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UNIQUENESS OF THE PRIME GRAPH OF L4(2)

ANDREI V. ZAVARNITSINE

ABSTRACT. We complete the proof that the simple group Lig(2) is
uniquely determined by its prime graph among all finite groups thus
giving the first example of a recognizable-by-graph group whose prime
graph is connected. We bridge the gap in the argument from [1] which
purported to establish the same result.
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1. INTRODUCTION

Recall that the prime graph T'(G) of a finite group G is the graph whose vertex
set is the set 7(G) of prime divisors of the order |G| in which two distinct vertices
p,q € 7(G) are joined by an edge if and only if G contains an element of order pq.

It is often the case that the structure of the prime graph carries much information
about the underlying group. For example, the finite groups whose prime graph
is disconnected have a very limited structure as shown by the Gruenberg-Kegel
theorem [2].

Of particular interest are the finite groups that are uniquely determined by their
prime graph. The group G is said to be recognizable by graph if, for every finite group
H, the equality of vertex-labeled graphs I'(H) = I'(G) implies the isomorphism
H = G. Examples of recognizable by graph groups are the simple groups Ji, Mao,
Moz, May, Coa, Go(7), Ju, 2Ga(q), ¢ > 3, see [3, 4]. One observes that all the known
examples of such groups G have the property that I'(G) is disconnected. Whether
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there exists a recognizable-by-graph group whose prime graph is connected or there
does not, has been unknown so far.

It turns out that proving recognizability of G by graph may require the knowledge
of subtle properties of modular representations for G such as the presence of non-
trivial fixed points of large prime-order elements. In this paper, we show how one
can use this information in the case of 2-modular representations for Lig(2).

A more general approach to the study of fixed points of prime-order elements of
simple linear and unitary groups in their irreducible equicharacteristic modules is
taken in [8].

The main result of the present paper can be stated as follows:

Theorem 1. If G is a finite group such that T(G) = T'(L16(2)) and G/02(G) =
L16(2) then OQ(G) =1.

This, together with [1], gives the first example of a recognizable-by-graph group
whose prime graph is connected.

Corollary 2. Lig(2) is recognizable by its prime graph.

We remark that an attempt to give a complete proof that Lig(2) is recognizable
by graph was made in [1]. However, there appears to be a flaw in the proof of
Lemma 3.4 (p. 56, line 20), where Lemma 2.5 is applied to conclude that (21° —1)p
is an element order of G. But Lemma 2.5 cannot be used in the case p = 2. We do
not see a way to correct this argument using the methods employed in [1].

2. PRELIMINARIES

We first recollect some facts from the representation theory of algebraic groups.
Details can be found in [5].

Let G = SL,(F), where F is an algebraically closed field of characteristic p.
Then G is a simply connected simple algebraic group of type A;, where [ = n — 1.
Denote by wy the zero weight and by wy, ..., w; the fundamental weights of G (with
respect to a fixed maximal torus of G and a system of positive roots). Let 2 denote
the weight lattice of G. A weight ajwi + ... + qw; € Q is called p-restricted, if
0<ag;<pfori=1,...,1L

For an irreducible (rational, finite dimensional) G-module L, we denote by (L)
the set of weights of L. Such modules are parameterized by their highest weights.
The irreducible G-module of highest weight A is customarily denoted by L(A). The
module L(w;), i =0,...,1, is known to be isomorphic to the i-th exterior power of
the natural n-dimensional module, see [5, I1.2.15].

Lemma 3 (See [6, Lemma 13|). Let G = SLi41(F) and let L be an irreducible
G-module with highest weight A. Suppose that A = aiwy + ... + ayw; is p-restricted
and i € {0,1,...,1} is the uniquely defined integer such that

(1) ar+2as+...+lag=1 (modl+1).
Then Q(L(w;)) C Q(L).

3. MAIN RESULT

Proposition 4. Let W be a nontrivial absolutely irreducible module for H = L1g(2)
over a field of characteristic 2. Then the natural semidirect product W\ H contains
an element of one of the orders 2 - 151 or 2 - 257.
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Proof. By the Steinberg theorem [7, Theorem 43|, W is the restriction to H of an
irreducible rational module (which we also denote by W) for the algebraic group
SL16(F), where F' is an algebraically closed field of characteristic 2. Let A = ajwy +
...+a;w; be the highest weight of W, where [ = 15. We observe that ) is 2-restricted.
Suppose that i € {0,1,...,{} is such that a; +2as + ... +la; =i (mod [ + 1) and
let V' be the natural module for SLig(F'). By Lemma 3, we have

(2) QA'V) CQW),

where AV is the ith exterior power of V.
There is an element a € H of order 257 whose set of eigenvalues on V' is

(¢,¢%¢%,.... ")

for some ¢ € F* of order 257. Therefore, if 7 is even, there is an eigenvalue

i/2—1

[T ¢ ¢ =1

k=0
of a on A'V. Form (2) it follows that a fixes a nonzero vector in W, and W X H
has an element of order 2 - 257.

Suppose that i is odd. There is an element b € H of order 151 whose set of

eigenvalues on V is

2 14
(3) {Ln,n®n® ...}

for some i € F* of order 151. In this case, b has on A*V an eigenvalue 1. Indeed,
if i =1,3,5,7 then each of the respective values

(4) 1 "71_,’_25_,'_210 n1+23+25+29+212 1 . 77
equals 1, whereas if ¢ = 15,13,11,9 then we have 16 — i = 1, 3,5, 7, respectively,
and the product of the elements in (3) which do not occur in (4) equals 1 as well.
Again, (2) implies that b fixes a nonzero vector in W, and W X\ H has an element
of order 2 - 151. d

14254210 ] ’172+26+211

We are now ready to prove Theorem 1 stated in the introduction.

Proof. Let H = L14(2) and let G be such that I'(G) = T'(H) and G/W = H, where
W = O5(G). Without loss of generality (cf. [6, Lemma 9]) we may assume that G is
a split extension of W by H with H acting on W absolutely irreducibly. If W #£ 1
then Proposition 4 implies that G has an element of one of the orders 2 - 151 or
2-257. However, the prime 2 is connected in I'(H) with neither 151 nor 257. This
contradicts the assumption I'(G) = I'(H) and completes the proof. O
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