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ITPIMEPHEI JIATPAHYKEBBEIX TTOJIMHOTI'OOBPA3UI
B ITPAMOM ITPOU3BEAEHUN CP" x CP"

H.A. TiorPuH

IIpedecmasserno B.B. TIPYKUATKOBCKUM

Abstract: In the paper we present new examples of Lagrangian
submanifolds in the direct products CP™ x CP", which are not the
direct products themselves. The construction method generalizes
the notion of quaternion real structure and uses lagrangian embedding
of the full flag variety F™ into the direct product CP"~! x ... x
CP"~!, where the number of projective space copies equals to n,
found by D. Bykov.

Keywords: algebraic variety, lagrangian submanifold.

OpHa M3 IVIABHBIX 33734 HAlMX KCC/IEeJ0OBaHMil — 3ajada Kjiaccuduka-
[IUU JIATPAHKEBBIX TOAMHOr000pasnit B ajrebpandeckKnx MHOT00OPA3UIX.
Hanmomuum (cm. wampumep [1]), 9To mo camMoMy CBOEMY ONpENEeTEeHNO BCs-
KO€ KOMITAKTHOEe ajirebpandeckoe MHOTooOpasue ua mojgem C obmamgaer mo-
JIOXKUTEJILHON ToJIgpu3anueil, mopoxKaaromeil K3jIepoBy METPUKY XOJIZKeBa
THIIA, TO €CTh UCXOJHAS KOMILUIEKCHASA CTPYKTYPa MOXKET OBITH JIO0MOTHEHA
K3JIEpOBO# (hpOpMOIi C IETOUUCIEHHBIM KJaccoM KoromoJiornit. Pacemarpu-
Bas Takymo (oOpMy KaK CHMILIEKTUIECKYI), ECTECTBEHHO BBOJINUTCS ITOHSTUE
JIArPAaHKEBA yCJIOBUs HA TOJIMHOT000Opa3us ITOJOBUHHOW PA3MEPHOCTH.

Banava KjaaccuUKaI IPe/InoJaraeT pa3Hble YPOBHH; B HACTOSIIEN pa-
6oTe MBI pacCMaTPUBAEM BOIIPOC O TOM, KAKUE TOMOJOTMIECKHUE THUIIbI Pea-
JIN3YIOTCS JIATPAHKEBBIMU TIOJIMHOT000PA3UsIMU B JAHHOM aJjiredpaniecKom

TYURIN, N.A., EXAMPLES OF LAGRANGIAN SUBMANIFOLDS IN THE DIRECT PRODUCT
CP" x CP™.
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muOroobpazun. Hecmorpsa Ha BhICOUaiiiee paspurue ajredpamveckoil reo-
METPHUH KAaK IIPEJIMETa COBPEMEHHON MAaTeMaTUKU, PACCMATPUBACMbIN HAMEI
BOIIPOC TTOJTHOCTBIO PEIeH TOJBKO B CAMBIX 0a30BBIX CAyUYasX: HATPUMED,
JJIl IPOCKTUBHON IIJIOCKOCTHU CP? co CTAHIAPTHOM K3J€poBoit (bopmoit MeT-
puku Oyo6unu - llITyau cniucok BO3MOXKHBIX TUIIOB BKIAKYAET B CeHsT TOIBKO
NByMepHBIE Top T2 ¥ BEIeCTBEHHYIO TPOEKTHBHYIO IIockocTh RP2. o
roe BpeMs TOJBKO JIBA 9TUX CTAHJAAPTHBIX TUNA [IPUITHCHIBAIUCE U CJIYYA0
OPOEKTHUBHOTO MPOCTPAHCTBA JIFO0OIT pa3sMepHOCTH, TT0Ka B pabore [2] He mo-
SIBIWJICS PsJ] HOBBIX TpUMEPOB. Ecin 2Ke MBI paccCMOTPUM TOT Ke BOIIPOC
nis npamoro npoussegerns CP? x CP? aByx oJMHAKOBBEIX KOIIMH TOH ¥Ke
[JIOCKOCTH, TO TIOJIHBINL OTBET HA CETOJHSAIIHUN JleHb Heu3pecTeH. M3Bect-
HBIE THUIIBI JIEJISTCA € OJHOW CTOPOHBI HA MPUBOJUMBIE, TO €CTh IIPEJICTaB-
JageMble B Buae S1 X So, rie KaxKAbI u3 S; €CTh JIarpaHKeBO MOIMHOI000-
pasue B COOTBETCTBYIOIIEH KOMIIOHEHTE IIPSIMOI0 ITPOU3BEJIEHUS, U HENpU-
BojuMble. [lepBhiil cirydail eCTeCTBEHHO UCYEPITbIBAETCS MPIMBIMU ITPOU3BE-
nenuamu suga T4, T? x RP?, RP? x RP?. Bropoit Kak MEHHEMYM HE IyCT K
peanmsyercs, HaIpUMep, aHTHINATOHAIBIO A, ONpeIeseMoil TapaMm BIJIA,
p x p C CP? x CP?, xoropast oueBuaubIM 06pazonm anddeovopda camoit
MPOEKTUBHOMH 1mockocTu. C JIPyTOit CTOPOHBI, B CJIydae MpsSMOTO TTPOU3Beie-
HUSI JIATPAHXKEBO MOIMHOr000pasne MOYKeT MPEICTAB/ISITH He TOJBKO TPUBHU-
ambabit Kmace romotormit B Hy(CP? x CP?, Z), 5o 1 HeTpUBHATLHBIN — Kak,
HAIPUMED, B CJIydae C aHTUAMATOHATBI0 A,

