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Abstract: Farifias del Cerro, Herzig and Su proved that the non-
monotonic consequence relation determined by Answer Set Seman-
tics (ASP) for logic programs with negation-as-failure can be em-
bedded into a monotonic modal logic via a variation of Godel-
Tarski Translation. This article generalizes the mentioned result to
ASP for logic programs with two kinds of negation: negation-as-
failure and strong negation and to PAS, the paraconsistent version
of ASP admitting answer sets that are inconsistent w.r.t. the strong
negation.
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The stable model (answer set) semantics for logic programs with negation-
as-failure — suggested by M. Gelfond and V. Lifschitz |7] gives rise to a
separate paradigm in the setting of Logic Programming, so called Answer
Set Programming (ASP). An important fact was established by D. Pearce
[19], who proved that the intermediate logic HT of “here-and-there”, which
is known also as the Gdédel-Smetanich logic and can be determined by a
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Kripke frame with two worlds, can serve as a tool for reasoning about answer
sets. The main property involved is that answer sets can be viewed as a
certain kind of minimal HT-models, which are called equilibrium models.
The same holds for logic programs in the extended language, which includes
not only the negation-as-failure —, but also the strong negation ~ (which
was originally introduced in Logic Programming under the name of classical
negation [8]). In this case [19] answer sets are in one-to one correspondence
with equilibrium Ns-models, where N5 can be considered as HT enriched
with the strong negation. More exactly, N5 is a finite-valued extension of the
explosive Nelson logic N3, which can be determined via a 5-element algebra.
On the other hand, N3 is the least conservative extension of HT in the lattice
of N3-extensions. The logic N3 is based on the concept of constructible
falsity, which was introduced into logic by D. Nelson [13] via his system of
constructive arithmetic with strong negation. The propositional fragment of
Nelson’s arithmetic, which is denoted now as N3, was subsequently axioma-
tised by N. Vorob’ev [24, 25|.

A second key property relating non-classical logics with ASP was estab-
lished in [10]: programs are strongly equivalent wrt answer set semantics
if and only if they are equivalent viewed as propositional theories in HT
(in N5 if ~ occurs in the language). Here, two programs II; and Ily are
called strongly equivalent if for any program II, II; U II and IIs U II have
the same answer sets. This shows that HT and N5 can be used for program
transformation and optimisation.

Paraconsistent version of answer set semantics (PAS) admits answer sets
that are inconsistent w.r.t. the stong negation. PAS was studied as a logic
programming semantics by C. Sakama and K. Inoue |21]. Later, the work [1]
has made some progress towards a logical, declarative style of characterization
for PAS. However, 1] does not axiomatize or otherwise syntactically charac-
terize the underlying (monotonic) logic of PAS. In [16], it was proved that
semantical frames for the substructural logics used in [1] can be reduced to a
simpler Routley frames [20] with additional falsity constant. This provides a
description of paraconsistent answer sets as a special kind of minimal Routley
models. It is proved in [16] that these Routley models determine an extension
of the paraconsistent Nelson logic N4*[14]. This extension was denoted Ng
due to the reason that it can be determined via a 9-element algebra. Again,
Ny is the least conservative extension of HT in the class of N4 extensions.
Finally, the strong equivalence theorem was proved [16]: two programs are
strongly equivalent iff they are equivalent as Ng-theories.

The next step towards the declarative treatment of ASP was done by
L. Farinas del Cerro, A. Herzig and E. Su [5]. They proved that the non-
monotonic consequence relation determined by Answer Set Semantics (ASP)
for logic programs with negation-as-failure can be embedded into a monotonic
modal logic MEM via a variation of Godel-Tarski Translation [9]. This
article generalizes the mentioned result to the ordinary and paraconsistent
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versions of ASP for logic programs with two kinds of negation: negation-as-
failure and strong negation. To this end we need the possibility to embed
the constructive logic with strong negation into a suitable modal logic.

Belnapian version of normal modal logic BS4 [17] relates to S4 in exacly
the same way as the logic N4~ relates to intuitionistic logic. Its semantics
can be obtained from that of S4 via replacement of two-valued valuations
by four valued ones. In each of possible worlds a formula may have one
of four truth values True, False, Neither, Both of Belnap-Dunn matrix
BD4 [2], which provide a semantics for First Degree Entailment FDE [4].
In [17] it was proved that N4 is faithfully embedded into the logic BS4 via
the translation Tp, a natural modification of Gédel-Tarski translation. This
result shows that modal companions of Nelson’s logic extensions defined via
Tp belong to the lattice of BS4-extensions (see [23] for details). So logics
based on BS4-extensions looks suitable for the goals of this article.

In our reasoning we will essentailly follow the line depicted in [5], but
we make one serious modification. Following [6] we understand a logic as
a structural Tarskian consequence relation defined over some propositional
language. According to this definition MEM of [5] is rather a theory than
a logic because it is not closed under substitutions. In our work we try
maximally distinguish ‘logical’ and ‘theoretical’ parts of construction. First
we define a kind of Belnapian temporal logic BSKi2 and proof that the
Belnapian version Tp of Godel-Tarski translation faithfully embeds the logic
Ny (the deductive base of PAS) into BSK¢2, and the same holds for N5 and
the explosive version of BSK;s. Further, we define theories over BSKt2 and
its explosive extension and prove that equilibrium entailments over Ng and
N5 can be embedded into this theories.

The paper is structured as follows. Section 1 contains neccessary informa-
tion on contsructive logics, Belnapian modal logics and semantics of logic
programs with negations. In Section 2 we define a special temporal logic
BSKj; such that future and past modalities of BSK; are defined via accessi-
bility relations that are not mutually inverse. We introduce also the logic
BSKs that extends BSK¢ imposing further restrictions on both accessibility
relations. Section 3 investigates the B-free fragment of BSK¢o (B stands for
the necessity in the past). We prove that this fragment of BSKys is a modal
companion of the deductive base of the equilibrium entailment. Finally, in
Section 4 we embed the equilibrium entailment into BSKjs.

