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Ïðåäñòàâëåíî Å.Ì. Ðóäûì

Abstract: Currently, the theory of linear operators perturbations
has become the completed section of functional analysis, and all
the main cases are considered when the initial and disturbing
operators can be both limited and unlimited. The decisions are
looking in the form of rows along the degrees of the small parameter
and the question arises of the nature of the convergence of these
ranks. In the presented work, the conditions for the existence of
the holomorphic according to the parameter of the solutions were
found in the case when the perturbing operator is bilinear.

Keywords: àsymptotic convergence, analytical families of operators,
Banach's closed graph theorem.

1 Ââåäåíèå

Âî ìíîãèõ ñëó÷àÿõ çàäà÷à ëèíåéíîé òåîðèè âîçìóùåíèé âûãëÿäèò
ñëåäóþùèì îáðàçîì:

Au+ εLu = f, (1)
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ãäå A è L � ëèíåéíûå îïåðàòîðû, à ε � ìàëûé êîìïëåêñíûé ïàðàìåòð.
Â ïðåäïîëîæåíèè ñóùåñòâîâàíèÿ ðåøåíèÿ ó íåâîçìóùåííîãî óðàâíåíèÿ

Au = f (2)

ñòðîèòñÿ ðåøåíèå óðàâíåíèÿ â âèäå ðÿäà ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà.
Âîïðîñ î õàðàêòåðå ñõîäèìîñòè òàêèõ ðÿäîâ èçó÷åí äîñòàòî÷íî ïîëíî:
ñõîäèìîñòü ìîæåò áûòü àñèìïòîòè÷åñêîé, òàê è â îáû÷íîì ñìûñëå [1].
Îñîáî ñëåäóåò ïîä÷åðêíóòü âàæíîñòü ïîíÿòèé àíàëèòè÷åñêèõ ñåìåéñòâ
îïåðàòîðîâ òèïà Êàòî è òèïà (À) [1, ãë. XII, � 2], [2, 3], äàþùèõ óñëîâèÿ
ãîëîìîðôíîé çàâèñèìîñòè îò ìàëîãî ïàðàìåòðà ðåøåíèé óðàâíåíèé âè-
äà (1), ÷òî ãàðàíòèðîâàëî ïðåäåëüíûé ïåðåõîä, ò.å. ñòðåìëåíèå ðåøåíèÿ
u(ε) óðàâíåíèÿ (1) ê ðåøåíèþ óðàâíåíèÿ (2) ïðè ε → 0.
Åñëè æå îïåðàòîð L ÿâëÿåòñÿ íåëèíåéíûì, òî çäåñü òðåáóåòñÿ ðåøèòü

òðè çàäà÷è:
1) ïîñòðîèòü ðåøåíèå â âèäå ðÿäà ïî ñòåïåíÿì ε;
2) èññëåäîâàòü ðÿä íà ñõîäèìîñòü;
3) â ñëó÷àå îáû÷íîé ñõîäèìîñòè ðÿäà óñòàíîâèòü äåéñòâèòåëüíî ëè

åãî ñóììà ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1).
Ìåòîä ìàëîãî ïàðàìåòðà çàëîæåí â òðóäàõ Ïóàíêàðå è âîïðîñ ãî-

ëîìîðôíîé çàâèñèìîñòè ðåøåíèÿ îò ìàëîãî ïàðàìåòðà â íåëèíåéíîì
ñëó÷àå áûë ðåøåí èì æå äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïîìîùüþ òåîðåì î ðàçëîæåíèè [4].

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì óðàâíåíèå

Au = εB(u,Hu) + f, (3)

ãäå A � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé â áàíàõîâîì ïðîñòðàíñòâå E;
B : E × E → E � áèëèíåéíûé îãðàíè÷åííûé îïåðàòîð [5, ãë. 8, � 32];
H � ëèíåéíûé îïåðàòîð, êîòîðûé ìîæåò áûòü êàê îãðàíè÷åííûì, òàê
è íåîãðàíè÷åííûì; ïðàâàÿ ÷àñòü f ∈ E.

Óñëîâèå (α). Îïåðàòîð A ÿâëÿåòñÿ çàìêíóòûì íåîãðàíè÷åííûì ñ îá-
ëàñòüþ îïðåäåëåíèÿ DA è èìååò íåïðåðûâíûé îáðàòíûé îïåðàòîð A−1.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (3) â âèäå ðÿäà ïî ñòåïåíÿì ìàëîãî
ïàðàìåòðà

u = u0 + εu1 + . . .+ εnun + . . . . (4)
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Êîýôôèöèåíòû ýòîãî ðÿäà óäîâëåòâîðÿþò ñëåäóþùåé ñåðèè óðàâíå-
íèé (â ñîîòâåòñòâèè ñ ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ):

Au0 = f,
Au1 = B(u0, Hu0),
. . . . . . . . . . . . . . . . . .

