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CONDITIONS FOR NON-SYMMETRIC RELATIONS OF
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ABSTRACT. We consider necessary and sufficient conditions for non-
symmetric relations of semi-isolation in terms of colorings for neighbor-
hoods of types, quasi-neighborhoods, and the existence of limit models.
We show that, for any type p in a small theory, its non-symmetry of
isolation is equivalent to the non-symmetry of semi-isolation (where a
realization @ of p isolates a realization b of p and b does not semi-isolates
@) and is equivalent to the existence of a limit model over p. We generalize
the Tsuboi theorem on the absence of Ehrenfeucht unions of pseudo-
superstable theories and the Kim theorem on the absence of Ehrenfeucht
supersimple theories for unions of pseudo-supersimple theories. We also
present a survey of results related to non-symmetric semi-isolation.

Keywords: relation of semi-isolation, (p, q)-preserving formula, Ehren-
feucht theory, powerful type, quasi-neighborhood, coloring of a structure,
strict order property, limit model.

The non-symmetry of the semi-isolation is a key property in the study of Ehren-
feucht theories. In this paper, we consider new necessary and sufficient conditions for
non-symmetric relations of semi-isolation in terms of colorings of neighborhoods for
types as well as in terms of quasi-neighborhoods. In addition, using these notions,
we obtain some known propositions on the non-symmetry of the semi-isolation, col-
lected in [1, Chapter 1], and a criterion for the existence of a limit model over a type
in terms of non-symmetry of the relation of semi-isolation, the Tsuboi theorem [2, 3]
on non-representability of Ehrenfeucht theory without non-identical definable dense
orders (and, in particular, without the strict order property) as a union of countably
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categorical theories. We prove a generalization of the Tsuboi theorem [3] on non-
representability of Ehrenfeucht theory as a union of pseudo-superstable theories
and of the Kim theorem [4] on absence of Ehrenfeucht supersimple theories. This
generalization includes the Baldwin — Lachlan theorem on the number of countable
models for wy-categorical theories [5], the Lachlan theorem [6] on non-existence of
Ehrenfeucht theories in the class of superstable theories; analogous results were
proven by A. Pillay [7, 8] for normal and 1-based theories and by E. Hrushovski [9]
for theories admitting finite codings.

The authors thanks Byunghan Kim, Vadim G. Puzarenko, and Predrag Tanovié¢
for helpful remarks. We are grateful to the anonymous referee for the detailed
reading of the text and comments that helped us to improve the exposition.

We denote infinite structures (i. e., models of elementary theories) by 9,91, .. .,
possibly with indices; and we use corresponding Latin letters M, N,... to denote
their universes. The type of a tuple @ in 90t over a set A C M will be denoted by
tpon(@/A) or by tp(a/A) if the structure is given. If A = &, we write tp(a) instead
of tp(a/2). We denote by S™(T') and by S™(2) the set of n-types of a theory T.
The set of all types of T over the empty set is denoted by S(T') and by S(@).

In what follows, we consider only complete theories T" without finite models.

1. SEMI-ISOLATION AND (p, q)-PRESERVING FORMULAS

Definition (A. Pillay [7]). Let 9t be a model of a theory T', @ and b be tuples in 90,
and let A be a subset of M. We say that the tuple a semi-isolates the tuple b over
the set A if there exists a formula ¢(a,y) € tp(b/Aa) for which ¢(a,y) - tp(b/A)
holds. In this case we say that the formula ¢(a, ) (with parameters in A) witnesses
that b is semi-isolated over @ with respect to A.

Similarly, a tuple @ isolates a tuple b over A if there exists a formula ¢(a,y) €
tp(b/Aa) for which ¢(a, ) F tp(b/A) and p(a,y) is a principal (i. e., isolating)
formula. In this case we say that the formula ¢(a,y) (with parameters in A)
witnesses that b is isolated over @ with respect to A.

If @ (semi-)isolates b over @, we simply say that a (semi-)isolates b; and if a
formula ¢(@,y) witnesses that @ (semi-)isolates b over & then we say that ¢(a, )
witnesses that a (semi-)isolates b.

Notice that if @ (semi-)isolates b over A by means of a formula ¢(a, 7) and b = b'b?
then @ (semi-)isolates b' and b? over A by means of the formulas 3y2p(a, ', 5°)
and Jyte(a, 5, §?) respectively.

The following notion proposed by B. S. Baizhanov generalizes the notion of p-
stability introduced in [10] (see also B. S. Baizhanov, B. Sh. Kulpeshov [11]).

Definition. Let p = p(Z) and ¢ = ¢(§) be some (may be incomplete) types over
aset A C M in a model 9 of a theory T. A formula ¢(Z,y) with parameters in
A is said to be (p, q)-preserving, a (p — q)-formula, or a (¢ < p)-formula if, for
any realization @ of p, ¢(@,7) b ¢(7) holds. A formula ¢(Z,7) is called a (p < q)-
formula if (Z,7) is both a (p — ¢)-formula and a (p + ¢)-formula. If p = ¢ then a
(p, q)-preserving formula is called p-preserving or a (p — p)-formula.

Lemma 1.1. A formula ¢(Z,q) with parameters in A is (p,q)-preserving if and
only if for any formula 0(y) (with parameters in A) satisfying q(y) = 0(g) there
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exists a formula 0'(Z) (with parameters in A) such that p(Z) b 6'(Z) and
(1) M =V, g ((0'(2) A e(z,9)) = 0())) -

Proof. Suppose that a formula ¢(Z,y) is (p,q)-preserving. Consider an arbitrary
formula 6(y) (with parameters in A) such that ¢(g) F 6(7). Assuming that there
are no formulas 6'(z) (with parameters in A) such that p(z) F ¢'(Z) and M |
vz, g ((6'(Z) A o(Z, 7)) — 0(7))), by Compactness Theorem we obtain a realization
a of p such that M = 37 (v(a@,g) A —0(y)) . It contradicts the condition of (p, q)-
preservation for the formula o(z, 7).

Now assume that for any formula 6(7) such that ¢(g) F 6(y) there exists a
formula 6'(Z) such that p(z) - #'(Z) and the condition (1) holds but the formula
©(Z,7) is not (p, q)-preserving, i. e., for some realization a of p, p(a,g) t/ q(7)
holds. This means that the formula ¢(a, ) is consistent with some formula —6(y)
such that ¢(g) F 6(g). Then for any formula 6'(Z) with p(Z) - 6'(Z) we have
M = 32,75 (0/(T) A o(Z,§) A —-0(7)), which is impossible by the assumption. O

The following example shows that the existence of a (p, q)-preserving formula
does not necessarily imply the completeness of the types p and/or g.

Example 1.2. Consider the language ¥ consisting of unary predicate symbols
Q“%QS}%P“%R&P, n € w, and one binary predicate symbol S(). Construct a
structure 9 of language ¥ with a universe M = N U {a, | n € w} U {b, | n € w},
where NV is the set of naturals. We interpret the predicate symbols as follows:
QM) = N, QM) = {an | n € w}U{b, | n € w}, PON) = {an | n € w},
M= Qu(k) < k=mn,MEVavy(S(z,y) = (-Q(x) AQ(y)), M = Ru(a;)
J=nMER,(b;) <= j=nME S(an. k) <= n<k M S, k) <
n <k.

For a non-principal and incomplete type p(z) consisting of formulas 6(z) which
are deducible from the set {=Q(z)} U {—-R,(x) | n € w} and for the complete
type q(y), consisting of formulas 6’(y) which are deducible from the set {Q(y)} U
{=Qn(y) | n € w}, the formula S(z,y) is (p, q)-preserving. O

The following statement is obvious.

Lemma 1.3. A formula y(a,y) witnesses that a semi-isolates b iff o(z,7) is

(tp(a), tp(b))-preserving and M = v(a,b).

Lemma 1.4 (A. Pillay [7]). The relation of semi-isolation with respect to A forms
a preorder (i. e. a reflexive and transitive relation) on the set of tuples in the model

om.
Proof. Notice that any tuple @ = (a4, ..., a,) semi-isolates itself with respect to A

by the formula A (a; = y;) ( N\ (z; = y;) is a (tp(a) tp(d))—formula), i. e., the
i=1 ;

relation of semi-isolation is reﬂzexlive.

