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Í.Â. Øóñòðîâà

Abstract. The Tricomi problem and other mixed boundary value prob-
lem and their generalizations have been studied in papers by mathemati-
cians and mechanicians from di�erent countries. Based on results in [1-
4], we construct a solution to generalized Morawetz problem using the
method of separated variables.

1. Ââåäåíèå
Çàäà÷à Òðèêîìè è äðóãèå ðîäñòâåííûå êðàåâûå çàäà÷è è èõ îáîáùåíèÿ èñ-

ñëåäîâàëèñü âî ìíîãèõ ðàáîòàõ ðîññèéñêèõ è çàðóáåæíûõ ìàòåìàòèêîâ è ìåõà-
íèêîâ. Â äàííîé ðàáîòå íà îñíîâàíèè ðàáîò [1-4] ñòðîèòñÿ ðåøåíèå îáîáùåííîé
çàäà÷è Ìîðàâåö ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.

2. Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì óðàâíåíèå

Lu = uxx + sgny · uyy + λu = 0 (1)

â îáëàñòè D, îãðàíè÷åííîé â ïîëóïëîñêîñòè y > 0 äóãîé îêðóæíîñòè åäè-
íè÷íîãî ðàäèóñà BK = Γ(r = 1, 0 ≤ ϕ ≤ ϕ0, 0 < ϕ0 ≤ π) è îòðåçêîì
AK(ϕ = ϕ0, 0 < r < 1), à â ïîëóïëîñêîñòè y < 0 îãðàíè÷åííîé îòðåçêîì
AC ïðÿìîé y = −k0x, 0 < k0 < 1 è îòðåçêîì CB õàðàêòåðèñòèêè x − y = 1
óðàâíåíèÿ (1).
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Îáîáùåííàÿ çàäà÷à Ìîðàâåö (çàäà÷à M). Íàéòè ôóíêöèþ u(x, y), óäî-
âëåòâîðÿþùóþ óñëîâèÿì:

u(x, y) ∈ C(D) ∩ C1(D) ∩ C2(D+ ∪D−), (2)

Lu(x, y) = 0, (x, y) ∈ D+ ∪D−, (3)
∂u

∂N

∣∣∣∣
AK

= 0, (4)

k0ux − uy = 0, (x, y) ∈ AC, (5)
∂u

∂N

∣∣∣∣
Γ

= f(ϕ), (6)

ãäå ∂u\∂N � ïðîèçâîäíàÿ ïî íîðìàëè,D+ = D∩{y > 0}; D− = D∩{y < 0 ∧ x > 0}.
3. Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ

Ïðåäâàðèòåëüíî â îáëàñòè D ðàññìîòðèì ñîîòâåòñòâóþùóþ ñïåêòðàëüíóþ
çàäà÷ó, êîòîðóþ îáîçíà÷èì Mλ.

Çàäà÷à Mλ. Íàéòè çíà÷åíèÿ ïàðàìåòðà λ è ñîîòâåòñòâóþùèå èì ôóíêöèè
u(x, y), óäîâëåòâîðÿþùèå óñëîâèÿì (2) � (5) è

∂u

∂N

∣∣∣∣
Γ

= 0. (6′)

Ââåäåì â îáëàñòè D− ïåðåìåííûå
x = p chθ, y = p shθ.

Óðàâíåíèå (1) òîãäà ïðèìåò âèä u(x, y) = v(σ, θ) :

vpp +
1
p
vp − 1

p2 vθθ + λv = 0.

Ðàçäåëÿÿ ïåðåìåííûå u(x, y) = v(p, θ) = P (p)Θ(θ), ïîëó÷èì
Θ′′(θ)− ν2Θ(θ) = 0, (7)

p2P ′′(p) + pP ′(p) + (λp2 − ν2)P (p) = 0, (8)
ãäå ν - ïîñòîÿííàÿ ðàçäåëåíèÿ.

