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SPORADIC COMPOSITION FACTORS OF FINITE GROUPS
ISOSPECTRAL TO SIMPLE GROUPS

A.M.STAROLETOV

ABsTRACT. This paper considers a group which has a nonabelian
sporadic composition factor and the same set of element orders as a
finite simple group. It is proved that such group is isomorphic to Us(2)
or a sporadic group.
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1. INTRODUCTION

The spectrum w(G) of a finite group G is the set of its element orders. Two
groups are said to be isospectral if they have the same spectra. Sometimes it is
more convenient to consider the set of maximal elements of w(G) with respect
to divisibility. This set is denoted by u(G) and clearly completely determines the
spectrum.

Let h(G) be the number of pairwise nonisomorphic groups isospectral to G. If
h(G) = 1 then such group G is called recognizable by spectrum. A finite group G
with h(G) < oo is said to be almost recognizable by spectrum. Finally a group G is
non-recognizable by spectrum if h(G) = oo. We say that the problem of recognition
by spectrum is solved for G if the number A(G) is known. A group G is called
quasirecognizable by spectrum if every finite group isospectral to G has a unique
nonabelian composition factor and this factor is isomorphic to G.
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There have been many articles on the recognition problem for different finite
simple nonabelian groups L (e.g. see [1]). An important step during investigation
of groups isospectral to a given group is studying of their composition structure.
The present paper considers the following question
Which sporadic groups can be a composition factor of a group isospectral to a finite
simple group?

We will assume that sporadic groups include 26 exceptional groups and the Tits
group 2F4(2)". Obviously, a group isospectral to a quasirecognizable simple group,
which is different from sporadic, cannot contain sporadic groups among composition
factors. It was proved in [2, Theorem 2| that there are no sporadic groups among
composition factors of a group isospectral to a simple symplectic or orthogonal
group other than S4(3). The papers [1],[3], [4], [5] contain proofs and references to
proofs of quasirecognizability for the other simple nonabelian groups except Alt,,
L.(q), Un(q), G2(q), E7(¢q) and sporadic groups. It was proved in [5, Theorem 2]
that there are no sporadic groups among nonabelian composition factors of finite
groups isospectral to L, (q), U,(q), where n > 4 and (n,q) # (5,2) in the case of
unitary groups, and moreover an example of a group isospectral to Us(2) with the
group M1 among composition factors was constructed in [6]. It was showed in [7]
that all sporadic groups except J are recognizable as well as the Tits group [8]. The
survey [1] contains references to proofs of the recognizability of Alt,, where n < 22,
n # 6, 10. Notice that Altg ~ L(9) and it was proved in [9] that groups isospectral
to Alt1o have no sporadic groups among composition factors. All remaining cases
except alternating groups are considered in the present paper.

Theorem 1. Let L be one of simple groups Ja, La(q), Ls(q), Us(q), S1(q), Ga2(q),
E-(q) where q is a power of a prime p, and let G be a finite group isospectral to
L. If G contains a composition factor S isomorphic to a sporadic group then either
L~U;s(2) and S ~ My or L~ S.

This theorem together with previous results (see references above) implies the
following

Corollary 1. If a finite group isospectral to a finite simple group L contains a
sporadic group S among its composition factors and L is not isomorphic to Alt,

forn > 22 then either L ~ Us(2) and S ~ My, or L~ S.

2. PRELIMINARIES

Let G be a finite group and 7(G) be the set of prime divisors of its order. The
Gruenberg — Kegel graph GK(QG), or the prime graph, of G is the graph with vertex
set m(G) in which two distinct vertices p and ¢ are adjacent if and only if pg € w(G).

Recall that an independent set of vertices, or coclique, in a graph T' is a set of
vertices that are pairwise nonadjacent with each other in I'. We write ¢(I") to denote
the independence number of T, i. e., the maximal number of vertices in its cocliques.
Given a group G, put t(G) = t(GK(G)). By analogy, for each prime r, define the
r-independence number ¢(r, G) to be the maximal number of vertices in cocliques
of GK(G) containing the vertex r.

Lemma 1. Let L be a finite nonabelian simple group such that t(L) > 3 and
t(2,L) > 2, and G be a finite group with w(G) = w(L). Then the following hold:
1) There exists a nonabelian simple group S such that S < G = G/K < Aut S,
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where K is the mazximal normal soluble subgroup of G.
2) Every prime r € w(G) not adjacent with 2 in GK(G) does not divide the product
|K|-|G/S|. In particular, t(2,5) > t(2,G).

Proof. See [10, Theorem 2| and [11, Proposition 2].

We will use that 119 is the greatest element order of a sporadic group, this
statement and other facts about element orders of sporadic groups can be checked
using [12].

3. CLASSICAL GROUPS

Lemma 2. If w(G) = w(L), where L € {L3(3),Us(3),54(3)}, then G has no
sporadic composition factors.

Proof. Note that w(L3(3)) = {2,3,13}, n(Us(3)) = {2,3,7}, therefore, since
5 divides the order of any sporadic group, groups isospectral to one of those
two groups have no sporadic groups among composition factors. Moreover,
m(S4(3)) = {2, 3,5} therefore this case is also impossible because orders of sporadic
groups have a prime divisor greater than 5.

In [11, Proposition 4] it was proved that if a group G isospectral to a nonabelian
simple group different from Alt,,, where n > 5, L3(3), Us(3), S4(3), then G has
a unique nonabelian composition factor S, and hence S < G/K < Aut(S) for
maximal normal soluble subgroup K in G. In particularly, Lemma 2 implies

Corollary 2. If G is isospectral to a simple group from the statement of Theorem 1
and has a sporadic group among composition factors, then G has unique nonabelain
composition factor.

