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Ïðåäñòàâëåíî Â.Â. Ïðæèÿëêîâñêèì

Abstract: In this paper we study the Gieseker-Maruyama moduli
space MP3(2;−1, 4, 0) of semistable coherent sheaves of rank two
with Chern classes c1 = −1, c2 = 4, c3 = 0 on the projective
space P3. To date, only two irreducible components of this space
have been known, and their general points are locally free sheaves.
In this paper we �nd and describe a new irreducible component of
the space MP3(2;−1, 4, 0), a general point of which is a sheaf with
the singularity at a disjoint union of a pair of lines and a pair of
points. We prove that this component has the expected dimension
27 and is generically reduced as a scheme.

Keywords: (semi)stable coherent sheaves, rank two sheaves, moduli
space of semistable sheaves.

Zavodchikov M.A., Tikhomirov A.S. A new component of the moduli scheme
MP3(2;−1, 4, 0) of semistable sheaves rank two on the projective space P3.
© 2024 Çàâîä÷èêîâ Ì.À., Òèõîìèðîâ À.Ñ..
Ðàáîòà Çàâîä÷èêîâà Ì.À. âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ

ðåãèîíàëüíîãî íàó÷íî-îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà (ßðÃÓ) ïðè ôèíàí-
ñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ (Ñîãëàøåíèå î
ïðåäîñòàâëåíèè èç ôåäåðàëüíîãî áþäæåòà ñóáñèäèè � 075-02-2024-1442).

Ïîñòóïèëà 3 èþíÿ 2024 ã., îïóáëèêîâàíà 30 àâãóñòà 2025 ã.

913

https://orcid.org/0000-0001-8827-2630


914 Ì.À. Çàâîä÷èêîâ, À.Ñ. Òèõîìèðîâ

1 Ââåäåíèå

Ðàññìîòðèì ïðîñòðàíñòâî (ñõåìó) ìîäóëåé Ãèçåêåðà-Ìàðóÿìû M =
MP3(2; c1, c2, c3) ïîëóñòàáèëüíûõ êîãåðåíòíûõ ïó÷êîâ áåç êðó÷åíèÿ ðàíãà
äâà ñ êëàññàìè ×åðíà c1 ∈ {−1, 0}, c2 ≥ 1, c3 ≥ 0, íà òðåõìåðíîì ïðî-
åêòèâíîì ïðîñòðàíñòâå P3 íàä îñíîâíûì ïîëåì k = k õàðàêòåðèñòèêè
0. Ãåîìåòðèÿ è ãåîãðàôèÿ ýòîãî ïðîñòðàíñòâà íàèáîëåå õîðîøî èçó÷å-
íà äëÿ ìàëûõ çíà÷åíèé âòîðîãî êëàññà ×åðíà c2. Â ÷àñòíîñòè, â ñëó÷àå
c1 = 0 íàéäåíû âñå êîìïîíåíòû ñõåìû MP3(2; 0, c2, 0) äëÿ 0 ≤ c2 ≤ 2 è
öåëûé ðÿä êîìïîíåíò ýòîé ñõåìû äëÿ 3 ≤ c2 ≤ 5 � ñì. [8], [11]. Â ñëó÷àå
c1 = −1 ê íàñòîÿùåìó âðåìåíè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû. Äëÿ
c2 = 2 ×. Àëìåéäà, Ì. Æàðäèì è À. Ñ. Òèõîìèðîâ â íåäàâíåé ðàáî-
òå [4] è Ì. À. Çàâîä÷èêîâ â ðàáîòå [15] îïèñàëè âñå êîìïîíåíòû ñõåìû
MP3(2;−1, 2, c3) äëÿ äîïóñòèìûõ çíà÷åíèé 0, 2 è 4 êëàññà c3. Â ñëó÷àå
(c2, c3) = (3, 9) è (c2, c3) = (4, 16) Ð. Õàðòñõîðí â [9], à çàòåì Ì.-×. ×àíã
äëÿ (c2, c3) ∈ {(3, 1), (3, 3), (3, 5), (3, 7)} â [6] íàøëè ïî îäíîé êîìïîíåíòå
ñõåìû MP3(2;−1, c2, c3) è ïîêàçàëè, ÷òî îáùàÿ òî÷êà êàæäîé èç ýòèõ êîì-
ïîíåíò ÿâëÿåòñÿ ðåôëåêñèâíûì ïó÷êîì. Êðîìå òîãî, íåäàâíî Á.Øìèäò
â ñòàòüå [14] ïîêàçàë, ÷òî ñõåìû MP3(2;−1, 3, 9) è MP3(2;−1, 4, 16) èñ÷åð-
ïûâàþòñÿ âûøåóêàçàííûìè êîìïîíåíòàìè, íàéäåííûìè Õàðòñõîðíîì.
Äàëåå, äëÿ c2 = 4 è c3 = 0 Ê. Áàíèêà è Í. Ìàíîëàõå [5] äîêàçàëè, ÷òî
â ñõåìå MP3(2;−1, 4, 0) èìååòñÿ òîëüêî äâå íåïðèâîäèìûå êîìïîíåíòû
ðàçìåðíîñòè 27 è 28 ñîîòâåòñòâåííî, îáùèå òî÷êè êîòîðûõ ÿâëÿþòñÿ ëî-
êàëüíî ñâîáîäíûìè ïó÷êàìè. Êðîìå òîãî, â âûøåóïîìÿíóòîé ðàáîòå Àë-
ìåéäû, Æàðäèìà è Òèõîìèðîâà [4] ïîêàçàíî, ÷òî ñõåìà MP3(2;−1, 4, 0)
èìååò ïî êðàéíåé ìåðå îäíó íåïðèâîäèìóþ ðàöèîíàëüíóþ êîìïîíåíòó,
îáùàÿ òî÷êà êîòîðîé ÿâëÿåòñÿ ïó÷êîì ñ 0-ìåðíûìè îñîáåííîñòÿìè.
Íàñòîÿùàÿ ñòàòüÿ ÿâëÿåòñÿ åñòåñòâåííûì ïðîäîëæåíèåì ðàáîòû [4]

â íàïðàâëåíèè èçó÷åíèÿ ïðîñòðàíñòâ ìîäóëåé ñòàáèëüíûõ ïó÷êîâ ðàíãà
äâà ñ êëàññîì c1 = −1, ìàëûì êëàññîì c2, íóëåâûì êëàññîì c3 è îñîáåí-
íîñòÿìè ñìåøàííîé ðàçìåðíîñòè. Â íåé ïîëó÷åíà íîâàÿ êîìïîíåíòà ñõå-
ìûMP3(2;−1, 4, 0), îáùàÿ òî÷êà [E ] êîòîðîé ÿâëÿåòñÿ ïó÷êîì ñ îñîáåííî-
ñòÿìè ñìåøàííîé ðàçìåðíîñòè ñëåäóþùåãî âèäà: 1-ìåðíûå îñîáåííîñòè
ïó÷êà E � ýòî ïàðà ñêðåùèâàþùèõñÿ ïðÿìûõ, à 0-ìåðíûå îñîáåííîñòè
ïó÷êà E ðåôëåêñèâíû, òî åñòü ñîâïàäàþò ñ îñîáåííîñòÿìè åãî ðåôëåêñèâ-
íîé îáîëî÷êè E∨∨. Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ
òåîðåìà.

Îñíîâíàÿ òåîðåìà.