Òàêèì îáðàçîì, ðåøåíèÿ óðàâíåíèÿ (1) ñ ó÷åòîì óñëîâèÿ |P (0)| < +∞ èìåþò
âèä

u00(x, y) = c00 + c−00θ,

u0ν(x, y) = (c0νeνθ + c−0νe
−νθ)pν ,

uλ0(x, y) = vλ0(p, θ) = (cλ0 + c−λ0θ)J0(
√
λp),

uλν(x, y) = vλν(p, θ) = (cλνeνθ + c−λνe
−νθ)Jν(

√
λp).

Â ãðàíè÷íîì óñëîâèè (5) ïåðåéäåì îò ôóíêöèè u(x, y) ê ôóíêöèè v(p, θ) :(
ux
dy

ds
+ uy

dx

ds

) ∣∣∣∣
y=−k0x

=
P (p)Θ′(θ)

p

∣∣∣∣
θ=arth(−k0)

= 0.

Îòñþäà
Θ′(θ)

∣∣∣∣
θ=arth(−k0)

= 0.

Ñëåäîâàòåëüíî, ðåøåíèå êðàåâîé çàäà÷è (2), (3), (5) âD− èìååò âèä
(
K = 1−k0

1+k0

)
:

u00(x, y) = c00,
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u0ν(x, y) = c0νσ
ν
(
eνθ +Kνe−νθ

)
,

uλ0(x, y) = cλ0J0(
√
λp),

uλν(x, y) = cλνJν(
√
λp)

(
eνθ +Kνe−νθ

)
.

Îòñþäà ïðè y = 0 ïîëó÷èì:
u00(x, 0) = c00, (9)

u0ν(x, 0) = c0νx
ν (1 +Kν) , (10)

uλν(x, 0) = vλν(p, 0) = cλνJν(
√
λx) (1 +Kν) , 0 < x < 1, (11)

∂uλ0(x, 0)
∂N

= 0, 0 < x < 1, (12)

∂uλν(x, 0)
∂N

= c0ννx
ν−1 (1−Kν) , 0 < x < 1, (13)

∂uλν(x, 0)
∂N

=
cλννJν(

√
λx)

x
(1−Kν) , 0 < x < 1. (14)

Â îáëàñòè D+ ââåäåì ïîëÿðíûå êîîðäèíàòû x = rcosϕ, y = rsinϕ, 0 < ϕ <
ϕ0, 0 < r < 1. Â óðàâíåíèè (1) ðàçäåëèì ïåðåìåííûå, ïðåäñòàâëÿÿ ôóíêöèþ
u(x, y) â âèäå u(x, y) = v(r, ϕ) = R(r)Φ(ϕ) :

r2R′′(r) + rR′(r) + (λr2 − µ2)R(r) = 0, 0 < r < 1,

Φ′′(ϕ) + µ2Φ(ϕ) = 0, 0 < ϕ < ϕ0,

ãäå µ− ïîñòîÿííàÿ ðàçäåëåíèÿ. Îòñþäà ïðè λ 6= 0, µ = 0 èìååì:
Φλ0(ϕ) = c+λ0 + c∗λ0ϕ,

Rλ0(r) = a+
λ0J0(

√
λr) + a∗λ0Y0(

√
λr).

Ïóñòü òåïåðü λ 6= 0, µ 6= 0. Òîãäà
Φλµ(ϕ) = c+λµsinµϕ+ c∗λµcosµϕ,

Rλµ(r) = a+
µ Jµ(

√
λr) + c∗µYµ(

√
λr),

îòêóäà ñ ó÷åòîì îãðàíè÷åííîñòè ðåøåíèÿ â íóëå, ïîëó÷èì
u0,0(x, y) = c+00 + c∗00ϕ,

u0µ(x, y) = (c+0µsinµϕ+ c∗0µcosµϕ)rµ,

uλ0(x, y) = (c+λ0 + c∗λ0ϕ)J0(
√
λr),

uλµ(x, y) = vλµ(r, ϕ) = (c∗λµsinµϕ+ c∗λµcosµϕ)Jµ(
√
λr).