Aun =

n−1∑
k=0

B(uk, Hun−k−1),

. . . . . . . . . . . . . . . . . .

(5)

Äëÿ ïîñòðîåíèÿ ñåðèè óðàâíåíèé (5) ìû âîñïîëüçîâàëèñü áèëèíåéíî-
ñòüþ îïåðàòîðà B è ïðàâèëîì Êîøè ïåðåìíîæåíèÿ ðÿäîâ. Ïîëüçóÿñü
óñëîâèåì (α), ìîæíî íàéòè êîýôôèöèåíòû ðÿäà (4):

u0 = A−1f,
u1 = A−1B(u0, Hu0),
. . . . . . . . . . . . . . . . . . . . . . . .

un = A−1

[ n−1∑
k=0

B(uk, Hun−k−1)

]
,

. . . . . . . . . . . . . . . . . . . . . . . .

(6)

Â äàëüíåéøåì áóäåò èñïîëüçîâàíà ñëåäóþùàÿ

Ëåììà 1. Ïóñòü ïîñëåäîâàòåëüíîñòü çàäàíà ðåêóððåíòíûì îáðàçîì:
a0 = 1, a1 = 1; an = a0an−1 + a1an−2 + . . . + an−2a1 + an−1a0, n =
2, 3, . . . . Òîãäà, ïðîèçâîäÿùàÿ ôóíêöèÿ ýòîé ïîñëåäîâàòåëüíîñòè áóäåò
ãîëîìîðôíîé â êðóãå ðàäèóñà 1/4.

Äîêàçàòåëüñòâî. Èìååì,

φ(z) = a0 + a1z + a2z
2 + . . .+ anz

n + . . . (7)

� ïðîèçâîäÿùàÿ ôóíêöèÿ äàííîé ïîñëåäîâàòåëüíîñòè.
Âû÷èñëèì åå êâàäðàò:

φ2(z) = a20 + (a0a1 + a1a0)z + (a0a2 + a1a1 + a2a0)z
2 + . . .+

+ (a0an−1 + a1an−2 + . . .+ an−2a1 + an−1a0)z
n−1 + . . . ,

èëè

φ2(z) = a1 + a2z + a3z
2 + . . .+ anz

n−1 + . . . .

Îòñþäà âûòåêàåò óðàâíåíèå äëÿ φ(z):

zφ2(z)− φ(z) + 1 = 0,

ðåøàÿ êîòîðîå ïîëó÷èì, ÷òî

φ(z) =
1−

√
1− 4z

2z
.
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Ãîëîìîðôíîñòü ïðîèçâîäÿùåé ôóíêöèè â êðóãå |z| < 1/4 î÷åâèäíà.
Ðàçëîæåíèå ôóíêöèè φ(z) â ðÿä ñîâïàäàåò ñ ðÿäîì (7):

φ(z) = 1 + z + 2z2 + 5z3 + 14z4 + 42z5 + 132z6 + 429z7 + . . . .

Ëåììà äîêàçàíà. □

Çàìå÷àíèå 1. Êîýôôèöèåíòû ðÿäà äëÿ φ(z) íàçûâàþòñÿ ÷èñëàìè Êà-
òàëàíà è øèðîêî èñïîëüçóþòñÿ â äèñêðåòíîé ìàòåìàòèêå [6, ãë. III,
� 6].

Ñôîðìóëèðóåì è äîêàæåì óòâåðæäåíèå î ãîëîìîðôíîé çàâèñèìîñòè
îò ïàðàìåòðà ε ðåøåíèÿ óðàâíåíèÿ (3).

Òåîðåìà 1. Åñëè âûïîëíåíî óñëîâèå (α) è îïåðàòîð H ÿâëÿåòñÿ îãðà-
íè÷åííûì, òî óðàâíåíèå (3) èìååò åäèíñòâåííîå ãîëîìîðôíîå â òî÷êå
ε = 0 ðåøåíèå.