Hwuke MbI CTpOMM HOBBIN TPUMED HEITPUBOAMMOTO JIATPAHKEBA TOAMHOTO-
obpasust B npsimom npousBeaaun CP" x CP" nByx uaeHTHYIHBIX KOMUI TPO-
€KTUBHOTO MTPOCTPAHCTBA, CHAOKEHHBIX TPAMO CYMMONH OIMHAKOBBIX K3JIe-
poBbix popm Merpurn Pyburn - [Htyau. nea KoHCTPYKIMU BO3HUKIA TPU
paccMmoTpennn erie 6oJiee IPOCTOro, HEXKeJIU N = 2, Cay4as [PAMOro IIpou3-
segenust CP! x CP!. Kak ussecrno, s npoextusnoii upamoit CP! ¢ pux-
CHPOBAHHBIMU OJIHOPOJIHBIMU KOODJMHATAMU [T : 1] UMEEM /1B THIIA aH-
TUro0MOpdHBIX HHBOIOIMI. CTaHjapTHAs HHBOJIIOIUS JTAETCS TPOCTO CO-
npszerneM o([zo : x1]) = [To : T1]; KBATePHUOHHAS WHBOJIOINS UMEET BHJT
oq([xo = x1]) = [—&1 : To]. Ilocnenmss orMu9aeTcss OT mEpPBO OTCYTCTBUEM
BEIIECTBEHHBIX TOYEK: T'€OMEeTPUYEeCKN 04 €CTh aHTHUIIOJATBHOE OTPazKeHUe
Ha AByMepHOit cdepe. Ecin paccmorpers "KBaTepHUOHHYO" aHTH INATOHAJID

A, ={pxo,p)} C CP' x CP!,

TO 3TO TJIAJKOE HOJAMHOr000pa3ue TakzKe OKA3bIBACTCsl JIAIPAHKEBbIM.
HOKaSaT]) 9TO MOXKHO B TOM 4YHCJI€ U C IIOMOIIIbBIO K3JIEPOBBIX MOTCHIIWA-
JIOB, UTO KOHEUHO HE SBJISAETCS MPOCTEHIITNM W3 BO3MOMKHBIX JOKA3ATEILCTB,
OJTHAKO TaKOH METOJ MOXKET OKa3aThCs MEPCIEKTUBHBIM TIPH JaTbHEHIIINX
HCCIEIOBAHUSAX JIArPAHIKeBO reOMeTpUH ajarebpandecKux MHOrooOpasmii. A
umenno, pacemorpuM Ha CP x CP! umeitnoe paceioenne O(1,1), cevenns
KOTOPOTO COOTBETCTBYIOT OJHOPOJHBIM moJnHOMaMm Ou - cremenu (1,1) or
OJTHODPOJIHBIX TEPEMEHHBIX [To : T1], [Yo : ¥1], 3abUKCUPOBAHHBIX HA TEPBOii
¥ BTOpOH KONWH MPOEKTUBHON MpsAMOi cOOTBeTCTBeHHO. Ha momogHeHnn K
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aobomy obuibaomy auBuzopy D € |O(1,1)| umeercsa k31epoB noreHmman
Up ¢ nosocom Biogb D (peranu cm. B [1]): eciin ap coorsercreytomee 1o-
nomopdHoe cedenne, To Ha gonommermn CP! x CP'\ D

\I/D:—hl|0éD|, w:dId\IfD,

rie I — KOMIIeKCHAs CTPYKTYpa.
Paccmorpum nBa auBu3opa u3 noaHoro juHeirnoro psaga O(1,1), onpeme-
JIgdEMBbIC TaK

Dy = {zoyo + z1y1 = 0}, Dy = {zoy1 — z1y0 = 0}.

Torzpa COOTBETCTBYIOITNE K3JICPOBLI IMTOTEHITUAJIBI UMEIOT BU
|[zoyo + z1y1 | U, =—In |[zoy1 — z1y0]?
(Izol* + |z1[*)(Iyol* + [y2]*)’ ! (lwol* + 1) (lyol* + |91]?)