Îòñþäà ïðè y = 0 íàéäåì:
u00(x, 0) = c00, (15)

u0µ(x, 0) = c∗0µx
µ, (16)

uλ0(x, 0) = cλ0J0(
√
λx), (17)

uλµ(x, 0) = vλµ(r, 0) = c∗λµJµ(
√
λx). (18)

Ñðàâíèâàÿ ôîðìóëû (15)-(18) ñîîòâåòñòâåííî ñ ôîðìóëàìè (9)-(11), ïîëó-
÷åííûìè èç ãèïåðáîëè÷åñêîé ÷àñòè, èìååì c∗λµ = (1 +Kν) cλν , ν = µ. Âû÷è-
ñëèì ïðîèçâîäíóþ ïî íîðìàëè

∂u00(x, 0)
∂y

= 0, (19)
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∂u0µ(x, 0)
∂y

= c+0µµx
µ−1, (20)

∂uλµ(x, 0)
∂y

=
c∗λµµJµ(

√
λx)

x
, 0 < x < 1. (21)

Ñðàâíèâàÿ ôîðìóëû (19)-(21) ñ ôîðìóëàìè (12)-(14), ïîëó÷åííûìè èç ãè-
ïåðáîëè÷åñêîé ÷àñòè, èìååì: c+λµ = (1−Kµ) cλν , ν = µ. Çíà÷èò, ðåøåíèå óðàâ-
íåíèÿ (1) â D+, óäîâëåòâîðÿþùåå óñëîâèÿì "ñêëåéêè"ïðè y = 0 èìååò âèä:

u00(x, y) = c00,

u0µ(x, y) = c0µr
µ((1−Kµ)sinµϕ+ (1 +Kµ)cosµϕ),

uλ0(x, y) = cλ0J0(
√
λr),

uλµ(x, y) = cλµJµ(
√
λr)((1−Kµ)sinµϕ+ (1 +Kµ)cosµϕ).

Ýòè ôîðìóëû ìîæíî òàêæå ïåðåïèñàòü â âèäå
u00(x, y) = c00,

u0µ(x, y) = c0µ
√

2(1 +K2µ)rµsin
(
µϕ+ arctg

1 +Kµ

1−Kµ

)
,

uλ0(x, y) = cλ0J0(
√
λr),

uλµ(x, y) = cλµ
√

2(1 +K)2µJµ(
√
λr)sin

(
µϕ+ arctg

1 +Kµ

1−Kµ

)
.

Â ãðàíè÷íîì óñëîâèè (4) ïåðåéäåì îò ôóíêöèè u(x, y) ê ôóíêöèè v(r, ϕ)
(
ux
dy

ds
− uy dx

ds

) ∣∣∣∣
AK

= −R(r)Φ′(ϕ0)
r

= 0.

Îòñþäà Φ′(ϕ0) = 0, çíà÷èò, Φ′λµ(ϕ0) = cos
(
µϕ0 + arctg 1+Kµ

1−Kµ

)
= 0, ò.å. µn

ÿâëÿþòñÿ ïîëîæèòåëüíûìè êîðíÿìè óðàâíåíèÿ

µn =
(
n− 3

4
− 1
π
arctgKµn

)
π

ϕ0
, n = 1, 2, ..., µ0 = 0.

Â ãðàíè÷íîì óñëîâèè (6′) ïåðåéäåì îò ôóíêöèè u(x, y) ê ôóíêöèè v(r, ϕ)

∂u

∂N

∣∣∣∣
Γ

=
∂v

∂r

∣∣∣∣
Γ

= R′(1)Φ(ϕ) = 0.

Çíà÷èò,
R′0µn(1) = µnr

µn = 0,

R′λµn(1) =
√
λJ ′µn(

√
λ) = 0.