1 Preliminaries

As usual by a propositional language £ we mean a finite tuple of logical
connectives and constants. The set Form, of L-formulas is constructed in
a usual way from the fixed countable set Prop of propositional variables
and the constants of £ with the help of L-connectives. The languages we
consider will include the implication connective —. We will define logics in
different propositional languages via Hilbert style deductive systems. And
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we assume that every deductive system under consideration includes the
standard axioms of intuitionistic logic Int in the list of its axioms and the
rules of modus ponens (MP) and of substitution (SUB)

0,0 = 1P ©(P1,---,Pn)
nyY 77 gqup b
w ’ (wl,--~7¢n)

in the set of its inference rules. With every logic L defined in the language £
we associate the inference relation by, For a subset TU{p} C Formg, ' Fp, ¢
means that ¢ can be obtained from the elements of I and the theorems of L
with the help of (MP). Recall that a theorem of L is a formula, which can be
inferred from the axioms of L with the help of all inference rules, not only
(MP). We write ¢ € L instead of ‘p is a theorem of L’.

For alogic L in the language £, we denote by £L the family of all axiomatic
extensions of L in the same language.

If L; is a logic in the language £;, i = 1,2, L1 U L denotes a logic in the
language £1 U Lo defined by the union of axioms of L; and Lo and the union
of rules of these logics.

A proper subset I' C Formg is said to be a prime L-theory if (i) I contains
all L-theorems; (ii) I is closed under (MP) (p, ¢ — ¢ € T implies ¢ € T');
(iii) T satisfies the disjunction property (¢ V¢ € T' implies ¢ € T or ¢ € T').
Notice that the axioms of Int and (MP) allow to prove in a standard way
the Extension Lemma for every logic L considered in the article.

(MP)

Lemma 1. Let I' t/r . Then there exists a prime L-theory Y such that
Fc¥and Xt/ o

1.1. Constructive logics with strong negation. The paraconsistent
version N4+ [14] of Nelson’s constructive logic with strong negation is defined
in the propositional language £~ including the absurdity constant 1 and
logical connectives A, V, —, ~, standing respectively for conjunction, disjunc-
tion, weak implication and strong negation. The set Lit™ of literals is defined
as Prop U {~p | p € Prop}. Arbitrary S C Lit™ can be represented as
S = (S*,S7), where
St =SNProp and S™ = {p|~p < S}

We say that S is consistent if STNS™ = @.

The Hilbert style deductive system for N41 has (SUB) and (MP) as

its only inference rules. The axioms include the standard list of axioms of
intuitionistic logic in the language {A,V,—, L}:

Il.p— (¢ —p) 12. (pAg) —p
B.p—=>@—=>7)—=(p=>9—=®—>7) I4. (pAq) — ¢
I5. p—=q) = ((p—=7) = @— (@A) I6.p— (pVq)
I7.(p =) = (¢ =) = ((pVag) =) I8. ¢ — (pVq)

19. L —p
plus the following strong negation axioms (where « <+ 8 is an abbreviation

for (a« = B) A (B — «)):
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N1.~ (p—q) < (pA~q) N2. ~(pAgq) <> (~pV ~q)
N3. ~(pVq) ¢ (~p A ~q) N4. ~~p 3 p
N5. ~L

The explosive logic N3 is obtained via adding (p A ~p) — ¢ to the list
of N4t-axioms, symbolically N3+ = N4+ + {(p A ~p) — ¢}. Notice that
intuitionistic logic Int coincides with the ~-free fragment of both logics,
N4t and N3+,

Kripke style semantics for Nelson’s Logics is defined as follows. We say
that a pair W = (W, <) is a frame if < is a preorder on W, i.e., a reflexive
and transitive relation. An N4+ -model (4-model over frame W) is a tuple
M = W, vt v7), where W is a frame and valuations v*,v~ : Prop —
(W, <)* are such that for z,y € W, p € Prop, and € € {+, —} we have

(x € v°(p) and x < y) implies y € v°(p). (1)

In other words, both v*(p) and v~ (p) are cones w.r.t. <.

An N4t-model M = (W, v",v7) is said to be an N31-model (3-model
over W) if

vt(p)Nv~(p) = @ for all p € Prop. (2)
Now we define two different relations =1 and =" for verification and falsifi-
cation of formulas in worlds of the model. Naturally, we use v™ and v~ to
define verification and falsification of propositional variables:
MazETp & zevi(p); MaE"p & z€v (p)

Verification and falsification of complex formulas are defined as follows:

M,z ET anp iff M,xE" aand M,z ET 8

MzE-ang it MzE aor MxzFE"

M,zEtavp if M,zETaor M,zET B

MzE-avp i MzE aand M,z E~ 3

MyxETa— 3 iff Vy>z (M,yET aor M,yET §)

Mz~ a— g iff M,zETaand M,z 8

M,z T L and M,zF~ L

M,z ET~ if @ M,zE «

M,z E "~ « iff M,zETa
The persistence condition (1) can be generalized to arbitrary formulas, i.e.,
for every ¢ € Formg~ and € € {+, —} we have

(M, z E° ¢ and x < y) implies M,y E° p. (3)

If M is an N31-model, the consistency condition (2) also can be genera-
lized to arbitrary formulas, i.e., for any ¢ and = we have

Mz EY @ or Mzl o (4)

We say that ¢ is true on M and write M = pif M,z =T pforallz € W.
We write W =4 ¢ if ¢ is true on every 4-model over W, and W =3 ¢ if
M = ¢ for every 3-model M over W. For I' C Form/~ and a world z of M,
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we write M =T M,z =T, e € {+,—-}) if M = ¢ (M,z =° ¢) for all
pel. If MET, we say that M is a model of T'. In a similar way, we write
W E. T and say that W is an e-model of T', where € € {3,4}, if W . ¢
for all ¢ € T'. Finally, we write I" Eq @ if for every world x of M we have
M, x = ¢, whenever M,z =T

For L € EN4" and a class of frames K we say that

o L is weakly 3-complete (4-complete) w.r.t. K if for every ¢ € Formg~
pe L iff M k= ¢ for every 3-model (4-model) M over W € K.

o L is strongly 3-complete (4-complete) w.r.t. K if for every I' C Form g~
and ¢ € Formg~ we have

I'Fr e iff T E=am p for every 3-model (4-model) M over W € K.