Assume now that, for tuples @, b, and ¢, a formula ¢(@,7) (with parameters in
A) witnesses that b is semi-isolated over @ and a formula (b, Z) (with parameters
in A) witnesses that ¢ is semi-isolated over b. The formula 37 (p(Z,9) A ¥(7, 2)).
is (tp(a), tp(€))-preserving and, moreover, it witnesses that a@ semi-isolates ¢ with

respect to A. Thus, the relation of semi-isolation is transitive. O
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The set of (p, q)-preserving formulas ¢(Z, §) (with parameters from A, in a model
M) is denoted by Pres, ,(Z, §) and the set of p-preserving formulas ¢(Z, §) is denoted
by Pres,(Z, 7).

Let p(Z) and ¢(7) be complete types over a set A, M = p(a), M = q(b), and
M = p(a,b). We say that the formula ¢(Z,7) is (non-)symmetric with respect to
(p, q)-preservation if p(Z,y) € Pres, ((Z,y) NPres, (7, Z) (p(Z,7) € Presy o(Z,7) +
Presq (7, T), where + is the operation of symmetric difference for sets).

By Lemma 1.3, the symmetry with respect to (p, ¢)-preservation for the formula
©(Z,7) means that there exist realizations @ and b of types p and ¢ respectively
connected by ¢(Z, 7) such that ¢(Z, ) simultaneously witnesses that @ semi-isolates
b over A and that b semi-isolates @ over A.

Again, by Lemma 1.3, the non-symmetry with respect to (p, g)-preservation for
©(Z,7) means that ¢(7,7) witnesses that @ semi-isolates b over A, but it cannot
witness that b semi-isolates @ over A or, conversely, (%, ) witnesses that b semi-
isolates @ over A, but it cannot witness that @ semi-isolates b over A.

The following remark is obvious.

Remark 1.5. Let p(Z) and q(g) be complete types over a set A, M = p(a), M |
q(b). The tuple a semi-isolates b over A, and b does not semi-isolate @ over A if
and only if there exists a formula ¢(Z,y) € Pres, ,(Z,y) such that M = o(a,b)
and there is no formula (%, ) € Pres, ,(Z,y) with the properties M = (a,b) and
E9(z,9) = »(2,9).

If p,g € S(A) then we denote by SI,, (in a model ) the relation of semi-
isolation (over A) connecting realizations of types p and g¢:

SL,, = {(a@,b) | M = p(a) A q(b) and a semi-isolates b}U
u{(b,a) | M = p(a) A q(b) and b semi-isolates a}.

In accordance with Lemma 1.1, the non-symmetry of SI, ; means that some
(p — g)-formula (or (¢ — p)-formula) ¢ connects some realizations a and b of types
p and g respectively and there is no (¢ — p)-formula (accordingly a (p — ¢)-formula)
1) connecting these tuples and such that F ¢ — .

The following two propositions show that, for the characterization on non-sym-
metry of SI,, 4, it suffices to consider a case when the types p and ¢ are non-principal.

Proposition 1.6. If p(Z),q(y) € S(A) are principal types isolated by formulas
0,(Z) and 04(7) respectively, then 0,(Z) A4(7) is a (p > q)-formula. Moreover, for
any realizations @ and b in a model MM of types p and q respectively, the formula
0,(Z) N 0,(y) witnesses that a semi-isolates b over A and that b semi-isolates a
over A.

Proof is obvious. O

Proposition 1.7. If T is a countable theory, p(z) € S(A) is a non-principal
type, q(y) € S(A) is a principal type isolated by a formula 04(y) then the formula
©(Z,7) = 04(7) is non-symmetric with respect to (p, q)-preservation. Moreover, for
any realizations @ and b in a model MM of types p and q respectively, the formula
©(Z, 1) witnesses that a semi-isolates b over A and there is no formula 1(Z,v), with
parameters in A, witnessing that b semi-isolates a over A.

Proof. Since the formula 6,(y) isolates ¢(7), we have M = ¢(a,b) (

= 0,(b)) and
©(Z,7) (= 04(5)) F q(g). On the other hand, there is no formula (

0q(
Z,y), with
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parameters in A, witnessing that b semi-isolates @ over A since otherwise, for a
model M omitting the type p and realizing the principal type ¢(g) by some tuple
b, ¢(z,b) - p(Z) holds, which is impossible in view of M = 3z (7, 1'). O

We say that a type ¢(Z) (not necessarily complete) over a set A is isolated (or
defined) by a set ®(Z, A) of formulas in ¢ if ®(z, A) F q(Z).

Consider non-principal types p(Z),q(g) € S(A) over at most countable set A
and realized in a countable model 9 of a countable theory T. Let O(Z) C p(z)
and ©'(7) C ¢(§) be isolating sets for these types consisting of formulas 6, (Z) and
0! (§), n € w, respectively, such that the following conditions are satisfied:

1) - Vz 6o(z) /\W%(?);
2) F0p1(2) = 0,(2), | 32(0n(T) A —0541(2));
3) F 041 (5) = 0,(7), = 39(0,(9) A —0;,41 (7).

If p = ¢, we assume that 6, =0/, n € w.

The formula 8, is called an n-neighborhood of type p, and the formula 6/, is called
an n-neighborhood of type q. We say that a tuple @ (accordingly b) has the color n
if M k= 6,,(@) A —bp11(a) (O = 0,,(b) A =0, 1 (b)). The realizations of types p and
q are said to have the infinite color co. Here we assume that n < oo for any n € w.

Proposition 1.8. For any non-principal types p(z) and q(g) in S(A) realized in a
countable model M of a countable theory T by tuples @ and b accordingly and for
any formula (T, ) with parameters in A satisfying the condition M = ¢(a,b), the
formula ©(Z, ) witnesses that b is semi-isolated over a with respect to A if and only
if, for any n’ € w, there exists n € w such that, for any tuple @, of color > n with
M = 0,,(ay), any realization of the formula ©(ay,y) in M has color > n'.

Proof. Suppose that the formula ¢(Z, 7j) witnesses that b is semi-isolated over @ with
respect to A. By Lemmas 1.1 and 1.3, it is equivalent to the statement that, for
any formula 0/, (7), there exists a formula 6,,(Z) such that

M =92, 5 (0n(2) A (2, 7)) — 0,/(7)) -

This means that, for any tuple a,, of color > n with 9 = 6,,(a,,), any realization
of p(an,y) in M has a color > n'. O

Corollary 1.9. For any non-principal types p(Z) and q(g) in S(A), realized in a
countable model MM of a countable theory T by tuples a and b respectively, as well as
for any formula p(Z, ) with parameters in A satisfying the condition M = ¢(a, b),
the following conditions are equivalent:

1) the formula ©(Z,7) witnesses that b is semi-isolated over @ with respect to A
but cannot witness that @ is semi-isolated over b with respect to A;

2) the following conditions are satisfied:

(a) for any n' € w, there exists an n € w such that for any tuple a,, of color > n
with M | 0,,(ay), any realization of o(ay,y) in M has a color > n';

(b) there exists n € w such that for any n' € w there are tuples @, and b, of
finite colors < n and > n' respectively such that M = @(ay, by ).

IThe existence of these isolating sets of formulas follows from the fact that the set of formulas
with parameters in A is countable. Indeed, we enumerate all formulas belonging, for instance,
to the type p(Z): ¢n, n € w. For any n € w, we denote by %, the formula /A ¢; assuming

i<n
o = (Z = T). Now we remove from the sequence of formulas 1), all formulas equivalent to some
their predecessors and obtain the sequence (0 (Z))necw-
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Proof. By Proposition 1.8, the condition that the formula o(Z,7) witnesses that b
is semi-isolated over @ with respect to A is equivalent to the property (a).

Now we assume that the formula ¢(Z,y) does not witness that a is semi-isolated
over b with respect to A. Then, by Lemmas 1.1 and 1.3, this means that there exists
a formula 6,,(Z) such that for any formula ¢, () the following holds:

M = 32,9 (0, (9) A (T, 9) A —6n(2)) -
This means that there exists an n € w such that for any n’ € w there are tuples a,
and b, of finite colors < n and > n’ respectively such that M = ¢ (@, by), i. e.,
the property (b) holds. O

2. EHRENFEUCHT THEORIES, POWERFUL TYPES, RELATIONS OF SEMI-ISOLATION,
AND QUASI-NEIGHBORHOODS

For a theory T, we denote by I(7T,\) the number of pairwise non-isomorphic
models of T in a power . A theory T is called Ehrenfeucht if 1 < I(T,w) < w.

Definition (M. Benda [12]). A type p(Z) € S(T) is said to be powerful in a theory
T if every model 9 of T realizing p also realizes every type ¢ € S(T), that is,
MmE S(T).