Ñõåìà ìîäóëåéMP3(2;−1, 4, 0) ïîëóñòàáèëüíûõ êîãåðåíòíûõ ïó÷êîâ ðàí-
ãà äâà áåç êðó÷åíèÿ ñ êëàññàìè ×åðíà c1 = −1, c2 = 4, c3 = 0 íà òðåõ-
ìåðíîì ïðîåêòèâíîì ïðîñòðàíñòâå P3 èìååò íåïðèâîäèìóþ ïðèâåäåí-
íóþ â îáùåé òî÷êå êîìïîíåíòó M îæèäàåìîé ðàçìåðíîñòè 27. Îáùèé
ïó÷îê E èç ýòîé êîìïîíåíòû ñòàáèëåí è âêëþ÷àåòñÿ â òî÷íóþ òðîéêó

0 → E → E∨∨ → Ol1(1)⊕Ol2(1) → 0, (1)
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ãäå l1 è l2 � ñêðåùèâàþùèåñÿ ïðÿìûå â P3, E∨∨ � ðåôëåêñèâíûé ïó÷îê
èç MP3(2;−1, 2, 2), äâàæäû äâîéñòâåííûé ê ïó÷êó E. Ïðè ýòîì

Sing(E) = Sing(E∨∨) ⊔ l1 ⊔ l2, (2)

ãäå Sing(E∨∨) � ïàðà òî÷åê, à dim(l1 ⊔ l2) = 1, òî åñòü E èìååò îñîáåí-
íîñòè ñìåøàííîé ðàçìåðíîñòè.
Ýòà òåîðåìà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì òåîðåì 1 è 2, äî-

êàçûâàåìûõ íèæå â ïàðàãðàôàõ 2 è 3 ñîîòâåòñòâåííî.

2 Ñåìåéñòâî M ñòàáèëüíûõ ïó÷êîâ èç MP3(2;−1, 4, 0) ñ
îñîáåííîñòÿìè ñìåøàííîé ðàçìåðíîñòè

Ðàññìîòðèì ñõåìó R ìîäóëåé ñòàáèëüíûõ ðåôëåêñèâíûõ ïó÷êîâ F
ðàíãà äâà ñ êëàññàìè ×åðíà c1 = −1, c2 = 2, c3 = 2 íà ïðîñòðàíñòâå P3,
âêëþ÷àþùèõñÿ â òî÷íûå òðîéêè âèäà

0 → OP3(−1)
s−→ F → Im1⊔m2 → 0, (3)

ãäå m1 è m2 � ïðîèçâîëüíàÿ ïàðà íåïåðåñåêàþùèõñÿ ïðÿìûõ. Çàìåòèì,
÷òî èç ýòîé òðîéêè íåïîñðåäñòâåííî ñëåäóåò, ÷òî h0(F(1)) = 1 è

H0(F(1)) = ksF , ãäå (sF )0 = m1 ⊔m2. (4)

(Çäåñü è íèæå äëÿ âñÿêîãî ðåôëåêñèâíîãî ïó÷êà A èç R è ñå÷åíèÿ sA ∈
H0(A(1)) ÷åðåç (sA)0 îáîçíà÷àåòñÿ ñõåìà íóëåé ñå÷åíèÿ sA. Ýòà ñõåìà
îïðåäåëåíà êîððåêòíî � ñì. [9].)
Êðîìå òîãî, ëåãêî âèäåòü, ÷òî

Sing(F) ⊂ (sF )0. (5)

Êàê èçâåñòíî, [6, Lem. 2.4, Thm. 2.5], [9], R � îòêðûòîå ïîäìíîæåñòâî ñõå-
ìû ìîäóëåé Ãèçåêåðà-Ìàðóÿìû MP3(2;−1, 2, 2), èìåþùåå ðàçìåðíîñòü
11:

dimR = 11, (6)

Ïðè ýòîì R ÿâëÿåòñÿ òîíêèì ïðîñòðàíñòâîì ìîäóëåé, òî åñòü ñóùåñòâóåò
óíèâåðñàëüíîå ñåìåéñòâî F ðåôëåêñèâíûõ ïó÷êîâ íà P3 ñ áàçîé R, ðàñ-
ñìàòðèâàåìîå êàê ïó÷îê íà P3×R, ïëîñêèé íàä R. Ïî îïðåäåëåíèþ äëÿ
ïðîèçâîëüíîé òî÷êè w ∈ R ïó÷îê Fw := F|P3×{w} ÿâëÿåòñÿ ñòàáèëüíûì
ðåôëåêñèâíûì ïó÷êîì ðàíãà äâà ñ îñîáåííîñòÿìè Sing(Fw) â ïàðå òî÷åê
(âîçìîæíî, ñîâïàâøèõ), òî åñòü ñ 0-ìåðíûì ìíîæåñòâîì îñîáåííîñòåé.
Ïóñòü G = G(1, 3) � ãðàññìàíèàí ïðÿìûõ ïðîñòðàíñòâà P3. Çàìåòèì,

÷òî â ñîîòâåòñòâèè ñ òåîðåìîé Ãðàóýðòà-Ìþëèõà [10, Part I, Sec. 3] ìíî-
æåñòâî

Gw = {l ∈ G | Fw|l ∼= Ol ⊕Ol(−1)}, w ∈ R, (7)

ÿâëÿåòñÿ îòêðûòûì ïëîòíûì ïîäìíîæåñòâîì ãðàññìàíèàíà G � ñì. [10],
[6, Lemma 2.4]. Íåòðóäíî âèäåòü, ÷òî Sing(Fw) ∩ l = ∅ äëÿ w ∈ R è
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l ∈ Gw. Ðàññìîòðèì ìíîæåñòâî Π = {(l1, l2) ∈ Sym2G | l1 ∩ l2 = ∅} è
ïîäìíîæåñòâî Σ â R×Π âèäà:

Σ = {(w, (l1, l2)) ∈ R×Π | l1, l2 ∈ Gw è (sFw)0 ∩ (l1 ⊔ l2) = ∅}. (8)

(Íàïîìíèì, ÷òî â ýòîì îïðåäåëåíèè ñå÷åíèå sFw åñòü áàçèñíûé âåêòîð
1-ìåðíîãî ïðîñòðàíñòâà H0(Fw) â ñîîòâåòñòâèè ñ îáîçíà÷åíèåì (4).) Èç
[6, Lemma 2.4, formula (3)] íåïîñðåäñòâåííî âûòåêàåò, ÷òî Σ � ïëîòíîå
îòêðûòîå ïîäìíîæåñòâî â R×Π. Èç (6)-(8) ñëåäóåò, ÷òî

dimΣ = dimR+ dimΠ = 19. (9)

Êðîìå òîãî ââèäó ãëàäêîñòè è íåïðèâîäèìîñòè R (ñì. [6]) è Π ïîëó÷àåì,
÷òî

Σ − ãëàäêîå ìíîãîîáðàçèå. (10)

Íàñ áóäåò èíòåðåñîâàòü ìíîæåñòâîM äàííûõ âèäà x = (w, (l1, l2), ⟨ε⟩):
M = {x = (w, (l1, l2), ⟨ε⟩) | (w, (l1, l2)) ∈ Σ,

⟨ε⟩ = ε mod Aut(Ol1(1)⊕Ol2(1)),

ãäå ε : Fw → Ol1(1)⊕Ol2(1) � ýïèìîðôèçì}.
(11)

Òåîðåìà 1.

(i) M ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì ðàçìåðíîñòè

dimM = 27, (12)

è îïðåäåëåí ìîðôèçì

φ : M → MP3(2;−1, 4, 0), x = (w, (l1, l2), ⟨εx⟩) 7→ [Ex], (13)

ãäå Ex := ker(εx) � ñòàáèëüíûé ïó÷îê.