Obviously, the strong 4- or 3-completeness implies the weak 4- or 3-
completeness w.r.t. the same class of frames.
The following characterization of N4* [11] and N31 [22] is well known:

e N4% is strongly 4-complete w.r.t. the class of all frames;
e N3 is strongly 3-complete w.r.t. the class of all frames.

Recall that HT = Int+ {pV (p — q) V ¢}, where —q abbreviates ¢ — L,
is the greatest extension of Int different from the classical logic CL. HT is
known as Godel-Smetanich logic or "hear-and-there" logic. We are interested
in N4+- and N3*-extensions via the same axiom:

Ng=N4' +{pV(p—=q)V-q} and N5s=N3++{pV(p—q) Vgl

Both logics Ng and Ny are determined by the same two-element partially
ordered frame WHT = (WHT <) where WHT = {h,t} and h < t. More
exactly, we have:

e Ny is strongly 4-complete w.r.t. the class {WH7T};
e Nj is strongly 3-complete w.r.t. the class {WHT}.

The choice of notation Ng and Ny is conditioned by the facts that Ng can
be determined by a 9-element algebra [16], and N5 by a 5-element algebra
[19].

Since we have only two worlds, an Ng-model M (over WHT) is completely
determined by sets of literals verified in the worlds h and ¢, so it can be
identified with a pair (H, T), where H, T C Lit™ and

H ={p|MhE"p}, H ={p|MhE" p}
T ={p|MtE"p}, T ={p|MtE" p}
In view of (1) we have H C T. If M is an N-model, the pair (H, T) satisfies

additionally the condition that H and T are consistent.
Further, we put

B4 =N4' + {pVv -p} and B3 =N3* + {pV —p}.
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These logics can be considered as expansions of four- and three-valued Belnap-
Dunn logics (see [15] and [12] for details) via connectives — and L. They
are characterized by a one-element frame W1 = ({t}, <):

e B4 is strongly 4-complete w.r.t. the class {W7};
e B3 is strongly 3-complete w.r.t. the class {WT}.

Naturally, every B4-model M (over WT) can be identified with the set T
of literals verified at , i.e.

T ={p|M.hE"p}, T"={p|M,hE"p},

If M is a B3-model, then T must be consistent.

1.2. Belnapian modal logics. The Belnapian versions BK and BS4
of normal modal logics K and, respectively, S4 were defined in [17]. We
define BK in the language £~ = £~ U {0} as it was done in [18]. The
possibility operator is defined as Q¢ := ~L~p. We also need the following
abbreviations: —¢ := ¢ — L, ¢ & ¢ := (¢ <> ) A (~p <> ~1p). The list of
axioms of BK includes the following groups of axioms:

I. The axioms of classical logic in the language {A,V,—, L}.

I1. The strong negation axioms of N4+ plus

III. The modal axiom of K: O(p — ¢) — (Op — Og)

The list of inference rules includes (SUB), (MP) and the normalization
rule (NRp):

I
Hep
The following formulas are BK-theorems:
—Op < O=p, ~Op <> O-p, OlpAq) = (OpAQg) (5)

Logic BS4 is an extension of BK obtained via adding the modal axioms
of S4, i.e.,
BS4 = BK + {{p — p, Op — OOp}.
The explosive extensions of BK and BS4 are defined as follows:
B3K =BK + {(pA~p) = q}, B3S4=BS4+ {(pA~p) = q}

To define Kripke style semantics for BK we use the same frames as for
K. Namely, we say that a pair W = (W, R) is an K-frame if R is a binary
relation on W. A BK-model (4-model over W) is a tuple M = (W, vt v™),
where v, v~ : Prop — 2W.

An S4-frame W = (W, R) is a K-frame, where R is preorder. A BS4-model
is a BK-model over an S4-frame.

A B3K-model M = W, v",v™) (3-model over W) is a BK-model satis-
fying the consistency condition (2). A B3S4-model M = (W, vt ,v7) is a
B3K-model over an S4-frame.
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The verification =1 and falsification =" relations between worlds and
formulas are defined in exactly the same way as for N4+-models in case of
propositional variables, constant L, and connectives V, A, ~. For — and [
we have:

MzETa— B iff MaETaor M,z ET
Mz~ a— B if M,2F" aand M,z F" 3
M,z ET Do iff Vy(zRy implies M,y ET )
M,z E- Oa iff Jy(zRy and M,y F~ «a)

It is easy to see that for possibility operator we have then:

M,z ET Qa iff Fy(zRy and M,y E+ «)
M,z E~ Qa iff Vy(zRy implies M,y F~ «)

Again for a B3K-model M the consistency condition (2) can be generali-
zed to arbitrary formulas, i.e. M,z T ¢ or M,z £~ ¢ for any ¢ and
x.

The truth of a formulas in a BK-model is defined via the verification
relation, i.e., M = ¢ means that M,z =1 ¢ for all z € W. For a K-
frame W we write W =4 ¢ if M = ¢ for every 4-model M over W, and
W =3 ¢ it M = ¢ for every 3-model M over W. For I'U{p} C Form o, the
relations M =T, T = p, W 4 T, and W =3 T are defined in an obvious
way. For L € EBK and a class of BK-frames KC, the sense of expressions
‘L is weakly 4-complete (3-complete) w.r.t. the class K’ and ‘L is strongly
4-complete (3-complete) w.r.t. the class K’ is defined in exactly the same way
as for N4 -extensions.