Orcroa BUAHO, YTO AHTUAMATOHATL /A €CTh KPUTHYECKOE MHOMKECTBO JIst
Up, € KpUTHYECKUM 3HAYEHUEM, PABHBIM abCOMIOTHOMY MUHUMYMY 3TOf
dyskmu; u raagxoe mogMuOoroodbpasue A, 0bsasaeT TeM xKe CBOUCTBOM OT-
HOCUTETHHO Kaseposa notentmana Wp, . Creposarenbno, 06a Mo MHOT000-
pasust 00si3aHbl OBITH M3OTPOMHBIME, HO MOCKOJBKY PA3MEPHOCTH KaXK0T0
paBHA MOJTOBUHE 00BEMITIONIEr0 AAre0pandecKoro MHOT000Pasusi, TO OTCIO/Ia,
BBITEKAET yTBEPKIACHUE O UX JlarPaHzkeBocTH (jgeranu cM. B [3]).

Bepuemcs: Teneps K npsvomy mpomssegennio CP?2 x CP?: crampapraas
UHBOJIIOINNS 0 UMEeTCs, U 110 Heil ompejedeTcs aHTHANAroOHATb A; KBaTep-
HUOHHON WHBOJTIONUN He CYIECTBYET, TI09TOMY HANDAMYIO ONpeJenuTh A,
HE MPEJCTABIIeTCd BO3MOXKHBIM. OTHAKO MOYKHO MPEJIOKUTD CJIE YOIt
BapHAHT, HATIOMAHAOIMH KOHCTPYKIHIO A,.

A nmenno, pacemorpum gononnenne XY = CP2\RP?. Jlia mpousBosib-
noit Toukn p € XY uMeeM eIMHCTBEHHYIO BelecTBeHHYyo npamyio [(p), mpo-
XOJSINYI0 uepe3 p. B caMoMm jiefie, ToUKa p — HE BEIECTBEHHAs, MOITOMY
BEIIECTBEHHAS PsiMasi, ITPOXOJAIIAs Yepe3 Hee, 00s3aHa NPOXOIUT U Uepes
COTIPSIKEHHYI0 TOYKY P, CJIEI0BATEIbHO — OIpeJesieHa onno3uadno. Ha Be-
ECTBEHHOM npsamoii [(p) umeem TouKy p', aHTUIONAIBHYIO P Ha IPAMOiL lp.
DTa TOYKA OJHO3HAYHO OTpejeseHa, He BeleCTBeHHA, U 0UEBUTHBIM 00pa3oM
Ta K€ KOHCTPYKIHNS, NpAMEHeHHasd K p', JaeT UCXOAHyIo Touky p. OTcoma
“MeeM WHBOJIIOIUI0

\I’Do = —In

o4: X U X 0,
ue npogoxumyo Ha sce CP?. O1Hako 9Ta MHBOJIONUS OIPEIEISeT OTKPhI-
TOE TOAMHOT000pa3me Ag C X% x X0 ycnosuem

A0 0

Ag={pxo4p) | peX’}
Paccmorpum Ag KaK OTKPBITOE IIOAMHOTO00PA3HE B ITOJTHOM IIPSIMOM ITPOU3-
segennn CP? x CP2. Tormga MOXKHO MOKa3aTh, ITO 3TO OTKPHITOE TTOIAMHOTO-
obpasme: 1) sarpaH:keBo B KaxKJ0il TOUKe; 2) 00JIa/Ia€T eCTECTBEHHON KOM-