Èç òåîðèè áåññåëåâûõ ôóíêöèé [5] èçâåñòíî, ÷òî ôóíêöèè zJ ′µ(z) ïðè µ > −1
èìåþò òîëüêî âåùåñòâåííûå íóëè. Òîãäà îáîçíà÷àÿ ÷åðåç αn,m−m−ûé êîðåíü
ïîñëåäíåãî óðàâíåíèÿ, ïîëó÷èì ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Mλ :

λmn = α2
mn, n = 0, 1, ..., m = 1, 2, ...

Òàêèì îáðàçîì, ïðè λ = λmn íàéäåì ñîáñòâåííûå ôóíêöèè çàäà÷è Mλ, è, ó÷è-
òûâàÿ, ÷òî â îáëàñòè D− àðãóìåíò θ = 1

2 ln
(
x+y
x−y

)
, ïîëó÷èì

unm(x, y) = cnmJµn(
√
λnm(x2 − y2))

((
x+ y

x− y
)µn

2

+Kµn

(
x− y
x+ y

)µn
2
)
,
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(x, y) ∈ D−,
unm(x, y) = cnmJµn(

√
λnm(x2 + y2))(sinµnϕ+cosµnϕ+Kµn(cosµnϕ−sinµnϕ)),

(x, y) ∈ D+,

åñëè æå λ 6= λmn, òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé èìååò âèä

uλ(x, y) = c0J0(
√
λr)+

+
∞∑
n=1

fnJµn(
√
λr)√

λJ ′µn(
√
λ)

((
x+ y

x− y
)µn

2

+Kµn

(
x− y
x+ y

)µn
2
)
,

(x, y) ∈ D−,
uλ(x, y) = c0J0(

√
λr)+

+
∞∑
n=1

fnJµn(
√
λnmr)√

λJ ′µn(
√
λ)

(sinµnϕ+ cosµnϕ+Kµn(cosµnϕ− sinµnϕ)),

(x, y) ∈ D+,

ãäå êîýôôèöèåíòû fn åñòü êîýôôèöèåíòû ðàçëîæåíèÿ ïî ñèñòåìå {Φn(ϕ)}∞n=1 =
{sinµnϕ+ cosµnϕ) +Kµn(cosµnϕ− sinµnϕ)}∞n=1.

Ïðè λ = 0 ñîáñòâåííîé ôóíêöèåé çàäà÷è Mλ ÿâëÿåòñÿ êîíñòàíòà.
Çàìåòèì, ÷òî ñîáñòâåííûå ôóíêöèè ïðè λ = λnm ìîæíî òàêæå çàïèñàòü â

âèäå:

u∗nm(x, y) =
(−1)n+1c∗nmJµn(

√
λ(x2 − y2))√

2(1 +K2µ)

((
x+ y

x− y
)µn

2

+Kµn

(
x− y
x+ y

)µn
2
)
,

(x, y) ∈ D−,
u∗nm(x, y) = c∗nmJµn(

√
λnm(x2 + y2))cos(µn(ϕ− ϕ0)),

(x, y) ∈ D+,

ïðè λ 6= λnm

u∗λ(x, y) = C0J0(
√
λ(x2 − y2))+

+
∞∑
n=1

(−1)n+1g∗nJµn(
√
λ(x2 − y2))√

2(1 +K2µ)
√
λJ ′µn(

√
λ)

((
x+ y

x− y
)µn

2

+Kµn

(
x− y
x+ y

)µn
2
)
,

(x, y) ∈ D−,

u∗λ(x, y) = C0J0(
√
λ(x2 + y2)) +

∞∑
n=1

g∗nJµn(
√
λnm(x2 + y2))√
λJ ′µn(

√
λ)

cos(µn(ϕ− ϕ0)),

(x, y) ∈ D+,

ãäå êîýôôèöèåíòû g∗n åñòü êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè f(ϕ) ïî ñèñòå-
ìå ôóíêöèé {cos(µn(ϕ− ϕ0))}∞n=1.