If W = (W,R) is an S4-frame, M = (W, vt v™) is a 4-model over W,
and K C W is a cone w.r.t. R (x € K and zRy imply y € K), then

WK = <K7RQK2>, MK = <WK7U;;'7/U[_(>7
4

where v} (p) = vT(p) N K and v (p) = v~ (p) N K. For any = € K, ¢ €
Form o, and € € {+, —} we have

M,z = iff ME 20 (6)

In [17] the following results were proved:

BK is strongly 4-complete w.r.t. the class of all K-frames;
B3K is strongly 3-complete w.r.t. the class of all K-frames;
BS4 is strongly 4-complete w.r.t. the class of all S4-frames;
B3S4 is strongly 3-complete w.r.t. the class of all S4-frames.

Moreover, it was proved in [17] that N4 and N3 are faithfully embedded
into BS4 and, respectively, into B3S4 via an analog T of the Godel-
Tarski translation that embeds Int into S4. The translation Ty : Formg~ —
Form o is defined as follows:
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Tp~p=0U~p
Tp~(p V) =Tp~p AN Tp~y)
Tp~(p NYp) =Tp~pV Tp~y)
Tp~(p = ) =Tpp NTp~y
Tp~r~p =Tpy
Tl =~1

Tpp="Up
Tp(e V) =TppV Ty
Tp(e NY) =Tpp AT
Tp(p = ¢) =U(Tse = TY)
Tpl =1

A logic M € £BS4 is said to be a modal companion of L € EN4* if Tp
faithfully embeds L into M, i.e.

peL iff TppeM

for all p € Formg~. According to this definition BS4 is a modal companion
of N4+, and B3S4 is a modal companion of N3
Let M = (W, R,v",v™) be a BS4-model. Define the new valuations

v (p) ={we W | M,w " Op} and v~ (p) = {w € W | M,w " O~p}.
It is obvious that M’ = (W, R,v'*,v'~) is an N4+-model too.

Lemma 2. [17] Let M = (W,R,v",v™) be a BS4-model, z € W, and
p € Formg~. Then

Mz =Y & M,z =T Tpe.

This simple fact allows to prove (see [17]) that BS4 is a modal companion
of N4+, and B3S4 is a modal companion of N3+

1.3. Logic programming preliminaries.
By a logic program 11 we mean a set of rules of the form

(7‘) a1V..Vap B Ao ABy A=Brt1t Ao A= Bntm,

where o, 3; € Lit™. We say that logic program II is normal if k = 1 for all
rules in I, and that IT is positive (w.r.t. =) if m = 0 for all rules in II.

Thus, the programs under consideration may contain two kinds of negation:
the default negation, or negation-as-failure, denoted as — (usually written as
‘not’) and the strong or explicit negation [8] that may occur in oy and ;. In
what follows we will identify a rule of the form (r) with a formula

(BL Ao ABpu A=Bng1i Aee o A= Bnim) — (1 V...Vayg) € Formge~,

where —3; is understood as 3; — L. A set H C Lit™ is a model of a logic
program II if H is a B4-model of the set of all formulas corresponding to
the rules of II.
Now we recall the definition of stable models. Notice that originally Gel-
fond and Lifschitz 7] defined stable models for positive normal programs.
Let II be a logic program and T C Lit~. The Gelfond-Lifschitz reduct
(GL-reduct) of II w.r.t. T is a positive program obtained from II in two
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steps. First, we exclude from II all rules containing —5; for 5; € T. Second,
we delete all conjunctive terms of the form —8; from the rest of rules.

We say that T C Lit™ is a stable model of I1 if T = IIT, and H |= IIT
for H C T implies H = T. In other words, T is a minimal w.r.t. inclusion
B4-model of TIT.

Now we define the relation < among Ng-models as follows. Let (Hy, T1)
and (Hg, T3) be Ng-models. We set

<H1,T1> S] <H2,T2> iff T1 = TQ and H1 g HQ.

An Nyg-model of the form (T, T) is called total.

For an arbitrary subset I' C Formg~, a total model (T, T) is said to be
an equilibrium model of T" if (T, T) =T and there is no H C Lit™ such that
H# T and (H, T) = T". In other words an equilibrium model of I" is a total
model of I', which is <-minimal in the class of Ng-models of T'.

For logic prograins, there is a close connection between stable and equilib-
rium models.

Theorem 1. [16| For a logic program 11, a set T C Lit™ is a stable model
of I iff (T,'T) is an equilibrium model of II.

Originally [16] this statement was proved via the reduction to the results
of [1], a short direct proof can be found in [12].

In what follows, Ely(I") denotes the set of all equilibrium models of T', and
El5(I") denotes the set of all consistent equilibrium models of T', i.e. the set
of those equilibrium models of I' that are N5-models. We define equilibrium
consequence relations as follows:

TR o iff (H,T)E ¢ for every(H, T) € Elg(T).
T2 o iff (H,T)E ¢ for every(H, T) € El5(T).

2 Special temporal logic

Similar to |5] we define a special temporal logic, where the future (OJ, )
and past (H, ¢) modalities are defined via accessibility relations that are not
mutually inverse, but however are closely connected. Prior to do it we recall
the definition of a fusion of modal logics, and of the temporary version of
BS4 defined in [17].

Let £®:=£~u{m}, £':= LF U {W}, and ¢y := ~H~p.

For L € EBK, we denote by Lm the logic in the language £® defined
via the same axioms and rules as L but with O replaced by B. Clearly,
Lm € EBKap.

For L', [? € EBK, we put L' L? := L' U L. We say that L' x L? is a
fusion of logics L' and L?.