nakTudUKALRed 10 IIaIKOT0 KOMIAKTHOTO oaMuoroobpasus 8 CP? x CP2.
ITockoBKyY yCsIOBHE JTAarPaHZKEBOCTH 3aMKHYTO, W3 MyHKTa 1) cjeayer, 9ro
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978 KOMIIAKTU(DUKAIMS JOCTAB/ISIET TPUMED [VIAIKOI0 KOMIIAKTHOTO JIADaH-
2KEBA MOIMHOro00pasust B 00bEMJIIOIIEM [IPSIMOM [TPOU3BEICHIH.
Takas KOHCTPYKIIAST MOXKET ObITH peajn3oBaHa u B OoJjiee 0b1IeM caydae.
I'maBHBIM pe3ysbTATOM HACTOAIIEH PADOTHI SIBJISIETCS CJIETYIOIIas
Teopema. lIpamoe npoussedenue CP™ x CP", cnabocenroe npamoti cym-
MOt d8YT 0OUHAKOBHLT CMAHIAPIMHBLT KINEPOSHL Popm mempuru DPybunu
- Hlmydu, donycraem 2aa0K0€ AGZPAHIHCESD BA0INHCEHUE MHO2006pa3us S =
tot(P(7) — Grr(1,n)), ede T ecmv MaA6MOAOZUNECKOE PACCAOEHUE, 0ZPAHU-
wusaemoe co 6cezo Gr(1l,n) na sewecmeennyio 4acms 2paccmMaHUuana.
JoxazaTebCTBO CllelyeT cxeMe, IpejcTaBiennoit Boie. CHavyas a Mbl 10-
kaxkeM, 9To B upsamom npomssenenun CP" x CP™ umeercs OTKpBITOE MOJI-
MHOTOOOpasue Ag, oTIpejieJisieMOe KaK U BBIIIE CJIEIYIONIUM CBOHCTBOM.
Badkucupyem Ha npoekTuBHoMm mpoctpancree CP" moaxoasinyr cucre-
MY OJJHOPOJIHBIX KOODJHMHAT [X( : ... : Tp|, COMIACOBAHHYIO ¢ (DUKCUPOBAHHOMN
K31epoBoit crpykTypoit. Ilycrs X0 = CP"\RP" oTKpbITasg 9acTh, COCTAB-
JICHHAS M3 HEBEIeCTBEHHBIX TOYEK (CTAHIAPTHAS BEIECTBEHHAS CTPYKTYDPa
dukcupoBana BEIGOPOM OTHOPOIHBIX KOOpAMHAT). PaccMorpum oTobpaske-
HUE

no =2
PN
00 X0 5 X0, og(x) = ZZJO :

n - 233'1‘ — X,
§=0 |5
KOPPEKTHO OIIPEJIeJIEHHOE TOJILKO [IJisi HEBEIECTBEHHBIX TOYEK: eCJd [Xg

: Zp] baz0BBIM MOBOPOTOM MOXKET OBITH MPUBEIEHO K BENIECTBEHHOCTH
BCEX Z;, TO BCe 04(x;) aBroMarnuecKu obHy/sAiorcd. I'eomeTpuyaecku 3To co-
oTBeTCTBHE pacindPOBLIBACTCA Tak: TouKa p € X 0JHO3HAYHO OIIpe/iesdeT
eIMHCTBEHHYIO BEIECTBEHHYO TPAMYIO [(p) = (p, ), TPOXOJSIILYIO Yepe3 p;
HA BEIIECTBEHHOI NmpaMoii 6epeM TOUKy p/, aHTUIONAIBHYIO p, 1 0003HAYA-
eM ee KakK 0g(p). O4eBUIHO, YTO ONHOPOMHBIE KOODAUHATEI TOUYEK P, 0q(p)
OPTOrOHAJIbHBI OTHOCUTENBLHO CTAHJIAPTHON SPMUTOBON CTPYKTYPHI Ha IIPO-
crpancree C"! npoekrususanus koroporo naer mame CP?,

Otcioa BuiHO, UTO OTOGpasKeHue o, ABJstercs uHpoonuei na X°.

B camom zene, TouKa 04(p) MO IOCTPOEHUIO HE MOKET ObITH BEIIeCTBEHHOII,
notomy [(p) OAHO3HAYHO OIpEJETeHa, & 3HAYUT U AHTHUIONAIbHAS TOIKA P
OJIHO3HAYHO BOCCTaHAB/IMBaeTCd 110 04(p). Bosee Toro, no mocrpoenuro st
moboit p € X paccrogume dist(p, o,(p)) dukcupopano: st TOUKM aHTH-
HOIa/IbHBl HA, KOMILIEKCHOM TIPAMOii, MO9TOMY PaCCTOSTHHE PABHO OJHOMY U
TOMY K€ IHUCJIy — MOJIOBUHE JJINHBI 9KBaTopa [(p).

Hastee, paccMOTPUM OTKPBITOE TIOJIMHOr000pasue

Agz{pxaq(p) | pe X} c CP" x CP".

SaMeTuM, ITO MO OTPeIETeHII0 OTKPHITOE O IMHOT000pasne Ag HE MMeeT
obmmux Touexk ¢ auaroHaabio A = {pxp} C CP" x CP". Umeercst crepyromast

Jlemma 1. Omxpumoe nodmmozoobpasue Ag C CP" x CP" ecmecmsen-
MM 00pa3oM Komnaxmuduyupyemesa 0o 2aa0%K020 nodMHo2006pa3UA.
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Uckiroanm n3 npsimoro npoussegennss CP™ x CP” aumaronans A u BOC-
[OJIB3YEMCs OUPEryastpHbIM U30MOPPUIMOM

f: (CP" x CP")\A = tot(P(1) x P(1) — Gr(1,n))\ Dy,

rae Gr(1,n) — rpaccmannan mpsmbix B CP", 7 — TaBTOI0rIYIECKOE paceioe-
Hue, a nueusop Dy onpenensercs cieayoomuM obpazom. VMeercs: mocaoiHo
AUaroHaJIbHOE BJIOYKEHUE

d : tot(P(1) = Gr(1,n)) = tot(P(r) x P(r) — Gr(1,n)),

sajtaBaeMoe Kak 0(p — [I]) = (p X p — [l]), rae p € | — rouka Ha mpsiMoit
nuBnu3op Dy ecTh 06pa3 3TOro BIOKEHHS.

