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Abstract: We discuss the pregeometries of some finitely generated
commutative semigroups. In this article, the case of finitely gen-
erated commutative semigroups having a unique extension is con-
sidered, and their pregeometries are studied. We prove that some
such semigroups form a pregeometry with definable and algebraic
closure operators. When the definable closure operator for such
semigroups was studied, the degree of rigidity of these semigroups
was evaluated. Moreover, it has been proven that a finitely genera-
ted, complete archimedean semigroup is a group, and its finite and
infinite cases have been deterimined.
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1 Introduction and preliminaries

The main algebraic properties of finitely generated commutative semi-
groups are mentioned in the books [1]. In this article, we prove that some
such semigroups form a pregeometry with definable and algebraic closure
operators.
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Definition 1. [2, 3] Let S be a set, P(S) be the power set of S and let
cl: P(S) — P(S) be an operator. We say that (S, cl) is a pregeometry if the
following conditions hold.

1)if X C S, then X C cl(X) and cl(cl(X)) = cl(X);

2)if X CY C S, then cl(X) C cl(Y);

3)if X CS,a,be S, and a € cl(XU{b})\ cl(X), then b € cl(X U{a});

4)if X C S and a € cl(X), then there is a finite subset Xo C X such that
a € CI(XO)

Definition 2. [2, 3| Let (5, cl) be a pregeometry, A C S.

a) We say that A is closed if cl(A) = A.

b) We say that A independent if a ¢ cl(A\ {a}) for any a € A and say
that A is a basis for X if A C X is independent and X C cl(A).

Lemma 1. [3] If (S, cl) is a pregeometry, X C S, By, By C X, and B1, Bo
are bases for X, then |Bi| = |Ba|.

So the cardinality of a basis for X is an invariant, and if B is a basis for the
set X, then we say that |B| is the dimension of X and write dim(X) = |B].

Definition 3. [2, 3] Let (5,cl) be a pregeometry. We say that (5,cl) is
modular if for finite-dimensional closed A, B C S,

dim(AU B) = dim(A) + dim(B) — dim(A N B).

Lemma 2. a) Let the operator cl : P(S) — P(S) for the set S satisfy the
following two conditions:

1) cl(cl(X)) = cl(X);

2) For anya € S, cl({a}) = 5.

Then, (S,cl) is a pregeometry.

b) The pregeometry in case a) is modular.

Proof. a) From the second condition, it can be seen that cl(X) satisfies all
the conditions of a pregeometry for any non-empty X C S. Thus, if X = &,
then from cl(cl(X)) = cl(X), it follows that cl(@) = @ or cl(@) = S. In
both cases, this operator satisfies all the conditions of a pregeometry.

b) If cl({a}) = S for every a € S, then in this pregeometry, the closed
sets can only be of two types: @ or S. Thus, we can have 3 possible cases:
1) A = B = @; 2) either A or B is the empty set; 3) A = B = S. In all
three cases, the formula dim(AUB) = dim(A) +dim(B) —dim(ANB) holds.
Therefore, this pregeometry is modular. (]

The following question arises from Lemma 2: If there exists an operator
cl : P(S) — P(S) for the set S such that cl(cl(X)) = cl(X) for all X C §,
and there exists a finite natural number k such that for any subset A C S
with k elements, the condition cl(A) = S, does this imply that (5,) is a
pregeometry? However, in general, this condition does not hold for k£ > 1.
Let us consider the following example:
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Example 1. Let S = {z1,22,23,24,25} be a set, and let the operator
cl: P(S) — P(S) be defined as follows:

A, if |[A|<1lor|Al=3

cA(A) = {z1, 24,25}, if A= {x1,24}
A, if |[A|=2and A # {z1,74}
s, if [ A] > 4

Then, it can be seen that the operator "cl" satisfies all axioms of pregeometry
given in Definition 1, except for the third axiom. Indeed, if we take X = {x1}
and b = x4, we obtain cl(X U {b}) \ cl(X) = {x1, 24, x5} \ {71} = {24, 25}.
However, if we take a = x5, then cl(X U{a}) = {x1,25}. Thus, b ¢ cl(X U
{a}).
Definition 4. [2, 3] Let 9 = (M, X) be an Y-structure and A C M. We
say that b € M is definable over A if there is a ¥-formula p(z,y) and a € A
such that

M = @(b,a) AVE(p(t,a) =t =1b).
We denote the set of all elements that are definable over A by dcl(A). We
say that b € M is algebraic over A if there is a X-formula p(z,7) and @ € A
such that 9 = p(b,a) and {t € M | M = p(t,a)} is a finite set, and denote
the set of all elements that are algebraic over A by acl(A). The sets dcl(A)
and acl(A) for a set A are called definable closure and algebraic closure of
A, respectively.