The temporal version BS4; of BS4 was defined in [17] as

BS4; = BS4+BS4 + {p — Oép, p — EOp}.
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Frames and models are defined for BS4; in the same way as for BS4. For
connectives of £7, the verification and falsification also are defined as for
S4-frames. For B we have:

M,z ET Ba iff Vy(yRx implies M,y ET )
M,z E~ Ba iff Jy(yRx and M,y F~ «)
As a consequence for ¢ we have:

M,z ET ¢a iff Fy(yRx and M,y Et )
M,z E~ $a iff Vy(yRzx implies M,y F~ «)

All related notions are modified for the language £! in an obvious way.
Naturally, BS4; is strongly 4-complete w.r.t. the class of all S4-frames, and
B3S4; = B3S4; + {(p A ~p) — q} is strongly 3-complete w.r.t. the class of
all S4-frames.

Further, let us consider the fusion

BSK = BS4 « BK

and its explosive extension B3SK = BSK + {(p A ~p) — ¢}.

A BSK-frame is a tuple W = (W, R, S), where R is a preoder on W and
S C W2 A BSK-model M = (W,v",v7) is a BSK-frame VW augmented
with two valuations v*,v~ : Prop — 2. One can combine in an obvious
way the completeness results for BS4, BK and their explosive extensions
from [17] to obtain the following

Theorem 2. Logic BSK (B3SK) is strongly 4-complete (3-complete) w.r.t.
the class of BSK-frames.

We denote by idy the diagonal of W, i.e., idw = {(a,a) | a € W}.

Proposition 1. Let W = (W, R, S) be a BSK-frame and ¢ € {3,4}. The
following equivalences hold:

1) Wgkcp— KOp iff SCR™Y;
2) Wekep—0(pVep) iff RCSUidw.

Proof. We fix some BSK-frame W = (W, R, S).

1) This is one of standard axioms of temporal logic, and since ~ does
not occur in this formula the three- or four-valued case should not differ
from the ordinary one. However we provide this proof to be self contained.
Let S C R7! and let M = (W,v",v7) be a model over WW. Assume that
M,z =T p and choose some y with 2.Sy. We have then yRz by S C R™!, and
so M,y =1 Op. Since y is an arbitrary S-successor of z, we have M,z =T
BOp. We have thus proved that S C R~! implies W =4 p — BOp and, in
particular, W =3 p — BOp.

To prove the inverse implication we assume that S ¢ R~'and =,y € W are
such that Sy but —~(yRx). Let M = (W, v",v™) be such that v (p) = {x}
and v~ (q) = @ for all ¢ € Prop. Obviously, M is a B3SK-model. In this
case we have M,z =1 p and M,y £+ Op, whence M,z =+ BOp. Thus,
S ¢ R~ implies W [£3 p — BOp, moreover, W =4 p — BOp.



490 S.P. ODINTSOV

2) First we assume that R C S~!Uidy . Let M = (W, v",v™) be a model
over W and x,y € W be such that M,z T p and zRy. If x = y, then
M,y ET pV &p. If x # y, then ySz, and we again have M,y =T pV #p.
Consequently, M,z =T O(p V #p). We proved thus W =4 p — O(p V #p),
moreover, W =3 p — O(p V 4p).

Now we assume that R ¢ S~!Uidy and choose x,y € W such that xRy,
z # y, and =(ySx). As in Item 1 we take a B3SK-model M = (W, v, v7)
such that v (p) = {x} and v~ (q) = @ for all ¢ € Prop. We have M,z =T p.
At the same time the conditions z # y and —(ySz) imply M,y £ pV ép,
whence M,z =T O(p V 4p). Thus, W 3 p — O(p Vv 4p) and W =4 p —
O(pV 4p).

O

We define a weak version of BS4; as follows:
BSK; := BSK + {p — Bp, p— O(pV ép)}.

We put also B3SK¢ := BSK¢ + {(p A ~p) — ¢}.

To prove the completeness of BSK¢ and of its axiomatic extensions via
different classes of frames we will use the canonical model method.

First we notice that every prime L-theory I' over L € EBSKj; is complete
and consistent w.r.t. -. Indeed, ¢ V —¢ € I' since BSK contains axioms
of classical logic in the language {V, A, —, L}. Consequently, the disjunction
property of I' implies ¢ € I' or = € I'. In particular, any two prime L-
theories are incomparable w.r.t. set-theoretical inclusion C, i.e. for prime
L-theories I and A we have:

I'# A implies '\ A # @. (7)

If p,=p €T, then (p A =¢) — ¥ € I implies that I" = Form:.
For L € EBSKy, the canonical L-frame is defined as W* = (W RL, ST,

where

o W is the set of all prime L-theories;
o TREAIff T C A, where I'g = {p | Op € T'};
o TSLAiff Tw C A, where Tm = {p | By € T'};

The canonical L-model has the form ML = (W, v}, v, ), where
vf(p) ={T e Wt |peTl}and v, (p) ={T e WF |~peT}.
The abbreviations ¢ := ~[~p and ¢y := ~O~p easily imply that
TREA M AY CT; TSEA T A CT,

where AY = {0y | ¢ € A} and A* = {#p | ¢ € A}. Further, by induction
on the structure of formulas one can easily prove the canonical model lemma:

Lemma 3. Let L € EBSKy. For every prime L-theory I' and formula o,
the following equivalences hold:

METET @ iff pel; MUTE ¢ iff ~pel.
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Theorem 3. Logic BSK (B3SKy) is strongly 4-complete (3-complete)
w.r.t. the class of BSK-frames (W, R, S) such that

R=S"'Uidy. (8)

Proof. We omit the routine correctness proof and check the completeness.
Let I' ¥psk, ¢. By Lemma 1 there is a prime BSK¢-theory A with I' C A
and ¢ € A. According to Lemma 3, we have

MBSKe A =+ g for all o € T and MBE A £+ o,

It remains to check that the canonical BSK-frame WBSKt is 3 BSK-frame,
i.e., that the relation RBSKt is reflexive and transitive, and that

RBSKe — (SBSKt)fl Uidyesk, . (9)

As well as in case of normal modal logics (see |3, Theorem 5.16|) we can we
can check that the axiom Op — p implies that RBSK+ is reflexive, and that
Op — OOp implies that RBSK+ ig transitive.