Lemma 3. Let w(G) = w(La(q)), ¢ >3 and S < G/K < Aut(S) for a nonabelian
simple group S. Then S is not sporadic.

Proof. It is known that for ¢ > 3, ¢ # 9 groups Lo(q) are recognizable by spectrum
(see [13]). If w(G) = w(L2(9)) then 7(G) = {2,3,5,7}. Therefore S = J; which is
impossible since 8 € w(J3)\w(L2(9)).

Lemma 4. Let w(G) = w(L3(q)) and S < G/K < Aut(S) for a nonabelian simple
group S. Then S is not sporadic.

Proof. The case ¢ = 3 was considered above. It is known that the groups L3(q) for
q > 3 are recognizable or almost recognizable by spectrum, moreover in the second
case there are no sporadic groups among composition factors of groups isospectral
to them (see [1]).

Lemma 5. Let w(G) =w(Us(q)), ¢ > 2 and S < G/K < Aut(S) for a nonabelian
simple group S. Then S is not sporadic.

Proof. The main result in [14] implies that we have to consider only the following
cases: either ¢ = 5, or ¢ = 2¥ — 1 and ¢> — ¢ + 1 is a prime. If ¢ = 5 then because
of the order of Us(5) we get that S = J;. But 15 € w(J2)\w(U3(5)) therefore this
case is impossible. In the second case it follows from Tables 4, 6 and 8 in [15] that
Us(q) satisfies to (1) of Lemma 1 and prime divisors of (¢ — ¢+ 1)/(¢ + 1,3) are
not adjacent with 2 in the prime graph of Us(q). Therefore by (2) of Lemma 1, it
is true that (¢> — ¢+ 1)/(q + 1,3) € w(S). This number is greater than 127 for
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g > 20, hence since ¢ = 2¥ — 1, we get that ¢ = 7. This is impossible because
7 (Us(7)) = {2,3,7,43} and there is no sporadic group whose set of prime order
divisors is a subset of this set.

4. EXCEPTIONAL GROUPS OF LIE TYPE AND Jy

It was proved in [16] that groups G»(3™) are recognizable by spectrum. The
recognizability of G2(4) was established in [17]. Since Ga(g) is simple for ¢ > 2 we
assume further in this section that g > 4.

Lemma 6. If q is a power of a prime p then

L u(Ga2(q) = {8,12,2(¢ £1),¢* — 1,¢° £ q + 1} forp =2;

2. w(Ga(q) = {p*,p(g £ 1),2(¢ £ 1),¢* = 1,¢* £ q + 1} forp=3,5;
3. (Ga(q) = {pla£1),2(¢ £ 1),¢* = 1,¢* £ q + 1} for p>5.
Proof. It can be obtained from [18] and [19].

Lemma 7. Let w(G) =w(G2(q)), ¢ > 2 and S < G/K < Aut(S) for a nonabelian
simple group S. Then S is not sporadic.

Proof. Assume to the contrary that S is sporadic. It is not hard to check from
tables 5,7,9 in [15] that the group Ga(q) for ¢ > 2 satisfies Lemma 1. Moreover,
4+l ¢°—g+1
(-1,3)7 (¢+1,3)
numbers from p(G2(g)). In particular, their prime divisors are not adjacent with

2 2
¢ +q+l1 g°—qg+1
13 (arim € w(S):

Orders of elements of the sporadic groups do not exceed 119 therefore %Zi‘”l <119,

1,3)
401 <119, hence ¢ < 11, g € {3,4,5,7,8,9}.

Let ¢ = 8 or 9. In the first case ¢ +¢+1 = 73, in the second case ¢> —q+1 = 73,
in both cases we get that 73 € w(G). This is a contradiction, since 73 does not divide
orders of sporadic groups.

Let ¢ = 7. Then ¢> — ¢+ 1 = 43 € w(G) therefore S ~ J;. Since 37 €
w(J4)\w(G2(7)), this case is also impossible.

Let ¢ = 5. Then ¢ +¢+1 = 31 € w(G). Clearly it is the maximal prime in w(G),
thus S ~ F3 or S ~ O'N. In both cases 19 € w(S)\w(G2(5)), this is a contradiction.

Lemma 8. Let w(G) = w(F7(q)), S < G/K < Aut(S) for some nonabelian simple
group S. Then S is not sporadic.

Lemma 6 implies that the odd numbers are coprime to the other

2 in the prime graph. By (2) of Lemma 1 we have that

Proof. The recognizability of E7(2) and E7(3) was proved in [20], so we assume

that ¢ > 3. Lemma 1.3 in [15] contains orders of maximal tori of the group E;(q) for
7

q’—1 q’+1
(¢—1)(¢—1,7) (¢+1)(q+1,7)°
on ¢, are not adjacent with 2 in the prime graph of E7(g). From (2) of Lemma 1 it is
concluded that S contains elements with such orders. As mentioned above orgers of
elements in sporadic groups do not exceed 119, but numbers (q_f) (;1

+
-1,7) (¢+1)(¢+1,7)
are greater than 119 for ¢ > 2. The lemma is proved.
Lemma 9. Let w(G@) = w(Jz) and S be a nonabelian composition factor of G. If S
is sporadic then S ~ J,.

Proof. Note that 7(J3) = {2,3,5,7}, the orders of other sporadic groups have
prime divisors greater than 7, therefore since w(S) C 7w (Jz), we have S = Jo. The
lemma is proved.

each ¢ which implies that prime divisors of or depending
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