Lemma 3. [3| Let M = (M, X) be an X-structure and T € {dcl, acl}.
a) T(T(A)) = 7(4).
b) If A C B, then 7(A) C 7(B).
c) If a € 7(A), then there is a finite subset Ay C A such that a € T(Ap).

It can be seen from Lemma 3 that the operators acl and dcl satisfy all
conditions of pregeometry except the third one. Whether the operators acl
and dcl satisfy the third condition depends on the model under consideration.

Example 2. a) Let us consider the structure 9t = (M, s). Here M is the set
of non-negative integers, and s is a unary operation that maps each number
in M to the next element, i.e.,, s(0)=1,s(1)=2,...,s(k)=k+1, ...

Here, for any element k > 0, if we take ¢(x,y) = y ~ s¥(x), then
M = ¢(0, k) AVt(p(0,t) — t = k). Thus, k € dcl({0}) for any k € M. Addi-
tionally, if we take ¢(x) = —3t(t = s(x)), then M = p(0)AVE(p(t) — t = 0).
Hence, 0 € dcl(0). From this, it can be concluded that dcl(@) = M. Thus,
it can be seen that (90, dcl) is a pregeometry.

b) LetB’s consider the structure 9t; = (M, p), where p™* = {(1,0), (2,0)}
and M is the set of non-negative integers. In this case, it can be seen that
del({0}) = {0}, del({1}) = {1,0}, del({2}) = {2,0} and del({k}) = {k}
for any k£ > 2. Let X = {3}, a = 0, b = 1. Then, it can be seen that
a € del(X U{b}) \ del(X). However, b ¢ dcl(X U{a}). Thus, in this case,
the third condition of pregeometry for the "dcl" operator is not satisfied.
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Definition 5. [4] For a set A in a structure M, M is called semantically
A-rigid or automorphically A-rigid if any A-automorphism f € Aut(M) is
identical. The structure M is called syntactically A-rigid if M = dcl(A).

A structure M is called V-semantically / V-syntactically n-rigid (respec-
tively, 3-semantically / 3-syntactically n-rigid), for n € w, if M is semanti-
cally / syntactically A-rigid for any (some) A C M with |A| = n.

The least n such that M is Q-semantically / Q-syntactically n-rigid, where
Q € {V¥,3}, is called the Q-semantical / Q-syntactical degree of rigidity, it
is denoted by degrig_;som(./\/l) and degg;ynt(./\/l), respectively. Here if a set A
produces the value of @-semantical / Q-syntactical degree then we say that
A witnesses that degree. If such n does not exists we put deg? (M) = oo

g
Q-synt

and deg 7, (M) = oo, respectively.

2 wu-semigroups and quasi u-semigroups and their
pregeometries

Definition 6. [1] Let M be a set with a binary operation * defined on it,
forming the algebraic structure 9 = (M, ). If the operation is associative ,
meaning that (axb)xc = ax(bxc) for all a, b, cin M, then we call M = (M, *)
a semigroup. If in the semigroup M = (M, ) the equality a xb = b+ a holds
for all @,b in M, then this semigroup is called a commutative semigroup.

For the sake of convenience, we use the notation xy instead of the notation

x * y in the semigroup M, and instead of writing z...x, we write 2. We
—
n times

assume that xy° = z, 2% = y for any x,y in M.

Let 2 be a commutative semigroup and A C M be a finite subset. We
denote the intersection of all subsemigroups of 9t that contain A by (A).
This means that (A) is the smallest subsemigroup of 9t that contains A
with respect to being a subsemigroup. If A = {uy,...,u;} is a finite subset,
then we can see that

k
<A> = {u’ilu};" ‘ t; Ew,Zti;ﬁO}.
=1

Definition 7. [1] If for a commutative semigroup 9t = (M, %), there exists
a finite subset P = {p1,p2,...,pn} € M such that M = (P), then the
semigroup M is called a finitely generated commutative semigroup generated
by P.

It can be seen from Definition 7 that if P C K C M and K is a finite set,
then M = (K), that is, M = (M, x) is also a finitely generated semigroup
by K. Therefore, without loss of generality, when we refer to the semigroup
M = (M, *) as finitely generated by P, we consider P as the set with the
least number of elements that finitely generates 9 = (M, *).
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Definition 8. Let 9t = (M, *) be a finitely generated commutative semi-
group, P = {p1,...,pn} € M and M be generated by P. If a = pj' ... pi» €
M and the equation zj'...z5» = a has a unique solution (x1,...,2,) =
(p1,--.,pn) in M, then we say that M is a wu-semigroup with respect to P.

Let P = {q1,92,-.-,qn}. Here, the set {q1,q2,...,q,} is obtained by
rearranging the elements of the set {p1,p2,...,pn} in a different order. If
for every a = ¢1"¢3*...q;* in M the equation x]'zy*...2;* = a has a unique
solution (z1,x9,....,x) = (q1,92,...,qx) , then we call the semigroup 9 a
quasi u-semigroup with respect to P, where rq, 79, ..., 7} are natural numbers
and 1 < k <n.