Since for any type p € S(T') there exists a countable model 9t of T, realizing
p, and the model 907 realizes exactly countably many types, the availability of a
powerful type implies that T is small, that is, the set S(T') is countable. Hence for
any type ¢ € S(T) and its realization @, there exists a model 9%(a) prime over a.
Since all prime models over realizations of ¢ are isomorphic, we often denote these
models by 9,.

The condition that p(Z) is a powerful type means that every type in S(T) is
realized in 9, that is, M, = S(T). Every type in S(T) of w-categorical theory T'
is powerful.

Proposition 2.1 (M. Benda [12]). Every Ehrenfeucht theory T has a powerful type.

Proof. Assume on the contrary that, for any type ¢(z) € S(@) there exists a type
rq(7) € S(@) such that a model M, (of T') omits r4(7). Denote by po(Z) an arbitrary
type in S(@) and by p1(Z,7) a type in S(&) containing the type po(Z) U rp, (7).
Now we construct by induction a sequence p,, € S(9@), n € w, such that p, C pp41
and 9, omits p,41. By the construction we have that p, C p,, for n < m and
hence M, omits p,, if and only if n < m. Then M, % M,  for n # m. Thus
I(T,w) > w and we get a contradiction. O

As illustrations, we consider the following Ehrenfeucht examples [13] of theories
Ty, n € w, with I(T,,w) =n > 3.

Example 2.2. Let T,, be the theory of a structure 9" obtained from the structure

(Q; <) by adding constants ¢, k € w, such that klim cr = 0o and unary predicates
—00

Py, ..., P,_3 which form a partition of the set Q of rationals, with
EVr,y(z<y)—=3z(z<2)A(z<y)AP(2), :=0,...,n—3.
The theory T,, has exactly n pairwise non-isomorphic models:
(a) a prime model O™ (klim Cp = 00);
—00

(b) prime models M? over realizations of types p;(z) € S'(2), isolated by sets
of formulas {c¢;y <z |ke€w}U{P(z)},i=0,....,n—3 (klim c € B);
— o0
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(c) a saturated model MM (the limit Jim e is irrational). O
—00

If p € S(T) then SI, (in the model 9M) denotes the relation of semi-isolation
(over @) on a set of realizations of p:

SL, = {(a,b) | M |= p(a) A p(b) and a semi-isolates b}.

Analogously, we denote by I, (in the model 9t) the isolation relation (over @)
on the set of realizations of p:

I, = {(a,b) | M |= p(a) A p(b) and a isolates b}.

Repeating the arguments on the preorder of semi-isolation for the set of realiza-
tions of type p, we obtain that the relation SI,, is also a preorder. The preorder SI,,
is called the preorder of semi-isolation on the set of realizations of type p.

At the same time, contrasting to the semi-isolation, it is easy to construct an
example of a theory with a non-transitive relation I, i. e., generally speaking, the
isolation can be not preserved under two-step transitions by the relation of isolation.

Proposition 2.3 (A. Pillay [7]). Ifp € S(T') is a non-principal powerful type having
a realization in a model M of T', then the relation SI, on the set of realization of p
in M is non-symmetric. Moreover, there exist realizations @ and b of p in M such
that the type tp(b/a) is principal and b does not semi-isolate a.

Proof. At first we consider the set
q(z,9) = p(x) Up(y) U{-¢(Z,9) | ¢(Z,y) is a p-preserving formula}

and show that it is consistent. Since any disjunction of p-preserving formulas is
p-preserving as well, by Compactness Theorem it suffices to prove that any formula
0(g) N —p(a,y) is consistent, where 0(7) € p(§), ¢(Z, ) is a p-preserving formula,
and 9 = p(a). The consistency of this formula follows from ¢(a, ) b p(7) and the
fact that the non-principality of p implies the existence of a tuple b € M such that
M = p(b) and M k= O(b). This tuple b realizes the formula 6(7) A —¢(a,y) in M.

Since the set ¢(Z,y) is consistent, it could be extended to a complete type
r(z,y) € S(T). As p is powerful, the type r is realized in any model realizing
p. So there exists a consistent formula ¢ (Z,q, Z) such that (¢, g, 2) - r(y, z) for
any (some) realization ¢ of p. Assuming that 9 = (¢, a, b) for realizations a, b, ¢
of p, we get (a,b) & SI,,.

Now assuming on the contrary, that SI, is symmetric, we get that SI, is an
equivalence relation. Since (¢,a"b) € SI,, then, because ¢ semi-isolates @ and b, we
have (¢,a) € SI, and (¢,b) € SI,. Thus, @ and b belong to the same SI,-class, which
contradicts to (a@,b) & SI,,.

Since the type p is powerful, the type q(Z, ) is realized by some pair (b, €) in the
model M, which is M(a) for some realization a of p. Then (a,b) € I, and b cannot
semi-isolate @, since otherwise, by transitivity of semi-isolation, b semi-isolates ¢ in
spite of definition of ¢q. O

Thus the availability of a non-principal powerful type p(Z) presumes the existence
of a formula ¢(Z,7), [(Z) = I(§), such that, for any (some) realization a of p, the
following conditions hold:

(1) (@) - p(5); )

(2) o(z,a) t/ p(Z), and moreover, there exists a tuple b which realizes type p and

is such that |= ¢(b,a) and @ does not semi-isolate b.
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Every formula ¢(Z,7), satisfying the conditions 1 and 2, is called a formula,
witnessing that the relation SI, is non-symmetric.

Definition (B. S. Baizhanov [14]). Let p(Z) be some (may be incomplete) n-type

over a set A C M in a model 9 of a theory T', B be a set in the model 9. A quasi-

neighborhood of B in p is the set QV,, gn(B) of all tuples ¢ € M such that there

exist a tuple b € B and a (tp(b/A), p)-preserving formula o(z, 7) with MM = (b, ).
A quasi-neighborhood of B in S™(A) is a set

QVim(B) = |J QV,m(B).

peS™(A)
A quasi-neighborhood of B in S(A) is a set

QVom(B) = U QVZ,DJI(B)'
new
For a tuple a = (a1,...,a,), we write QV,qn(@) (accordingly
QVim(a), QVagn(a)) instead of QV,gn({ar,...,an}) (QVigm({ar,...,an}),
QVaom({ai,...,an})).

Obviously, any quasi-neighborhood of form QV,, oy(a), where p is a n-type and
M = p(a), is nonempty: a € QV,, gn(@). Thus, a € QV'j gz(a). At the same time,
the set QV,, gn(B) can be empty (for instance, one can take the empty set for B
and a non-principal type for p). B B

Notice that for any tuples a and b in 91, the tuple a semi-isolates b if and only
ifbe QVip(s),mm(@). In particular, the relation SI, on the set of realizations of type
p in the model M coincides with the set of pairs (@,b) such that MM = p(a) and
be Q\/pm(a).

The reflexivity and the transitivity of the semi-isolation correspond to the follo-
wing properties:

1. Let @ € M be a realization of type p € S(A). Then a € QV,, on(a).

2. Let g, r be types in S(A), @ be a tuple in M, b € QV, gp(a), and ¢ € QV,. o5 ().
Then ¢ € QV,. gy (a).

Thus, the relation a € QVpgm(E) is a preorder on the set of realizations of p in
ON. By the same way we get that the relation a € QV’j 9z (b) is a preorder on M"™
and that @ € QV 4 gz (b) is a preorder on the set of all tuples in M.

The transitivity property above implies that if b € QV, on(@) then QVp’Em(Z_)) C
QVyom(a).

Proposition 2.4 The relation SI, on the set of realizations of a type p in a model

I is non-symmetric if and only if, for every (some) realization a of p in M, there
exists a tuple b € QV,, oy (a) such that QV,, o5 (b) C QV,, 9n(a).

Proof follows directly from the definitions. O
In view of Proposition 2.4, Proposition 2.3 admits the following reformulation:

Proposition 2.5 If p is a non-principal powerful type realized in a model M
via some tuple @ then there exists a tuple b € QV,, oy(a) such that QV, gn(b) C
QV,on(@).

Definition. Let p(Z) be some (may be incomplete) n-type over a set A C M in
a model 9 of a theory T and let B be a set in 9. The neighborhood of B in the
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type p is the set Vj, on(B) consisting of all tuples ¢ € M such that M = p(¢) and
there exist a tuple b € B and a (tp(b/A) < tp(c/A))-formula ¢(Z,7) such that

M = (b, ¢).
The set
VimB = | Vom(B)
peS™(A)
is the neighborhood of set B in S™(A).
The set

Vam(B) = J Vim(B)

is the neighborhood of set B in S(A).