(ii) Ìîðôèçì φ èíúåêòèâåí. Áîëåå òîãî, ñóùåñòâóåò îòêðûòîå ïëîò-

íîå ïîäìíîæåñòâî M çàìûêàíèÿ φ(M) îáðàçà ìíîãîîáðàçèÿ M â ñõåìå
MP3(2;−1, 4, 0), ñîäåðæàùååñÿ â φ(M), òàêîå, ÷òî äëÿ îòêðûòîãî ïëîò-
íîãî â M ïîäìíîæåñòâà M0 := φ−1(M) ìîðôèçì φ0 := φ|M0 : M0 → M
ÿâëÿåòñÿ èçîìîðôèçìîì. Îáðàòíûé ê íåìó ìîðôèçì ψ = φ−1

0 : M →
M0 äàåòñÿ ôîðìóëîé:

ψ : [E ] 7→ (w, (l1, l2), ⟨ε⟩), ãäå w = [E∨∨], (l1, l2) = Supp(E∨∨/E),
à ε : E∨∨ ↠ E∨∨/E − êàíîíè÷åñêèé ýïèìîðôèçì.

(14)

Ïðè ýòîì ïó÷îê E â (14) óäîâëåòâîðÿåò (2), è èìååò ìåñòî ðàâåíñòâî

dimM0 = dimM = 27. (15)

Äîêàçàòåëüñòâî. (i) Ðàññìîòðèì ãðàôèê èíöèäåíöèè ΓΠ = {((l1, l2), z) ∈
Π × P3 | z ∈ l1 ⊔ l2}. Âëîæåíèÿ Σ ↪→ R × Π è ΓΠ ↪→ Π × P3 èíäóöèðóåò
âëîæåíèÿ i : P3×Σ ↪→ P3×R×Π ≃ Π×P3×R è j : ΓΠ×R ↪→ Π×P3×R.
Âëîæåíèÿ i è j îïðåäåëÿþò ðàññëîåííîå ïðîèçâåäåíèå

Γ = (P3 × Σ)×Π×P3×R (ΓΠ ×R)
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ñ ïðîåêöèåé p : Γ ↪→ P3 × Σ
pr2−−→ Σ, à òàêæå OP3×Σ-ïó÷êè FΣ = i∗(OΠ ⊠

F) è OΓ(1) = OP3(1) ⊠ OΣ|Γ, ïëîñêèå íàä Σ. Äëÿ ïðîèçâîëüíîé òî÷êè
(w, (l1, l2)) ∈ Σ ââèäó (7) èìååì

dimExtk(Fw,
2
⊕
j=1

Olj (1)) = hk(
2
⊕
j=1

(Olj (1)⊕Olj (2))) =

{
10, k = 0,

0, k ≥ 1;
(16)

áîëåå òîãî,
Hom(Fw,Ol1(1)⊕Ol2(1))

∼= k10, (17)

è

Hom0(Fw,Ol1(1)⊕Ol2(1)) = {ε ∈ Hom(Fw,Ol1(1)⊕Ol2(1)) |

ε : Fw →
2
⊕
j=1

Olj (1) − ýïèìîðôèçì} − ïëîòíîå îòêðûòîå

ïîäìíîæåñòâî â Hom(Fw,Ol1(1)⊕Ol2(1)).

(18)

Òåîðåìà î çàìåíå áàçû [12, Thm. 1.4], ïðèìåíåííàÿ ê ïëîñêîìó ìîð-

ôèçìó P3 × Σ
pr2−−→ Σ è ïëîñêèì íàä Σ ïó÷êàì FΣ è OΓ(1), è ðàâåíñòâà

(16) ïîêàçûâàþò, ÷òî ïó÷êè Extipr2(FΣ,OΓ(1)), i ≥ 1, çàíóëÿþòñÿ, à ïó÷îê

A = Ext0pr2(FΣ,OΓ(1))

ÿâëÿåòñÿ ëîêàëüíî ñâîáîäíûì OΣ-ïó÷êîì ðàíãà 10. (Çäåñü è íèæå äëÿ

ïðîåêòèâíîãî ìîðôèçìà P3×Σ
pr2−−→ Σ ïó÷êè Extipr2(FΣ,−) ñóòü i-ûå ïðà-

âûå ïðîèçâîäíûå ôóíêòîðû îò òî÷íîãî ñëåâà ôóíêòîðà pr2∗Hom(FΣ,−) :
Coh(P3 ×Σ) → Coh(Σ), ãäå Coh(P3 ×Σ) è Coh(Σ) � êàòåãîðèè êîãåðåíò-
íûõ ïó÷êîâ íà P3 × Σ è Σ ñîîòâåòñòâåííî.)

Ïóñòü Ỹ = V(A∨)
π̃−→ Σ � âåêòîðíîå ðàññëîåíèå íàä Σ, àññîöèðîâàííîå

ñ ïó÷êîì A. Îòñþäà ââèäó íåïðèâîäèìîñòè Σ ñëåäóåò íåïðèâîäèìîñòü

Ỹ . Cõåìà Ỹ è ïðîåêöèÿ π̃ ñ ó÷åòîì (16), (17) è âûøåóïîìÿíóòîé òåîðåìû
î çàìåíå áàçû èìåþò ñëåäóùåå ïîòî÷å÷íîå îïèñàíèå:

Ỹ = {y = (w, (l1, l2), εy) | (w, (l1, l2)) ∈ Σ,

εy ∈ Hom(Fw,Ol1(1)⊕Ol2(1))},
(19)

π̃ : Ỹ → Σ, (w, (l1, l2), ε) 7→ (w, (l1, l2),

π̃−1(w, (l1, l2)) = Hom(Fw,Ol1(1)⊕Ol2(1)).
(20)

Ïóñòü O
Ỹ

j−→ π̃∗A � êàíîíè÷åñêèé ìîíîìîðôèçì, p2 : P3 × Ỹ → Ỹ �

ïðîåêöèÿ íà ñîìíîæèòåëü, à π = id× π̃ : P3 × Ỹ → P3 × Σ � èíäóöèðî-
âàííàÿ ïðîåêöèÿ. Èñïîëüçóÿ (9), íàõîäèì

dim Ỹ = dimΣ + 10 = 29. (21)

Íà P3 × Σ èìååì êîìïîçèöèþ ìîðôèçìîâ

evA : pr∗2A = pr∗2Ext0pr2(FΣ,OΓ(1)) =

= pr∗2pr2∗Hom(FΣ,OΓ(1))
evF−−→ Hom(FΣ,OΓ(1)),
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ãäå evF � ìîðôèçì âû÷èñëåíèÿ. Îíà îïðåäåëÿåò ìîðôèçì ev : pr∗2A ⊗
FΣ → OΓ(1) êàê êîìïîçèöèþ

ev : pr∗2A⊗ FΣ
evA⊗id−−−−−→ Hom(FΣ,OΓ(1))⊗ FΣ

evΣ−−→ OΓ(1),

ãäå evΣ � ìîðôèçì âû÷èñëåíèÿ. Íà P3 × Ỹ ðàññìîòðèì ïîäñõåìó Γ
Ỹ

=

Γ×Σ Ỹ , ïó÷êè F
Ỹ
= π∗FΣ, OΓ

Ỹ
(1) = π∗OΓ(1) è ìîðôèçì

ε̃ : F
Ỹ

p∗2j⊗id−−−−→ π∗(pr∗2A⊗ FΣ)
π∗ev−−−→ OΓ

Ỹ
(1). (22)

Ðàññìîòðèì â Ỹ ïîäìíîæåñòâî

Y = {y = (w, (l1, l2), εy) ∈ Ỹ | εy : Fw → Ol1(1)⊕Ol2(1) − ýïèìîðôèçì}.
(23)

Â ñèëó (18) èìååì:

π = π̃|Y : Y → Σ − ðàññëîåíèå ñî ñëîåì

π−1(w, (l1, l2)) = Hom0(Fw,Ol1(1)⊕Ol2(1)),
(24)