The semigroup M is called a u-semigroup [quasi u-semigroup| when there
exists a finite set P such that M = (P) and 9 is a u-semigroup with respect

to P |quasi u-semigroup with respect to P|.
Theorem 1. If M is a u-semigroup, then (M, dcl) is a pregeometry.

Proof. According to Lemma 3, it suffices to prove that the third condition
of the pregeometry is satisfied for the operator dcl : P(M) — P(M). Let M
be generated by P = {p1,...,pn} C M, M is a u-semigroup with respect to
P and b=p;*...p;". Let us take an arbitrary element a = pj'...pj» € M.
Since 9 is a u-semigroup, it follows that the formula

O(z,b) = Jx; . ..Elxn((a:? et DA (2] & x))

has a unique solution z = a. It follows that dcl({b}) = M for all b € M.
This proves that the third condition of pregeometry holds for a u-semigroup
m. O

Corollary 1. Let MM = (M, ) be a u-semigroup.
a) If A is a non-empty closed set in the pregeometry (9, dcl), then A = M.
b) (M, dcl) is modular.

Proof The proof of this follows from LemmaZ2, Theorem1 and their proofs. [J
Corollary 2. If M = (M, ) is a u-semigroup then

max{degiy" (M), deg " (M), degliz™™ (M), deg ™ (M)} < 1. (1)

Proof. By Corollary 1, M = dcl(A) for any nonempty A C M. In particular,
M = dcl({a}) for any a € M implying degz_gsynt(im) < 1. Since following
[4],

degﬂ—synt(mt) < degv—synt(mt)’ deg}sem(m) < degv—sem(gﬁ)’

rig rig rig rig
degrvi—gem(mt) < degji‘gsynt (mt),
we obtain the inequality (3). O

Example 3. Let us consider the following semigroup 9t = (M, -), which is
a subset of the set of natural numbers and is defined with the usual multi-
plication operation:

M = (P) ={2%.3%a,8 € {0,1,2,...},a* + B2 # 0},
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where P = {2,3}. It can be seen that the semigroup M is not u-semigroup
with respect to P. For example, if we take the element a = 27, we can
write it as a = 27 - 3%, but the equation z{29 = a does not have a unique
solution. In fact, we can see that any pair (z1,z2) = (2,z) is a solution
to this equation. However, it is not difficult to see that this semigroup is a

quasi u-semigroup.

Proposition 1. A semigroup MM = (M, ) is a countable u-semigroup if and
only if it is a countable cyclic semigroup without an identity element.

Proof. (<) First, let us prove that if 9 = (M, x*) is cyclic and does not
have an identity element, it is a u-semigroup. In this case, we can assume
M = {p,p% ...,p% ...}. Now, consider the element a = p".

We can show that the equation " = a has no solution other than x = p.
Indeed, if this equation has another solution x = p*, then we get the following
equality: p™ = p".

This means that the set M consists only of the elements

sr—1

p7p27""prﬂpr+l7""p Y

which contradicts the assumption that M is infinite.

(=) Therefore, it is sufficient to prove that for the semigroup 9 = (M, %),
M = (P) and the set P consists of only one element. Let us assume the
opposite. Without loss of generality, it is sufficient to consider the case
P = {p1,p2} and O is u-semigroup with respect to P. For the element
a = p§, we can express it as a = p§ - p3. However, the equation z¢ - 29 = a
does not have a unique solution. In fact, any pair (z1,z2) = (p1,z) is a
solution to this equation. From this, we can conclude that the set P = {p}
consists of a single element, and M = {p,p?,...,p% ...} holds only when
M = (M,*) is a u-semigroup. Thus, 9 = (M, *) is a countable cyclic
semigroup that does not have an identity element. ([

It is known that a group is also a special case of a semigroup. Therefore,
a natural question arises: is it possible to introduce the concepts of a "u-
group" and a "quasi u-group" for a group as described above? It can be seen
that a u-group does not exist because a group contains an identity element.
Moreover, it can be seen that a quasi u-group does not exist when |P| > 2.

Indeed, for an element a = piph in a group, the equation 27z} = a does

not have a unique solution. In fact, any pair (z1,22) = (p{pg‘t,pé_at) is a
solution to this equation. However, it can be seen that when P = {p}, this

group is a quasi u-group.

Theorem 2. If M = (M, %) is a quasi u-semigroup such that M = (P) and
P = {p1,p2}, then (M, dcl) is a pregeometry.

Proof. First, we will prove that dcl({p;}) = M. (Similarly, it can also be
shown that dcl({p2}) = M.) We introduce the following notation:

(x|y)=Ft(rxt~y)and (xfy) = Ft(xxt = y).
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Using these, we introduce the following formula:

oa) = (@A AN AGEI A £ AG#2) > ] 2).
From this, it can be seen that

M= o(pr,p2) AVE(o(pr,t) = () ).