Âíà÷àëå îïðåäåëèì âèä êîýôôèöèåíòîâ fn ðàçëîæåíèÿ ïî ñèñòåìå ôóíêöèé
Φn(ϕ) = sinµnϕ + cosµnϕ + Kµn(cosµnϕ − sinµnϕ), n = 1, 2, ..., è äëÿ ýòîãî
ïðåäâàðèòåëüíî äîêàæåì ëåììó 1 è òåîðåìó 1.

Ëåììà 1. Ñèñòåìà ôóíêöèé {Φn(ϕ)}∞n=1 îáðàçóåò áàçèñ â L2(0, ϕ0).
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Äåéñòâèòåëüíî, àíàëîãè÷íî ðàáîòå [1], ðàññìîòðèì ñëåäóþùóþ ñèñòåìó ôóíê-
öèé (α = πϕ

ϕ0
, α ∈ (0, π), χn = µn

ϕ0
π )

Φn(α) = sinχnα+ cosχnα+Kχn
π
ϕ0 (cosχnα− sinχnα), n = 1, 2, ...

Ïóñòü ìû èìååì ðàçëîæåíèå íåêîòîðîé ôóíêöèè f(α) ïî çàäàííîé ñèñòåìå
ôóíêöèé {Φn(α)}∞n=1 :

f(α) =
∞∑
n=1

Cn√
2

[
sinχnα+ cosχnα+Kχnπ/ϕ0(cosχnα− sinχnα)

]
,

f(α) =
∞∑
n=1

Cn√
2

Φn(α). (22)

Îáîçíà÷èì ÷åðåç hk(α) áèîðòîãîíàëüíóþ ñèñòåìó ê ñèñòåìå ñèíóñîâ {sin(k −
3/4)α + π

4 )}∞k=1. Óìíîæèì ðàâåíñòâî (22) íà hk(α) è ïðîèíòåãðèðóåì îò 0 äî
π : ∫ π

0
f(α)hk(α)dα =

∫ π

0

∞∑
n=1

Cn√
2

Φn(α)hk(α)dα.

èëè
fk = Ck +

∞∑
n=1

Cnakn, (23)

ãäå
akn =

∫ π

0

(
Φn(α)√

2
− sin((n− 3/4)α+ π/4)

)
hk(α)dα,

akn =
∫ π

0
In(α)hk(α)dα,

In(α) =
Φn√

2
− sin((n− 3/4)α+ π/4). (24)

Îöåíèì òåïåðü äâîéíîé ðÿä
∞∑

n,k=1

a2
kn =

∞∑
n=1

∞∑

k=1

(∫ π

0
In(α)hk(α)dα

)2

≤M
∞∑
n=1

(∫ π

0
I2
n(α)dα

)
, (25)

ãäå M - ïîñòîÿííàÿ èç íåðàâåíñòâà
∞∑

k=1

(F, hk)2 ≤M‖F‖2, (26)

êîòîðîå ñïðàâåäëèâî, òàê êàê ñèñòåìà {sin(n− 3/4)α) + π
4 }∞n=1 îáðàçóåò áàçèñ

Ðèññà [6]. Îöåíèì êîýôôèöèåíòû ïîëó÷åííîãî ðÿäà (25):

I2
n = { 1√

2
(cosχnα+ sinχnα)− sin((n− 3/4)α+ π/4)+

+
1√
2
Kµn(cosχnα− sinχnα)}2 ≤

≤ 2{sin(χnα+ π/4)− sin((n− 3
4
α) + π/4)}2 + 2K2µn ≤

≤ 2 · 4sin2(
χnα− (n− 3/4)α

2
) + 2K2χn < 8

(
1
π
arctgKχnπ/ϕ0

)2
π2

4
+

+2K2χnπ/ϕ0 ≤ 4K2χnπ/ϕ0 .
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Ïóñòü ÷èñëî k0 äîñòàòî÷íî áëèçêî ê åäèíèöå 1 > k0 > k∗0 è ïóñòü ϕ = π.
Òîãäà, îáîçíà÷àÿ µ∗1 ïåðâûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ cos(µπ + π