à çíà÷èò, ââèäó íåïðèâîäèìîñòè Ỹ ïîäìíîæåñòâî Y - ïëîòíîå îòêðûòîå

â Ỹ . Èç (21) ïîëó÷àåì:

dimY = 29. (25)

Ïîëîæèì ΓY = Γ
Ỹ
×
Ỹ
Y , OΓY

(1) = OΓ
Ỹ
(1)|ΓY

. FY = F
Ỹ
|P3×Y . Ïî

ïîñòðîåíèþ íà P3 × Y èìååì ýïèìîðôèçì

ε = ε̃|P3×Y : FY ↠ OΓY
(1). (26)

Ðàññìîòðèì Quot-ñõåìó Q := QuotP3×Σ/Σ(FΣ, P )
q−→ Σ, ãäå P = P (m) =

2(m+1) � ìíîãî÷ëåí Ãèëüáåðòà ïðèâåäåííîé ñõåìû l1 ⊔ l2 îòíîñèòåëüíî
îáèëüíîãî ïó÷êà OP3(1). Ïóñòü [εQ : FQ := q∗FΣ ↠ L] � êëàññ óíèâåð-
ñàëüíîãî ôàêòîðà íà P3×Q. Â ñèëó (26) ïî óíèâåðñàëüíîñòè Quot-ñõåìû
Q ñóùåñòâóåò ìîðôèçì

f : Y → Q (27)

è èçîìîðôèçìû FY ∼= (id × f)∗FQ, OΓY
(1) ∼= (id × f)∗L òàêèå, ÷òî ε =

(id× f)∗εQ:

(FY
ε
↠ OΓY

(1)) = (id× f)∗(FQ

εQ
↠ L). (28)

Ïóñòü QY - íåïðèâîäèìàÿ êîìïîíåíòà ñõåìû Q, ñîäåðæàùàÿ f(Y ), è
ïóñòü

h : QY → Σ (29)

- åñòåñòâåííàÿ ïðîåêöèÿ. Èç (23) è (24) ñëåäóåò, ÷òî äëÿ ïðîèçâîëü-
íîé òî÷êè y = (w, (l1, l2), ε) ∈ Y ïî îïðåäåëåíèþ Quot-ñõåìû Q ñëîé
f−1(f(y)) åñòü

f−1(f(y)) ∼= Aut(Ol1(1)⊕Ol2(1))
∼= k∗ ⊕ k∗, (30)
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à ñëîé ïðîåêöèè h ÷åðåç òî÷êó f(y) åñòü:

h−1(f(y)) = h−1(f(w, (l1, l2), ε)) =

= Hom0(Fw,Ol1(1)⊕Ol2(1))/Aut(Ol1(1)⊕Ol2(1)) =

f(Hom0(Fw,Ol1(1)⊕Ol2(1)) = f(π−1(w, (l1, l2))).

(31)

Îòñþäà è èç (11) ñëåäóåò, ÷òî f(Y ) = QY è ÷òî QY ïîòî÷å÷íî ñîâïàäàåò ñ
ìíîæåñòâîìM. Ïîýòîìó, îïðåäåëÿÿ íàM ñõåìíóþ ñòðóêòóðó ðàâåíñòâîì

M = QY ,

èç (27) è (29)-(31) ïîëó÷àåì ñþðúåêòèâíûå ìîðôèçìû

f : Y ↠ M (32)

è
h : M ↠ Σ. (33)

Ïîñêîëüêó ñîãëàñíî (31) ñëîé h−1(x) íàä ïðîèçâîëüíîé òî÷êîé
x = (w, (l1, l2)) ∈ Σ åñòü ãëàäêîå ìíîãîîáðàçèå
Hom0(Fw,Ol1(1) ⊕ Ol2(1))/Aut(Ol1(1) ⊕ Ol2(1)) ðàçìåðíîñòè 8, íå çàâè-
ñÿùåé îò x, òî åñòü h - ãëàäêèé ìîðôèçì ñ íåïðèâîäèìûìè ñëîÿìè, òî
îòñþäà è èç (10) ñëåäóåò, ÷òî M - ãëàäêîå ìíîãîîáðàçèå. Îòñþäà è èç (9)
è (33) íåïîñðåäñòâåííî âûòåêàåò ðàâåíñòâî (12).
Âëîæåíèå i : M = QY ↪→ Q è ìîðôèçì h : M → Σ îïðåäåëÿþò íà

P3 × M ïîäñõåìó ΓM = Γ ×Σ M òàêóþ, ÷òî ΓY = ΓM ×M Y , è ïëîñêèå
íàä M ïó÷êè FM = (id × i)∗FQ è OΓM

(1) = (id × i)∗L ∼= OΓ(1) ⊗OΣ
OM.

Ïðè ýòîì óíèâåðñàëüíûé ôàêòîð εQ : FQ ↠ L íà P3 × Q èíäóöèðóåò
ôàêòîð-ìîðôèçì

εM = (id× i)∗εQ : FM ↠ OΓM
(1). (34)

Îáîçíà÷èì

EM = ker(εM), Ex = EM|P3×{x}, εx = εM|P3×{x}, x ∈ M, (35)

òàê ÷òî òî÷íà òðîéêà 0 → EM → FM
εM−−→ OΓM

(1) → 0. Òàê êàê ïó÷êè FM

è OΓM
(1) - ïëîñêèå íàä M , òî ïó÷îê EM â (35) - òàêæå ïëîñêèé íàä M .

Îãðàíè÷èâàÿ ýòó òðîéêó íà P3 × {x}, ãäå x = (w, (l1, l2), ⟨εx⟩) ∈ M
- ïðîèçâîëüíàÿ òî÷êà, è ó÷èòûâàÿ, ÷òî ïó÷êè EM, FM, OΓM

(1) � ïëîñ-
êèå íàä M, à òàêæå ÷òî ïî ïîñòðîåíèþ OΓM

(1)|P3×{x} = Ol1(1)⊕Ol2(1),

ïîëó÷àåì íà P3 × {x} ≃ P3 òî÷íóþ òðîéêó

0 → Ex
can−−→ Fw

εx−→ Ol1(1)⊕Ol2(1) → 0, x = (w, (l1, l2), ⟨εx⟩) ∈ M,
(36)

è ðàâåíñòâî
Ex = ker(εx). (37)

Ëåãêî âèäåòü, ÷òî ïó÷îê Ex ñòàáèëåí ïî Ãèçåêåðó. Äåéñòâèòåëüíî, ïî-
ñêîëüêó [Fw] ∈ R, òî ïî îïðåäåëåíèþ ñõåìû R ïó÷îê Fw � ñòàáèëüíûé
ïî Ãèçåêåðó ðåôëåêñèâíûé ïó÷îê ñ êëàññàìè ×åðíà

c1(Fw) = −1, c2(Fw) = c3(Fw) = 2, (38)
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Ñòàáèëüíîñòü ïó÷êà F îçíà÷àåò, îí íå ñîäåðæèò ïîäïó÷êîâ F ′ ðàíãà
1 c c1(F ′) ≥ 0. Òåì ñàìûì, ââèäó òðîéêè (36) ïó÷îê Ex òàêæå èìååò
c1(Ex) = −1, à çíà÷èò, íå ñîäåðæèò ïîäïó÷êîâ E ′ ðàíãà 1 c c1(E ′) ≥
0, è ïîòîìó ñòàáèëåí ïî Ãèçåêåðó. Ïðè ýòîì èç (36) è (38) ïîëó÷àåì,
÷òî c1(Ex) = −1, c2(Ex) = 4, c3(Ex) = 0, òàê ÷òî [Ex] ∈ M(2;−1, 4, 0).
Ïîýòîìó ïëîñêèé íàäM ïó÷îê EM è ñðåäíåå ðàâåíñòâî â (35) îïðåäåëÿþò
ìîðôèçì

