñòü èç ñõîäèìîñòè (9) ñëåäóåò ñõîäèìîñòü (11), îòêóäà è ñëåäóåò òðå-
áóåìàÿ îöåíêà (6).
Òåîðåìà äîêàçàíà ïîëíîñòüþ. □

Ñ ïîìîùüþ äîêàçàííîé òåîðåìû ìíîãèå ðåçóëüòàòû, óñòàíîâëåííûå
äëÿ êëàññîâ Sp

ω,0 = Sp
ω ëåãêî ïåðåíîñÿòñÿ íà êëàññû Np

ω,α. Â ÷àñòíîñòè,
ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Ñëåäñòâèå 1. Ïóñòü α > −1, 0 < p < +∞, ω ∈ Ω. Êëàññ Np
ω,α èíâà-

ðèàíòåí îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ òîãäà è òîëüêî

òîãäà, êîãäà
1∫
0

ω(t)t(α+1)p lnp 1
t dt < +∞.

Äîêàçàòåëüñòâî. Îòìåòèì, ÷òî åñëè ω ∈ Ω, òî ω1(t) = ω(t)t(α+1)p òàêæå
áóäåò ïðèíàäëåæàòü êëàññó Ω. Ïî òåîðåìå 1 êëàññû Np

ω,α è Sp
ω,(α+1)p ñîâ-

ïàäàþò ïðè âñåõ 0 < p < +∞, α > −1, òî åñòü êëàññ Np
ω,α ýêâèâàëåíòåí

êëàññó Sp
ω1 = {f ∈ H(D) :

∫ 1
0 ω1(1−r)T p(r, f)dr < +∞}. Íî ïî òåîðåìå 1,

ï.1) ðàáîòû [6] (ñì. òàêæå [8, c. 149], òåîðåìà 4.6) êëàññ Sp
ω1 èíâàðèàíòåí

îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ òîãäà è òîëüêî òîãäà, êî-

ãäà
1∫
0

ω1(t) ln
p 1

t dt < +∞, îòêóäà è ñëåäóåò òðåáóåìîå óòâåðæäåíèå. □

Áëàãîäàðíîñòè. Àâòîðû áëàãîäàðÿò ðåöåíçåíòà çà âíèìàòåëüíîå ÷òå-
íèå ðóêîïèñè è öåííûå çàìå÷àíèÿ.
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