Note the following easy properties of neighborhoods.

1. Let p, g be types in S™(A), @ be a realization of p in a model 9 of a theory
T, A C M. Then b € V, 9n(a) if and only if there exists a (p <> ¢)-formula »(Z, )
such that M |= ¢(a,b).

2. Let a be a realization of a type p € S™(A) in a model M of a theory ', A C M.
Then a € V,, on(a) and a € V gy (a).

3. Let @ be a realization of a type p € S™(A) and b be a realization of a type
q € S™(A), both in a model 9 of a theory T, A C M. If @ € V,m(b) then
b € Vyon(a). Besides, if a € V,le,zm(l;) then b € Viom(a).

4. Let p and ¢ be types in S(A) and B be a set in a model M of theory T,
AC M.Ifb€ Vyon(B) and ¢ € V,on(b) then & € V, ox(B). A similar property is
satisfied for VAo and for V4 on.

Thus, the relation @ € V}, gn(b) is an equivalence relation on the set of realizations
of type p in the model 9, as well as a € V£7m(5) is an equivalence relation on the
set M™, and @ € Van(b) is an equivalence relation on the set of all tuples in the
model .

Finally we obtain that, for instance, the relation @ € QV 493 (b) modulo the
equivalence relation a € VA,m(I_)) forms a partial order on the set of equivalence
classes of tuples in 9.

If a theory has a non-principal powerful type p then this preorder contains an
infinite chain in any model realizing p.

3. COLORINGS OF STRUCTURES AND SEMI-ISOLATION

The notions we consider here enable us to justify some possibilities for colorings
of neighborhoods of types described in Corollary 1.9 and guaranteeing the non-
symmetry of semi-isolation.

Let 90t be a structure. Any function Col: M — AU {oco}, where A is a power and
oo is a symbol of infinity, is said to be a coloring of structure 9. Here, for any
a € M, the value Col(a) is said to be the color of element a. A pair (9, Col) is
said to be a colored structure.

Below, colored structures (9, Col) will be identified with expansions of 9t by
unary predicates Col, = {a € M | Col(a) = pu}, u < A.

Definition (S. V. Sudoplatov [1, 15, 16]). A coloring Col of a structure 9 is n-
inessential, n € w\ {0}, if for any model (M, Col’) = Th((9M, Col)) the type tp(a)
of each tuple @ in (M, Col’) of length n is isolated by the type of this tuple in 9’
being united with the set of formulas describing colors for elements in a.
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Let 9 be a model of a theory T and ¢(x,y) be a formula of T. A coloring
Col: M — AU{oo} (where A is an infinite cardinality) is said to be @-ordered if the
following conditions are satisfied:

(a) for any g < v < X there exist elements a,b € M such that = Col,(a) A
Col, (b) A ¢(a, b);

(b) if 4 < v < X then there are no elements ¢,d € M such that = Col,(c) A
Col, (d) A o(d, c).

Recall, that a theory T is said to be transitive if T' has unique 1-type over the
empty set.

Note that if Col: M — AU {oo} is a surjective 1-inessential coloring of a model
M of a transitive theory T', then the set of complete 1-types of Th({9t, Col)) over
@ consists of types p,(x), p € AU {0}, where p,(x) is a type isolated by the
formula Col,(x), i € A, and po () is a (unique) non-principal type isolated by set
of formulas {-Col,(z) | p < A}.

The colorings in Section 1 can be transformed into colorings of structures, and
the Ehrenfeucht examples illustrate this transformation.

In the Ehrenfeucht example of theory T3 with three countable models, the
model expansion of a transitive theory Th({Q; <)) by constants cx, k € w, can
be interpreted as an inessential coloring Col specified by the following conditions:

0 if a < ¢,
Col(a) =4 2k+1 ifa=cy,
2k + 2 ika<a<Ck+1.

It is easy to note that Col is @-ordered, where ¢(z,y) = = < y. In addition,
the relation SI,_ on the set of realizations of powerful type p is non-symmetric,
and the formula ¢ witnesses this. In Ehrenfeucht examples of T,,, n > 4, constant
expansions of the structures (Q; <, Py,..., P,_3) can also be seen as color models
with inessential ordered colorings.

Now we show that if a theory is obtained by means of an 1-inessential ordered
coloring of a transitive theory and has a unique non-principal complete 1-type then
this coloring has the cardinality A = w.

Proposition 3.1. If p(z,y) is a formula of a transitive theory T and Col: M —
AU {0} is a surjective 1-inessential p-ordered coloring of a model M of a theory
T then A = w.

Proof. As it was noticed above, the 1-inessentiality of coloring implies that there
exists the unique non-principal complete 1-type of theory Th({9t, Col)).
Now assume that A > w. Consider the following sets of formulas:

qo(w) = {3y, 2(Col,,(y) A Coly,(2) A @(y, x) Ap(x, 2)) | n € w},

q1(z) = {Fy(Colu(y) Aoy, x)) | 1 < A}
By Compactness Theorem, each ¢;, i = 0,1, is consistent. Since the coloring Col is
p-ordered, the set go(x)Ugqq(x) is inconsistent. At the same time, since the coloring
Col is surjective and w-ordered, each ¢;, i = 0,1, is extensible to a complete non-
principal 1-type of theory Th({9t, Col)). Thus we get a contradiction. O

Consider sufficient conditions for a ¢-ordered 1-inessential coloring to imply a
non-symmetry of relation SI,  witnessed by ¢.
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Proposition 3.2 (S. V. Sudoplatov [1, 16]). Let p(z,y) be a principal formula of a
transitive theory T and Col be an 1-inessential p-ordered coloring of a model MM of
T such that (9, Col’) = Th(("M, Col)) and (M', Col’) = p(a,b) imply that the type
tp(zm/,Col’)(ab) is isolated both by tpey, (ab) and by formulas for colors of a and b.
Then for any (i. e., some) realization a of type po(x) the following conditions are
satisfied:

(1) if E v(a,b) then = pso(b) and a semi-isolates b;

(2) if &= v(a,b) then b does not semi-isolate a.

Proof. By Proposition 3.1, w.l.o.g. A = w.
(1) Consider the following set of formulas:

q(z) = {~Coly(z) | m < w}U { ~y (@(ﬂc,y) Y Coln(y)> ‘

new
w is a finite set of natural numbers } .

By the item (b) of the definition of p-ordered coloring, that set is locally consistent
(it suffices to consider a formula

~3y (@(Jny) A\ Coln(y)>

new
with a finite set w = {i1,...,4x}, a finite set of formulas —Col;(x), j = ji1,.. ., jm,
and to take, for a realization, an element of a color k < w, greater than all
i1y ik 15 - - -5 Jm). By Compactness Theorem, the set ¢(x) is consistent. Since the

coloring Col is 1-inessential, the theory Th((9?, Col)) has the unique non-principal
1-type poo(x), and the consistency of this type with the set ¢(x) implies the validity
of the inclusion ¢(z) C poo (). Finally we notice that, by the definition of ¢(x), the
formula ¢(a,y), where = po(a), cannot have realizations b with some condition
Col(b) = n, n < w. So = ¢(a,b) implies = pso(b), ¥(a,y) F Peo(y), and thus a
semi-isolates b.

(2) At first we show that the formula ¢(z,y) is not p.-preserving with respect
to the first coordinate. To do so, we consider, for an arbitrary m < w, the following
set of formulas in the language of the structure (91, Col):

rm(y) = {=Coln(y) [ n < w} U {Fz(Colin () A p(,y))}-

Since the set 7, (y) is consistent with the type poo(y) by item (a) of the definition of
p-ordering, and the @-ordered coloring Col is 1-inessential, we obtain an inclusion
Tm(y) C Poo(y). This means that, for any realization b of p(y) in a model 91 of
Th((Mt, Col)) and for any m < w, N = @(am, b) AColy, (an,) holds for some element
am, in N. Hence, ¢(z,y) is not po-preserving with respect to the first coordinate.