Äîêàçàòåëüñòâî. Ïóñòü ∥A−1∥ = q, ∥B∥ = b, ∥H∥ = h. Òîãäà, êàê
íåòðóäíî âèäåòü,

∥u1∥ ≤ qbh∥u0∥2,
∥u2∥ ≤ ∥A−1∥ (∥B(u0, Hu1)∥+ ∥B(u1, Hu0)∥) ≤ 2(qbh)2∥u0∥3,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∥un∥ ≤ ∥A−1∥ (∥B(u0, Hun−1)∥+ ∥B(u1, Hun−2)∥+ . . .+
+ ∥B(un−2, Hu1)∥+ ∥B(un−1, Hu0)∥) ≤ an(qbh)

n∥u0∥n+1,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(8)

Òàêèì îáðàçîì, â ñîîòâåòñòâèè ñ îöåíêàìè (8), ðÿä (4) ñ êîýôôèöèåí-
òàìè (6) ìàæîðèðóåòñÿ ðÿäîì

∥u0∥
∞∑
n=0

an(r
n|ε|n), (9)

ãäå r = qbh∥u0∥, êîòîðûé ñõîäèòñÿ, â ñîîòâåòñòâèè ñ ëåììîé, ïðè êàæ-
äîì ôèêñèðîâàííîì ε òàêîì, ÷òî |ε| < 1/(4r). À ýòî è îçíà÷àåò ãîëî-
ìîðôíîñòü ñóììû u(ε) ðÿäà (4) â êðóãå ðàäèóñà 1/(4r). Äàëåå, òàê êàê
îïåðàòîð A−1 ñóùåñòâóåò, òî un ∈ DA ïðè âñåõ n = 0, 1, 2, . . . . Òàêæå èç
ðàâåíñòâ (6) ñëåäóåò, ÷òî ðÿä

∞∑
n=0

(Aun)ε
n (10)

ñõîäèòñÿ â óêàçàííîì êðóãå, ïîñêîëüêó ìàæîðèðóåòñÿ ðÿäîì òèïà ðÿ-
äà (9). Èòàê, ðÿä (4) ñõîäèòñÿ, ðÿä (10) òàêæå ñõîäèòñÿ, ÷òî ââèäó çà-
ìêíóòîñòè îïåðàòîðà A îçíà÷àåò, ÷òî u(ε) ∈ DA è

∞∑
n=0

(Aun)ε
n = A

∞∑
n=0

unε
n.
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Ñëåäîâàòåëüíî, u(ε) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (3), ãîëîìîðôíûì
â òî÷êå ε = 0. Åäèíñòâåííîñòü òàêîãî ðåøåíèÿ âûòåêàåò èç ñïîñîáà ïî-
ñòðîåíèÿ ðÿäà (4).
Òåîðåìà äîêàçàíà. □

Çàìå÷àíèå 2. Êàê ïðàâèëî, óðàâíåíèÿ âèäà (3) îïèñûâàþò ñòàöèîíàð-
íûå ïðîöåññû.

Ïðèìåð 1. Â ïàðàëëåëåïèïåäå

Π = {(x, y, z) : 0 < x < a, 0 < y < b, 0 < z < c}
çàäàíî óðàâíåíèå

∆u = −f(x, y, z) + ε

∫∫∫
Π

K(x, y, z, x′, y′, z′)u2(x′, y′, z′) dx′dy′dz′, (11)

ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè

u
∣∣
x=0

= u
∣∣
x=a

= u
∣∣
y=0

= u
∣∣
y=b

= u
∣∣
z=0

= u
∣∣
z=c

= 0. (12)

Çäåñü, ∆ = ∂2
x + ∂2

y + ∂2
z � îïåðàòîð Ëàïëàñà. Åñëè f(x, y, z) ∈ C(Π) ∩

C1(Π), ÿäðî èíòåãðàëüíîãî îïåðàòîðà K(x, y, z, x′, y′, z′) ∈ C(Π × Π), òî
çàäà÷à (11), (12) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå u(x, y, z, ε),
ãîëîìîðôíîå â òî÷êå ε = 0.
Äåéñòâèòåëüíî, áèëèíåéíûé îïåðàòîð

B(u, v) ≡
∫∫∫
Π

K(x, y, z, x′, y′, z′)u(x′, y′, z′)v(x′, y′, z′) dx′dy′dz′,

äåéñòâóþùèé èç C(Π×Π) â C(Π), ÿâëÿåòñÿ îãðàíè÷åííûì; îïåðàòîð ∆
äîïóñêàåò íåïðåðûâíîå îáðàùåíèå ñ ïîìîùüþ ôóíêöèè Ãðèíà [7]

G(x, y, z, x′, y′, z′) =

=
8

abc

∞∑
k,m,n=1

sin πnx
a sin πnx′

a sin πmy
b sin πmy′

b sin πkz
c sin πkz′

c(
πn
a

)2
+
(
πm
b

)2
+

(
πk
c

)2 .