4 +
arctgK∗µ) = 0, ïîëó÷èì ñëåäóþùóþ îöåíêó:

I2
n ≤ 4K2(n−1+µ∗1). (27)

Ïîäñòàâëÿÿ ýòó îöåíêó â (25), èìååì
∞∑

n,k=1

a2
nk ≤Mπ6

∞∑
n=0

K2(n+µ∗1)π/ϕ0 =

= 4MπK2µ∗1
(
1−K2)−1

. (28)
Èç (28) ïîíÿòíî, ÷òî åñëè k0 äîñòàòî÷íî áëèçêî ê åäèíèöå, òî

∑∞
k,n=1 a

2
kn < 1,

è ïîýòîìó áåñêîíå÷íàÿ ñèñòåìà óðàâíåíèé (23) îäíîçíà÷íî ðàçðåøèìà îòíîñè-
òåëüíî Ck, ïðè÷åì ∞∑

k=0

C2
k <∞. (29)

Äîêàæåì òåïåðü ñõîäèìîñòü ðÿäà (22) â L2(0, π). Òàê êàê ñïðàâåäëèâî íåðà-
âåíñòâî (29), òî ðÿä (22) áóäåò, î÷åâèäíî, ñõîäèòñÿ â L2(0, π), åñëè ñõîäèòñÿ â
L2(0, π) ñëåäóþùèé ðÿä:

∞∑
n=1

Cn√
2

Φn(α)hk(α)dα =
∞∑
n=1

Cnsin((n− 3/4)α+
π

4
) +

∞∑
n=1

CnIn(α). (30)

Ïåðâûé ðÿä â ïðàâîé ÷àñòè ñõîäèòñÿ â L2(0, π) â ñèëó áàçèñíîñòè Ðèññà
ñèñòåìû ñèíóñîâ {sin((n− 3/4)α+ π

4 )}. Îöåíèì ïîñëåäíèé â ïðàâîé ÷àñòè ðÿä
ïî êðèòåðèþ Êîøè, èñïîëüçóÿ îöåíêó (27):

∫ π

0

(
m+N∑
n=m

CnIn(α)

)2

dα ≤
m+N∑
n=m

C2
n

m+N∑
n=m

∫ π

0
I2
n(α)dα ≤

≤
m+N∑
n=m

C2
n

m+N∑
n=m

4π

(
1−

(
1− k0

1 + k0

)2(n−1+µ∗1)
)
.

Èç ïîëó÷åííîãî íåðàâåíñòâà ÿñíî, ÷òî ïðè k0, äîñòàòî÷íî áëèçêîì ê åäèíèöå,
ðÿä (30), à ñëåäîâàòåëüíî è ðÿä (22) ñõîäÿòñÿ â L2(0, π).

Ðÿä (22) ñõîäèòñÿ ê ôóíêöèè f(α), òàê êàê åñëè ðàâåíñòâî (22) óìíîæèòü
íà hk(α) è ïðîèíòåãðèðîâàòü ïî èíòåðâàëó (0, π), òî ïîëó÷èì ñ ó÷åòîì (23)
çíà÷åíèå fk. Â ñèëó ïîëíîòû ñèñòåìû hk(α) ïîëó÷àåì, ÷òî ðÿä (22) ñõîäèòñÿ ê
ôóíêöèè f(α).

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(α) ∈ Cα[0, π], f(π) = 0, òîãäà ðÿä (22) ðàâíî-
ìåðíî ñõîäèòñÿ ê ôóíêöèè f(α) íà [0, π].

Èñïîëüçóÿ ôîðìóëó (23), çàïèøåì ðÿä (22) â âèäå:
∞∑

k=1

CkΦk(α)√
2

=
∞∑

k=1

fkΦk(α)√
2
−
∞∑

k=1

Φk(α)√
2

∞∑
n=1

Cnakn.