According to the definition 4, this implies that ps € dcl({p1}). Thus, it
follows that dcl({p1}) = dcl({p1, p2}) = M. Similarly, it can be shown that
p1 € del({p2}) and dcl({p2}) = M.

Now, we will prove that dcl({a}) = M for any a € M. Since M is a quasi
u-semigroup, it does not have an identity element. Thus, there are three
possible cases:

1)a= pﬁ_"pg; 2)a=p; 3)a= pg . (Here o and 8 are natural numbers
greater than zero.) Let us take an arbitrary element b from M. We can
assume that b = p]p5 and analyze each of the three cases above:

1) Let

Y(z,y) = Jz13z ((x(fxg ~x) A () ~ y))
Since 9N is a quasi u-semigroup, we have
M = T (a, b) /\Vt(T(a,t) St~ b)).

It follows that b € dcl({a}), which means that in this case dcl({a}) = M.
2) Let

C(@,y) = 3oy ((@f ~ 2) A o(e,y) A (@hos = y).

Since M is a quasi u-semigroup, we have
M b= C(a,b) A VL (c(a,t) St b)).

So, we have shown that dcl({a}) = M in this case as well.

3) This case is also proven analogously to case 2.

Thus, we have proven that dcl({a}) = M for any a € M. Therefore,
according to Lemma 2, (91, dcl) is a pregeometry. O

Corollary 3. Let M = (M, x) be a quasi u-semigroup, and let M = (P), P =
{pl,pg}. Then:
a) (M, dcl) is a modular pregeometry;

b) max{degg; ™ (M), deg ™ (M), degy™ (M), deg "™ (M)} < 1.

Proof. a) It follows directly from the above theorem and Lemma 2.
b) It can be seen that this can be proved as in Corollary 2. (]

The proof of Theorem 2 can be briefly explained as follows: Since 91 is
a quasi u-semigroup, for any a € M, we can determine its generator (i.e.,
p1 or pa). Using p; or pg, the entire semigroup can be generated. The
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question arises, "Can Theorem 2 be generalized to the case where P =
{p1,p2, s pn}?"

Theorem 3. If M = (M,*) is a quasi u-semigroup, then (M, acl) is a
pregeometry.

Proof. We will prove this theorem by generalizing the proof of Theorem 2
mentioned above.

Since M is a quasi u-semigroup, it follows that there exists a finite set
P = {p1,...,pn} such that M = (P) and M is a quasi u-semigroup with
respect to P. It is known that dcl(X) C acl(X). Furthermore, it can be
seen that dcl({a}) = M, hence acl({a}) = M for every a € M. From this,
by Lemmas 2 and 3, it follows that for n = 1 and n = 2, (M, acl) is also a
pregeometry.

Now, we will prove the case for n > 2. First, we will show that P C
acl({p;}) for any p; € P. Using this, we will then show that acl({a}) = M
for any a € M.

Let dfr(Z) = Ai<ij<k(z; # xj) for tuple T = (x1,...,2;) and let us

i#]
introduce the following formulas:
n—1

E(t,a,z) = die(D) A )\ ((;p FE)A (£ 6) A (5 2) A (1 # z)),

=1

on(r,y) = V2 ((fc ty)N (@ # YNz, 2) Nt 2)A (@ # 2)A(y # 2) = (y | z)>,

where ¢ = (t1,t2,...,tp—1). From the definition of these formulas, it can
be seen that {b | M E on(p1,b)} = {p2,ps,...,pn}, meaning that P \
{;m} C acl({p1}). From this, it follows that P C acl({p1}). Analogously,
it can be seen that P C acl({p;}) for any p; € P. Therefore, in general, if
A C P, A +# @&, we can say that P C acl(A).

Now, since I is a quasi u-semigroup, we will show that dcl({a}) = M for
any a € M.

Let a=p; ...p;¥, pi; €P, s;€{1,2,...,}, j€{,2,...,k}, k<n.
For any b € M, we will prove that b € dcl({a}). Let b = pi} ...p;», py, € P,
rre{l,2....}, 1€{1,2,...,m}, m <n. We will consider the following
formula:

m
O(z,y) = v Elﬁ(dfr(ﬁ)/\(vfl v R )A(wt L wr & y)/\/\ on(v1, wz))
i=1
It can be observed that 9 is a quasi u-semigroup, hence M = O(a,b), and
moreover, the set {c | 9 = 0(a,c)} is finite.
Thus, we have proven that acl({a}) = M. Therefore, according to Lemma
2, (9, acl) is a pregeometry. O

Corollary 4. Let M = (M, ) be a quasi u-semigroup, and let M = (P), P =
{p1,--.,pn}, n>2. Then (M, acl) is a modular pregeometry.
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Proof. Tt follows directly from the above theorem and Lemma 2. O