Èìååì,

u(x, y, z, ε) =

∫∫∫
Π

G(x, y, z, x′, y′, z′)f(x′, y′, z′) dx′dy′dz′−

− ε

∫∫∫
Π

G(x, y, z, x′, y′, z′)

[∫∫∫
Π

K(x′, y′, z′, x′′, y′′, z′′)·

·
(∫∫∫

Π

G(x′′, y′′, z′′, x′′′, y′′′, z′′′)·

· f(x′′′, y′′′, z′′′) dx′′′dy′′′dz′′′
)2

dx′′dy′′dz′′
]
dx′dy′dz′ + . . .

� èñêîìîå ðåøåíèå.
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3 Ñëó÷àé íåîãðàíè÷åííîé áèëèíåéíîé ÷àñòè óðàâíåíèÿ

Ðàññìîòðèì â áàíàõîâîì ïðîñòðàíñòâå E óðàâíåíèå

Av = f + εB(v,Hv) (13)

â ñëó÷àå, êîãäà îïåðàòîð H íåîãðàíè÷åí. Ñôîðìóëèðóåì è äîêàæåì ñî-
îòâåòñòâóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Åñëè âûïîëíåíî óñëîâèå (α) è îïåðàòîð H ÿâëÿåòñÿ çà-
ìêíóòûì íåîãðàíè÷åííûì ñ îáëàñòüþ îïðåäåëåíèÿ DH ⊃ DA, òî óðàâ-
íåíèå (13) èìååò åäèíñòâåííîå ãîëîìîðôíîå â òî÷êå ε = 0 ðåøåíèå
v(ε).

Äîêàçàòåëüñòâî. Ââåäåì â ðàññìîòðåíèå îïåðàòîð T = HA−1. Îí ÿâ-
ëÿåòñÿ çàìêíóòûì, êàê ïðîèçâåäåíèå çàìêíóòîãî îïåðàòîðà íà îãðàíè-
÷åííûé, îïðåäåëåí íà âñåì ïðîñòðàíñòâå E ââèäó âûïîëíåíèÿ óñëîâèÿ
(α) è òîãî ôàêòà, ÷òî ImA−1 ⊂ DH . Ïî òåîðåìå Áàíàõà î çàìêíóòîì
ãðàôèêå, îïåðàòîð T : E → E ÿâëÿåòñÿ íåïðåðûâíûì [5, ãë. III, � 15].
Òàê æå, êàê è â ïðåäûäóùåì ñëó÷àå, áóäåì èñêàòü ðåøåíèå óðàâíå-

íèÿ (13) â âèäå ðÿäà ïî ñòåïåíÿì ε:

v(ε) = v0 + εv1 + . . .+ εnvn + . . . . (14)

Ïîñëå ïîäñòàíîâêè ðÿäà (14) â ýòî óðàâíåíèå, ñ ó÷åòîì îïåðàòîðà T ,
ïîëó÷èì ñëåäóþùóþ ñåðèþ óðàâíåíèé:

Av0 = f,
Av1 = B(A−1(Av0), T (Av0)),
. . . . . . . . . . . . . . . . . . . . . . . .

Avn =
n−1∑
k=0

B(A−1(Avk), T (Avn−k−1)),

. . . . . . . . . . . . . . . . . . . . . . . .

(15)

Äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, ÷òî ïðè n = 1, 2, . . .

∥Avn∥ ≤ an∥T∥nbnqn∥f∥n+1. (16)

Çäåñü {an}∞n=0 � ïîñëåäîâàòåëüíîñòü èç ëåììû, b = ∥B∥, q = ∥A−1∥.
Ïðè n = 1 íåðàâåíñòâî (16), î÷åâèäíî, âûïîëíÿåòñÿ. Ïðåäïîëîæèì,

÷òî íåðàâåíñòâî âûïîëíÿåòñÿ ïðè n = m. Ïîëó÷èì îöåíêó äëÿ Avm+1:

∥Avm+1∥ ≤ ∥A−1∥ ∥B∥ ∥T∥
m∑
k=0

∥Avk∥ ∥Avm−k∥ ≤

≤ qb∥T∥
m∑
k=0

akam−k∥T∥k∥T∥m−kbkbm−k∥f∥k+1∥f∥m−k+1qkqm−k =

= am+1q
m+1bm+1∥T∥m+1∥f∥m+2.