φ : M → MP3(2;−1, 4, 0), x 7→ [EM|P3×{x}] = [Ex],

êîòîðûé ââèäó (37) ñîâïàäàåò ñ (13).
(ii) Ïîêàæåì, ÷òî òðîéêà (36) âëå÷åò èçîìîðôèçì

Fw ∼= E∨∨
x . (39)

Äåéñòâèòåëüíî, ïîñêîëüêó codimP3(l1∪l2) = 2, òî Exti(Ol1(1)⊕Ol2(1),OP3)
= 0, i = 0, 1, (ñì., íàïðèìåð, [10, Prop. 1.1.6]). Ïîýòîìó ïðèìåíÿÿ ê òðîé-

êå (36) ôóíêòîð Exti(−,OP3), ïîëó÷àåì èçîìîðôèçì can∨ : F∨
w

∼=−→ E∨
x

è, êàê ñëåäñòâèå, äâîéñòâåííûé èçîìîðôèçì can∨∨ : E∨∨
x

∼=−→ F∨∨
w . Ñ

äðóãîé ñòîðîíû, ðåôëåêñèâíîñòü ïó÷êà Fw îçíà÷àåò êàíîíè÷åñêèé èçî-

ìîðôèçì cF : Fw
∼=−→ F∨∨

w . Èñêîìûé èçîìîðôèçì (39) åñòü êîìïîçèöèÿ
(can∨∨)−1 ◦ cF .
Äîêàæåì òåïåðü èíúåêòèâíîñòü ìîðôèçìà φ. Îíà îçíà÷àåò, ÷òî äëÿ

ïðîèçâîëüíîé òî÷êè x = (w, (l1, l2), ⟨εx⟩) ∈ M è òî÷êè [Ex] = φ(x) âåðíî
ðàâåíñòâî φ−1([Ex]) = {x}, òî åñòü äàííûå (w, (l1, l2), ⟨εx⟩), ñîñòàâëÿþ-
ùèå òî÷êó x, îïðåäåëÿþòñÿ êëàññîì èçîìîðôèçìà [E ] ïó÷êà E := Ex
îäíîçíà÷íî. Äåéñòâèòåëüíî, òî÷êà w = [Fw] ∈ R îïðåäåëÿåòñÿ ñîãëàñíî
(39) êàê [Fw] = [E∨∨]. Ïàðà ïðÿìûõ (l1, l2), èëè, ÷òî òî æå, èõ äèçúþíêò-
íîå îáúåäèíåíèå l1 ⊔ l2 îïðåäåëÿåòñÿ ñîãëàñíî òðîéêå (36) êàê íîñèòåëü
ïó÷êà Ol1(1) ⊕ Ol2(1) = E∨∨/E , ãäå E ÿâëÿåòñÿ ïîäïó÷êîì ïó÷êà E∨∨

ïîñðåäñòâîì êàíîíè÷åñêîãî ìîíîìîðôèçìà Ex
can−−→ E∨∨. Íàêîíåö, ⟨εx⟩

îïðåäåëÿåòñÿ ïî êëàññó èçîìîðôèçìà [E ] îäíîçíà÷íî êàê êëàññ ýïèìîð-
ôèçìà εx : Fw = E∨∨ ↠ E∨∨/E , ãäå E∨∨ ↠ E∨∨/E � êàíîíè÷åñêèé
ýïèìîðôèçì. Ýòî äîêàçûâàåò èíúåêòèâíîñòü φ è ôîðìóëó (14).
Äëÿ íàõîæäåíèÿ ìíîæåñòâà M ñ òðåáóåìûìè ñâîéñòâàìè çàìåòèì,

÷òî îáðàç φ(M) êàê êîíñòðóêòèâíîå ìíîæåñòâî ñîäåðæèò íåêîòîðîå ïëîò-

íîå â φ(M) îòêðûòîå ïîäìíîæåñòâî M̃ (ñì., íàïðèìåð, [2, Proposition
2.31]). Êàê îáðàç ïðè ìîðôèçìå φ ïëîòíîãî îòêðûòîãî â M ìíîæåñòâà

φ−1(M̃)), ÿâëÿþùåãîñÿ ãëàäêèì ìíîãîîáðàçèåì (ïîñêîëüêó M � ãëàäêîå

ìíîãîîáðàçèå) M̃ òàêæå ÿâëÿåòñÿ ìíîãîîáðàçèåì, òî åñòü ïðèâåäåííîé

íåïðèâîäèìîé ñõåìîé. Ïîýòîìó M̃ ñîäåðæèò ãëàäêîå ïëîòíîå ïîäìíî-
æåñòâî M, è äëÿ M0 = φ−1(M) ìîðôèçì φ0 = φ|M0 : M0 → M ââèäó
èíúåêòèâíîñòè φ åñòü áèåêòèâíûé ìîðôèçì ãëàäêèõ ìíîãîîáðàçèé, à
çíà÷èò, èçîìîðôèçì � ñì., íàïðèìåð, [3, Ch.2, �4, Th 2.16].
Ðàâåíñòâî (2) â ñèëó òðîéêè (36) âûòåêàåò èç (5) è óñëîâèÿ (sE∨∨)0 ∩

(l1⊔l2) = ∅ â (8), íàêëàäûâàåìîãî íà òî÷êó w ∈ Σ. Òåîðåìà äîêàçàíà. □
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Èç òåîðåìû 1 âûòåêàåò
Ñëåäñòâèå. Èìåþò ìåñòî ðàâåíñòâà dimM = dimM = 27, ãäå M =
φ(M) � çàìûêàíèåM â ñõåìå ìîäóëåéMP3(2;−1, 4, 0). Òåì ñàìûì, ââèäó
ñòàáèëüíîñòè ïó÷êîâ [E ] ∈ M âåðíî íåðàâåíñòâî

dim Ext1(E , E) = dimT[E]MP3(2;−1, 4, 0) ≥ dim[E]M ≥ 27,

[E ] ∈ M.
(40)

3 Âû÷èñëåíèå êàñàòåëüíîãî ïðîñòðàíñòâà Ext1(E , E) ê
ñõåìå ìîäóëåé MP3(2;−1, 4, 0) â òî÷êàõ [E ] ñåìåéñòâà M

Â ýòîì ïàðàãðàôå ìû äîêàçûâàåì òåîðåìó 2 î òîì, ÷òî ñåìåéñòâî ïó÷-
êîâ M, ïîñòðîåííîå âûøå, ÿâëÿåòñÿ ãëàäêèì îòêðûòûì ïîäìíîæåñòâîì
íåïðèâîäèìîé êîìïîíåíòû ñõåìû ìîäóëåé Ãèçåêåðà-Ìàðóÿìû
MP3(2;−1, 4, 0).

Òåîðåìà 2.

Äëÿ ïðîèçâîëüíîãî ïó÷êà [E ] ∈ M âûïîëíÿåòñÿ íåðàâåíñòâî
dim Ext1(E , E) ≤ 27. Êàê ñëåäñòâèå, ñåìåéñòâî ïó÷êîâ M, ïîñòðîåí-
íîå âûøå, åñòü ãëàäêîå ïëîòíîå îòêðûòîå ïîäìíîæåñòâî íåïðèâîäè-
ìîé êîìïîíåíòû M ñõåìû ìîäóëåé MP3(2;−1, 4, 0). Ýòà êîìïîíåíòà
M èìååò îæèäàåìóþ ðàçìåðíîñòü 27.
Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðåäâàðèì âñïîìîãàòåëüíûìè ëåììàìè

1-3.
Ðàññìîòðèì òî÷íóþ òðîéêó (36), â êîòîðîé îáîçíà÷åíî E = Ex è èñ-

ïîëüçîâàí èçîìîðôèçì Fw = E∨∨ èç (39):

0 → E can−−→ E∨∨ → L→ 0, L := Ol1(1)⊕Ol2(1). (41)

Ñòàáèëüíûå ïî Ãèçåêåðó ïó÷êè E è E∨∨ íå èìåþò êðó÷åíèÿ, à L ÿâëÿåòñÿ
OP3-ïó÷êîì êðó÷åíèÿ, ïîýòîìó

Hom(L, E) = 0 = Hom(L, E∨∨). (42)

Ïðèìåíÿÿ ê òðîéêå (41) ôóíêòîð Hom(−, E) è ó÷èòûâàÿ ïåðâîå ðàâåí-
ñòâî (42), ïîëó÷èì òî÷íóþ ïîñëåäîâàòåëüíîñòü

Hom(E∨∨, E) → Hom(E , E) → Ext1(L, E) →
Ext1(E∨∨, E) → Ext1(E , E) → Ext2(L, E).