Remark. It can be seen that the proof of Theorem 3 is a generalization of
the proof of Theorem 2. However, in Theorem 2, we proved that (901, dcl) is a
pregeometry using this method, whereas in Theorem 3, this method shows us
that (901, acl) is a pregeometry. If we pay attention to the proof of Theorem
3, the formula o, (p;,y) allows us to ask the question: "If some p; € P is
known, what are the other elements of P? " In the proof of Theorem 3,
when n =1, o1(x, y) can be considered as o(x,y) from the proof of Theorem
2. That is, using o, (p;, z), we can only find the elements of P other than
p;. As a result, when P = {p1, p2}, we can only find one element of P other
than p;. This is why we showed that (901,dcl) is a pregeometry in the case
where P = {p1,p2}. When P = {p1,...,p,} with n > 2, and we ask what
the elements of P are other than p;, we do not have a unique answer, but
we do have a finite number of possible answers. Consequently, in this case,
we proved that (9, acl) is a pregeometry.

Corollary 5. Let M = (M, ) be a quasi u-semigroup, and let M = (P), P =

{1, pn}. Then degi™ (M) < deg ™ (M) < n — 1.

Proof. 1) Let n =1, P = {p}. Let’s consider the following formula:

o(x) =Vz((z ] 2) V (z = 2)).

Then, it can be seen that M = ¢(p) AVy(é(y) = (p = y)), which means p €
dcl(@) and from p € dcl(@) and del({p}) = M, it follows that dcl(@) = M.
2) Let n =2, P = {p1,p2}. In this case, the validity of the assertion can
be seen by Corollary 3.
3) Let n > 2, P ={p1,...,pn}. Let’s consider the following formula:

X(Z,y) =Vz <dfr Ay # 2)A /\ ( i Y Y)IN(x; # YN (a1 2)N\ (2 # z)) — (v | 2)>

As we can see,

m ): X(p17p27 o 7pn—17pn) /\Vt(XO?l?an o 7pn—17t) —t Q"/pn)

for this formula, which means p,, € dcl({p1,p2,...,pn—1}). Therefore, since
dCI({plv s 7pn717pn}) = M and Pn € dCI({plap27 s 7pn71})7 it follows that

dCI({plap27 s 7pn71}) =M
In all three cases above, we can see that
deg 2™ (M) < degigsynt(i)ﬁ) <n-1.

O

3 Finitely generated Archimedean semigroups and their
pregeometries

Let 9 = (M, %) be commutative semigroup.
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Definition 9. [1] Let g and h be elements of the commutative semigroup
M. If there exists an element x in M such that gz = h, then we say that ¢
divides h. Let A C M. The subset A is called an Archimedean subset of M
if for any two elements a and b in A, one divides some power of the other
. That is, for any a,b € A, there exist an element x and a natural number
a such that bx = a®. If in the above case M = A, then the semigroup
M is called an Archimedean semigroup. The subset A is called an complete
Archimedean subset of M if, for any two elements a and b in A, one divides
the other. That is, for any a,b € A, there exists an element z such that
a = bzr. If in the above case M = A, then the semigroup 9 is called an
complete Archimedean semigroup.

Proposition 2. a) If a finitely generated semigroup M = (M, *) is an
Archimedean semigroup, then there exist o; and a;; such that

p(lll — p61111p(2112 B ‘p;zlln
Py = pi*py™ . pp (2)
(S U S
_ — ) | 2
where P = {p1,p2,....,pn}, M = (P), a; € w\ {0}, a;; € w, Z a;; > 0,
1<i<n
i#]

i,7 €{1,...,n}.
b) If a finitely generated semigroup MM = (M, *) is an complete Archimedean
semigroup, then there exist a;; such that

p1=pipy . pptn
p2 = pi*' Py . pin (3)

anl,,an2

O A A

where P = {p1,p2,...,pn}, M = (P), a;j € w, Z a?j >0, i,7 €{1,...,n}.
1<i<n
i7#]
Proof. a) If M is an Archimedean semigroup, then for p; and p; there exist
z € M and o; € w )\ {0} such that pja = p}, where i,j € {1,...,n}, i #
j. Since M is a finitely generated semigroup, there exist uy, € w (k €
{1,...,n}) such tlilat r = py'py? ... plin. So, we come to the equality
pyt = pit .. .p}”ﬁ ...pY%n_ By this method we form the equations (2) and
we can see that Z a?j > 0, where a;;, = uir, k # j and a;; = u;; + 1.
1<i<n
1#]

b) Assuming o; = 1,7 € {1,...,n} for this case, it is proved as in case

a). O
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Let 9t = (M, *) be a finitely generated complete Archimedean semigroup,
P = {p1,...,pn} € M and M be generated by P. Thus, according to
Proposition 2, we can consider that the elements of the set P are related to
each other as follows:

p1=p1"py" Py
p2 =Py py* Pt (4)
pn — p?nlpgf'nQ . p%nn
where a;; € w, 4,5 € {1,...,n}. Here, it is assumed that a;; > 0, i €
{1,...,n}. Because if for some i, a;; = 0, then the element p; is expressed

using other p; € P, j # i. In this case, we can see that for the set D =
P\{pi}, we have M = (D). The number of elements in set D is one less than
the number of elements in set P. This contradicts our earlier assumption
that the set P is the smallest set generating M (i.e., M = (P)). Then,
considering that 91 is a finitely generated complete Archimedean semigroup
and according to Proposition 2, Z a?j > 0 and a;; > 0, we can see that
1<i<n
i#j

aij >0 (i,5 € {1,...,n}) in the equations (4). If M = (M, *) is a complete
Archimedean semigroup finitely generated by the set P = {p1,...,pn}, then
the elements of P are interconnected by a system of equations of the form
(4), where all a;; > 0. These relationships, as in (4), can be generated using
the following algorithm:

First, we demonstrate how to construct the equation p; = p{*p3' ... pi»
for p1, where all a;; > 0.

1) Since M is a complete Archimedean semigroup, for p; and po, there
exists an element x; such that p; = pox;. Thus, similarly, for the elements
x1 and p1, there exists an element z9 such that x; = pizs. From this, we
obtain the equality p1 = pi1p2xo.

2) Similarly, for x9 and ps, there exists an element x3 such that the equal-
ity x2 = psx3 holds and from this, we obtain the equality p1 = pipapsxs.
Continuing this process, we see that zy = pry1Tr11. From this, we obtain
the equality p1 = p1p2 ... PkPr+1Tk+1, Where k € {2,...,n—1}. Thus, when
k =mn—1, we arrive at the following equality: p1 = pip2...pnTy.

3) Since x4 1 is also an element of the semigroup 9, we can write xx 1 =
pi'ps? ... pSr. From this, the last equality takes the form py = pJ*'pg*? ... piin,
where a1; = ¢; + 1. Thus, it can be seen that a;; > 0 for all j € {1,...,n}.
By repeating the above algorithm for all p;, we can see that the elements of
the set P are related through a system of equations (4) where all a;; > 0.

Thus, without loss of generality, when discussing a finitely generated com-
plete Archimedean semigroup 9t = (M, %), we can assume that there exists
a set P whose elements are related by a system of equations like (4), with
all a;; being positive integers, such that M = (P).



746 I.LK. UKTAMALIEV

Theorem 4. If M = (M, x) is a finitely generated complete Archimedean
semigroup, P ={p1,...,pn} and M is generated by P, then M is a finitely
generated Abelian group.

Proof. Let us consider an arbitrary element g = pj'p5?...p5r from M. We
can assume that s; > 0 for p; in the expansion of g. Since a;; > 0, if this is
not the case, using (4) as follows, we can make the numbers to the exponent
of p; in the expansion of g always greater than zero. For example, let s; = 0

. . Si— S; . .
for some . In this case, g = pi'...p; 7' p;\y ... pyr. Taking into account
a1l ,,a12

the equality p1 = pi"'p5"*...pe» ( here all a;; > 0) from the system of
equations (4), we can write the element g as follows:

— all ,.a12 aiqg al 81 ,,52 Si—1_ Si+1 S. _
g=@"py )T D =
_ ..a1181,,a1282 a15—15i—1, a15, A1i+1Si+1 aA1nS
=p1 Py TP D "Piyq R S

Thus, we can assume without loss of generality that g = pi*p3* ... pJr,

s; > 0. Then we write g as follows:

g =D Py = papit DRy = (s pa )y s i =
= (pi T Ipg i) L pl = (PP TP L piin g,
g=p1p% Py = piiapy Ty = i (s pr)p i =
= (p{2ps> L p s pl = (PR pn g,
9= D00y Dy = U e = Py (s =
= (i P Py Ty e = (P g,

Therefore, the element g satisfies the relation g = (p{** .. .p;“i_l ..pinmg,
where ¢ € {1,...,n}. By commutativity, the element p{*' .. .p?“_l .o plnn

is the right and left identity element of the semigroup 9. It is known that
if a semigroup has right and left identity elements, they are equal. It follows
that

ai1—1, a1z a az21, a22—1 a2n Onl, 0n2 ann—1 _ (5)

Dy Do 2. pp' " =Py e D o =piMpyM Dy =e.