Òàêèì îáðàçîì, íåðàâåíñòâî (16) ïðè n = m + 1 âûïîëíåíî è, ñëåäî-
âàòåëüíî, äîêàçàíî.
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Èç ôîðìóë (16) âûòåêàåò îöåíêà äëÿ êîýôôèöèåíòîâ vn:

∥vn∥ ≤ anb
nqn+1∥T∥n∥f∥n+1,

à, çíà÷èò, ðÿä (14) ñõîäèòñÿ â îêðåñòíîñòè ðàäèóñà 1/(4bq∥T∥ ∥f∥) òî÷êè
ε = 0. Òåîðåìà äîêàçàíà. □

Ïðèìåð 2. Ðàññìîòðèì çàäà÷ó Êîøè

y(m) + p1(x)y
(m−1) + . . .+ pm−2(x)y

′′ + εyy′ + pm(x)y = f(x),

y(0) = y′(0) = . . . = y(m−1)(0) = 0, x ∈ [0, X],

â ïðåäïîëîæåíèè, ÷òî ôóíêöèè p1(x), . . . , pm−2(x), pm(x), f(x) íåïðåðûâ-
íû íà îòðåçêå [0, X]. Ñ ïîìîùüþ îïåðàòîðà

Lm =
dm

dxm
+ p1(x)

dm−1

dxm−1
+ . . .+ pm−2(x)

d2

dx2
+ pm(x),

äåéñòâóþùåãî â ïðîñòðàíñòâå C[0, X], ñ îáëàñòüþ îïðåäåëåíèÿ DLm =

{w(x) ∈ ∈ Cm[0, X], w(0) = w′(0) = . . . = w(m−1)(0) = 0}, äàííîå óðàâ-
íåíèå ïðèìåò ñëåäóþùèé âèä:

Lmy = B̃(y, H̃y) + f, (17)

ãäå B̃(u, v) = −uv � áèëèíåéíûé îïåðàòîð, îïðåäåëåííûé íà C[0, X] ×
C[0, X], H̃ = d

dx � íåîãðàíè÷åííûé îïåðàòîð, ñ îáëàñòüþ îïðåäåëåíèÿ

D
H̃

= {w(x) ∈ ∈ C1[0, X], w(0) = 0} ⊃ DLm .
Êàê èçâåñòíî, îïåðàòîð Lm íåïðåðûâíî îáðàòèì è

L−1
m g =

x∫
0

K(x, ξ)g(ξ) dξ,

ãäå ÿäðî K(x, ξ) ïîñòðîåíî ïî ôóíäàìåíòàëüíîé ñèñòåìå ðåøåíèé îäíî-
ðîäíîãî óðàâíåíèÿ Lmy = 0 [5, ãë. III, � 12]. Â èòîãå, èìååì ðåøåíèå
ïîñòàâëåííîé çàäà÷è:

y(x, ε) =

x∫
0

K(x, x1)f(x1) dx1−

− ε

[ x∫
0

K(x, x1)K(x1, x1)f(x1)

( x1∫
0

K(x1, x2)f(x2) dx2

)
dx1+

+

x∫
0

K(x, x1)

( x1∫
0

K′
x1
(x1, x2)f(x2) dx2

x1∫
0

K(x1, x2)f(x2) dx2

)
dx1

]
+ . . . .

Çàìå÷àíèå 3. Åñëè íå âûïîëíåíî óñëîâèå DH ⊃ DA, òî óðàâíåíèå (13)
ÿâëÿåòñÿ ñèíãóëÿðíî âîçìóùåííûì è â îáùåì ñëó÷àå åãî ðåøåíèå íå
ÿâëÿåòñÿ ãîëîìîðôíûì ïî ε. Äëÿ ðåøåíèÿ òàêèõ óðàâíåíèé ðàçðàáîòà-
íû ðàçëè÷íûå ìåòîäû [8, 9, 10, 11], íî âñå îíè ÿâëÿþòñÿ àñèìïòîòè-
÷åñêèìè â òîì ñìûñëå, ÷òî ðÿäû, ïðåäñòàâëÿþùèå ðåøåíèÿ ñõîäÿòñÿ
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àñèìïòîòè÷åñêè ïðè ε → 0. Áîëåå òîãî îíè, êàê ïðàâèëî, èìåþò ñëå-
äóþùèé âèä:

v(ε) = v0(ε
−1) + εv1(ε

−1) + . . .+ εnvn(ε
−1) + . . . . (18)

Ñðåäè îñíîâíûõ ìåòîäîâ âûäåëÿåòñÿ ìåòîä ðåãóëÿðèçàöèè Ñ.À. Ëî-
ìîâà [12, 13], â ðàìêàõ êîòîðîãî âïåðâûå íàéäåíû óñëîâèÿ îáû÷íîé ñõî-
äèìîñòè ðÿäîâ âèäà (18). Ïðè ýòîì v(ε) íàçûâàåòñÿ ïñåâäîãîëîìîðô-
íûì ðåøåíèåì.
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