Orobpazkenne f abCOMIOTHO €CTECTBEHHO: JIBE Pa3JUYHLIE TOUKHU p,p €
CP™ oxmo3HaYHO ONpeessioT npsaMyio (p,p’) U coorBeTcTBYOMUiL € d1e-
ment B Gr(1,n); B coorsercreytomem cioe P(7)([(p,p’)]) BbLresensl 1Ba 3e-
MEHTa, COOTBETCTBYIOMITE p 1 p’, yIOPAT0YeHHbIC I PA3THIHbIE, OTKYy/Ia HMe-
eM TOUYKy B OTKpBITOM MHOroobpazun tot(P(r) x P(r) — Gr(1,n))\Dy. B
0obpaTHYIO CTOPOHY JeficTBre f 0YeBUIHO.

Jlajiee, TOCKOIBKY Ag He nMmeeT obmIMX Todek ¢ A, paccMorpuMm obpas
NO = f(Ag) OH MoxkeT OBITH €CTECTBEHHO OIMCAH BO BHYTPEHHUX TEPMU-
HAX TABTOJIOIMYECKOTO paccaoenus u rpaccmanunana Gr(1,n). A uvmenno, Tax
Kak npsMbie [(p) BCerga BEMIECTBEHHBI, TO BbIIEJIUM BEIIECTBEHHYIO 4aCTh
Grgr(1,n) C Gr(1,n). Hax kaxpoit Toukoii [[] € Grr(1,n) B cinoe P(1) =1
UMeeM ATHUTOMAIBLHYIO WHBOJIOIHIO, TTOSTOMY B TOTATBHOM MPOCTPAHCTBE
tot(P(7) x P(7) — Grr(1,n)) mmeercs riagkoe moaMHOTOOGpasne, CIoi Ko-
Toporo mzoMmopden P(7) m cocraBiieH w3 map aHTUIOMATBHBIX TOYEK Ha [.
Uckmmiouast Bce aphl BEMIECTBEHHLIX AHTUMOJATBLHBIX TOYEK HAJ KasKIbIM
CI0€M, MOJIYYaeM B TOYHOCTH o0pas f (Ag) = NO. Ho sto oTKpbITOE mOJI-
MHOTO00Opazue 0bJyiajjaeT ecTeCTBEHHON Maiko# koMmmakTudukaiueit N, sB-
JITFOTIEHiCsT TOTAIBHBIM MpOCTpaHcTBa paccaoerus Hag Grr(1l,n), co cioem,
COCTABJIEHHBIM W3 MAp AHTHIIOJATBHBIX TOYEK — BHE 3aBHCHMOCTH OT TOTO,
BeIecTBeHHbIe OHM mian HeT. IIpoo6pas f~1(N) ecrs Tiiagxoe MEOTOOGpasme
B CP" x CP", gpjstorieecs KOMIAKTU(MUKAIINER OTKPBITOrO TOMHOT000pa-
s AV

q _

O6osHaumM Takoe moaMHOroobpasme kKak A,. [lo mocrpoenmio ero Tormo-
normyeckuii tun ects S? - paccaoenme man Grr(l,n), u30MOpHOE OrpaHm-
YECHUKO Ha BeH_[eCTBeHHbIIU/I I'paCCMaHUAH IIPOCKTUBU3AUN TAaBTOJJIOTMYIECKOI'O
paccaoenuss T — Gr(1,n). Drum 3aBepiraercs J0Ka3aTebCTBO Jlemmbr 1.

Temepb 006CYaUM CBOMCTBA OTKPBITOTO TOIMHOTO00PA3HS Ag Cc CP*xCP"
OTHOCUTENHHO CUMILIEKTUIECKOH CTPYKTYPBI, 3a(DUKCHPOBAHHON HA TIPIMOM
MPOMBBEJICHNN TIPOEKTUBHBIX TTPOCTPAHCTB.

Jlemma 2. [Toommnozoobpasue Ag ABAACTNCA AG2PAHHCCEDIM.