Thus, we have proved that 2 is a monoid.
Let us now show that for each element g € M there exists an element
rL_To

g’ € M such that g¢' = ¢'g = e. We find ¢’ in the form ¢’ = p'py*...pl" .
Since (5), ¢'g = e is equivalent to

/o
g9=
_ (0111 _a12 A1n \T a21,.a22—1 Aon \T anl,. Gn2 ann—1\Tn __
= (p] P52 .t ) L (py*t P PP (pI™Mpgmt L pprn T )T = e
Here z1, @o,...,x, are some natural numbers. Then: ¢'g =
_ (na11—1 _ai2 a1n \T1 (021, a22—1 aon \ T anl, Gn2 ann—1\T
= (p§ po'? . et ) (pT* s CpEE)TR (P ps™ L ppn T )T &
71 T S1 S .
(1" - o)1t py) =
_ (a11—1_ a2 a T az1, a22—1 A2 \T Anl, An2 Ann—1\T,
— (pl p2 . pnln) 1(p1 pQ . pn2n) 2 . (pln p2n . ‘pnnn ) n
r1+81,.r2+Ss2 Tn+Sn __
A 4] Dy pytT =
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(au—1)961+a21x2+---an11‘npa12x1+(a22—1)x2+-.-an2xn a1nT1+azncat...(ann—1)Tn
1 2 .

P
(6)
It can be seen that if

)
r1+s1 = (a1 — )z + ag122 + ... a1y
ro + s2 = a1ox1 + (ag2 — )za + ... an2xy,
Tn + Sn = a1n®1 + aopxe + ... (apn — 1)y,

then g¢’ = g'g = e. Accordingly, since

(@11 — Va1 + ag1xa + ... ap1®y, — S1 =11
arox1 + (age — 1)zg + . .. apoxy — So =19

; (7)

a1n®1 + agna + ... (app — D)y — 85 =1y

we can choose non-negative integers xi,x2,...,xy, such that ri,ra, ...,y
are non-negative integers. So, we have shown that for each element g =
pi'ps?...pin € M there is an element ¢ = pi'py?...pi» € M such that
g9’ =g'g=e.

Thus, we have proved that in this case 91 is a finitely generated Abelian
group. U

It can be seen that using the equations (4) it is possible to create different
views for the element g = pi'p5? ... ps» € M. For example, let P = {p1,pa},
pL = p‘fpg,pg = pfpg and g = p|p5. In that case, g can be written as follows
and described in another form:

br+d
9= pip5 = (Piph)" (np3)” = pi" " *py .
Thus, it can be seen that there are infinitely many different representations
for each element g .

Theorem 5. Let MM = (M, *) be a finitely generated complete Archimedean
semigroup and generated by P = {p1,...,pn}, the elements of the set P

be related to each other by the relations (4) and g = pi'p3*...p5r, h =

pilp? ...ptn. The system of equations

(CL11 — 1)ZE1 +a91x2 + ...an1THp = 81 — tl
alax1 + (a22 — 1)332 +...ap2x, = S9 — 19

a1n®1 + a2n2 + ... (Qpp — D)y = 85 — by
has integer solutions if and only if g = h.

Proof. Let the system of equations (8) have an integer solution (xj ..., x,).
By Theorem 4 9t is a finitely generated Abelian group. Then, if we find
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—ty, —ta, ..., —t, through (8) as follows
(a11 — Va1 + agxe + -+ + ap1xy, — 51 = —t1
a1221 + (aga — V)za + -+ + apatn — S2 = —ta
a1px1 + agpre + - + (ann - 1)xn — 8p = —1lp

then according to (7) it follows that g-(pl_tlp;tz ...p;") = e. Hence, gh™! =
e,ie. g=h.

Now, since g = h, let us prove that the system of equations (8) has an
integer solution. We consider the set

Mn __

Ly ={(my,...,mn) [ P ...00" =g}

for g. It can be seen that (¢1,...,t,) € I'y. We assume that all representa-
tions of g are formed as above only using (4). As a result, the question arises
of how another representation of g can be obtained. To do this, by selecting

some integers up, ..., Un, we can express g as follows:
_ S1,.52 S _ U7 U S1—U1 Sn—U _
g =P D2 "'pnn_(pl "'pnn)(pl "'pnn n)_
_ ail Qa u an1 Qa U S1—ul Sn—U _
= (p{" . pptm) o (pI o) (P coppnTin) =
_ gau*1)1&1+a21u2+‘“+an1un+81 palnul+a2nu2+'”+(ann71)un+5n

Let us define a; = (a1; — 1)ug + agiuz + - - - + aniuy + s;. Through this, we
obtain the form g = p{*p5?...p%" for g. Thus, to find all representations
of g, it is necessary to determine all possible (aq,...,a;,) that arise for all
(u1,...,uy) € Z™. Thus, if we consider the following set

A;:{(al,...,an) | (uy,...,up) € 2"},

we can observe that I'y = A;. It can be seen that after one step from the
form g = pi'p5?...psr, the set A; that can be obtained is equal to the set
I'y. As a result, the question arises whether a set different from I'y can be
obtained in the next steps. Let us examine the next step:

Let (ai,...,an) € A}. Then we do as above:
9 =p'py" . ppm = (P ) () =
— (pfllll . .pZIn>U1 . (plllnl . .ngnn)Un (p?l_vl . .p%n_vn) —