Let us check (9). For brevity we will omit the upper index (-)BSKt. Assume
that R ¢ S~'Uidyy . In this case there are I', A € W such that TRA, T’ # A,
and —(AST). The latter is equivalent to A® ¢ I". Let My € A and ¢ ¢ T.
The completeness of I' implies ¢ € I'. By (7) and I # A thereis ¢ € I'\ A,
so g A € T'. The axiom p — O(p V 4p) implies

(mo A1) = O((mp AY) vV #(mp AY)) €T
By (MP) and I'RA we obtain (@A) Ve(—pAY) € A. Since ) € A, we have
@AY € A, so #(mpAY) € A From #(—p A1) — (4—p A #Y) € BSK,, we
conclude #—p € A. By (5) -By € A, which contradicts to the —-consistency
of A. We have thus proved R C S~ Uidyy.

Now we prove that S € R~ Let I',;A € W be such that I'SA, i.e.,
A* CT.If Op € A, then 40y € I'. By axiom p — BOp we have —¢ —
BO—¢ € I'. By (5) BO—¢ < —40p € I'. Consequently, ~¢ — —40p € T,
whence 4y — ¢ € I'. Finally, ¢ € I". We have thus proved that ['SA
implies ARI", which completes the proof of 4-completeness for BSKy.

In case of B3SK; we only have to check that the canonical B3SK¢-model
is a 3-model, i.e., that {p,~ p} C T does not hold for any p € Prop and
I' € WB3SK¢_ This fact readily follows from the B3SKy-axiom (pA~p) — q.

O

Now it is natural to say that W = (W, R, S) is a BSK¢-frame, if W is a
BSK-frame and R = S~ Uidyy.

We consider some further conditions on the accessibility relations of a
BSK;-frame (W, R, S):

(1) Vo, y,z e W((zRy & 2Rz & 2 #y & v # 2) = y = 2);

(2%) Yz, y(xSy = ySy);

(3%) Va,y, 2 € W((xSy & ySz = y = z).

We will need also L!-formulas:

alto: OpvOp—q vVO(pAg) —r), B-Ta: H(lp — p).
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Proposition 2. Let W = (W, R, S) be a BSK¢-frame and € € {3,4}. Then
the following equivalences hold:

(1) W [ alty iff R satisfies (17);
(2) WE.R-Tn iff S satisfies (25);
(3) W= E(p— Wp) iff S satisfies (3°).

Proof. (1) It is clear that the validity of a formula which does not contain
~ and B on a frame (W, R, S) is equivalent to the validity of this formulas
on a frame (W, R) for normal modal logics. It is also known (see,e.g. [3,
Prop. 3.45]) that the validity of alty is equivalent to the condition that
every world has at most 2 different R-successors. In view of reflexivity of
R in BSK;-frames we obtain that the validity of alts in a BSK¢-frame
(W, R, S) is equivalent to the condition that every world has at most one
proper R-successor, i.e., to (17).

(2) Again, it is known [3, Prop. 3.30] that the validity of BMp — p on
(W, R, S) is equivalent to the reflexivity of S. The additional B in front of
this formula restricts this condition to worlds that are S-successors. So the
validity of B - Tw is equivalent to (2%).

(3) Assume that W = (W, R, S) satisfies (3%), i.e., every S-successor has
no proper S-successors, and that M is a 4-model over W. Check that M =
H(p - Mp). Let z,y € W and zSy. If M,y =T p and ySz, then y = z by
(3%) and M,z =1 p. So M,y =" p — Mp and M,z =" H(p — Hp).

Assume that W = (W, R, S) is such that zSy, ySz, and y # z. Consider a
3-model cM over W such that v* (p) = {y} and v~ (y) = @. Then M,y =T p,
M,y =+ Bp, and so M,z = B(p — Hp). O

Now we put
BSK;2 := BSK+{alty, H(p <> Hp)}, B3SK;2 := BSK2+{(pA~p) — q}.

A BSK_¢-frame W = (W, R, S) is said to be a BSK¢2-frame if it satisfies
the conditions (1%), (25), (3%).

Theorem 4. Logic BSK2 (B3SKy2) is strongly 4-complete (3-complete)
w.r.t. the class of BSKia-frames.

Proof. Since B(p <> Mp) is equivalent to the conjunction of M- Ty and B(p —
Mp), the correctness part follows from Proposition 2. For the completeness
part, it would be enough to check that the canonical BSK¢s-frame, which
we denote for brevity as Wa = (Wa, Ry, S3) is a BSK¢a-frame. That W is a
BSK;-frame can be checked as in the proof of Theorem 3. The axiom alto
implies that every I' € W5 has at most two Ra-successors. This fact and the
reflexivity of Ry imply the condition (1%).

Now we check that I'SoA implies ASeA for all I', A € Wa. Let I'So A i.e.,
I'm C A. Assume that By € A. Since B(lp — ¢) is a theorem of BSK¢2
we have H(Bp — ¢) € T', whence By — ¢ € A. Applying (MP) we obtain
¢ € A. So Am C A, and the condition (2°) holds for W.
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Finally, we assume that I, A, X € W5 are such that I'm € A and Ag C X..
We have to check that A = X. Let ¢ € A. Since B(¢ — Byp) € T, we have
v — My € A. By (MP) By € A, and so ¢ € ¥. We proved A C ¥. By
(7) we conclude A = X. Thus, the condition (3°) holds for the canonical
BSK,s-frame too. O

3 B-free fragments of BSK,, and B3SK;,
We define

BS4, = BS4 + {altg}, B3S4, = BS4, + {(p VAN Np) — q}

Proposition 3.