Jna nokazaTenbcTBa JIeMMBI 2 BOCTIONB3yeMcda CAeAYIONIell 3aMedaTesTb-
HOW KOHCTPYKITHEH JTarpaHKeBa BIOKEHHUsT MHOTOOBPA3MsT TMOJHBIX (DJIAr0B
B C"*! B npamoe npoussegenue Y = CP" x ...CP", cocrapiensoe us n + 1



910 H.A.Tiopun

KOIIMU OJIHOI'0 U TOI'0 »Ke 1poekTusHoro npocrpancrsa CP” ¢ dukcuposa-
HO¥I CTaHJaPTHOM K3/1€poBoil GopMOit wrg, npeioxkenHoe B pabore [4]. Tax
KaK TI0IHOe MHOroo6pasue dbaaros B C"T mpencrasnerca kak omHOpomHOE
MPOCTPAHCTBO

Un+1)
U(l) x...x U(1)’

ryie wmcso komwit U(1) pasro n+ 1, To moboit snement F™T! npencrasisercs
yHUTApHON Marpureit A, Kaxapiit ¢cToaber; KoTopoii GakKTOPU3yercs 1Mo Mo-
aymo U(l), — ciepoBaTesibHO 38/1a€T TOYKY B IIPOEKTHBHOM IIPOCTPAHCTBE
CP™. Beero croabuos n + 1, 4ro u 3aaer Biaoxkenne F™ Tl < Y okasbiBa-
ercst, 4To 006pa3 BJIOXKEeHUe Jarpatxkes B Y (zgeraau cM. B [4]).

ITockosbky Marpuna A, cocraBiieHHast U3 CTOAOIOB OIHOPOIHBIX KOOP/IU-
Har Kazkjgoro u3 CP", yamrapna, To ajs jroboi Touku F"Tl C Y mobast
mapa CTOMOTOB OJHOPOIHBIX KOOPJANHAT IPMUTOBO OPTOTOHATBHA.

B npsimom mpoussesienuu Y, cHabkeHHOM K3J1epoBoit hopmoit (2, aBiisiio-
meitcd IpaMoil CyMMOit OIHOM B TOI ke (POPMBI Wrg, PACCMOTPUM IIEpece-
JeHue CIASYIONIX IBYX TTOAMHOT00bpasnii. PaccMoTpuM OTKPBITOE TIOMHO-
roobpasue S C Y, onpeznensemoe Kak

SO = (CP"\RP") x (CP"\RP") x RP" x ... x RP" C Y;

Fn+1 —

FEOMETPUYECKN STO O3HATAET, YTO MBI M3 TIEPBBIX JIBYX KOMIIOHEHT IIPSIMOTO
npoussesieaus Y BriOpacbiBaeM RP™, a Bo Bcex mociemyoomux n — 1 KOMIIO-
HEHTe HA00OPOT BEIOUPAEM TOJIBKO BelllecTBeHHBIE YacTu. Toraa nepeceuenue
SON Ftl C Y obranaer cieLyiomumyM 3aMedaTeIbHBIM CBOHCTBOM: IIPH 3a-
OBIBAIONIEM BCE KOMOHEHTHI NMpsiMoTo npousseienus ¥ = CP™ x ... x CP",
HauMHAd C TpeTheil, oTobparkeHun

m:Y — CP" x CP"

mveenm 7(S° N F"H) = AD. Bonee toro, orparndenne f ma SO N F™H yera-
HABJIMBAET M30MOP@U3M ITOr0 IepecedeHus: u obpasa 52. B camom mese,
KaxKas Touka B nepeceuennn SO N FH! mpencrapiserca mabopom Touex
B mpoekTuBHBIX npocTparcTBax CP”, KoOpAuHATE KOTOPBIX MOMAPHO YPMU-
TOBO OPTOTOHAJBHEL. IlepBhie aBe TOUKM m3 AH000TO Habopa 00s13aHBI OBITH
HEBEIIECTBEHHBI U PMHUTOBO OPTOIOHAJBHEI 110 CAMOMY oupeetenuio SO u
ceoiicteam F™H1| nostomy B obpasze obsizambl jtexars napel p X p', obia-
Jaroriue reM 2Ke cBoiicTBoM. OHAKO i mapbl (DUKCUPOBAHHBIX YPMUTOBO
oproronanbubix To9ek p,p’ € CP"\RP" u3 ob6pasza 10/2KHO BBIIOJIHATHCS
ere omro yeaosue: B CP" obsg3aHa CyIecTBOBATEH BENIECTBEHHAS TPAMAs,
cozep:Kalas obe 9TH TOUKH. Bo3bMeM KOMIOHEHTH TodeK u3 SO HaumHast
C TPeTheil W 3ammIneM yCJIOBHE SPMUTOBON OPTOrOHAJIBLHOCTH ¢ p WA p.
Bcero nonyunm n — 1 muHeiinoe ypaBHeHne Ha KOOPJIMHATHI p WA ', BCE KO-
3 OUIUEHTH KOTOPBIX MOTYT ObITH BHIOpaHBI BelecTBEHHBIMEU. [locKOTBKY
Marpuiia A yHHTapHa, cucTeMa He MOMKET OBITh BBHIPOKJIEHHOH, OTKYIa T0-
JydaeM HeoOXOAMMOCTD CYIIECTBOBAHNIE BEIIECTBEHHON IPAMOIL, Ha KOTOPO