Assume now to the contrary, that E ps(a), E ¢(a,b), and b semi-isolates a.
The condition that the formula p(z,y) is not p-preserving with respect to the
first coordinate implies that ¢(x,b) cannot witness that b semi-isolates a. On the
other hand, by the assumption, there is a formula ¥ (x,y) such that = ¢(a,b)
and ¥(x,b) F poo(x). In this case the set poo () U poo(y) U {p(x,y) AY(z,y)} is
consistent. By Compactness Theorem and since poo(x) is a non-principal type,
Poo () U poo (y) U {o(x,y) A —t)(x,y)} is consistent too. Hence the set

{=Colyy () A =Coly (y) [ m < w} U {p(z,y)}
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does not semi-isolate a complete type. The latter conflicts with the fact that ¢(z,y)
is a principal formula in T, and with the property that, for any (a, ) with = ¢(a, b),
the type of (a,b) is isolated by the type of this tuple in 9 being united with the
set of formulas describing colors of a and b. Thus, = ¢(a,b) and | pe(a) imply
that b does not semi-isolate a. O

4. (p1,...,pn)-TYPES, THE STRICT ORDER PROPERTY, RELATIONS OF
SEMI-ISOLATION, AND POWERFUL TYPES

S. V. Sudoplatov [1, 17] introduced the notion of (n, p)-type. Before it was used
implicitly in R. Woordow [18, 19] and A. Tsuboi [3]. The following notion generalizes
this definition.

Definition (K. Ikeda, A. Pillay, A. Tsuboi [20]). Let p1(Z1),...,pn(Z,) be types

in S(T) with disjoint free variables. A type ¢(Z1,...,Z,) € S(T) is said to be

a (p1,...,0n)-type if q(T1,...,%,) 2 U pi(Z;). The set of all (p1,...,pn)-types
i=1

of T is denoted by Sy, .. p,(T). A theory T is almost w-categorical if for any

types p1(z1), ..., pn(xy) € S(T) there are only finitely many types q(x1,...,2T,) €

Sply-“vpn(T)'

It is shown in [20] that if T is an almost w-categorical theory with I(T,w) = 3,
then a dense linear ordering is interpretable in T

If p1(z) = ... = pu(Z) = p(&), a (p1,...,pn)-type q(Z1,...,T,) is said to be
a (n,p)-type. The set of all (n,p)-types of T is denoted by S, ,(T) and elements
of S,(T) = |J Snp(T) are called p-types.

new\{0}

A type ¢(§) in Sp, ... p, (T), where 7 is a concatenation of tuples ¥;, p; = pi(9i),
i =1,...,n, is said to be (p1,...,pn)-principal if there is a formula ¢(7) € q(7)
such that U{p;(7;) | i =1,...,n} U{p(g)} F ¢(@). If ¢(g) is a (p,...,p)-principal
p-type then this type is said to be p-principal.

The following proposition is obvious.

Proposition 4.1. For any types p1(Z1), ..., pn(Tn) € S(D) the following conditions
are equivalent:

(1) the set of (p1,...,Dn)-types with free variables in (T1,...,T,) is finite;

(2) any (p1,---,0n)-type is (p1, - .., pn)-principal.

By Proposition 4.1, a theory T is almost w-categorical if and only if for any types
p1(x1), ..., pul(®n) € S(T) any (p1,...,pn)-type is (p1,...,pn)-principal. Notice
also that Proposition 4.1 admits a natural generalization for uncomplete types
pl(‘fl)a cey pn(jn)

Recall, that a theory T has the strict order property if there exists a formula
©(Z,7) of T and tuples a;, ¢ € w such that the following equivalence holds:

(2) = (ai g) = o(a;,y) < i < j.
Proposition 4.2. If p(Z) is a non-principal powerful type of a theory T without

strict order property then, for any tuple a realizing p in a model M = T, the set
QV,on(@) is not a-definable (i. e., a set of solutions of a formula ¢(a,y), in M).

Proof. Assume that QV, oy (@) is a-definable by some formula ¢(a, 7). Using Propo-
sition 2.5 we obtain that some QV,, gz (b) C QV,, 92(@) is b-definable by the formula
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©(b, 7). Since tuples @ and b realize the same type p, there exists an automorphism f
in some homogeneous elementary extension 9t of 9 taking b to a. Denoting f*(b) by
a;, f® =idy, i € w, we obtain the condition (2), which contradicts the assumption
that T' does not have the strict order property. O

Remark 4.3. The proof implies that in the theory T without the strict order
property each formula ¢(Z,y) witnessing that SI, is non-symmetric has the
following property: (b, M) ¢ ¢(a, M) for any realizations @ and b of p in a model
9 = T such that a semi-isolates b by ¢(Z,7), and b does not semi-isolate a.
Consider a p-preserving formula H,(Z,7) = 3z2(o(Z,9) A ¢(¥,2) A ~¢(Z,Z)) for
which we obviously have = H,(a,b). Since @ and b realize the same type p, there
exists a sequence by = b,by,...,by,... of realizations of p that forms on the set
of realizations of p with the relation defined by H,(Z, ) the graph with distances

p(bi,bj) = |i — j|. The diameter of this graph equals co. O

By the definition, theories with infinite definable linear orders have the strict
order property. In particular, the Ehrenfeucht examples (see Example 2.2) have
this property because they are almost w-categorical.

The following proposition, which is implicitly contained in R. E. Woodrow [19],
clarifies that the described situation is impossible for the theories without strict
order property.

Proposition 4.4. If p(Z) is a non-principal powerful type of theory T and T does
not have strict order property, then |S2 ,(T)| = w. Moreover, for any model M of
T realizing the type p, there are infinitely many p-preserving formulas which are
pairwise non-equivalent on the set of realizations of p in 9.

Proof. Notice that the set QV, oy(a) is a-definable if and only if there exists the
greatest by inclusion set p(a, M), where ¢(Z, §) is a p-preserving formula. Then, by
Proposition 4.2, there are infinitely many p-preserving formulas which are pairwise
non-equivalent on the set of realizations of p. Indeed, if there were only finitely many
such formulas, we could take their disjunction to obtain a p-preserving formula
producing the greatest set. O

Propositions 2.1 and 4.4. imply

Corollary 4.5. Any almost w-categorical Ehrenfeucht theory has the strict order
property.

Proposition 4.6 (S. V. Sudoplatov [1, 17]). If a non-p-principal p-type q is
realized in a model M(a), where a is a realization of p, then, for every element b;
of a realization b of q in M(a), the pair (a,b;) belongs to 1, and (b;,a) does not
belong to SI,.

Proof. Let a be a realization of type p and ¢(a, ) be a formula isolating a non-
p-principal p-type ¢(7). Assume, that some element b; of a realization b of ¢(7) in
M(a) semi-isolates the element a. Consider a formula ¢ (b;, z) witnessing that b;
semi-isolates a. Then the type ¢(g) is isolated by set

Uip(yi) [ yi € 9} U {32 (p(z,9) A(yi, )}

This is impossible since the p-type ¢(g) is not p-principal. O
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5. SEMI-ISOLATION AND LIMIT MODELS

Definition (S. V. Sudoplatov [1, 16, 21]). A countable model 9 of a theory T is
limit (accordingly limit over a type p € S(T)) if 9 is not prime over a tuple and

Mm= U M(a,), where (M (@y))necw is an elementary chain of prime models over
new

tuples a,, (and M = p(a,)), n € w.

Theorem 5.1 (S. V. Sudoplatov [1, 16, 21]). Any countable model of a small theory
T is either prime over a tuple or limit.

Proof. Let 9t be an arbitrary countable model of T. It suffices to construct an
elementary chain € of prime models 9(a;) over tuples a;, ¢ € w, such that MM =
J 9M(a;). For this purpose, we enumerate all elements of 9: M = {b | k € w},

1EW

and also all formulas of the form ¢(z,¢), ¢ € M: ® = {pn(x,¢n) | m € w}. We
shall construct € inductively and, at any step k, some finite sequence of tuples
dg, - . ., ay, will be defined, and each such a tuple will be connected to a finite set
Xik, 0 < i < n, such that unions of these sets by all k with respect to fixed ¢ will
define universes of models M (a;). If a tuple @, is not defined before the step k then
the sets X! are supposed to be empty for any | < k.

At the initial step, we fix the tuple agp = (bg) and for the formula ,,(z,bp)
from ® having the minimal number and satisfying 9 = Iz @, (x,by) we find a
realization d,, of a principal complete type p(x,bg) containing ¢,,(x,bg). Now we
let X0 = {bo,dm}

Suppose that at step k we have already found tuples ay, . .., @, and have formed
finite sets XF,..., X¥ satisfying the following conditions:

(1) all elements of @; are contained in the set of elements of a;y1, i < n, and
belong to XF;

(2) {bo,..-,br} C XE;

(3) XFc Xk, i<n—1;

(4) for the formula ¢,,(x,¢,,) we chose at step k, which is minimal with respect
to m and is not considered before, contains only elements of the maximal nonempty
set Xj’vcfl, and satisfies M |= 3z vy, (x, €m,), we have found a realization d,, € M of
a principal complete type p(:L',XJI»C_l U {br}) containing ¢, (z, ¢y) so that for any
tuple a; with ¢, € Xik_1 and for any tuple d € Xik_1 U {d,,} the type tp(d/a;)
is principal; this realization is added to the minimal set X¥ with respect to i such
that ¢, € X1,

At step k+1, we consider the element by, 1. If it belongs to X* then the sequence
ag, . ..,a, remains the same and we construct sets Xf“ by adding to Xf some
element d,, satisfying the conditions (3) and (4) for k + 1 instead of k.