(1) Logic BS42 (B3S42) is strongly 4-complete (3-complete) w.r.t. the
class of BS4-frames satisfying (17).

(2) Logic BS42 (B3S42) is strongly 4-complete (3-complete) w.r.t. the
class {WHT}.

Proof. (1) As above we use [3, Theorem 5.16] to check that the canonical
frames of logics BS45 and B3S4, are BS4-frames satisfying (1%). According
to this theorem the axiom [p — p implies the reflexivity of canonical frames.
In a similar way, Op — OUOp and alty imply the transitivity and the condition
(1) respectively.

(2) We consider the case of BS4s. It is clear that WHT is a BS4-frame
satisfying (1%), so T' Fpsa, ¢ implies I' =04 ¢ for every 4-model M over
WHT,

Let T ¥Bs4, ¢- Then M,z =1 T and M,z T ¢ for some 4-model M
over a BS4-frame W = (W, R) satisfying (17). By (6) we have

M 2 =t T oand M x T o,

where x 1= {y € W | zRy}. The condition (1%) implies that |z 1 | < 2,
i.e., W*T is isomorphic to WHT or WT. Since WT' can be identified with
the upper world of W we obtain M/, z =" I and M’, 2 £+ ¢ for some
4-model M’ over WHT and x € {h,t}. O

Corollary 1. Logic BS4¢2 (B3S442) is a conservative extension of BS4g
(BS45,).

Proof. This statement readily follows from the observation that (W, R, S) is
a BSKya-frame iff R = S~! Uidy and (W, R) is a BS4-frame satisfying
(17). 0

Theorem 5. The logic BS42 (B3S43) is a modal companion of Ng (Ns),
i.e., for every ¢ € Forme~ the following two equivalences hold:

p € Ng iff Tpp € BS4,,
p € Ny iff Tpp € B3S4,.
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Proof. We consider the case of Ng. If Tpp ¢ BS4a, then by Item 2 of
Proposition 3 M,z =T Ty for some 4-model M over WHT and x € {h, t}.
By Lemma 2 we have M’  x £~ ¢. Moreover, M’ is obviously an Ng-model.
Consequently, ¢ &€ Ng.

If ¢ ¢ Ng. Then M,z £+ ¢ for a suitable Ng-model and = € {h,t}.
Obviously, M is a BS4-model over WHT. Since v*(p) and v~ (p) are cones
for any p € Prop, we have

revt(p) & Mzt Op and wev (p) & Muw+ Ovp,

which implies M’ = M. We have then M,w £ Tge by Lemma 2, and so
Trp ¢ BS4.
O

This theorem together with Proposition 1 yields

Corollary 2. The translation Ty faithfully embeds the logic Ng (Ns) into
the special temporal logic BSK¢2 (B3SKy2).

4 Equilibrium theory over BS4;,

We define a theory BKE as the least set of formulas closed under the rules
of BS4¢2, containing the axioms of BS42 as well as the following formulas:

O(A\ Dan ABBA N\ D) =08 \ —an A B (10
acA BEB yeC ac AUC BEB

where A, B, C' are disjoint finite subsets of Lit™, and A # @.

It is clear that BKE contains all theorems of BS4¢2 and is closed under
the rules (NRg) and (NRm), but it need not be closed under (SUB). Substitu-
ting to the axioms (10) we obtain formulas which are not of the form (10).
So BKE is namely a theory over BS42, not an axiomatic extension.

The theory B3KE is defined in exactly the same way but over B3S44s.

Now we describe models of theories BKE and B3KE.

First, for a model M = (W, R,vt,v™) and x € W we denote by At, the
set of all literals true at x:

At, ={a | a € Lit™ and M,z =1 a}.

We say that M = (W, R, S,v",v™) is a BKE-model if (W, R, S) is a BS4¢2-
frame, i.e., R and S are related by (8), R is a preoder on W satisfying (1),
S satisfies (2%), (3%), and for every 2 € W the following two conditions are
satisfied:
(1) if 2 is an isolated point, i.e., there is no y € W such that y # x, and
yRzx or xRy, then At, = @.
(2F) if z is a proper R-successor of some y € W and At, # @, then for
every proper subset B C At, there is z € W such that zSz and
At, = B.
B3KE-models are BKE-models satisfying the consistency condition (2).
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Theorem 6. Let o € Formg:. The following equivalences are true:

(1) ¢ € BKE iff M |= ¢ for every BKE-model;
(2) ¢ € B3KE iff M |= ¢ for every BBKE-model;

Proof. (1) First we prove that ¢ € BKE implies the truth of ¢ on all BKE-
models. Since BKE-models are based on BS42-frames, Theorem 4 implies
that it would be enough to check the truth of axioms (10) on BKE-models.
Let M = (W,R,S,v",v~) be a BKE-model and € W. Assume that

Mz =T O( A\ Oan A\ OBA A Oy),

acA BeB veC

where A, B, C are disjoint finite subsets of Lit™, and A # @. Then there is
y € W such that xRy and

My kY A\ Dan A OA A O
a€A BeB ~eC
Reflexivity of R implies AU B C At,. Since M,y =" —a is equivalent to
M,y T a, we have C' N At, = @. If z has no proper R-successors, then
x = y. In this case A # @ and (1) imply that there is z such that = # 2
and zRz. By (2F) there is an S-successor u of x such that At, = B. So we

have M,z =" #(A,cauc 7@ A Ngep B) and
Mz =08 N\ —an A B). (11)

acAUC pseB

Otherwise we can assume that y is a proper R-successor of x. From (2F)
we again obtain that #(A,ca,0 "N Agep B) is verified at y, and (11) as a
consequence.