(43)

Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 íàì íåîáõîäèìî íàéòè ðàçìåðíîñòè ðàç-
ëè÷íûõ ãðóïï, âõîäÿùèõ â ïîñëåäîâàòåëüíîñòü (43). Ìû ïîëó÷èì ýòè
ðåçóëüòàòû â íèæåñëåäóþùèõ ëåììàõ 1-3.
Ëåììà 1. Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

Hom(E , E) = k, (44)

Hom(E∨∨, E) = 0, (45)

Ext1(L, E) = k2. (46)
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Äîêàçàòåëüñòâî. Ïó÷îê E ñòàáèëåí ñîãëàñíî óòâåðæäåíèþ (i) òåîðåìû
1 è, çíà÷èò, ÿâëÿåòñÿ ïðîñòûì [10, Cor. 1.2.8], òî åñòü ïîëó÷àåì ðàâåíñòâî
(44).
Äîêàæåì ðàâåíñòâî (45). Äåéñòâèòåëüíî, ïó÷îê [E∨∨] ∈ R � ñòàáèëü-

íûé, à çíà÷èò, ïðîñòîé, òî åñòü ëþáîé íåíóëåâîé ýíäîìîðôèçì ïó÷êà
E∨∨ � èçîìîðôèçì. Ïîýòîìó ëþáîé íåíóëåâîé ìîðôèçì τ : E∨∨ → E
ââèäó èíúåêòèâíîñòè ìîðôèçìà E can−−→ E∨∨äàåò íåíóëåâóþ êîìïîçèöèþ

E∨∨ can ◦ τ−−−−−→ E∨∨, êîòîðàÿ òåì ñàìûì ÿâëÿåòñÿ èçîìîðôèçìîì. Êàê ñëåä-
ñòâèå, can � òàêæå èçîìîðôèçì, âîïðåêè òðîéêå (41). Òàêèì îáðàçîì,
èìååì ðàâåíñòâî (45).
Äàëåå, ê òî÷íîé òðîéêå (41) ïðèìåíèì ôóíêòîð Hom(L,−); ñ ó÷åòîì
âòîðîãî ðàâåíñòâà (42) ïîëó÷èì òî÷íóþ ïîñëåäîâàòåëüíîñòü

0 → Hom(L,L) → Ext1(L, E) → Ext1(L, E∨∨). (47)

Òàê êàê ïðÿìûå l1 è l2 íå ïåðåñåêàþòñÿ, òî

Hom(L,L) = Hom(Ol1(1)⊕Ol2(1),Ol1(1)⊕Ol2(1)) =

Hom(Ol1(1),Ol1(1))⊕Hom(Ol2(1),Ol2(1))
∼= k2.

(48)

Íàéäåì Ext1(L, E∨∨). Äëÿ ýòîãî ðàññìîòðèì òî÷íûå òðîéêè

0 → Ili(1) → OP3(1) → Oli(1) → 0,

0 → OP3(−1) → O⊕2
P3 → Ili(1) → 0, i = 1, 2.

(49)

Ïðèìåíèì ê íèì ôóíêòîð Hom(−, E∨∨), ïîëó÷èì òî÷íûå ïîñëåäîâàòåëü-
íîñòè

Hom(Ili(1), E
∨∨) → Ext1(Oli(1), E

∨∨) → Ext1(O(1), E∨∨). (50)

0 → Hom(Ili(1), E
∨∨) → Hom(O⊕2

P3 , E∨∨) = H0(E∨∨)⊕2. (51)

Taê êàê ïó÷îê E∨∨ ñòàáèëåí, òî H0(E∨∨) = 0, ïîýòîìó (51) âëå÷åò

Hom(Ili(1), E
∨∨) = 0. (52)

Ñ äðóãîé ñòîðîíû, Ext1(OP3(1), E∨∨) = H1(E∨∨(−1)) = 0 (ñì. [6, Tab.
2.6.1]). Îòñþäà è èç (50) è (52) ñëåäóåò, ÷òî Ext1(Oli(1), E∨∨) = 0, è
ïîýòîìó

Ext1(L, E∨∨) = Ext1(Ol1(1), E∨∨)⊕ Ext1(Ol2(1), E∨∨) = 0. (53)

Èç (47) è ðàâåíñòâ (48) è (53) âûòåêàåò (46). □

Ëåììà 2. Èìååò ìåñòî íåðàâåíñòâî

dim Ext1(E∨∨, E) ≤ 20. (54)

Äîêàçàòåëüñòâî. Ðàññìîòðèì òî÷íóþ òðîéêó (3), â êîòîðîé â êà÷åñòâå
F âîçüìåì ïó÷îê E∨∨ èç òðîéêè (41):

0 → OP3(−1) → E∨∨ → Im1⊔m2 → 0 (55)
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Íàïîìíèì, ÷òî ïî îïðåäåëåíèþ M (ñì. (11)) èìååì
(m1 ⊔m2) ∩ (l1 ⊔ l2) = ∅, îòêóäà

Extj(Omi , L) = Extj(Omi ,Ol1(1)⊕Ol2(1)) = 0, j ≥ 0, i = 1, 2,

Extj(L,Omi(−4)) = 0, j ≥ 0, i = 1, 2, (56)

Êðîìå òîãî, ñîãëàñíî [6, Tab. 2.6.1] âåðíû ðàâåíñòâà

h0(E∨∨(1)) = 1, h1(E∨∨(1)) = 0. (57)

Ïðèìåíÿÿ ê (55) ôóíêòîð Hom(−, E) è ó÷èòûâàÿ âòîðîå ðàâåíñòâî (42),
ïîëó÷èì òî÷íóþ ïîñëåäîâàòåëüíîñòü

0 → Hom(OP3(−1), E) → Ext1(Im1⊔m2 , E) →
Ext1(E∨∨, E) → Ext1(OP3(−1), E).

(58)

Çàìåòèì, ÷òî òðîéêà (41), ïîäêðó÷åííàÿ íà OP3(1):

0 → E(1) → E∨∨(1) → Ol1(2)⊕Ol2(2) → 0,

ñ ó÷åòîì èçîìîðôèçìîâ Hom(OP3(−1), E) ∼= H0(E(1)) = 0,
Ext1(OP3(−1), E) ∼= H1(E(1)) è ðàâåíñòâ (57) äàåò íåðàâåíñòâî

5 ≤ dim Ext1(OP3(−1), E) = dimHom(OP3(−1), E) + 5 ≤ 6. (59)

Ïîêàæåì, ÷òî

dim Ext1(Im1⊔m2 , E) = 15. (60)

Äëÿ ýòîãî ïðèìåíèì ôóíêòîð Hom(−, E) ê òî÷íîé òðîéêå

0 → Im1⊔m2 → OP3 → Om1 ⊕Om2 → 0, (61)

ïîëó÷èì òî÷íóþ ïîñëåäîâàòåëüíîñòü

Ext1(Om1 ⊕Om2 , E) → Ext1(OP3 , E) → Ext1(Im1⊔m2 , E) →
Ext2(Om1 ⊕Om2 , E) →→ Ext2(OP3 , E).