If by 41 & XE and, starting from some ig < n, all types tp(b/a;), b € XFU{bgs1},
are principal, we do not extend the sequence ag,...,a, and add the element
bpy+1 to the set XikO as well as to all consequent sets Xik, ig <i<n. Then we
obtain sets X' by adding an element d,, satisfying the conditions (3) and (4)
for k + 1 instead of k.

If some type tp(b/a,), b € X¥ U {by11}, is not principal, we add to the sequence
@o, - - - ,an a tuple @, consisting of all elements of the set X* U {by11}. Then we
add this set to the (initially empty) set X*, | and form the sets X/, 0 < i < n+1,
by adding a realization d,, of a principal complete type p(x, X*U{bx,1}) containing
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the minimal (with respect to m) formula ., (x, €,,) which was not considered before
and contains only elements of X* and satisfying 9 = 3z ¢, (x, &), such that for
any tuple a; with ¢,, € XF and for any tuple d € XF U {d,,}, the type tp(d/a;)
is principal. We add the element d,, to the minimal (with respect to i) set X[,
and also to the consequent sets such that ¢,, € X]’-“, 1 < j < n. Now we let
X1 = X5 U {birr,din ).

By construction, the sets X; = |J X} are the universes of prime models 9(a;)
kew
over tuples @;. Moreover, we have M(a;) < M(@;11) and M = (JM(a;). If the

3
number of indices i is finite, the model 9 is prime over the greatest tuple a; and
we add the elementary chain of the models 9(a;) to the countable chain taking the
model M countably many times. O

If I(T,w) < w, for any elementary chain (9;);c., of prime models over tuples,
we obtain that there is an infinite subsequence of models (91;,) e, such that all its
elements are isomorphic to a model 9t,. Thus the following corollary holds.

Corollary 5.2 (S. V. Sudoplatov [1, 16]). Any countable model of an Ehrenfeucht
theory T is either prime over a tuple or limit over a type.

The following proposition gives a syntactical characterization of the existence of
limit model over a type.

Proposition 5.3 (S. V. Sudoplatov [1, 16]). A small theory T has a limit model
over a type p € S(T') if and only if for any (some) realization a of type p there are a
realization b of p in M(a) and a tuple ¢ € M(a) such that tp(c/b) is a non-principal
type.

Proof. Suppose that there exists a limit model 9t = |J 9, of T over p, where

necw
M, ~ M,, My = M(a), = p(a), and for any b € p(My), ¢ € My the type tp(¢/b)
is principal. Then models 91,, (and hence also M) realize just principal types over
any realizations of type p lying in 9, (in ). Hence the model 91 is prime over a
realization of p, which contradicts the assumption that 91 is limit.

Conversely, assume that for some tuple a realizing p there are tuples b € p(9p)
and ¢ € My such that ¢(Z,b) = tp(¢/b) is a non-principal type. Our goal is
to construct an elementary chain (9(@y))ne, over p satisfying the following
conditions: @y = b, a1 = a, and tp(@,41a,) = tp(ab). We argue to show that
M = U M(a,) and M, are non-isomorphic. By way of contradiction, find a

new

tuple d € p(M(a,)) such that 9 = M(d). By the construction of M, however,

the type ¢(&,a,) is omitted in the model M(d) but is realized in the model M, a
contradiction. O

Lemma 5.4 (B. Kim [4], P. Tanovi¢ [22, 23]). (1) If a tuple a isolates a tuple b,
whereas b does not isolate a, then b does not semi-isolate a.
(2) If (@,b) € I, and (b,a) € SI, then (b,a) € I,.

Proof. (1) Suppose that ¢(a, %) isolates tp(b/a). Assume the contrary (i. e. b semi-
isolates @) and take a formula 1 (Z,b) witnessing that b semi-isolates a. Now as
tp(a/b) is non-isolated, there exists a formula x(z, ) such that ¢(Z,b) A 1 (Z,b) A
x(#,b) and ¢(Z,b) A(z,b) A—x(Z,b) are both consistent. Moreover both formulas
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imply tp(a). Hence ¢(a, §) A x(a, y) and ¢(a, ) A—x(a, y) are both consistent. This
contradicts the fact that ¢(a, ) is a principal formula.
(2) follows immediately from (1). O

Definition (A. Pillay [24]). A type p(z) € S(T) is good, if for any realizations a
and b of p, (@,b) € I, implies (b,a) € I, i. e., the relation I, is symmetric.

Lemma 5.4 immediately implies

Corollary 5.5 (P. Tanovié¢ [22, 23]). If p(Z) is a complete type of theory T and for
any model of T' the relation Sl,, is symmetric, then the type p is good.

P. Tanovi¢ [22, 23] noticed that there exist good types p with non-symmetric
SI,:

Example 5.6. In Th({w; <)), the unique non-algebraic 1-type p € S'(@) is good
and SI,, is non-symmetric.

Indeed, if = p(a) then any principal formula ¢ (a,y) describes a finite number of
steps for taking finitely many successors or predecessors to come to the (unique)
realization b of this formula. The existence of an reverse way from b to a means
that there exists a principal formula ¢(z, b) for which |= ¢ (a,b).

At the same time, if a and b are realizations of p, a < b, they having infinitely
many intermediate elements, then a semi-isolates b by the formula a < y, but b
does not semi-isolate a. O

Theorem 5.7. Let p(Z) be a complete type of a small theory T. The following
conditions are equivalent:

(1) there exists a limit model over p;

(2) the relation I, of isolation on a set of realizations of p in a (any) model
M =T realizing p is non-symmetric;

(3) in some (any) model M |= T realizing p, there exist realizations a and b
of p such that the type tp(b/a) is principal and b does not semi-isolate a and, in
particular, SI, is non-symmetric on M.

Proof. At first we consider the conditions (2) and (3) for some model 9.

(1) = (2). Assume that the theory T has a limit model over p and the non-empty
relation I, is symmetric on the set of realizations of p in 9.

Consider realizations @ and b of p in the model M and a tuple é € M, which
exist by Proposition 5.3, such that b,é € M(a), M(a) < M, and tp(¢/b) is non-
principal. Choose a principal formula ¢(a, 7, Z) for which 9(a) = ¢(a, b, ) holds.
Since tp(b/a) is principal, by the hypothesis, the type tp(a/b) is also principal. Take
a principal formula 1 (Z,b) for which 9t(a) & v¥(a,b) holds. Now we consider the

formula
x(b, %) = 32(p(x,5,2) A (7, D).
Clearly, x(b,z) € tp(¢/b). On the other hand, any two solutions of the formula
x(b,z) are connected by an automorphism (in an elementary extension of 1)
fixing b. - -
Indeed, let & and & be tuples for which = x(b,&) A x(b,&”) holds. Take tuples
@’ and a” with
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Since the formula (%, b) is principal, there exists an automorphism g fixing b and
taking @’ to @”. As the formula p(a”, g, z) is principal with

E (@, b,g(2)) Ap(a,b,e"),

there exists an automorphism h fixing the tuples @”, b and taking g(¢') to &’. Thus,
the b-automorphism g o h maps & to & and the type tp(¢/b) is principal in spite of
the assumption.

The obtained contradiction shows that, having the symmetric non-empty relation
I, on the set of realizations of p in M1, we have no limit models over p.

The implications (2) = (3) and (3) = (1) follow immediately from Lemma 5.4
and Proposition 5.3 respectively.

The equivalence of the existence and of the generality pointed out in (2) and (3)
for models realizing the type p is true since the considered properties are reduced to
the model M(a), where = p(a), and M(a) is isomorphic to an elementary submodel
of any model which realizes the type p. O

Note that for the proof of Theorem 5.7 we can also use the following facts:

(1) (A. N. Gavryushkin [25]) there is no limit structure over a type p if and only
if the structure 91, is homogeneous;

(2) if M, is homogeneous then I, is symmetric.

Proposition 2.3 and Theorem 5.7 imply the following

Corollary 5.8 (S. V. Sudoplatov [1, 16]). If p € S(T') is a non-principal powerful
type then there exists a limit model over p.