TMPUMEPBHI JIATPAHYKEBBIX TTOJIMHOTOOBPA3BUMN 911

00st3anbl JiexkaTb u p, 1 p’. Ho 910 1 €cTh B TOYHOCTU YCJI0BUSL, 110 KOTOPLIM
MbI CTPOM/IM OTKPBLITOE OIMHOI000pasue Ag c CP" x CP™.

Taxum obpazom, S® N F™ g rounocrn mzomopdHO Ag, U TPOEKINs T
npu orpanmuennu za S N F™T! nocrasiser Heo6xomuMblil 130MOPGhU3M.

Hns nokazarenncrsa JlemMbl 2 Teneph ocTaercs 3aMeTHTh, 9To () go =
T (Wps@WEg) M YTO BCIEJICTBIE JArPaHKEBOCTH Fntl nepeceanne SONF™HL
00s13aH0 OBITH W30TpONHBIM. OTCIO/A CJIeIyeT, ITO Ag 0b6g3an0 O6BITH W30-
TPOIMHBIM, HO TOCKOJBKY 3TO TOAMHOTO00pa3ue MOJIOBUHHONW Pa3MEpPHOCTH,
TO OHO SIBJISIETCST JTATPAHXKEBBIM, UTO 3aBEPINAeT J0KA3ATEIbCTBO JleMMbI 2.

ITockoabKY yCa0BHE JTATPAHYKEBOCTH SIBJISETCS 3aMKHYTBIM, TO €CJIU OT-
KPBITAS JACThH Ag TJIaIKOTO TTOAMHOT000pasnsd Aq C CP" x CPP"™ narpatzxe-
Ba, TO 9TO K€ BEPHO U i BCErO MOAMHOT00Opasns. DTO 3aBepINaeT J0Ka-
3aTeILCTBO Hammeil ocroBHON TeopeMai.

Ipumep. Qs ynomsuyToro B Hauaze pabors: ciayuas CP?2 x CP? nama
TeopeMa y/I0OCTOBEPSIET B TOM, YTO B 3TOM HPSIMOM ITPOM3BEJIEHNH MMEETCS
JIATPAHYKEBO BJIOXKEHIE MHOIO0OPA3Hs, IPEACTABISEMOr0 S2 - PACCIOeHIEM
HAJl BEIIECTBEHHON npoexTusHoil miockocreio Grr(l,2) = RP2. Dro pac-
CJIOEHUE TOLOJIONMYECKU HeTPUBUAJIbHO: B jlanHoM caydae P(1) — Gr(1,2)
ects P(TCP?) — CP?, Taxum 06pa3oM Hallle JarpaHykeBo TOIMHOT006pasme
UMEeeT BU]T

tot(P(TRP? ® C) — RP?).

OquI/I,Z[Ha €0 HEIIPUBOAUMOCTDL; TaKKe HETPYAHO YyCTAHOBUTH €ro rOMOJIO-
rigeckyto Herpupnaabrocts B Hy(CP? x CP?)7Z): Mo moCcTpoeHn o moaMHO-
roodpazmue Aq nepecekaercst ¢ moamuoroobpazuem p X CP? poeno B 0fHOl
Touke p' = 04(p) i obuieit TOYKK P, HOCKOIBbKY HEBEIIECTBEHHOCTD SBJIst-
ercs OBIIHM yCIOBHEM B JaHHOM ciaydae. llockounbky p X CP? kax u CP? x p
npefcrapasior obpasyromme Hy(CP2 x CP?,Z), orciofa BuiHA TOMOIOITHe-
CKagd HeTPUBUAIHHOCTD.

B moxazarennctee TeopeMbl MBI BOCTOJB30BAINCEH TJIALKAM TIOIMHOTO-
obpasnem N C tot(P(7) x P(1) — Gr(1,n), He obcyxaas ero cpoiicrs. Ho
€CTeCTBEHHBIM BOIIPOCOM SIBJISIETCS CJIEAYIONINN — & CaMO OHO JIATPAHYKEBO?!
JIs1t KOPPEKTHOCTH BOTTPOC AOIKEH OBITH KOHKPETH3NPOBAH TeM, KaKas CIM-
mieKkTrdeckad (popMa PACCMATPUBACTCS HA MOCaeIHEM MHOTO0OOpasuu. Ecre-
CTBEHHBIM FABJIETCA BHIOOD ciemyromieit hopmbl. PaccmorpuMm ecrecTBeHHOE
BJIOYKEHUE