To prove the inverse implication we define the canonical frame W¥ for the
theory BKE in exactly the same way as it was done earlier for axiomatic
extensions of BSKy. We put WP = (WF RF SF) where WF is the set of
all prime BSKj2-theories containing BKE,

IREA ifTo C A, TSFA iff Tw CA.
If ¢ € Form ¢, we denote the set of its propositional variables as var(p)
and put
Lity, = {p,~p | p € var(¢)}.
For ¢ ¢ BKE we define a kind of canonical model ./\/lg = WE v vg)
putting

U;(p) ={Tewl|peTnvar(y)}, v, (p) =A{T € W | ~p € T NLity,}.

The analog of canonical model lemma (Lemma 3) can also be proved for
./\/lg by induction on the structure of formulas. For every ¢ € Form,: and

I' ¢ WF we have
METE Y if ey METE ¢ if ~yel. (12)
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That W¥E is a BSKa-frame can be proved in exactly the same way as in
Theorem 4. Let us check that Mg is a BKE-model.

We take some I' € W¥ that has no proper RP-successors. If 'NLit, # 2,
we choose finite disjoint A, B, C' C Lit,, such that

AUB=TInNLit,, A#@, C=Lit,\TI.

Then MJ, T ET Apeaa A Agep BN Njec - Since R is reflexive and T
has no other R¥-successors, we have

ME TS A\ Dan A OBA A Oy
acA BeB ~eC
The reflexivity of R” yields MJ, T =1 O(Aye s DaAAgep OBAN, cc O—7).
Finally, by (12) we obtain O(A,c4Da A Agep OB A A, ccB=7) € T Since
I" contains all BKE-axioms, we have O0#(A,cauc " A Agep B) € I', which
is equivalent by (12) to

METET 08 N\ —an A B). (13)

acAUC peB
The lack of proper R¥-successors implies ME, T =1 (A c auc ~e A Nsen B)-
This fact together with AU BUC = Lit,, implies in turn that T' has an S%-
successor A with Ata = B. Since Atr # Ata, A is a proper SF-successor

or, equivalently, RF-predecessor of I'. We have thus proved that Atp # @
implies that I" is not an isolated point. So (1%) holds for Mf.

Let T, A € WE be such that TRFA, T # A, ANLit, # @, and B
A NLity. In this case A has no proper RP-successors, and arguing as above
we obtain that A has an SF-successor ¥ with Aty = B. Thus, Mg satisfies
(2F) too.

We have proved that Mg is a BKE-model. Since ¢ ¢ BKE, by extension
lemma there is I' € W¥ such that ¢ € I, whence ME, T [£+ .

(2) That BKE-axioms are true on BSKE-models readily follows from the
previous item. It is obvious too that a canonical model

3E __ 3E 3E 3E | + -
MEE = (W3 R3E G5 pt vs,)

defined as above, but with W3 consisting of all prime theories extending
B3KE, is a 3-model.
O

Theorem 7. Let ¢, € Formg~. Then
e R0 iff (Tpe AB-Tgy) — Ty € BKE.
o2y iff (Tse AB-Tgy) — Ty € BSKE.

Proof. We consider only the case of paraconsistent equilibrium consequence.
Assume that ¢ bégl 1, i.e., there is an equilibrium model (T, T) of ¢ such
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that (T, T) j~ 1. Recall that an equilibrium model of ¢ is a total Ng-model
(T, T) such that
(T, T) = and (H,T) [~ ¢ foral HCT.

Let us consider a BKE-model MT = (WT RT ST X v1), where

W' ={H|HCT}

RT={H,H) | He WTu{(H,T) | HC T};

ST — {(H,H) |He WT\ (T} U{(T,H) |HC T},

vp(p) = {H|p € H}, vz(p) = {H | ~p € H}, p € Prop.

It is clear that RT is a partial order of depth 2 with the greatest element T,
ST satisfies (8) and has the only irreflexive point T. So (WT, RT ST) is a
BSK;s-frame. The valuations v%, vy are defined so that Aty = H for all
HewT.

Further, for every H € WT with H # T, the generated submodel MHT :=
(MTYHT ig of the form (H,T). Moreover, since H C T, we can consider
(H,T) as an Ng-model, i.e. (MHT) = MHT If H = T, then MTM =T
and it can be identified with the total model (T, T). By Lemma 2 and (6)
we have for every y € Formg~ and He W7,

From this observation we obtain
MY T =" Tgp and MY H =T -Tpy for HC T.

We also have MT, T = B-Tgyp, since {H | H C T} is the set of all
ST successors of T. From (T, T) = ¢ and (14) we have MT T [+ T,
whence
MT. T T (T AB-Tgy) — Ty
We have thus proved the right-to-left implication.
Let us assume now that (Tpp AB-Tpp) — Tpy ¢ BKE, i.e., that there
are a BKE-model M = (W, R, S,v",v~) and x € W such that

M,z T (Tpo AN B=-Tpp) = Trip.
Then we have
M,z =T Tgp, M,y " Tge whenever xSy, M,z ET Ty,

If there is y such that 2Ry and x # y, then ySx by (8), and xSz by (2°).
So we have simultaneously M,z =1 Te and M,z T Tp. Consequently,
x has no proper R-successors. Assume that At, = @. By Lemma 2 and (6)
we have @ = ¢ and @ [~ 9. Thus, (&, @) is an equilibrium model of ¢ that
refutes ¢ l"‘gl .

In case At, # @ by (1F) we obtain that = is not an isolated point. Since
x has no proper R-successors there is y such that y # x and yRx. Take some
H C At,. By (2F) there is z such that At, = H and 2Sz. Applying again
Lemma 2 and (6) we obtain (H, At;) % ¢. Thus, (At,, At,) is an equilibrium
model of ¢ that refutes 9. So, ¢ bégl . O
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