_ p(an—1)v1+a21v2+--~+an1vn+a1 palnv1+a2nv2+~~-+(ann—1)vn+an
=p <Dy

where v; € Z, j € {1,...,n}.
Let us define 8; = (a1; — 1)v1 + agiv2 + -+ - + aniv, + a4 and
Agz{(ﬁl,...,ﬁn) |vi € Z, (a1,...,an) €Ty, 1€ {1,...,n}}.
Then

i

Bi = (a1; — )v1 + agiva + - -+ + apivy, + 04 =
= (a1 — 1)v1 + agiva + - - - + anivp + (a1 — D)ur + agivug + -+ - + apitin + 85 =
(a1; — 1)(u1 4+ v1) + agi(ug + v2) + -+ + api(un +v5) + 5 =



PREGEOMETRIES ON COMMUTATIVE SEMIGROUPS 749

(a1 — L)u) + agiudy + - - - + apiuy, + s,
where u; =uj+wvj;, j € {1,...,n}. Thus, it can be seen that
A2 ={(Br,..,Bn) | (Wh,...,u) €2} = A} =Ty,
Therefore, by induction, it can be observed that
AL A2 Ak
Ly=A,=A;=---=Aj=...
holds for all steps.

Since g = h, it follows that (t1,...,t,) € A’g“. Thus, there exist integers
Y1, Y2, - - -, Yn such that t; = (a1;—1)y1 +aziy2+- - -+ aniyn+si. This, in turn,

implies that the system of equations (8) has an integer solution (x1,...,z,),
where x; = —y;, due to g = h. [l
It is known that if for each generating element p;, i € {1,...,n} there

exists a positive integer k; # 1 such that p; = plf", then the commutative
semigroup 9 is a finite semigroup. If in this case M is a group, and for each
p;, there exists an integer k; # 1 such that p; = pf", then 901 is a finite group.

Theorem 6. Let 9 = (M, *) be a finitely generated complete archimedean
semigroup, P = {p1,...,pn} and M be generated by P, the elements of the
set P be related to each other by the relations (/). Then

a) If det(A —I) # 0, then M is a finite abelian group, where A = (aij;)
and I 1s the n-dimensional identity matriz.

b) If det(A — I) =0, then M is an infinite abelian group where A = (a;j;)
and I is the n-dimensional identity matriz.
Proof. a) By Theorem 4 it is clear that 9t is a finitely generated abelian

group. Let us now prove that the group 9N is finite. Let us show that for
each generating element p;, there exists an integer k; # 1 such that p; = pi“

Let g =p; and h = pfl Then the equations (8) for g and h look like this:

(a11 — D)z1 +ag122 + ... ap1zy =0

arwy + -+ (@i — D+ + apizn = 1 — k; : (9)

a1nr1 + a2px2 + ... (app — Dy, =0

If det(A — I) # 0, then the system of equations (9) has a unique solu-
tion (x1,...,24,...,2,)7. Using Cramer’s formula, we find each z;, i €
{1,...,n} as follows:
det(Di)
YT det(A— 1)

Here the matrix D; is formed by replacing the i-th column of the matrix
(A — I) with the column (0,...,1 — k;,...,0). Then we can find z; as
follows: o
(1 — k‘z) det(Di)

det(A—1) ~’

(10)

Ti =
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where D; is the matrix formed by replacing the i-th column of the matrix
D; with the column (0,...,1,...,0)”. Since the elements of the matrices
(A—1T) and D; are integers, det(A — I) and det(D;) are also integers. Then,
if we take 1 —k; = det(A—1), according to (10), we get an integer x;. Hence,
by theorem 5 the integer k; = 1 — det(A — I) satisfies the equality p; = pfi
for each p; € P, and this means that 91 is a finite abelian group.

b) If det(A—1I) = 0, then it is clear that in order for (9) to have a solution,
k; = 1. So, by Theorem 5, for each p; the number k; satisfying the equality
p; = pfi is only k; = 1. Thus, in this case 9 is an infinite abelian group. O

Corollary 6. Let MM = (M, *) be a finitely generated complete archimedean
semigroup, P = {p1,...,pn} and M be generated by P, the elements of the
set P be related to each other by the relations (4) and det(A —1I) # 0, where
A = (a;j). Then (9, acl) is a pregeometry.

Proof. By Theorem 6 9t = (M, ) is a finite abelian group. It follows from
this that acl(A) = M for each A € P(M). So, the operator acl(A) satisfies
all pregeometry conditions. Hence, (9, acl) is a pregeometry. ([

It is not difficult to see that if 9t = (M, ¥) is an X-structure and M is a
finite set, then (9, acl) is a modular pregeometry and dim(X) = 0 for every
X € P(M). Thus, if det(A—I) = 0, the question whether finitely generated
complete archimedean semigroup as above form a pregeometry with dcl or
acl operators remains open for now.
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