(62)

Ñîãëàñíî [6, Tab. 2.6.1] èìååì hi(E∨∨) = 0, i ̸= 1, h1(E∨∨) = 1. Êðîìå
òîãî, h0(L) = 4, h≥1(L) = 0. Ïîýòîìó, ïåðåõîäÿ ê êîãîìîëîãèÿì òðîéêè
(41), íàõîäèì: dim Ext1(OP3 , E) = h1(E) = 5, Ext2(OP3 , E) = h1(E) = 0.
Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â (62), âûâîäèì, ÷òî äëÿ ïîëó÷åíèÿ ðàâåíñòâà
(60) äîñòàòî÷íî ïðîâåðèòü ðàâåíñòâà

Ext1(Om1 ⊕Om2 , E) = 0, (63)

dim Ext2(Om1 ⊕Om2 , E) = 10. (64)

Ïðîâåðèì ðàâåíñòâî (63). Ðàññìîòðèì òî÷íóþ ïîñëåäîâàòåëüíîñòü, âû-
òåêàþùóþ èç ñïåêòðàëüíîé ïîñëåäîâàòåëüíîñòè ëîêàëüíûõ è ãëîáàëü-
íûõ Ext-îâ Ep,q2 = Hp(Extq(Om1 , E)) =⇒ Ext•(Om1 , E):

0 → H1(Hom(Om1 , E)) → Ext1(Om1 , E) →
H0(Ext1(Om1 , E)) → H2(Hom(Om1 , E))

(65)
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Òàê êàê ñòàáèëüíûé ïó÷îê E íå èìååò êðó÷åíèÿ, àOm1 � ïó÷îê êðó÷åíèÿ,
òî Hom(Om1 , E) = 0, è èç (65) âûòåêàåò èçîìîðôèçì

Ext1(Om1 , E) ∼= H0(Ext1(Om1 , E)). (66)

Äàëåå, ïðèìåíÿÿ ê òðîéêå (41) ôóíêòîð Hom(Om1 ,−) è ó÷èòûâàÿ (56),
ïîëó÷àåì èçîìîðôèçì ïó÷êîâ

Ext1(Om1 , E) ∼= Ext1(Om1 , E∨∨). (67)

Çàìåòèì, ÷òî, ñîãëàñíî [10, Prop. 1.1.6.i)],

Ext1(Om1 ,OP3(−1)) = Ext1(Om1 ,OP3) = 0. (68)

Ïðèìåíÿÿ ê òî÷íûì òðîéêàì (55) è (61) ôóíêòîð Hom(Om1 ,−) è ïîëü-
çóÿñü (68) è èçîìîðôèçìîì Hom(Om1 ,Om1 ⊕ Om2)

∼= Om1 , ïîëó÷àåì
ìîíîìîðôèçì

0 → Ext1(Om1 , E∨∨)
β−→ Ext1(Om1 , Im1⊔m2) (69)

è èçîìîðôèçì

Ext1(Om1 , Im1⊔m2)
∼= Om1 (70)

ñîîòâåòñòâåííî. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó Supp(Ext1(Om1 , E∨∨)) ⊂
Sing(E∨∨), òî dim Ext1(Om1 , E∨∨) ≤ dimSing(E∨∨) = 0. Îòñþäà è èç (70)
âûòåêàåò, ÷òî ìîðôèçì β â (69) � íóëåâîé è Ext1(Om1 , E) = 0. Ïîýòîìó
Ext1(Om1 , E) = 0 â ñèëó (66). Ïî òîé æå ïðè÷èíå Ext1(Om2 , E) = 0 è,
çíà÷èò, âåðíî ðàâåíñòâî (63).
Ïåðåéäåì ê ïðîâåðêå ðàâåíñòâà (64). Äëÿ ýòîãî âû÷èñëèì Ext2(Om1 , E).

Ïî äâîéñòâåííîñòè Ñåððà-Ãðîòåíäèêà èìååì

Ext2(Om1 , E) = Ext1(E ,Om1(−4))∨. (71)

Ðàññìîòðèì òî÷íóþ ïîñëåäîâàòåëüíîñòü, âûòåêàþùóþ èç ñïåêòðàëüíîé
ïîñëåäîâàòåëüíîñòè ëîêàëüíûõ è ãëîáàëüíûõ Ext-îâ äëÿ ïàðû ïó÷êîâ

0 → H1(Hom(E ,Om1(−4))) → Ext1(E ,Om1(−4)) →
H0(Ext1(E ,Om1(−4))) →→ H2(Hom(E ,Om1(−4))).

(72)

Ïðèìåíÿÿ ê òðîéêå (41) ôóíêòîð Hom(−,Om1(−4)) è ó÷èòûâàÿ ïîñëåä-
íèå ðàâåíñòâà (56), ïîëó÷àåì ðàâåíñòâà

Hom(E ,Om1(−4)) = Hom(E∨∨,Om1(−4)),

Ext1(E ,Om1(−4)) = Ext1(E∨∨,Om1(−4)).
(73)

Ðàññìîòðèì öåïî÷êó èçîìîðôèçìîâ

Ext2(Om1 ,Om1)
∼= Ext2(Om1 ,OP3) ∼= detNm1/P3

∼= Om1(2), (74)

â êîòîðîéNm1/P3 - íîðìàëüíîå ðàññëîåíèå ê ïðÿìîém1 â P3, èçîìîðôíîå

Om1(1)
⊕2, ñðåäíèé èçîìîðôèçì äîêàçàí â [13, p. 50]), à ëåâûé èçîìîð-

ôèçì ëåãêî ïðîâåðÿåòñÿ (íàïðèìåð, äîñòàòî÷íî âîñïîëüçîâàòüñÿ Corollary
2.2a èç ðàáîòû [1]). Êðîìå òîãî, èìååì ñîîòíîøåíèÿ
Hom(OP3(−1),Om1(−4)) ∼= Om1(−3), Ext1(OP3(−1),Om1(−4)) = 0,
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Extj(OP3 ,Om1(−4)) = 0, j ≥ 1 (ñì. [7, Ch. III, Prop. 6.3.(b)]),
Exti(Om2 , Om1(−4)), i ≥ 0, Im1 |m1

∼= Om1(−1)⊕2. Ïðèìåíÿÿ ôóíêòîð
Hom(−,Om1(−4)) ê (55), (61) è òî÷íîé òðîéêå 0 → Im1∪m2 → Im1 →
Om2 → 0 è èñïîëüçóÿ (74) è âûøåóêàçàííûå ñîîòíîøåíèÿ, ïîëó÷àåì
òî÷íóþ ïîñëåäîâàòåëüíîñòü

0 → Hom(Im1∪m2 ,Om1(−4)) → Hom(E∨∨,Om1(−4))
ψ−→ Om1(−3) →

→ Ext1(Im1∪m2 ,Om1(−4)) → Ext1(E∨∨,Om1(−4)) → 0 (75)

è èçîìîðôèçìû

Ext1(Im1∪m2 ,Om1(−4)) ∼= Ext2(Om1 ⊕Om2 ,Om1(−4)) ∼=
Ext2(Om1 ,Om1(−4)) ∼= Om1(−2),

(76)

Hom(Im1∪m2 ,Om1(−4)) ∼= Hom(Im1 ,Om1(−4)) ∼=
Hom(Om1(−1)⊕2,Om1(−4)) ∼= Om1(−3)⊕2 (77)

ñîîòâåòñòâåííî. Ïîäñòàâëÿÿ (76) è (77) â (75), ïîëó÷àåì òî÷íóþ ïîñëå-
äîâàòåëüíîñòü