Another argument for Corollary 5.8 is that any countable saturated model of T
is limit over a (any) non-principal powerful type, if T" has these types.

6. THE TsuBOI AND KIM THEOREMS

Recall that a theory T is w-categorical if I(T,w) = 1.

By a well-known Ryll-Nardzewski Theorem, a theory T is w-categorical if and
only if for any tuple Z there are only finitely many types p(z) € S(T), i. e., there
are only finitely many pairwise non-equivalent formulas ¢(Z).

Recall [26, 27] that a (strict) dense order is an (ir)reflexive, transitive, anti-
symmetric relation such that any two different comparable elements a,b have an
intermediate element, i. e. an element greater than a and less than b, or less than a
and greater than b. An order is identical, if, relative to that order, only coincident
elements are comparable.

Obviously, a non-identical dense order, on a set containing at least two
comparable elements, has an infinite chain, i. e., infinitely many pairwise
comparable elements. There are also infinitely many pairwise comparable elements
for any strict dense order, connecting at least two elements.

An order < (accordingly a strict order <) on a set A of tuples in a structure 9t
is (formula) definable if there exists a formula ¢(Z, 3), [(Z) = I(§), such that for any
tuples @, b in A,

a<beMEqp@b (a<bsMEep@d).

Clearly if a theory T (i. e. some model of T') has a definable order with an infinite
chain on a definable set, then T has the strict order property. A theory T has also
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the strict order property if T has a definable set with a definable strict order having
infinitely many pairwise comparable elements.

Now we present the Tsuboi theorem on non-representability of Ehrenfeucht
theories without definable non-identical dense orders and, in particular, without
the strict order property, as unions of w-categorical theories.

Theorem 6.1 (A. Tsuboi [3]). If T is an Ehrenfeucht theory and is a union of
w-categorical theories T,,, m € w, such that T,, C T),+1, m € w, then there exists
a formula ¥(Z,y) of T which defines a non-identical dense order on a definable set.

Proof. By Propositions 2.1 and 2.3, the Ehrenfeucht theory T has a non-principal
powerful type p(Z) and a formula ¢(Z, §) satisfying the following conditions:

1) the formula ¢(Z,y) witnesses that the relation SI, is non-symmetric on the
set of realizations of p in a model M = T

2) for any realization a of p, the formula ¢(a,y) is principal.

Consider a theory T}, such that ¢(Z, 7) is a formula of T,. We set ©°(7,9) = (z ~
y), ' (2,9) = ¢(,9), ¢ (z,9) = F2(¥"(2,2) A p(2,7)), k € w )\ {0}. Since all
©*(z,7y) are formulas of T},, and T, is w-categorical, there are at most finitely many
pairwise non-equivalent, in T}, formulas ©°(z,%), 0! (Z,9),...,¢™ ' (Z,7) among
all formulas ©*(Z,%), k € w. For each i,j € w let F(i, ) be the set

{k <m|F32(¢'(z,2) A ¢ (2,9)) & ©"(2,9)}-
Using that F, define Dy, | € w, by the following induction:

Do =m; Dyx=|J{F @) |i,5€ D}

It is clear that, for each | € w, D;11 C D; and D; # &. Since m is finite, D = () D,
lEw
is a non-empty subset of cardinality m which contains 0 and some non-zero cardinal.

For this D, we put
Y@ =\ ¢ ).
ieD
By Compactness Theorem is suffices to show that ¢ (Z, 7) defines a non-identical
dense order on the set of realizations of p in 9, i. e. the set

P ={(a,b) | M= ¢(a,b), M = p(a), M |= p(a)}
is that order.

Since D \ {0} # @, P is non-identical. As 0 € D, P is reflexive. The relation P
is antisymmetric; indeed, if (@, b) € P then @ semi-isolates b, and b can semi-isolate
a only for @ = b.

By the definitions of F' and D we have

p(@) F (W@, 9) AT =g) < ZW(F,2) AY(Z,9) AT = ZN-ZRY).
Thus P is transitive and dense. O

Notice that, in the conditions of previous theorem, to prove the strict order
property for the theory T (it is asserted in a weak version of Tsuboi theorem [2])
it suffices to consider the set ®(a, M) = |J ¢*(a@, M) which is an a-formula, i. e.

kew
equals y(a, M) for some formula x(Z, §), and to prove that the strict order property
holds for the formula x(Z,§) on a set of realizations of p(Z).

Indeed, since ¢(Z,y) witnesses that SI, is non-symmetric, there exists a

realization b of p in M such that b € x(a,M) and x(b,M) C x(a, ). Since a
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and b realize the same type p, there are realizations @;, i € w, of p in 9 such that
the following holds:

M = Vy(x(ai,y) — x(@;,9) i <j.
It means that T" has the strict order property.

Since the strict order property for a theory 7' implies that 7" is unstable, the
following Corollary holds.

Corollary 6.2 (A. Tsuboi [2, 3]). If T' is a countable theory without non-identical
definable dense orders on definable sets (in particular, if T is stable) and T is

obtained from an w-categorical theory by addition of axioms for new constants,
then I(T,w) =1 or I(T,w) > w.

Recall several notions of Stability Theory related to the class of simple theories
[28, 29, 30].

Let k € w. A formula ¢(Z,a) in a theory T k-divides over a set A if there are
tuples a”, n € w, of type tp(a/A) such that the set {¢(z,a™) | n € w} of formulas

is k-inconsistent, i. e., for every w C w of cardinality k the formula A ¢(z,a") is
new
inconsistent in T'.

A partial type 7(Z) k-divides over A if there is a formula ¢(Z) implied by 7(Z)
which is k-divides over A. A formula or a partial type divides over A if they k-divide
for some k € w.

A partial type 7(Z) forks over A if there are n € w and formulas o (Z), .. ., ©n(Z)
such that 7(Z) F \/ ¢i(Z), and each ¢;(Z) divides over A.

i<n

If p e S(A), ¢ D p, and ¢ forks (does not fork) over A then ¢ is called to be a
(non-)forking extension of p and it is denoted by ¢ D¢ p (¢ Dut D).

A theory T is called (super)simple if, for any type p € S(B), p does not fork over
a subset A of B with |A| < |T| (|A] < w).

Remark 6.3. By the definition, a supersimple theory is simple. Moreover, T is
supersimple if and only if there are no Ag C A1 C ... C A;... and p; € S(4;),
1 € w, such that p; 11 D¢ p; for each i € w.

Remark 6.4. Every (super)stable theory is (super)simple.

The following properties of non-forking in simple theories are shown by B. Kim
[31].

1. (Extension) For any p € S(A) and A C B, p has a ¢ Dy p in S(B).

2. (Symmetry) A type tp(b/Ac) does not fork over A if and only if tp(¢/Ab) does
not fork over A.

3. (Transitivity) If A C B C C and p € S(C), then p does not fork over A if and
only if p does not fork over B and p [ B, the restriction of p to B, does not fork
over A.

A tuple a is dependent of b over A if tp(a/Ab) divides over A. If a is not dependent
of b over A, one say that a is independent of b over A.

Remark 6.5. In view of forking symmetry, the (in)dependence in simple theories
is symmetric too.

By Remark 6.5, if @ is (in)dependent of b over A we may say that @ and b
are (in)dependent over A. Tuples being (in)dependent over & are called simply
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(in) dependent. A sequence (set) of tuples is said to be independent (over A) if each
tuple of this sequence (set) is independent (over A) with every tuple formed by
coordinates of other elements of the sequence (set).

A theory T has the infinite weight if there exist a tuple a, a set A, and an infinite
independent sequence (G, )ne, over A such that the tuples @ and @, are dependent
over A for each n € w.

Definition (A. Tsuboi [3]). A stable theory T is pseudo-superstable if T fails to
have the infinite weight.

Similarly to the previous definition, we say that a simple theory T is pseudo-
supersimple if T fails to have infinite weight.

Remark 6.6. Every supersimple theory is pseudo-supersimple. Actually the proof
of the Kim theorem [4] implies that any pseudo-supersimple theory is not an
Ehrenfeucht theory.

Example 6.7 (A. Tsuboi [3]). Let T be the theory of refining equivalence relations
E,(z,y),n € w, such that each F,,-class is divided into infinitely many F,,;1-classes.
The theory T is stable since |S(M)| = |M]| for any model 9 = T of cardinality
2“. The theory T is pseudo-supersimple since the dependence of elements a and b
means that a and b belong to some common F,,-class. And T is non-supersimple by
Remark 6.3 since each type p € S(a) that is realized by elements b being non-F,,-
equivalent to the elements of a, has a forking extension ¢ € S(ab), that is realized
by elements ¢ being E,-equivalent and non-F, 1-equivalent to the elements of ab.