Îöåíèì òåïåðü ðÿä
∞∑

k=1

Φ2
k(α) =

∞∑

k=1

{sinχnα+ cosχnα+K
χnπ
ϕ0 (cosχnα− sinχnα)}2 =
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=
∞∑

k=1

{sinχnα+ cosχnα− 1
2
sin[χnα− arccosK

χnπ
ϕ0 − 1

2
sin[χnα+ arccosK

χnπ
ϕ0 ]+

+
1
2
cos[−χnα+ arccosK

χnπ
ϕ0 ] +

1
2
cos[χnα+ arccosK

χnπ
ϕ0 ]}2 ≤

≤
∞∑

k=1

{sin
(
arccosK

χnπ
ϕ0

2

)
+ cos

(
arccosK

χnπ
ϕ0

2

)
}2 +

∞∑

k=1

{cos
(
arccosK

χnπ
ϕ0

2

)
−

−sin
(
arccosK

λnπ
ϕ0

2

)
}2 = 2

∞∑

k=1

{
√

1−K χnπ
ϕ0

2
+

√
1 +K

χnπ
ϕ0

2
}2+

+2
∞∑

k=1

{
√

1 +K
χnπ
ϕ0

2
−
√

1−K χnπ
ϕ0

2
}2 =

= 4
∞∑

k=1

K
2χπ
ϕ0

2 + 2
√

1−K 2χnπ
ϕ0

+ 4
∞∑

k=1

K
2χnπ
ϕ0

2− 2
√

1−K 2χnπ
ϕ0

.

Èç ýòîé îöåíêè è ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà
∑∞
k=1 Φ2

k(α). Ó÷è-
òûâàÿ òåïåðü, ÷òî

∞∑

k=1

f2
k ≤M ||f ||2,

à òàêæå ó÷èòûâàÿ, ÷òî ðÿä
∑∞
k=1 aknCn ñõîäèòñÿ, ïîëó÷èì, ÷òî ðÿä (22) òàêæå

ðàâíîìåðíî ñõîäèòñÿ. Òåîðåìà 1 äîêàçàíà.
Âèä êîýôôèöèåíòîâ g∗n ðàçëîæåíèÿ ôóíêöèè f(ϕ) ïî ñèñòåìå ôóíêöèé

cos(µn( ϕ− ϕ0))∞n=1 ìîæíî îïðåäåëèòü àíàëîãè÷íî äîêàçàííûì âûøå ëåììå 1
è òåîðåìå 1, íî òîëüêî çäåñü â êà÷åñòâå ôóíêöèè hk(α) íàäî âçÿòü áèîðòîãî-
íàëüíóþ ñèñòåìó ê ñèñòåìå ñèíóñîâ {sin(k − 3/4)α+ π

2 )}∞k=1.

4. Îáîáùåííàÿ çàäà÷à Ìîðàâåö äëÿ óðàâíåíèÿ
Ëàâðåíòüåâà-Áèöàäçå ñî ñïåêòðàëüíûì ïàðàìåòðîì

Òåïåðü äëÿ óðàâíåíèÿ (1) ïîñòðîèì ðåøåíèå îáîáùåííîé çàäà÷è Ìîðàâåö
(2)-(6).
Òåîðåìà 2. Ïóñòü ôóíêöèÿ f(α) ∈ Cα[0, π], f ′(π) = 0, òîãäà ïðè λ 6= λmn
ðåøåíèå îáîáùåííîé çàäà÷è Ìîðàâåö èìååò âèä

u(x, y) = uλ(x, y)+

+
∞∑
n=1

fnJµn(
√
λ(x2 − y2))√

λJ ′µn(
√
λ)