U : tot(P(7) x P(7) = Gr(1,n)) — Gr(1,n) x CP" x CP"

(cm. [1]). Torga Beibop crangapTHOil (GOPMBI HA BTOPON U TPeTheil KOMIIO-
HEHTe BMecTe co cTanmapTHol dopmoit Ha Gr(1,n), HHAYIMPYEMOl BJIOXKe-
unem Ilnokkepa, ompenenser ecTecTBeHHYI0 GopMy 2p; Ha BCEM TPSIMOM
NPOW3BEICHUN U, CJeJ0BaTEIbHO, dopmy W*(lp; HA MCXOMHOM TOTAJIBLHOM
MPOCTPAHCTEE.

Torna nmmeercsa

Caencrsue. [lodmmnozoobpasue N C tot(P(r) x P(1) — Gr(1,n)) aeaa-
EMCA NAZPAHAHCEGBIM OTHOCUMEAbHO Popmbt V¥ Qp;.
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B camom zene, B npsimom npoussegennu Gr(1l,n) x CP" x CP" umeercs
YACTUYHO IPUBOJMMOE JIarpanzkeBo mnogmuoroodpasue Grr(1l,n) x A,, aro
OBLTO moKazaHo Hamu B Hamelt ocHoHol Teopeme. OTcroga ciaenyer, 9To
€ro Tepecevdenre ¢ JTIOOBIM KOMITJIEKCHBIM MO IMHOTO0OPA3NEM STBIISIETCS W30~
TOPOMHBIM. DTO BEPHO B TOM UHUCIE U JJIsT KOMILIEKCHOTO ITOIMHOT00OPA3HST
U(tot(P(r) x P(1) — Gr(1,n))). Ho merpyaro Buers, 9To Takoe mepecete-
aue ectb B Tounocta W (N), OTKyIa HEMEIJICHHO CJIeIyeT JIArPaHKeBoCTh N
oTHOCUTENBHO hopMbl W*Q)p;, uT0 U TPEOOBAIOCH TOKA3ATH.

B saxsodenne ogepTuM Kpyr JadbHEHIINX 38789, KOTOPBIE eCTECTBEHHO
BBITEKAIOT M3 HAIMNX paccMoTpennii. IIpexae BCero mMOCKOJBKY MBI CyIIe-
CTBEHHO WCIOJIH30BaJIM KOHCTPYKINIO BbikoBa m3 [4], To ecTecTBeHHO 3a-
JTaTh BOTIPOC O TOM, UTO SIBJISIETCS BOSMOYKHBIM 0O0OIIEHHEM 3TOH KOHCTPYK-
uu. Jlokazanmnoe Hamu Ciie ACTBUE OTIACTH SIBJISIETCST TAKOBBIM, HO B 00JTb-
el CTEMeHn OHO TOJCKA3BIBACT BO3MOYKHOE HAIPABJEHHE. A WMEHHO, pac-
CMOTPUM KOMILTEKCHBIH rpaccmanuan Gr(r,n). Taprosormaeckoe paccioe-
aune 7 — Gr(r,n) mMeer panr r + 1, HO3TOMY TOTAJBHOE IPOCTPAHCTBO
npsmMoit cymmer 1 + 1 kormmu P(7) mazg kaxoi roukoit p € Gr(r,n) nme-
eT JIArPaH’XKeBO MOAMHOTOOOpasne — mosiHoe MHOTOOOpasne duaros B 7(p),
KOTOpOE ecTecTBeRHo 0603HawnTh Kax F" 1 (p). Ecim Temepns na 6aze BhIje-
JIUThH BelecTBeHHyo Yacth Grr(r,n), T0 TOTaJIbHOE IIPOCTPAHCTBO PACCIOe-
aust ' — Grg(r,n) co cnoem F™ 1 (p), p € Grr(r,n), cocrasaser mogamHOro-
obpasre MOJOBUHHON Pa3MEPHOCTH B 00HLEMJIFOIEM aaredpaniecKkoM MHOTO-
obpasun. dABngerca qu oo jarparxkessim? Ciyuail 7 = n COBIALAET C OPHU-
ruHaabHbIM pe3yiabraroMm JI. BoikoBa; xkax mbr ycramosuim B CuecTBun
510 BepHOo u g r = 1. Ocraercd Jau 9T0 BEPHBIM U JJI IPOU3BOJIHLHOTO
r < n? Ecau jga, To Ha HAII B31JId 370 ObLIO Obl eCTeCTBEHHBIM 00001IeHM -
€M JIarPaH’KeBa, BJIOXKEHUsI OJTHOTO MHOTO00Opa3ust (PIaros, OCTPOEHHOTO B

[4].
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