Recall an example of a supersimple unstable theory [4]: this is the theory of
countable bipartite random graph 9, consisting of disjoint infinite sets U,V with
the relation R between U, V such that for any finite disjoint subsets A, B of U there
is ¢ € V such that (a,c) € R for a € A and (b,c) € R for b € B, and vice versa.

Taking a disjoint union of a union of pseudo-superstable theories (like Example
6.7) and of a theory of random graph we get a theory T which is the union of
pseudo-supersimple theories T, with T;, C 7,41 such that T is not a union of
pseudo-superstable theories T}, with T, C T}, n € w.

Definition (A. Tsuboi [3]). Let S be a subset of S(A). A nonempty set R C S(A),
consisting of some types tp(ab/A) with tp(a/A) € S and tp(b/A) € S is said to be
a transitive forking A-class (on S) if the following conditions hold:

(a) if tp(ab/A) € R then tp(a/Ab) D¢ tp(a/A);

(b) if tp(ab/A) € R and tp(bé/A) € R then tp(ac/A) € R.

J-classes are called simply classes.

Let T be a simple theory, R be a transitive forking A-class, and p be a type
in S(A). The R-weight wr(p) of p in R is the maximal cardinal s such that, for
every \ < , there is a realization @ of p and tuples b;, i < A, such that (Bi)ig\ is
independent over A and tp(ab;/A) € R for each i < \.

Remark 6.8. If T is pseudo-supersimple then wg(p) < w.

Proposition 6.9 (B. Kim [31]). Let T' be a simple theory, a, b be realizations of a
type p € S(T). If (@,b) € SI, and (b,a) & SI, then tp(a/b) forks over @.

Proof. Take a formula ¢ (%, y) witnessing that (a, b) € SIL,. Let ¢ be any tuple such
that tp(ab) = tp(be).
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We claim that (Z,a,c) = op(a,z) A ¢(z,¢) forks over @, and so tp(b/ac) forks
over <. ~ ~ ~

Indeed, let ap = @, by = b, ¢y = ¢. There exists a sequence (a;;C;)ic., such that
for all i € w, tp(a;b;¢;) = tp(abé) and tp(ab) = tp(¢;a;41). By transitivity of semi-
isolation, (a;,a;) € SI, for every i < j. It suffices to show that {¢(Z,a;,¢;) | i € w}
is 2-inconsistent. If not, then there is d such that = ¢(a;,d) A p(d,¢;) for some
7 > 1. Then (@j,d),(d, Ei) S §Ip, SO (@j,@') € SIp, and (@i+1,f_lj) S Slp implies
(@it1,¢:;) € SIp,. But since tp(ab) = tp(¢iai41), it contradicts to (b,a) & SI,,.

Now if @ and b are independent (over &), then by properties of non-forking we
can find a tuple ¢ such that tp(ab) = tp(bc’) and {a,b,c’'} is independent. This
contradicts the claim above. Thus tp(a/b) forks over @. O

Lemma 5.4 and Proposition 6.9 imply
Corollary 6.10 (B. Kim [31]). Let T' be a simple theory, a, b be realizations of a
type p € S(T). If (a,b) € I, and (b,a) & I, then tp(a/b) forks over .

Corollary 6.11. Let T be a simple theory, p(z) € S(T),
R = {tp(ab) | (a,b) € SI,, and (b,a) ¢ SI,,} # @.
Then R is a transitive forking class on {p}.
Repeating the proof of [3, Proposition 3.3] we obtain

Proposition 6.12. Let T be a pseudo-supersimple theory and R be a transitive
forking A-class on S. Then there is a type p € S with wgr(p) = 1.

Proof. By way of a contradiction, assume that, for any p € S, wr(p) > 2. We shall
construct by induction a sequence (@;);c,, of realizations of types in S such that

(1) both tp(aQiELQiJrl/A) and tp(&gi&2¢+2/A) belong to R,
(2) {agj+1 | j <i}U{agi4o} are independent over A.

Let (@;)j<2; be already defined. We have to define ag;41 and Agi+2. Since az;
realizes a type in S, by the assumption, there are two realizations b and ¢ of types
in S such that

(1)’ both tp(ag;b/A) and tp(az;¢/A) belong to R;

(2)" b and € are independent over A.

Now we choose tuples ag; 1 and ag;42 so that

(3) tp(@zit1a2i2/A U {211 | § < i} U{@2:}) Dur tp(be/A U {azi}).

We prove that these a@s;1 and ag;42 satisfy the conditions (1) and (2) above. By
(3) and non-forking symmetry, we have

tp((@2j+1)j<i/AG2:82i4+102i12) Dnt tP((G2j+1)j<i/Al2i).

By the induction hypothesis, tp((ag;+1)j<i/Aas;) does not fork over A. Thus, by
non-forking transitivity, we have

(4) tp((a2j41)j<i/AG2i1102i42) Dnt tP((G2i41)j<i/A).

Since (@Ggj+1)j<i is independent over A, (4) shows that (ag;t1)j<i is also
independent over A. Again by (4),

tp(G2it182i42/A U{a2541 | § < i}) Dnt tp(a2ip1G2i2/A).
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Thus we have
tp(azit2/AU{az2j+1 | 7 <i}) Dt tp(G2it2/AG2i+1)-

Since b and ¢ are independent over A, @y;;1 and @g;4 2 are also independent over A.
Hence we have

tp(azi2/AU{azj41 | j < i}) Dnt tP(a2i+2/A).

Thus the sequence {ag;41 | j < i} U{a2i42} is independent over A.

Now we obtain the independent set {as;11 | ¢ € w} over A and, by the transitivity
of R, each tp(a@oaz;+1) belongs to R. Hence Gy and az;1 are dependent over A, i € w.
This is a contradiction to the assumption that 7" is pseudo-supersimple. O

Corollary 6.13. Let T}, be pseudo-supersimple theories, T,, C Ty41, n € w, T be the
union of all T,,, and p be a type in S(T). If R = {tp(ab) | (a,b) € SI, and (b,a) ¢
SI,} # @ then wr(p) = 1.

Proof. If we assume wg(p) > 2, as in the proof of Proposition 6.12, we have a
sequence (@;);cw Of realizations of p satisfying the following conditions:

(1) both tp(&gi@giﬂ) and tp(dgia2i+2) belong to R;

(2) {a2j+1 | j <i}U{agi42} are independent.
Moreover, there exist formulas ¢;(Z, §), witnessing that SI,, is non-symmetric and
such that

(3) = ¢j(azi, azitj), j =1,2;
(4) every type ¢(z,y) € S(T) containing p(z) U{y;(Z,y)} belongs to R, j =1,2.

Notice that for 1(Z, 7) = ¢1(Z,7) V ¢2(7,9), all ¥ (Z, §), k > 1, witness that SI,
is non-symmetric. By Proposition 6.9, this implies that each element of the sequence
(@2i+1)icw 1s dependent with ag and this also true for the theory T,,, where ¥(Z, §)
is a formula of T;,. But this is a contradiction, since we are assuming that all T,
are pseudo-supersimple. O

Now we are ready to prove a generalization of both the Tsuboi theorem for unions
of pseudo-superstable theories [3] and the Kim theorem for supersimple theories [4].

Theorem 6.14. Let T be a union of pseudo-supersimple theories T,,, where T, C
Thi1, n€w. Then I(T,w) =1 or I(T,w) > w.

Proof. Suppose that T' is an Ehrenfeucht theory. By Proposition 2.1, there exists a
powerful type p(z) € S(T). In view of Proposition 2.3 any non-empty relation SI,
is non-symmetric. By Corollary 6.11, the set

R = {tp(ab) | (@,b) € SI, and (b,a) & SI,}

is a transitive forking class on {p}. Corollary 6.13 implies wr(p) = 1.

At the same time, there are independent realizations b and ¢ of p. Since each
type ¢ € S(T) is realized in the model M, and, by Proposition 2.3, there exist
realizations @, d of p such that (a,d) € I, and (d,a) ¢ SI,, we can find such
independent b and ¢ in 9(d) and then consider an elementary extension 90(a) of
IM(d). Thus (a,b) € I,, (b,a) €SI, (a,¢) € I,, (¢,a) € SI,. Proposition 6.9 implies
that @ and b are dependent, and @ and ¢ are dependent. Hence we have wg(p) > 2,
which leads to a contradiction. O
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