0 → Om1(−3)⊕2 → Hom(E∨∨,Om1(−4))
ψ−→ Om1(−3) → Om1(−2)

→ Ext1(E∨∨,Om1(−4)) → 0
(78)

Ïîñêîëüêó ïó÷îê E∨∨|m1 � ëîêàëüíî ñâîáîäíûé ïó÷îê ðàíãà 2 âíå 0-
ìåðíîãî ìíîæåñòâà Sing(E∨∨)∩m1, òî ïó÷îê Hom(E∨∨,Om1(−4)) � Om1-
ïó÷îê ðàíãà 2. Òåì ñàìûì, Im(ψ) ÿâëÿåòñÿ Om1-ïó÷êîì êðó÷åíèÿ. Ñëå-
äîâàòåëüíî, êàê ïîäïó÷îê ïó÷êà Om1(−3) îí ÿâëÿåòñÿ íóëåâûì ïó÷êîì.
Ïîýòîìó èç (78) è (73) âûòåêàþò èçîìîðôèçìû

Hom(E ,Om1(−4)) ∼= Hom(E∨∨,Om1(−4)) ∼= Om1(−3)⊕2, (79)

Ext1(E ,Om1(−4)) ∼= Ext1(E∨∨,Om1(−4)) ∼= Om1(−2)/Om1(−3) ∼= kx,

x ∈ m1. (80)

Ïîäñòàâëÿÿ (79) è (80) â (72) ïîëó÷àåì Ext2(Om1 , E)
SD∼=

Ext1(E ,Om1(−4))∨ ∼= k5, ãäå SD � äâîéñòâåííîñòü Ñåððà-Ãðîòåíäèêà.
Àíàëîãè÷íî Ext2(Om2 , E) ∼= k5. Êàê ñëåäñòâèå ïîñëåäíèõ èçîìîðôèçìîâ
ïîëó÷àåì ðàâåíñòâî (64), à òåì ñàìûì, è ðàâåíñòâî (60). Ïîäñòàâëÿÿ òå-
ïåðü (59) è (60) â (58), ïîëó÷àåì íåðàâåíñòâî (54). Ëåììà 2 äîêàçàíà. □

Ëåììà 3. Âåðíî ðàâåíñòâî

dim Ext2(L, E) = 8. (81)

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ïîñêîëüêó [E ] ∈ M, òî èç èç îïðåäå-
ëåíèÿ M (ñì. (7)-(11) è òåîðåìó 1.(ii)) ñëåäóåò, ÷òî ïó÷îê E∨∨ ëîêàëüíî
ñâîáîäåí âäîëü l1, ïðè÷åì

E∨∨|l1 ∼= Ol1 ⊕Ol1(−1), (82)
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è, êðîìå òîãî,

Ext1(E∨∨,Ol1(−3)) = Ext2(E∨∨,Ol1(−3)) = 0, (83)

à òàêæå T or1(E∨∨,Ol1) = 0. Ïîýòîìó îãðàíè÷èâàÿ òî÷íóþ òðîéêó (41)
íà l1, ïîëó÷àåì òî÷íûå òðîéêè

0 → ker(r) → Ol1 ⊕Ol1(−1)
r−→ Ol1(1) → 0,

0 → T or1(Ol1(1),Ol1) → E|l1 → ker(r) → 0.
(84)

Âåðõíÿÿ òðîéêà (84) âëå÷åò èçîìîðôèçì ker(r) ∼= Ol1(−2). Ïîäñòàâëÿÿ
åãî â íèæíþþ òðîéêó (84) è èñïîëüçóÿ ñîîòíîøåíèå T or1(Ol1(1),Ol1)

∼=
N∨
l1/P3(1) ∼= O⊕2

l1
, ãäå N∨

l1/P3 - êîíîðìàëüíîå ðàññëîåíèå ê l1 â P3, èçî-

ìîðôíîå Ol1(−1)⊕2, ïîëó÷àåì E|l1 = O⊕2
l1

⊕ Ol1(−2). Îòñþäà íàõîäèì

Hom(E ,Ol1(−3)) ∼= Hom(E|l1 ,Ol1(−3)) ∼= Ol1(−3)⊕2 ⊕Ol1(−1) è, òåì ñà-
ìûì,

h1(Hom(E ,Ol1(−3))) = 4. (85)

Äàëåå, ïî àíàëîãèè ñ (74) èìååì Ext2(L,Ol1(−3)) ∼=
Ext2(Ol1(1),Ol1(−3)) ∼= Ol1(−2). Îòñþäà è èç òî÷íîé ïîñëåäîâàòåëüíî-
ñòè, ïîëó÷åííîé ïðèìåíåíèåì ê òðîéêå (41) ôóíêòîðà Hom(−,Ol1(−3)),
âûòåêàåò èçîìîðôèçì Ext1(E ,Ol1(−3)) ∼= Ext2(L,Ol1(−3)) ∼= Ol1(−2).
Òåì ñàìûì, h0(Ext1(E ,Ol1(−3))) = 0. Ïîäñòàâëÿÿ ýòî ðàâåíñòâî âìå-
ñòå ñ (85) â òî÷íóþ ïîñëåäîâàòåëüíîñòü 0 → H1(Hom(E ,Ol1(−3))) →
Ext1(E ,Ol1(−3)) → H0(Ext1(E ,Ol1(−3))), àíàëîãè÷íóþ (72), ïîëó÷àåì

èçîìîðôèçì Ext2(Ol1(1), E)
SD∼= Ext1(E ,Ol1(−3))∨ ∼= k4. Àíàëîãè÷íî,

Ext2(Ol2(1), E) ∼= k4, îòêóäà âûòåêàåò (81). Ëåììà 3 äîêàçàíà. □

Äîêàçàòåëüñòâî òåîðåìû 2. Ïîäñòàâëÿÿ â (43) ïîëó÷åííûå â ëåììàõ
1-3 ñîîòíîøåíèÿ (44), (45), (46), (54) è (81), ïîëó÷àåì òðåáóåìîå íåðàâåí-
ñòâî dim Ext1(E , E) ≤ 27 äëÿ [E ] ∈ M. Ñðàâíèâàÿ ýòî íåðàâåíñòâî ñ (40),
ïîëó÷àåì ðàâåíñòâî dimT[E]MP3(2;−1, 4, 0) = dimT[E]M = 27. Òåì ñà-

ìûì, ââèäó íåïðèâîäèìîñòèM çàìûêàíèåM ñõåìûM â ñõåìå ìîäóëåé
MP3(2;−1, 4, 0) ÿâëÿåòñÿ íåïðèâîäèìîé êîìïîíåíòîé ðàçìåðíîñòè 27 ñõå-
ìû MP3(2;−1, 4, 0), à M � ãëàäêèì ïëîòíûì îòêðûòûì ïîäìíîæåñòâîì
â M. Ïðè ýòîì ðàçìåðíîñòü 27 ÿâëÿåòñÿ îæèäàåìîé (ïî òåîðèè äåôîð-
ìàöèè), òî åñòü ñîâïàäàåò ñ âèðòóàëüíîé ðàçìåðíîñòüþ vdimM, âû÷èñ-
ëÿåìîé äëÿ [E ] ∈ M ïî ôîðìóëå Ðèìàíà-Ðîõà vdimM = 1− χ(E , E), ãäå

χ(E,E) =
3∑
i=0

(−1)i dim Exti(E , E). Äåéñòâèòåëüíî, ïîñêîëüêó c1(E) = −1,

c2(E) = 4, òî, êàê èçâåñòíî [8], [9], [11], χ(E , E) = 6−8c2(E) = −26, îòêóäà
vdimM = 1− (−26) = 27. □
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