((
x+ y

x− y
)µn

2

+Kµn

(
x− y
x+ y

)µn
2
)
, (x, y) ∈ D−,

uλ(x, y) = uλ+

+
∞∑
n=1

fn
√

2(1 +K2µ)Jµn(
√
λnm(x2 + y2))√

λJ ′µn(
√
λ)

sin

(
µnϕ+ arctg

1 +Kµn

1−Kµn

)
,

(x, y) ∈ D+, (32)
ïðè λ = 0 ðåøåíèåì îáîáùåííîé çàäà÷è Ìîðàâåö ÿâëÿåòñÿ ôóíêöèÿ

u(x, y) = c00 +
∞∑
n=1

fn((x+ y)µn +Kµn(x− y)µn), (x, y) ∈ D−,
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uλ(x, y) = c00 +
∞∑
n=1

fn
√

2(1 +K2µ)rµnsin
(
µnϕ+ arctg

1 +Kµn

1−Kµn

)
, (x, y) ∈ D+,

ãäå êîýôôèöèåíòû fn åñòü êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä ôóíêöèè f(ϕ) ïî
ñèñòåìå ñèíóñîâ {sinµnϕ+ cosµnϕ) +Kµn(cosµϕ− sinµϕ), n = 1, 2, ... .

Íà îñíîâàíèè àñèìòîòè÷åñêîé ôîðìóëû [7, c. 217]: Jn = 1
n!

(
z
2

)n
, n −→ ∞

ðÿä (32) è ðÿäû èç ïðîèçâîäíûõ ëþáîãî ïîðÿäêà ïðè ëþáîì r ≤ r0 < 1 ñõîäÿòñÿ
ðàâíîìåðíî, òàê êàê äëÿ äîñòàòî÷íî áîëüøèõ n ñïðàâåäëèâà îöåíêà

∣∣∣∣
fnJµn(

√
λr)√

λJ ′µn(
√
λ)
sin(µnϕ+ arctg

1 +Kµn

1−Kµn
)
∣∣∣∣ ≤M ·

rµn

µn
, M = const > 0.

Ðÿä (32) íà D+ ∪AB äîïóñêàåò ïî÷ëåííîå äèôôåðåíöèðîâàíèå ïî ïåðåìåí-
íîé r è ïðîèçâîäíàÿ ðÿäà ïî r ïðè r = 1 åñòü ðàçëîæåíèå â ðÿä ôóíêöèè f(ϕ)
ïî ñèñòåìå ôóíêöèé Φn(α), ïîýòîìó ðÿä (32) ñõîäèòñÿ ðàâíîìåðíî â D.

Çàìåòèì, ÷òî åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2, òî ðåøåíèå îáîáùåííîé
çàäà÷è Ìîðàâåö ïðè λ = 0 ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

u(x, y) = c00 +
∞∑
n=1

gn(−1)n+1

√
2(1 +K2µ)

((x+ y)µn +Kµn(x− y)µn), (x, y) ∈ D−,

uλ(x, y) = c00 +
∞∑
n=1

fnr
µncos(µn(ϕ− ϕ0)),

(x, y) ∈ D+,

ïðè λ 6= λmn ðåøåíèå îáîáùåííîé çàäà÷è Ìîðàâåö èìååò âèä
u(x, y) = u∗λ(x, y)+

+
∞∑
n=1

(−1)n+1gnJµn(
√
λ(x2 − y2))√

2(1 +K2µ)
√
λJ ′µn(

√
λ)

((
x+ y

x− y
)µn

2

+Kµn

(
x− y
x+ y

)µn
2
)
,

(x, y) ∈ D−,

u(x, y) = u∗λ(x, y) +
∞∑
n=1

gnJµn(
√
λnm(x2 + y2))√
λJ ′µn(

√
λ)

cos(µn(ϕ− ϕ0)), (x, y) ∈ D+,

ãäå êîýôôèöèåíòû g∗n åñòü êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè f(ϕ) ïî ñèñòå-
ìå ôóíêöèé {cos(µn(ϕ− ϕ0))}∞n=1.

Àâòîð âûðàæàåò áîëüøóþ áëàãîäàðíîñòü ïðîôåññîðó Êàìèëþ Áàñèðîâè÷ó
Ñàáèòîâó çà ïîñòàíîâêó çàäà÷è, çà ðóêîâîäñòâî è ïîìîùü â ðàáîòå.
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